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Boundedness of Marcinkiewicz functions
by
MINAKO SAKAMOTO and KOZO YABUTA (Nara)

Abgtract. The LP boundedness (1 < p < oc) of Littlewood~Paley’s g-function,
Lusin's S function, Littlewood-Paley’s gi-functions, and the Marcinkiewicz function is
well known. In a sense, one can regard the Marcinkiewicz function as a variant of Little-
wood—Paley’s g-function. In this note, we treat counterparts p2 and p}'¢ to S and g3.
The definition of u%(f) is as follows:

Lo 2y yas

2"
|l

2 i/2
dy dt
f+1 ?

g (=) = ( {

ly—=|<t

where (2(z) is a homogeneous function of degree 0 and Lipschitz continucus of order
B8 (0 < § < 1) on the unit sphere S™~ 1, and SS’"“l 2(z') do(z') = 0. We show that
if o = Rep > 0, then p% is I” bounded for max(l,2n/(n + 20) < p < co, and for
0<po<n/2andl £ p <€ 2n/(n+ 2g), IP boundedness does not hold in general, in
contrast to the case of the S function. Similar results held for p.;‘a. Their boundedness in
the Campanato space £%'P is also considered.

0. Introduction. Littlewood and Paley introduced the well known func-
tions g and g} in their work on Fourier series, and Lusin introduced the area
S function in his worle on the boundary values of analytic functions. In this
connection, Marcinkiewicz considered the function p{f) given by

P (z z 1) —2F ()2 \'/*
,u,(f)(m) - (S IF( +t)+F(t3 t) ZF( )l dt) , T e [0,271‘],
0

where F(z) = {j f(t) dt. The Marcinkiewicz function u(f) was introduced in
order to give an analogue of the Littlewood—Paley g function without going
into the interior of the unit disk for its definition.

Stein [8] defined n-dimensional generalizations of these functions, and
showed analogous results. Stein’s generalization of the Marcinkiewicz func-

1991 Mathematics Subject Classification: Primary 42B25.
Key words and phrases: Marcinkiewicz function, Littlewood—Paley function, area func-
tion, ' . .
ks
Al



104 M. Sakamoto and K. Yabuta

tion is as follows. Let {2 be a function on R™ which satisfies the following
two conditions:

(i) 2 is homogeneous of degree 0 and continuous on the unit sphere
S"~1, and satisfies a Lipschitz condition of order 8 {0 < 8 < 1) there, i.e.

|(z) - 20N < Cla’ —y'|P, o',y € §°7L
(ii) §gnon 2(z") do(z’) = 0, where do is the surface Lebesgue measure
on §"1,

Here and hereafter, ¢’ denotes a positive constant which may vary on
each occasion.

For a locally integrable function f on R™ and £ > 0, let Fy(f, 2) = Fy(z)
be given by

R()=1 | i o - vy
¥t

and define now p{f)(z) by
oo )2 1/2
) = (§ 1 a)

0

xR,

It is known that for 1 < p < oo,
(e < Collfllps

and when p = 1,

A{p(F) > A} < C|lf|1  forall A>0

(Stein [8] and Hormander [4]). In their work on Marcinkiewicz integral,
A. Torchinsky and S. Wang [13] introduced the Marcinkiewicz functions
ts(f) and p3 (f) corresponding to the S function and g} functions:

_ (i [E@P Y2
us(f)(x) (P§m) il ayar)
where I'(z) = {(t,y) € RI™ : |x ~ y| < t}, and
An 1/2
BiE = ( | (Hf ) O dydt) a1,

]R:_'H $_yi

respectively. They proved that for 2 < p < oo,

les()lle < Colluz (Hlle < Cylifllp-

We shall see that these operators are LP bounded for p > max(1, 2n/(n-+2)).
However, as is noted later, if n > 3 and 1 < p < 2n/(n + 2) then the LP
boundedness does not hold for 2(z) = signaz /|z].

icm

Boundedness of Marcinkiewicz functions 105

On the other hand, in connection with u(f) a parametrized Marcinkie-
wicz function uf(f) was considered by L. Hérmander [4, p. 136]. Its definition

18
2§E>1/2

oo

|

0

1 2(x — 2)
£ w—§2<t ﬁ%“z) =

and it is proved to be L? hounded for 1 < p < oo and ¢ > 0.
80, it is natural to consider parametrized pg(f) and p3(f) and to study

their LP boundedness, even in the non-parametrized case for 1 < p < 2.
They are defined by

w1 = (

t

P O LR C IV e
/-"S(f)(m) (F§$) el o |z§st |z|n_gf(y Z) dz dy dt) ,
pE(f)()
_ t o 2(z) 2 1/2
- (RnL(H Iwwy|> e E"Elzlsqu(y—z) dz, dy dt) ,
+ -_

where g € C with Re g > 0.

Besides L? boundedness, we shall also consider boundedness of these
operators in Campanato spaces; the boundedness of Littlewood-Paley’s g,
g3, Lusin’s S function, and Marcinkiewicz p(f) in Campanato spaces is
already sufficiently discussed [16, 15, 3,7, 14]. For 1 <p < co and —n/p <
a < 1, the Companato space £%F is defined to be the set of functions for
which

a e
p= sup sup ———| == | |f(z) - f |Pdw) < 00,
1w = 528" Qo7 (IQ! cgal :
where ) runs over all cubes with sides parallel to the coordinate axes and
centered at xg, and fq is the average of f over @, (1/ QD §p f8) de. Tt is
known that for 0 < o < 1, £%? = Lip,,, the Banach space of %ipschitz con-
tinuous functions of exponent ¢, and the norms are equivalent. For a = 0,
EP coincides with BMO, the space of functions of bounded mean oscilla~
tion, and if o < 0, then £%? is equivalent to the Morrey space Lpntpe I
is also easily checked that

1/p
[llas < Csup it Q1711 i7(e) ~al dx)

(—p/n<a<1),

and hence these norms are equivalent.
Now we state our results. In the sequel, o = ¢ + @7 denotes a complex
number and o = Rep, 7 =Img.
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THEOREM 1. Let o > 0 and 1 < p < oo, Then there exists a positive
constant C such thet
A+oY)(1+[r)

2
82l < € = =R =

THEOREM 2. Let ¢ > 0 and 2 < p < 0. Then there exists a posilive
constant C such that

112 < CF 1£15-

THEOREM 3. Let o > n/2 and 1 < p < 2. Then there exists a positive
constant C such that

180l < 525 (D 4 0ty ) 51

20 -1

(1+ )1+

THEOREM 4. Let 0 < o < n/2 and 2n/{n+ 20) < p < 2. Then there
erists o positive constant C such that

1| .
()l < Cmﬂfﬂp-

Similar results hold for p}?(f):

THEOREM 5. Let o > 0 and 2 < p < oo. Then there ewists a positive
constant C such that

32 (Al < ¢ 2 1515

THEOREM 6. Let 0 >n/2, 1 <p <2, and A > 2/p. Then there exists o
positive constant C such that

Il < 557 (S~ oot i,

THEOREM 7. Let 0 < o <n/2, 2n/(n-+20)<p <2, and A > 2/p. Then
there exists a positive constant C such that

L4+ |72

e Il
C"(7121'1,n - }13

(14+oH)(1 + 7))

a4l < ©

In the case where 0 < o <n/2and 1 < p < 2n/(n + 207), we have

THEOREM 8. Let 0 < ¢ < n/2. Then, forl < p < 2n/(n -+ 2g), there

ezists o kernel £2(z) satisfying (i) and (ii) such that ul(F) and p"°(f
not bounded on LP. ) wE(F) py e (f) are

As for the boundedness in the Campanato spaces, we have similar results
to the case of Littlewood-Paley functions.
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THEOREM 9. Let 0 > 0,1 < p < o0, ond —n/p < o < 8§ < 1. If
f e &%P, then either u2(f)(z) = co a.e., or p2(f)(z) < oo a.e. on B™. In
the latter case, there is a constant C independent of f such that

168 e < CYFllap-

THEOREM 10. Let o = g > 0, max(1,2n/(n + 20)) < p < oo, and
~nfp £ « < 1/2 or 1/2 < o < min(8,0). If f € £%2, then either
pE(F)(z) = 00 ace., or p&(f)(z) < 00 a.e. on B™. In the latier case, there
is o constant C independent of f such that

6 laz < ClF llap-

THEOREM 11. Let ¢ > 0, max(1,2n/{n + 20)) < p < oo, A > Aq,
and —n/p < a < 1/2 or 1/2 < @ < min(B, 7). If f € £%P, then either
8 (f)(x) = oo a.e., or p2(f)(z) < 00 a.e. on R™. In the latter case, there
s a constant C independent of f such that

L e < ClLf llasp-
Here Mg = max(1,2/p) for —n/p <a <0, =1 for 0 € a < 1/2, and
do=14+2/nforl/2<a<]

In the next secticn we prepare several facts to prove our theorems. In
Section 2, we prove Theorems 1, 2, 5 and 9. In Section 3, Theorems 3, 4, 6,
7 and 8 are proved. We treat Theorem 10 in Section 4, and Theorem 11 in
the final Section 5.

1. Preliminaries. In this section we prepare some lemmas. Let M f(z)
be the Hardy-Littlewood maximal function, i.e.,

1
M f(w) = sup oy g | ()] dy,

where @ runs over all cubes with sides parallel to the coordinate axes and
centered at z. Then

LeMma 1.1 (Stein [10]). Let 1 <p < oo and f € LP. Then Mf € L?
and there exists a positive constant Cp such that

|24 flip < Coll fl5-
LeMMa 1.2 (Qiu {7]). Let f € €27 (1< p < oo, —nfp<a<l (a#0))
and d > max(0, ). Then there exists o positive constant C such that for
any cube Q with center 2o and side length r,

S yn+e|15f_|(_m)m—_w_f;:i!’n+d dz ~<~ Oy—d(ya =+ Ta)[‘f”&,?'

IR"
LeMMa 1.3 (Kurtz [6]). Let f € £%7 (1 <p < o0, a =0) and d > 0.
Then, there exists a positive constant C such that for any cube & with center
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zo and side length r,

i - flz) - fol

md + | — qo A

de < C’y‘d(l +

108 2| 1o

R
We next give an elementary inequality.
LEmMMA 1.4. Let 0 < a <1 and b € R. Then for any z,y € R* we have
(L1) 2] (|21 — & ~ ]®)] < (2 2% + 21og 2 - o) |y)*.

Proof. If |z] < 2]y|, we get
N |z -~ yﬁb
s (1 =)

1=lyl/l2] < |z~ yl/|=] < 1+ |yl/|z|.

Now, 0 > log(1 —¢) > —2log2-t for 0 <t < 1/2, and 0 < log(1 +1t) < ¢ for
t > 0. Hence,

(12) lzl*(al® ~ o - y|®) < 2%y

< 2-29)ye.

If lz| > 2|y|, we have

<2102 s/ > 2

So, noting |y|/|z| < 1/2 and 0 < g < 1, we have
(13)  lef® —

log JwJ" yl‘

|97 . y|z'b] - Eeiblogw _ e:‘blog}mwy[l < 11 _ ez’b]og(|m—-y|/|w|)|

lz—y|
]

< 2log?2- |bt(|y!) ‘

Therefore, in any case we have the desired inequality. m

< |blog =l < 210g2 - |p) - |y|

LEMMA 15. Leta > 0,0 < v <1, and b € R. Then there exists g
positive constant C' such that for any z,y € R™,

1 1
14 —
{(1.4) |z — y[oti® ~ [ger
7 b
<CO+b ( ] 1y
O+ 0\ Bl 37 * ooy
e [“]Z_I { [yl wl* -
2 ey * g
and
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(L4) |z~ g™ — Ja|*t?)

7 ¥ — yla=lalipilal)y, Y
<C’(1+|bi)(|‘ | ‘1:7 + |z =yl |mIJ$1 y| )

[a]~1

_ z — y|* oy
+ 21=7 {' +
D P

Proof. We only prove (1.4); (1.4') can be dealt with quite similarly and
more easily. We have

1 1
\m _ yta-l-'z‘b - lmla-ir'i.b

jz — y|* 7 Ha [ y|7 }
|l — y|”

[a]-1
N
= Ly T g e
1 _ 1
im —_ yla—[a]-i—iblm![a} |:L.|:H-'i.b
[a]—1 |wia—[a]+ib y!a- al--ib
< Z |mwy|°""—"|n:‘-7+1 + |:B—y|“ [a]-i—zblmla«t—zb
-1 . .
. [‘;{: P [t
I O
ele—F ~ 1z — )

|z — yle~tel |zl
=I5+ L+ say.
Now, if |y| > 2|2|, we get |y|/(2]y — #|) < 1, and hence, noting 0 <y <1,

: || ( Iyl )”
. < .

(19) oy —al < \2y-)

Similarly, if ly| £ 2|x{, we have

- bl (Y

(1.6) 2zl < 5]

Hence

a—1 1— 5 1—y v
2l m) 2 ( vl )}
— L =) + . : .
h < §0{|~’E~—y{“"5’|$13(lm| [z — ylo=i -zt \ [z —y|

J=
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Using Lemma 1.1 we have

v+l . P
(1.7) L= (27 4 2log 2 b)) o

As for I; we consider the following two cases.
(a) The case a — [a] < ~. Using an elementary inequality (1 --¢)* <
14+ oty for 0 < a < yandt >0, we get
1
I3 € — e
PO

Lol ( Yl P Y
v \l|z =yl iz -yl

(b) The case 0 <+ < a — [a]. Similarly to the above case we have

Hence, as in the case of Iy we get

Y ¥
I < go~la- ]yl ‘yl
5= (wﬂmwmmwwv+mmyMMa"

2. The case of p¢, and the I? boundedness of p% and u}? (p > 2).
First, we discuss the L? boundedness of p(f).

LEmMA 2.1 Let l <p<oo,n=1L12,...,0€C, o=0+1i7, 0,7 €R,
and o > 0. Then there exists o positive constant C such thet

% S |f(a¢)|2|ik:9(:c)|2 dwdt, say.

L+ o?)(1
@.1) o)l < BT gy,
Proof. Using the Plancherel formula, we have
2 4. Tl 1 2(y) ;
(22) S’U'Q(f) dzx _S (S) 7{ fot+ir S |y|n.—a—i1'f(m —y) dy dt de
lyl<t
Tic] 1 2(y)
= S T TIT — -1 (m““‘ )dy dwdt
3 tS toti IyIS<t |y|“ T
Tl 1 (Y
= 2 {Ifla)P el e-wv]——-';(;)_—wdy dx dt
-0 lyl<t
-1
0
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For t < 1/lz|, using S!ylg(ﬁ(y)ﬂy[”“”"i"“)dy =0, we get

1 S (e—im-y _ 1) ‘Q(y)

o —
(2.3)  |k{(z)| = rotir Wdy}
lyi<t y
£l 1 clelt
<C— e AT d xit.
WISQ Iy v= t §J ll l

For ¢t > 1/|z|, we put ¥ = £ min(1,1/c). Then, putting = sz', y = 77/,
we have
t

1 . ! ! o
S pren Se—nw.rcos(m W) e =14 g, Q(y') da(y’)
Sn—-1

= S P2y ) do(y"), say.
Sn—1

(24)  K(z) =

Then, setting A = scos(z’,y'), we have

1

1
1 . . . . )
(2.5) P(y’) s Se_—-f.Atrtu-—1+mTo-~—1+wt dr = Se—tAtr,‘,a—1+mr dr
o]

il

+ir
[ b
1 1
S ~iAtr o=l oog(r logr) dr 4 i S e~ Ao gin(rlogr) dr
0 0

1

Py + P, say

Let b =1+ 3{c + 1)|7|. Then by elementary calculation we see that the
following four functions are non-increasing on the interval (0, 1}.

(2(c + 1)r~Y2 4 +7" (b + cos(rlogr)),  2(0+ 1)rY2(b 4+ cos(rlogr)),
b(2(c + 1)r~ Y2 +r°7h),  2b(c + 1)r~ Y2

Hence we have
1

(2.6) |Py| = ig VA (2(g -+ 1)r~H2 + 1771 (b + cos(r log 7))
0

—2(o + 1)r~*(b+ cos(tlog 7))
= b(2(o + 1)r~ Y2 7Y 4 2b(0 + 1)r™ ) d'r'1
min(1,2m/ (At)}

< S (2(c + 1)r™*2 + r71) (b + cos(7 logr)) dr'
0
rain(1,27/(At))
_|_‘ S 2o + 1)r~2(b + cos(r logr)) dr|

0
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min{1,27 /(At)) Lb (2 )7 /2
1- b(2(o + 1)r=2 + 7Y dr <okttt m™ (2m)
IR e )dr| <O (g + Cle = D+
min1,27 /{ At)) Using (2.2}, (2.3), (2.8) and noting v = £ min(1,1/¢ have
+‘ S 2b(c + 1)r /2 dr‘ 1/)z| 7= aminll, 1), e by
B 1, =~ C 2
(2] ALHY SMQ(f)z de < S %—Slf(xﬂz(a_'_l[mlt) do dt
< | Qo+ 14b)dr Y o
0 1
(2w /| At]) S ?S
+ | 2o+ b4 1)dr ”W
0 14b {2m)7 om)1/2 \?
(2w /)ALy (OT !mhjt‘/f’ +C(1 -+ b)éﬁ/)Tﬂ_/_?) dx dt
+ | e@e+1 P Y dr 1/]2]
0
(2r/| A7 < (a Iy s )Pl | tdtde
+ S 2b{o + 1)r~ /2 dr ( ) " co
0 o\ T D)7 1 + b 9 1
o T y 2 + C(2m) {iF(=)] iccP"V" S t275+1 dt da
(1+b){ ( ) +4{c+ 1) =
|A‘t | |t 25 o 1 oSo 1
o \7/2 4 C2m)H{1 + b)Y\ | f (=) gy =11 dt dz
+4(a+1)(1+b)(|At) T eyt
1 % (3 +0%)(+ (1 +8)%)
AL ()] s
o \ 772 oL+ @ DITD) 4 pyo
+4b(o-—|—1)( At) = = 5.
|2| This implies (2.1). m
<CO+ b){ ( Aﬂt) o+ 1)( ) } Now using the L% boundedness and reasoning as in Chanillo and Whee-
o |4 Al den [2, pp. 280-281] or Torchinsky and Wang (13, pp. 241-242] we have
Sixnilarly we have
LEMMA 2.2. Let A > 1. Then there exisis a positive constant C such
/2 that
(2.7) le|<G(1+b){ (27‘") +4(o+1 ( )ﬁf }
Alt o 1/2 T4+o?)(1+|r 1/2
14 [4 (| upe(paruteon) < oCr WA (1) 201(z) d)
Hence by (2.4)—(2.7) and the boundedness of £2(x) we get wn d R~
(28)  |kf(z)] for any non-negative and locelly integrable function w{w).
2 \ 77 9 \ 772 Proof of Theorem 5. Using Lemmias 2.2 and 1.1, and reasoning as in Stein
< 1 Y *
B S,}_ 1+ b){ ({A|t> 4o +1) (|A|t) }da( ) [10, pp. 91-92] we have the desired result.
=C(L+b) Proof of Theorem 2. We can easily see that p () < 22 ul?(F)(=),

hence the conclusion of Theorem 2 follows from Theorem 5. o

{(2m)7e 4o + 1)(2r)1/2 .
- S_l (Ulmha‘]cos(m’ N|retre + |mi’7‘/'2(|cos($)f( ,))ng,/z) a(y') Proof of Theorem 1. Let k(t,z) = Qz)|z|emt 2 if | < £, = 0if |z > £,
s Y and consider the singular integral operator I defined by
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Tf(z) = | btz —y)Fly) dy
R
with values in L2((0,00), di/t). Then p2(f)(z) = ({3 |Tf(z)Pdt/t)V/2. As
is shown in Hérmander [4, p. 137],

o0 di 1/2
| (g k(t, 2) —-k(t,m)|2—t—) dz < C
|lefz2le—z] ~0
Combining this with L?((0, c0), dt/t) boundedness (Lemma 2.1) yields the
desired conclusion (cf. the proof of Hérmander [4, Theorem 3.5] or Benedek,
Calderén and Panzone {1, Theorem 2]). =

Proof of Theorem 9. By the LP boundedness of 42 (Theorem 1), the proof
proceeds in quite a similar way to the case of Stein’s Marcinkiewicz function
() = p*(f) (Han [3], Qiu [7] and Yabuta [14]). We omit the details. m

{Re(g —n)| + [Im g|
Reg '

3. I” boundedness of pf and uy? (1 < p < 2). We begin with a
lemma, concerning an estimate for the kernel 2(z).

LEMMA 3.1. Let 0 < a £ 1 and let £2(z) be a homogeneous function of
degree 0 on R™ with 2 € Lip,(S™ ). Suppose ¢ € C with o = Re g > n/2.
Then for ¢(x) = (£Hz)/|2""2)x{|a|<1y there ezist 0 < v < 1 and C > 0
such that

G | lple—y) - b@) e < ¢TI

g
Proof. Since ||¢ll = C/(20 —n), we may assume |y| < 1/2. Further we
setb

(32) Iy = | l¢(e—v) - ¢(2)* dz

R»
{le—yl&L, [=|>1}
+
{lz—yi<1, 2|51}
= I]_ + I+ fa, say.
First, since |y < 1/2, we have

ly*",  yeR™.

blo-y)Pdot |
{lz~y|>1, =<1}

|6(z ~ y) — d(z)* de

|¢()? dz

2(z —y)?

3.3 I = bl S -2
(3.3) 2 il

{1/2€]a—y|<1, |2|>1}
<0 S 22(n=7) gz < Cly.
{le—gl<1, 2|1} -

dx
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Similarly we get
192(z)|?

|$|2(n—a)
{1/28|=|<1, fe~y[>1}

<C S 22(n=9) dz < Cly|.
{1/2<]2|<L, le—yl>1}

(3.4) L=

We have
. 2(z ~y) (z) 1 1
B3 ey ~ e = P Wy T
+ Wﬁ:ﬂﬂ(w—y) — (@),

As for the second term in the above inequality, we have

r—y wa o 1 1)0‘ o
Az —y) - D) <0l L - 21 <o =
2z =) = 2N < Cl=—y ~ | < mm(|m~_y1 E
1 1
<C o‘min(mm—,—).
it min | e e

Now if |y| > 2|z] and 0 < v < o, we get |y[/(2|y — z{) < 1, and hence

(ZIﬁwl)a < (2|yhi|m|)7‘

If |y| < 2|z| and 0 < v < &, we get |y|/(2|z]) <1, and hence

() < (=)
Therefore

a6 iew-v 2@ <o (L) + (B)).

We assume first 0 < o < n. We take 0 < v < min{o — n/2,a). Then,
using (3.5), (3.6) and Lemma 1.5, we have

m—g]—1 1

Iy < Clyfr 3 |

7=0  {le—y|<1, |=]<1}

|.'E _ y!Z(nma—j)\mP(J‘i—’Y) dz

[n—a]—1 1

+Cl N |

§=0  {|s—y|S1, =<1}

[ — gy BT [ 20D dz

1

i Y
2{n—o}|qp — ylv
(i<, ol 1) o =y

+ C+ |)yl™
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+C(L+ )y

1 .
S |7- - ylz(n—-d-—[n—a})Ix‘g([nwd]4_7) ar
{lz~y|<1, 2|1}

E { . ( ! +L)}2dm
{Je-yl<L, [a|<1} |z*=e |z -y |z]7

= Cly|*T(Ta1 + fs0 + L3 g+ I+ Tag).

Let p; = 22247 and ¢; = 155%1 Then, since v < min(o —n/2,1), p; > 1

n—g—71
and 1/p; -1 /qJ = 1, by Hélder's inequality we have

fn-o]-1 1 1/p; 1 /g
s ({I —y<51 Eac|<1}(|m ——y|2(”""+7)) (lm|2("“’+"f)) dw)
[r—a]—1

i=0
1 n—1 1/'Pj L n—-1 1/:]‘7'
r r
= Z (g r2(n-o+y) dr) ' (§J p2(n—o+y) dr)

+ Cly|*

=0
|n ~ o] o
-n+2(c—-7v) " " 20—n

Similarly we have the same estimates for Iy2, Inz, 134 and I3 5. Hence
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Also in the case ¢ > n, we can obtain the same estimate for I3 in quite a

similar way. Summing up the estimates for I, Ir, I3, we obtain the desired
result. m

Proof of Theorem 5. Let ~ be the constant given in Lemma 3. 1, and
p(z) = (2(z)/|z|" )X {l«| <1} Then by Lemma 3.1 we have

(5.) § 16z - 9) ~ (a)da < ¢ Zot D) on
Rn I

By the assumption (ii) on £, we have

(3.9) _ Sgﬁ(w) dz =ST—§|-%X{|:3151} da =0

Since ¢(x) =0 (|z| > 1), we get

(3.10) el < C/lal* T £ O |2

Using (3.8) and ¢(z) = 0 (Jz| > 1), we obtain

(s.11) f16(0-3) ~ 8(0) do < T

icm
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Now p&(f) can be rewritten as follows:

s ={ | —ls | 2= g, )dzzdydt v
Mg - tntl|te |y z!n °
I(z) lu—z|<t
0 2 1/2
1)1 T—z

=(S S EEESQS( ; —~y)f(z)dz dydt) .

U Jyl<1
We consider the Hilbert space L?((0,00) x {y € R™ : |y| < 1},dtdy/t)

and the vector-valued singular integral with kernel k(,y, 2) = t 7 "¢(2/t—y).
We now check the following Hérmander condition (I}:
T o1 72—z z 2 12
|z]>2z| * 0 lyl<1
_ ol
- 20—mn

We denote the left hand side of (I} by I(z). Then, setting 8 = v/2 and
using Minkowski’s inequality we have

(8.12) I(=) . i
<( 3 eV | (57 0) -o(5-)

|2]|>2]x| [ lyl<1

1/2
dy dt dz)

(] e

|z|>2]=|
o0 2 2 1/2
L GV Y (i ) Y (. ddtd)
"’:( | St2n+1 e ‘75< ; CU) ¢(t y) zdtdy
lzj<1 0 j2]>2|x|
es 1/2
X ( S PR ds)
2|m|
= J(z)"/? . Clz|~P/2.
Now if 0 < ¢ < |z|/(2]y}), it follows that ||/t > 2z|/t > 4|y}, |z — =|/t >
(|2 = Jz|)/t > |2]/(2t) > 2|yl, and hence we have i
z 2| Blz| 1z-2 ’ Iy, l
e RS S

Thus, by (3.10) we get

S ORI RO
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Therefore
||/ (2|¥]) 3
1 - Z—x z
(3.14) j Y 7l ¢<—“r -y) - ¢(; —y) dz dt
0 lz|>2[=|
|l /(2ly]) nt+f
1 S|t t 2 z _
lz>2]x|
et/ (2]wl)
<¢ | et
0
X ( S ¢(z;m —y) dz + S qiv(% —y) dz)dt
[2]>2]x| 2> 2|

a1 /(21
<o § el orelh < Clglhlle/ )
0

Next we consider the case ¢ > |z{/(2|y|}. If |2| > 4t|yi, we get

| — 2|

t

2z

22— ) !
— 7Y =yl > %

t
and so by (3.10), we obtain

(G-l =e(i) ™ (52 0) <el()™

Thus, since 8 = v/2, by (3.11) and (3.15) we have
(3.16) [ Elas

L))
sGRSn lz|n+ﬁ(;t|)n+" ¢(3—;—’5 ~y) _¢(§ _y)
fﬁ(z;-m_y) “d’(%-—y)

< Ct2n+’3 Cﬂ'(l + ‘Tl)
20—n

l2|
at’

Izl
2t

~y|> ~ly| >

(3.15)

2
dz

dz

= Ctn+'ﬂ i
=

dz

— O 1 + |'r|)t2n+,@—w7|mi—y

t 2crn

o(l+ ITI)
o —

=02 #2087,
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If 2|z| < |z| < 4t]y|, then by (3.8) we have

(52-)-o(2-0)
Cty)™+* | ¢(z;m —y) —¢(% —y)

Rn

Cltiy)*? §
R

2

(3.17) | |=["*? dx

2| <|z| <atly|

2
< C’t2"+ﬂ{y|”+ﬁ J(l + |Ti) E 7
- 20—n |t

2
dz dt

oo

— CO‘(]. + lTD t2n_3ﬁ|y|n+ﬁlm|2'y_
1 n+8

20 —mn
Hence by (3.16) and (3.17) we have
-z z
o775 -v) (i)
[/ (2lul) lzj>2lz|
of 1 o(l+ |71)

2n+1 Q7 —
Jol/ 22wt * o-n

° 1

12n=Bg|" dt

o(1+17) on—38,, |nt61.12
T e e AL
12| /(2[yl)
LSRR I
20 — 1
=]/ (2l])

o0

+ Caél + |TD |y‘n+ﬁ|w|2-y S tw3,t3w1 dt
o fol/ (2l
< cl ( + LTl)i !7/2[ W/z + G (1 + ITD! }n+4ﬁ!w|6
- 20—n . 20 —
—~G (l+|‘T‘| l iﬁi |’5+OO(1+[TDI |n+4ﬁ‘ !ﬁ
2a 20 -~
Therefore by (3.14) and (3. 18) we get

_ {1+ 7)) BRI BT ET.A ST
(3.19) ()<Cm| lS{l(ly‘ﬁﬂyl + iyl )! ¥ dy

o(l+ |ﬂ)t |ﬂ

<C
- 20—n
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So, from (3.12) and (3.19) it follows that

(3.20) I(z) < J(2)2 . =072 < o Z1E )

20 —-m
Thus we have shown the Hérmander condition (I).
Now combining this with L?((0, o) x {y € R™ : Jy| < 1}, dt dy/t) bound-
edness (Theorem 2) yields the assertion of Theorem 3 (cf. Hérmander [4
Theorem 3.5]). m

Proof of Theorem 4. Take G(t,y) € C§°(I'(0)) satisfying

1
| |G(t,y)\2tn+1 dydt < 1.
()

?

For z € € we set

(3:21)  Ti(f)(z)

_ ! 2(u)
F§D) YT MSSt fur-rG+m /2 fle—y—u)duG(t,y) -~ s , - dy dt,

n=2(l—~)(za+n~£).
n 2n P
Note that 0 < 1 < 2. We set Zo + 7 = 2¢9/n. Then 0 < z5 < 1. Further, we

take p; > 0 so that 1/p = 2(1 -2} +2y/p:. In this case we have 1 < p1 < Pp.
Then we can check easily tha,t

1 9
(3.22) RVS (NN At S
p1—1 23R -3

where we take

Now, for z with 0 < Rez < 1, by Cauchy-Schwarz’s inequality we have

(3.23)  |T.(f)(=)|

! (u) 1
< I S S (C) BV O
1"§O) gnlz+mn)/2 |u|sst |'“Jn~n(z+'7)/2 f( Yy u) e e dy dt

x

1
S G(t,y)%—ﬁ—ﬁ dy dt'
(o)

% 1
SHSTEN @) - | (Gl y) g dy de
(0)

n(z 1/2
< pl I8 (z) - ( S |G(t’y)’2§al.ﬁdydt)
ro)

— ,,n=+n)/2
= 15 R @) 1G9 2oy aejenen-
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Since 0 < nn/2 < Re(n(z+17)/2) < n(l+n)/2 for 0 < Rez < 1, it follows
from Theorem 2 that

(3.24) 1T (M z2@ny £ C [ Fllz2 ey || GliLa-

And, since 0 < n < 2, for z with Rez = 1 we get n/2 < Re(n(z +7n}/2) =
n(1+n)/2 < 2n. Thus, as p; > 1, by using Theorem 3, (3.22) and the
definition of 7 we have

(3.25) || Totiy (F)ll zor oy

14 [Im(z)]
i

O [1+1y n(l+n)\* )
~op— 1{ n {1+ ‘) 1+ ly| )}”f”LP:L(R“}”G“Lﬂ
L+ Jy?
=T n 182 ey |Gl g2
o'(_202'in'n. _ i)zil'ﬂlL (R )” HL

We can also see that T,(f) is an L?(R™)-valued continuous function on
0 €< Rez < 1, and holomorphic in 0 < Rez < 1. Thus, using the complex
interpolation theorem (cf. Stein and Weiss [11, Theorem 4.1]), we obtain

1+ |Emz|?
(3.26) [To{H)lle < O?L—;;—:—?kaﬂmmn)l!GHLz
2n 7
Hence we have
T <0 1+ {Imz}?
(3.27) 1Tl < C— 22 [ Fzaeny-
U( 2n p)

Taking z == zp, we get the assertion of Theorem 4. u

Proofs of Theorems 6 and 7. Theorems 6 and 7 can be deduced from
Theoreras 3 and 4 respectively in the same way as in Torchinsky [13, pp. 314—
318]. =

Proof of Theorem 8. Set 2(z) = z/|z| and v = (n + 2p)/2. We first
consider the case p = 2n/(n + 2¢). Take € > 0 so that 1/p<e <1/24+1/p.
Take

Flz) =
Then f € LP(R™). We set

1
T X 0, 1
iwirr log&' _1_|_ {21 <0, |21}

1
Fy(z) = 7

S () flx — z)dz.

it 11
Then for 0 < 4|z| < t < 1/2, z1 > 0 we get
21

(3.28)  t°Ff(z) = S Zotl|g — — T dz.
{|z|€t, 21 <z, |@—2]<1} |z\n e+ |-’B Z|’Ylog el
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For 2{z| < |z| < t, we get |2|/2 < |z — 2| < |z] + 2] < %lz] < %t < 3/4, and
hence

1
(3.29)  teFf(z) > C i _ _
{2]z|<z|<t, 2y <2} |z|m—e+1+7 ]og il
1
> S T e 4%
z|<|z| <t JZI"- Q|"')‘10g- TET
¢ n—1
= S : dr > C 1

e 7 e

Suppose z € R" satisfies z; > 0, [z < 1/8. Then, if 4|z| < ¢t < 1/2,
for y with y1 < 1, |z~ y| < t/4 we have 4|z — y| < ¢, 21 —y1 > 0,
[yl < |y —z|-+|z! < /2. Hence by (3.29) we get
(330) | |Ff=-y)ldy

ly|<t
1
> Otz_o‘ S ‘(L‘ _ Ig(,),,,_:)l 2g 1
{sa<ey, jo-yict/a} & Y %8 Ty
C S 1

=E§—a—

dy

———— dy
2e 1
{¥1>0, |y|<t/a} ly[™ log™ Tyl

B b, t/4
t2o é

Therefore, for z € R™ satisfying z; > 0, |z| < 1/8, we have

L .«
r log?® - T log?s—? 4

1/2

(3.31) w2 o § — v

nRo+1 | a2 =1 L
dla t log >

1 1/2
2 O( 2e--1 1 )
"2 log Tol

C
- |m[("+20)/210g5—1/2 T%‘T.

Since & < 1/241/p, we get (¢ — 1/2)p < 1, and hence

(332) |\ig(H@Prd=c | !
{z1>0, |Sa:j<1/8} |z log (=72 T,IT|

This shows the statement in the case p = 2n/(n + 29),

dx = o0,
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For 1<p<2n/(n+2p), taking 2 as above and f(z) = |z]™7X{z,<0,jz|<1}+
we see in the same way that f € L* and pl(z) = oo for = with z; > 0 and
|z} < 1/4.

Since pg(z) < Cuye(f)(z), we have also shown the same results for
*’g
py (). m

4. Proof of Theorem 10. Let f € £*F. Suppose E = {zr € R™ :
p&()(x) < oo} has positive measure. Let zg be a density point of F, and
@ be a cube with center mg and side length r. Set

f=fo+ (- faxa+(f— folxge = hi(z) + fao(z) + falz), say.
Then p(f1)(x) = 0, and by Theorems 2-4 we have {|u&(f2)lls < Cllf2llp =
C§oIf = folf d2)'/? < C|fllap|QIH7Fe/m. Hence, pf(f2)() < oo a.e. on
R™. So, p4(f2)(z) < oo ae. on E. Thus, there exists zg € BN Q such

that p2(f3)(zo) < pg(f)zo) + p%(f2)(2z¢) < co. Therefore, as explained in
Kurtz [6, pp. 660-661] or Qiu [7, p. 46], it suffices to show the following. For

§=1/(8vn),

(1) if p&(f)(zg) < oo for some zg € §Q, then pg(f)(z) < oo for all
x €460,

(i) [48(7)(&) ~ H§(F) (@0)] < Or2 | Fliasp for all @, 2o € 3G,
where 30 is the cube with the same center as @ and side length ér.
(I} The case —n/p < a < 0. Suppose z € Q. We set
Dlz)” ={({,y) € ]RT’1 dr—yl <t, 0 <t<ar},
)t ={{ty) eRt |z -yl <t, t >}
For z € Q° and (¢,y) € I'(z)~, we get |z — 2] > F{1 ~ &), and hence
ly —z| > |z~ 2] — |& —y| > §(1 ~ &) — dr > dr > t. Hence we have

1 S 2y — 7) 2@#)“

te [y —2["e e

f3(z) dz

(A1) p2(fo)a) = ( S

r(a)t

S

(F(m())

+
I{z)t\I{za]

ly—z|<t
1 Ry —z)
S ng(;?ﬁ) dz

1 S N(y — z)

te ly — z["—e

IN

Zdydt 1/2
te

t”’+1

ly—z|<t

fae)de| M) v

tn—i— 1

te
ly—=|<t
= p(fs){wo) + A, say.
We note first that if z € 4@, (t,y) € I'(z)* and |y — 2| < i, then

k13
(og = 1 <|o - gl +la— sl +ly—2l < Lt 14t < 3y
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(Ia) We suppose 0 < ¢ < n. Then, since p > 2n/{n + 2¢), we can choose
po and a so that 1/pg -+ 1/py = 1, n/(2(n-0)) > a > 1~ n/((n — o)ph),
min(2,p) > pp > max(l, 2n/{n + 20)). Then, because of the boundedness of
12, by Hélder's inequality we obtain

1 1 2/p
Arzc S m( S ly — z[m=o)(i=ap, d"")
P{z)*\I(ao) ly—2|<¢

20 2/py
X( 5 X{|2—wq|<3ymt} | f1(2)] dz) dy dt.
l

y—sl<t ly — z[(n—”)apn

As is easily calculated, we have

1 2/po
( | by — 2 (=) (=27} d"‘)

[y—=|<t

t Sn—l Z/PE , ,
_ (3 N - ds) — GYl2/E = (n=r)(1-a)p})
o
0

o) (1~a)py

Therefore, since py < 2, by Minkowski’s inequality we get
(e o]

A< ¢ S t(3/Pol{n—(n-o)(1-a)pp} ~n—1-2c
§r

A1 e o) ash

— z|%n—v)a
Z
lz—zq|<3v/nt ly—z|<t ly |
lm—y| <t
jzg—y|>t

By geometric considerations we have easily

o [ j
—————dy < —7——d§ + Cfr \ ———ds
—_— 2 -a i —_—r —
y—aige (¥ #H p $¥nme iy S0
lz—y|<t
|zo—y{>t

< C(5T)n—2(n—cr)a 4 (6,‘,,){tn—-1-—2(n--xr)a. + (5r)n-1-—2(n-m)a}
< C«(,rn—2(n-——a)a + ,,,.tn-l—-Z(nwcr)a).

Note that in the one-dimensional case, we do not need the second term in
the second, third and the lagt expression. Thus we get

[+ 9]

A2 <C S t(2/}°:;.){n—(n—~o')(l—a)p'a}mn—l—zcr(,rn—-z(nma')a. + Ttn—«ln—iz(n-—o)a)
ar

. 2/po
X { | | Fa(z) [P0 dz} dt
: {le—2q|<3/mt}
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0o
=C S t(Z/pB){n—(n—a')(l—a)p,'j}_n—1—20'(rn‘z(n—u)a +Ttn—1—2(n—0)a)
ér

2/po
(] () = fal™dz) " dt.
(lz-sg] <3ty
zeQ*

Now, since p > pg, we get

[P0
| i)~ faldz)

[z—zq|<3/At
z€Q°
1/p
< Cniwo 't””/f’( V@)~ sol? dz)
|z—mq|<3vnt
zeQ®

1/p
< Otn/?’n‘”/ﬂ( S ]f(z) — f{[z_mo|<3ﬁt}]7’dz)

|z—xqg| <8/t
ZEQ°
1/p
+ Ct””’““”/‘"( | | F(jz—sol<vmty — fQlf dz)
lz—wq|<3v/nt
z€Q°

1/p
< gtriro=n/ "’( b 1@ = flecaqicavanl? dz)
jz—wq|<3y/nt

» 1/p
+ Otn/pnmn/p( S Fla—zgl<avmtr — fal dz)
\z—wQ|<3\/ﬁt

< gpn/po—n/pgnQiptal/n) o 4 Ofn/p"_"/ptn/pffﬂz—m1<3ﬁz} - fol-

In a way similar to Qiu [7, pp. 43-45], we can see that

(4.2) | Frlzmaql<avay — Tal € O +7)|fllasp-
Hence we get
2/po
[ 1f(2) — fal dz)
|z | <3yt
ZEQC

< {OrPomn B lpbe | Fll L 4 CE PP E (S )| fllap }

< oen/ree| f2 4 CEMPr | G
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Thus, noting 1/pg + 1/pj =1, @ < 0, n/2(n — ¢) > a, we have

o0

A< E t(z/p{’){n—(n“d)(l““)Pa}”‘”“l’“ZU(rﬂ-—Z(ﬂ—a)a + Ttn—l——Z(nma)a)
ar
% (tzn/}’o—PEa +t2n./pn,r,2a)”f”§,p dt
< C“f”?zp S tQ-n/Pf)—-ﬂn--a')(l—a)—-n—l--Za-,r'nuﬂ(nwrr)at2n/p”‘+,ga di
ar

=0
+ O”f”ch,p " th/Pf)—R(n-—a‘)(1—*61)wn-—-l-—20T71~2(n——a)a.t2ﬂ,/;:)(,7,20; dt

8r
=)

+ C”f”i,p S th/pf]-2(n—r:r)(l-a)—n-—1—20rtn-1—Z(n—-a)ath/pU«}nzcx ¥

ar
)
"+" C”f”fx,p S t2n/p’0_2(n—a’)(l—'a)"'”-""1“‘20’,‘,,.1;11—-1—*2(?’&-—-0)at2n/p07‘2a dt
&r
oo
< C’r“‘ztnw)a”f”im S 2n-o)a—n-1+20 4
ar

o0
+ Orn—z(n_a)a.-l-?.a”f“im S t2(n—a)a-n~1 di

&
'] " o0
+ Crl\fllap [ 222 dt 4 Cr2er1 £ | 2 dt
Sr ér

< O£ 113 -
Therefore by (4.1) we have

15 (fs){@) < pl(fs)(m0) + Cr%|[ ]| aup-
Changing the role of ¢ and zq, we have

|15 (F)(@) = u§(fs) (o)l < Or¥| flla -
Thus we have proved (i) and (ii) in this case.

{Ib) We next suppose ¢ > n. In this case, we take py = 1, pl) = oo, and
a = 0. Then the reasoning in step (Ia) still works.

(I} The case 0 < o < 1/2. In this case the £5% norm is equivalent
to the £%P2 norm for 1 < p; < pp. For 0 < o < n we take o = 0 and
P =gy > n/c. Then (n—o)p} < n, and using Slw—yiﬂ Iwo—-yl>tdy < Crgnt
we can argue in the same way as in step (Ta}, without using Minkowski’s
inequality. For o > n, we only have to take Po= 1, ph = 00, and a = 0.
However, in the case o = 0; we use the following variant of (4.2} and modify

icm
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the proof somewhat:

(4.2) Fiemsarcsvm = fal < O(1+Tog 2 )l

(IIT) The case 1/2 < @ < min(8, o). In this case, since Lipg, ($™71) C
Lipﬁz{S“"l) (0 < B1 < B2), we may assume o < 3 < min(1, ). Now

(4.3)  |uE(fa)(z) — p&{fs) (o)

1 Qz—y—
<(llz | 2 Liaee
I |emy—z| <t 4

;|
e
|mo—y—=z|<t
1
)
|e—y—2z|<t
leg—y—2z|>t

< (
I
g S
t
jo—y—z|>t

(S
I
lmo—y—z|<t

1
(U )
r |z—y—z|<t
lzp—y—z|<t

Qwo —y — 2}
|zo —y — 22

2 dy dt)lfz

f3 (Z) dz e+l

E—y—2) ¢ \a
|mmyvzl”‘9f3(. )d

|

2 dy di 1/2
tn+1

2(zo —y — 2)
fwo —y — 2|"~e

fa(z)dz 2 dydt)l/z

gntl

Nz —y—2z)
rE———

ﬂ(.’ﬂg -y — z)
|zo —y ~ z["¢

=5L+ I+ 1z, say.

HfzedQ 2@ (t,y) € Mand |z —y — 3| < ¢, we getit> |z —y— 2| >
|z — 2| — ly| > |z — 2| — t > §(1 — &) — £, and hence t > 3{1 — d)r > dr. So,
we may assume t > or.

Since {2 is bounded, we have

2 dy dt\M?
a(e) | )

2 1/2
T 1 |f(z) — folxe- , |” dyat
I < “'Q“OO(S S "2 S |.'£-—y—»z|“_‘" dz #n+1 .
br |y| <t |e—g-z| <t
jwo—y—z|>t

Let z € Q%, |2 — 2 +y| <t and |y| < t. Then, since f € %P = Lip,,

L L z —u|®|| f || p A2
1f(z) — fal < |Zﬂglf(z)"“f(U)lCh% 0] gC’| 1 @
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Since z € Q°,u € Q,z € 0Q, we have [z —wu| < [z —z+yl+ |z —y —u| <
P+ |z —ul+ |yl <t++/nr+t < Ct Hence

(4.4) £(2) = fal € == 1(OH® | fllap dit < C | F
@}

Since t > |z —y -2l =|zo—y—~2z—mo+a| > o —y— 2| — |5y —a| > t—1r/8,
we see that
1
4.5 s (]
(45) ) T—y -z

|[z—y—z|<t
2o —y—z[>1

< S !

S —" 1
T — —_— n—a
t—r /8 p—y—z|<t J y ZI

§ n—1
max(0,t~r/8)
< Orte=t ift > r/8,
- | CtT if §r <t < r/8.
Therefore by noting 0 < & < 1 we have

r/8 9
t o
48 B<ONI,( | oz | 7 dya
ér lyl<t
oo t?a
+ S prn e rd S ('r'lf;‘:"l)2 dydt)
r/8 lyl<t
/8 oo
< C”f”i,p(s Zfﬁa—-n—1——24:’+-2cr+n dt-{-«'rz s t2cz-—-n—l—-2cr—}-2a'—2+n dt)
ér r}B
/8 =22
= CfIE,( ] Potat4? | 20t dt) < Or £,
&r /8

ds < C{t7 — max(0,t — 7/8)°)

n—ao -

Similarly we get

(4.7) I < O f e
As for I3, since as before | f(z) - fol < Ct%||f[lap and
2z —y—2)

|z —y — z[n—e

_ MNwg—y—2z)
mg —y — 2|~

L2z ~y—2)|

1 1
e~y —2"2  Jag —y — z[n-2

7o — g —zie 2@~y = 2) = Rz ~y - 2)),
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Iy is bounded by

(4.8)  Cllfllapl2lles
1 1

]2 dydt)1/2

o
x (S ['—J S —n—e — oy — z|m—e n+l
r ¢ |z~y~z|<t o -y -z oo -y e ’
|o—y—z|<t
+ Ol fllap
o 2 1/2
y (S[t | Q(SC—y—Z)—Q(wo—y—ZNdz} dydt)
for p — oy — == n+1
r t lz—y—z|<t lmO Y Z‘ E
|wg—y—z|<t

=I31+ 133, say.
Since £2 € Lips(S™~1), we get
|92(z — y — 2) — (w0 ~ y — 2)|

colr-v—2 _mo-y-= g
-y -z |zo—u-— 2
B
1 1
SC’min( , ) |z — zo!?
lz—y—z|" w0~y — 2|

< Crf mi ! ! )
S Ot min iﬂj—’yw—zlﬁ,ii”g—y—Zlﬁ 3

and hence using g < o,

Rz —y~2)— 2zo—y ~ 2)|
(4.9) S I ( Y ) (nwa dz
lzo —y — 2|
[ —y—z{<t
|eg—y—z|<t t
'I'"B 8 Sn—l
<C S imgwy—z}”“""'ﬁdzzcgr ———Sn_“ﬂmﬁds
|zo—y—zl<t 0
< CrBt7-P,
Thus noting « < 3 we see that
00 tza s P 1/2
(410)  Ba < Guflla,p(i s dydt)
dr |y|<t
T 2e+20—28+ 1/2
< 0P8 fllagp( | #2420 )
&r
co 1/2 _
= Cr| fllag(} #2272 dt) < OO Sl
&r
= Cr®||fllas
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As for I3, we first consider the case 0 < ¢ < n. By using Lemma 1.5
we choose 0 <y < 1 s0 that &« < < o and
1 1
R P
<C @ = @o]”

|z = zo|?

*f-}-[n—-a']>

iZo —y — 2" —y - 2|7
[n—og]—1

]m - — Zl”‘*”“[”'—”]lm

|z — @o|?
+C : -
Y T ey

N o = o

+C - .
jzzg | =y — 2[rrd Y gy — g — i+

Hence
(4.11) { ! e ! -
|z—y—a|<t m%y_z‘ IEU ~—y—z|’“ ¢
|lzg—y—z|<t
1
< C(or)Y d
e BT TRy
|g—y—z| <t
1
-+ C(dr)7
( ) |m_y§~ﬂ<t ]SC -y - z!n—a—[n—a’]lml‘ﬁ—[n-—a] dz
lzo—y—z|<t
[pn—g]-1 1
+ C(or)Y . — dz
_742 I:c—ys_zlq |z —y —zP=o-djgg —y — z| I+
!muwy—z[<t
fn—ol 1
+ C ()7 ' - - dz.
R e PV
[mo —y~z|<t
Now, since o > v, letting p = %E‘;_%, q = E?%fi we have by Hélder’s
inequality
| 1 d
. . 2z
I
|zo—y—z|<t

1 e
< .
(L Fmsme)

|m—y—z|<t
' 1 l/q
x ( S - dz)
oo ~y—z| <t ]580 —y— z"n aty
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togn-l Up st n-1 1/q
s s -
S C(gwd.ﬂ) (Swds) < Ct™ .
0
Similar estimates hold for the other integrals in (4.11). Hence using o < 7

we obtain
(o]

1/2
(4_12) 13’1 < C“f”o:,p(s pre—n—1-2c S (5?")2’”20*27 dydt) !/

or lyl<t
co

50(57“)'Y||f||a,p(s f2a~n-1-2y S dydt)lfz

ér ly| <t

oo 1/2
< g(5r)'ruf”a,p(s 2o-n—1-2y4n a!t)
§r
S CUET) | fllaplér)®™ = Cr¥|| fllap-
In the case o > n, we can similarly obtain the same estimates for I31.

Hence, by (4.8), (4.9) and (4.12) we have Iy < Cr®||f||a,p, and finally com-
bining this with (4.3), (4.6) and (4.7) we get

1§ (fa)(e) — p§ (fa)(mo)l < Cr|ifllap- =

5. Proof of Theorem 11. Let f € £*P. Suppose F = {z € R* :
py (@) < oo} has positive measure. Let E, xg, r, @ be as in the proof
of Theorem 10, and let fi, f2, f3 be the same decomposition of f. Then, as
before, we only have to show that for § = 1/(8/n),

(1) if py?(f)(zo) < oo for some zp € 6Q, then uy?(f)(z) < oo for all
z € 60,

(i) [ (H)e) — w8 (F o)l < Crfif]

(I} The case —n/p < a < 1/2. We first consider the case o # 0. Suppose
T € 0Q. We set

J(E) = {(t,y) e BT s o —y| < 267, 0 <t < 2%} (K 20).
Then, if |y — 2| € ¢, z € @, we have (t,y) € J(0). In fact, if (¢,y) € J(0),
then t 2 |y —z| > lzg — 2|~ |#g —y| > §7 — ;7 = 7, a contradiction. Thus,

(5.1)  wp?(fs)(=)

a,p for all z,zp € 5.

An 2 1/2
t 1 2y — dy dt
. ( S (—————‘t+|$—y|) ey S —‘|y 9‘z|nz_—--)2f3(z) dz 1;3‘*1)
(el ly—z|<t
An 2y — 2 dy dt\*M?
(1 () Bt SEsea) B
ttlz—yl) [t ly — 2|2 t

]R::'I'J‘\J(U) |y—z|S#
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< (RnL (m) M't}“ S ﬁ(”mfa(z) dz

e |y~ 2|~

g+t

Qdydt)”z

4+ S FAn

1 ‘ (f(2) = fQ)X{ly—s1<t) dzr dydt)rfz

e . g +1
+ ly— 2|t J(ENJ (k1) t Qe417\Q Iy — 2| e
b 1/2
() et e
ot t+ [z -yl t+|wo — g =t .
REHIAI(0) where Qr1 is the cube with center xg and side length 2%+1r,
. 12 We note here that from this expression we may assume 1 < A < 2.
x 1 S Ry - 2) fa(z) dz dydi Now, we first treat Ay. For (¢,y) € J(k), z & Qgs1, we have |y ~ z| ~
b ly—z|<t ly = zjne A T lzq — 2| Also, |2 — 2| + 2%r < |zg — 2| + 2%ty < C|zg — 2I. Hence,

(5.3) |2q — 2 +2°r ~ |zg — 2] ~ |y — 2.

= uy¢(fa)(wo) + A, say. Since A > 1, by (5.3) and Lemma, 1.2 we have

Now, if (¢, y) € J(k)\J(k~1), we see easily that t + |z — y| ~ t + lzg ~ y| ~ (54) A< S An 1 S (f(2) = FQx{iy—=<ty i * dydt
t+|zg — y| ~ 2r. By the mean-value theorem we get ' PR LY ly — z|n—e tn+t
An An
1 1 lm -~ mol — 2
I <C (f(2) = fQ)xqiy—zicty , |” dydt
‘ (t+ = yl) (t+ g = y|) =T+ [zq — g =0 § 2 | S e ) o
< O_.r(zk,r)—}\n—l_ J(k) Qi .
Thus, since 12 is bounded, < S pAnte S (f(2) = fo) ’ dy dlt
- _ »|n4l LR
> 1\" 1\ s eg, ¥ !
(32) A< (> | o — m( ) ? dydt
k=1 J(k)\ J (k~1) + 1z~ y| t+ [z -y < S Anet2 S (f(i)lm fq) d ty+1
= _ . kpyntl n
At 1 Q(y e Z) 2 d’y dt 1/2 J(k) Qi+1 |.'I-'Q Zl + (2 T‘)
et | Ty~ e /8(®) 42| ooy 2*p (@) 4 g 2 g d
N ly—2|<t <C S S Ant2 (Tﬂfﬂa,p) presy
<C (Z p(2Fp)y=An-t 0 |og—y|<2br .
k=1 o
: : : gy a2 <o@TESR, | e
® S thn e S !—"’“;;:Efa(Z) dz '%—F'i:) 0 |eg-yl<2tr
TN T(h—1) y—z|<t y~ | t . Lo 2§r N
s <C 2k,r, 20—2 f 2 9 ,r.)n prn-ntl
< o(zr(zkr)—»\n—l e |
= < O(2hp)2a-tinbinmnt3) fi2 < O@F )22 FI2 5
x E n 1 S (f(2) =~ fo)xqo d r dy dt) 12 As for By, we consider the following two cases (Ia) and (Ib).
JUENT(h~1) e lyz| <t ly —2|""¢ gkl {(Ia} The case 0 < o £ n/2. By Minkowski’s inequality we get
oo 2
~An— 1 (f(2) - fa)x{y-a1z0r , | dydt
< C,:Z r(2Fr)An -t (5.5) By < S thn 2 S Iy — Zln—’ix - dz tntl
k=1 J (k) Q-G
% ( n t_le' S (f(z-“)—f@)ﬁ{ly-ﬂgt} dzr dydf < | [ S |F(2) ~n{€|
TN (k-1) Qia ly = 2je bt R "Qu1\@ v~
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r 2

x( S tm*nwl?({m—zla}tw%dt)l/:adz] dy

2k—2,

— S[ E |f(z)"fQ[( S tAn—nmiwzadi)l/zdzrdy

— =
e 1y - 2|

SCS< S |f(2) — fal

—_ N—o
B \gune Y72

|y~ 2}

2
x (‘y — z|()m_"‘_2a)/2 + (2&:—-21,)()\‘.1—%“%}/2) dz) dy

< C(gic—z,',,)/\n-—n—%‘ S ( S |f(z) - le dz)zdy
R* *Quu\@Q ly —z['ﬂ“ﬂ'

2
+0 1 (] 16 fol =002 a0) ay
B Qp41\@Q
— G(2h—2r)}\n—n—2u . Bk,l + Bk,z, say.
Ifweset vy =0, pp =2, 1/g =1/2+v/n = (n+20)/(2n), then we get

0<v<nl <g<p < oo Hence using the Hardy-Littlewood-Soboley
Theorem for fractional integration, we have

Ba<C( | 15~ farar)”"

Qr41\Q
Since
1 1
. — . < — R —
fa; = fa;s| < 5 @L () — fo,|dz < G éj |f(z) ~ fq,dz
1 1/
<O (Q, (@) = o, P dz) " |Qy[+- 27
< C1Q;| Y7 |Qy|Car/mp| £,
< C|Qj‘a/n“f||a,p < O(zjr)aHfHa,p’
we have

k+1 k-1

fari — fol €3 _1fa, = fauosl < Cllfllapr™ S 2
=0 J=0

S O™ + )] Fllap:
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Hence, using p > 2n/(n -+ 20) = g, we have

(5 15— fal @) "= (| 15 ~ fors + forus — faltat)’
Qr+1\Q Qr+1\Q

<(§ 16 - faualrdr)
Qieg1\Q

/g

/
+ ( S Ika-u - fQqut)l ’
Qrei\Q

<(§ 1= sar ) "

+ ( S Ika+1 - .fQ!th)

Qrt1

<@ M2 (| 15(2) ~ Sl dt)

Qr+i

+ WQk+1i1/quQk+1 - fQI

< G(zkr)n(llq—l/p) (2k7-)n(l+ap/n)/p“f||m
+C(2*r)™4((25 )% + ) fllap

< O )M ((29)% + Dll fllap

— G(Zk,r)(n+2u)/2,ra((2k)a + 1)”1:”&’?_

1/qg

1/p

Thus, we get ‘
(5.6) By, < C(2Fr)™H2o (2502 + 1| f |5

Next, we treat Bra We set v = n(A—1)/2, pp = 2, /g = 1/2 4
(A—1)/2 = /2. Then, since 1 < A <2, weget 0 <7 <n, 1 <¢g=
po < 00, and again by the Hardy-Littlewood—Sobolev Theorem for fractional
integration we have '

2/q
By £ C( Vo If(2) ~ fol? dt) ‘
Qr41\Q
As above, because p > 2/A = ¢ we obtain
1/ .
(5 1) falid)”" < C@HTHHE + DSl

Qrr1\Q .
= O(2*r) 2 ((29)% + 1) [ fllap-

Hence _
(5.7) Bia < C(2Er)mr?e((2%)%* + DI, 5
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Therefore by (5.5)-(5.7) we have
(58) By < C@brP" = O (@ 1S,
+ C@F TP 2 (2P + DIFI
< C@2Fr) e (25 + D55

(Ib) The case o > n/2. Since 1 < A < 2 < 14 20/n, using Minkowski’s
inequality we get

5 (f(2) = falxily-#Is8 ’ dy dt

PRI 7
J(k) Qk |-1\Q

1#(2) = fal T anen—1 —2 L/2 ]2
n-—-n la8 t d
ly —2"—° ([S}t X{ly—al<t}t” " d ) z| dy

, 172 12
fQE ( ‘ hn—n—l-2c dt) dz| dy
Iy—zi” TNyl

SCS[ S |£(z) — fal le

[Q:ﬂ+1\Q

2
Z! {An—~n—2c)/2 dz] dy

PESANA; |y 2
—n+n(A-1)/2 2
=o{{ § Ifd-tol w-2 az) dy.
B* Qi \@

Hence, as in case (Ia) for By,2, we get

(5.9) By, < CFrp (252 + 1) £,
In any case, by (5.4), (5.8) and (5.9) we have
(5.10) Ay + By < C(2Fr) 2o £12

+ C(2Fr)mpde(( 2’“)2"‘ + I FZ,
< Ok Ao 4 22| £12

Thus, since ~n/p < a < 1/2, by (5.2) and (5.10) we have

oG 1/2
A< C[Yr(@hn) (@b I (zkf)*"rmu.f||i,p)] ’
k=1
=0 = k. \2o—1 2 — ~1,2a 2 /2
= O[3 @Ik, + 3 r(2tn) e 73]
k=1 k=1
- 2onk{2a—1) 2 = k2o 2 1/2
= O r eI AL+ 3 2k f2 ] < O
k=1 =1
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and hence
O (fa)(m) < B (fa) (o) + Cr®|| Fll e
Changing the roles of z and zy, we have
3 (f) (@) — u3®(f3) (o)l < Cr®||fllasp-

In the case of @ = 0, using Lemma 1.3 in place of Lemma 1.2 and modifying
the above proof somewhat, we can obtain the same conclusion. Thus we
have shown (i) and (i) for —p/n < o < 1/2.

(II) The case 1/2 < & < 1. Since o < min(8,0), we may assume a <
A <o and 1+ 28/n < A Inthis case, we set

J(k) = {(t,v) € RI cJyl < 267%n, 0 < £ < 2720} (k> 0).
Then as in case (I) we see that (t,y) & J(0) for z € Q° with |z —y — 2| < ¢.
Thus
(511)  uy*(fs)(z)
An ’ 1a
. L Nz —y - dy dt
= ( S (W) 12 S Wﬁa(z) dz tg%-l)
BAJ0) lm—y—z|<t
<( S ( : )A”l | M%Q“j":“‘)‘fs( z) dz zdyalt)l/2
< e YR T e
RN v eyl |0 7|
An
¢ 1 2z
T ( ) (f +|y|) te S ‘;:“(:“““—z—vl)gﬁ(z) dz
R\ J(0) lz—y—z|<t
1 Q(.’Bo—wyw ) dydt 1/2
% ) Tao =y = e 2 ¥ ar
[g~y—z|<t 0
'S IJ'K’E(fa)(wo)
t A g (z—y—z) 2 gy dt 1/2
- ) ogoael(@de]
t+ |yl ite lT—y—2| ;
R} \J(0) |w~y—zi<t
|mg—~y—z|>t
An 2 1/
t L ANzo—y—2 dy di
+ ‘ — S _(_,_‘?,___y;:)zfs(z) dz =
' t-+Jyl t8 |zo—y—2|
REFI\J(0) |z—y-z|>t

jwo—y—z|<t
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()

E;T1\J(0)

1 Re-y-2 Lazo-y—z 2dy dt\ *?
Jb )RR | e )

le—y—z[<t

|mo—py—2z|<t

= u(fa)(wo) + I1 + I+ I3, say.

Here,
1 .
1/(2) = fal < 7 § 1£(2) = Flu)| du S 1ql S Clz = u|®||f |op du
For z € Q° u € Q and (t,y) € Ji with |z ~ y — z| < ¢ we have

lz—ul <|e—z+yl+le—y—ul <t+|z—ul +|y|
<2572 b i+ 2572 < 2P,
and hence | f(z) — fg| € C2%%r%||f|l4.p- For (t,y) € J(k)\ J(k— 1), we have

(TIM) MN (2kr) =

Therefore, since §2 is bounded,

oo n An

2

<> | (f—+4y'1)
k=1 J(je)\ J(k—1)

L 2z ~y - 2) 2 gy dt
“ e | ng(z) dz| o
le—y—z|<t
|zo—y—z|>t
fo o)
< Cr¥||f|13,p > 2%k (2Fr)—An
k=1
X S i _1_ S 1 ’2 dy dt
TENT(5—1) R R Er et B
lwg—y—z|>¢

< Or=|£]%,, 3 2k (2hr) e

1 | 1
& —
R e
|eg—y—z|>t

2 dy dt
el
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if¢t>r/8,

lz—y =z if or < ¢ < r/8.

(5.12)  I? < Crfelif)

Usingt > |z —y—2| = [mo—y—z2—mp+z| > |2 —y —2| — |20 — 2| > t—7/8,
|B—y—z|<t

Thus, since 1/2 < o < 1 and A > 1 + 2a/n, we obtain

o0

i,p 2226,%!:(2?;7,)——)\
k=1
dydt ¥ 7 dy dt
A 2 An—2
X(S S tntn+1+ S S e t'n.-l—l)
0 |yj<2k—2r /8 |y|<2h-%

we get the inequality (4.5) in §4,
Crgo—t
<
<{Gr
|mg—y—zi{>t
r/8 k—2
Cr| £, 30 2 (2¥r)
k'_

r/8 28—2r
X (S A N N P
0 r/8
< CT2°‘||in

% Z 220&.’0 (2k

o]
O£, (Z 2(a2) 1 Y gkBadntn) ) < Oy £2 .
k=1 k=1

Similarly we have
(5.13) I <O fllap-

As for Iy, since |f{z) — fol < C2%%7r%||flla,p for z € Q° and (f,y) €
J(k) \ J(k — 1) with |z —y — 2| <, we have

(5.14) Is£<i | (jlyi)m

kel J(k)\J(k—1)
1
><|:“t~’; S

(2k: )An n—2-4+n

+ (@) (r/8)" )

Qw—y—2) z—y~2)

lt—y—z["~e |oo-y—zin-e

2 gy i\ 12
(o)) 24T

|y —z| <
lep—y—2|<t
[ ]
< Clp® ”.f”a,p (Z 22ak(2k7‘)_>m S t)‘"
k=1 J(E)\J (k1)
Qz—-y—2z) Rzo—y

ENR o] )"
X | = o z nt+1

d jo--y—al <t

leo~y—2|<t

@ —y-zrme |mo—y— 2T
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SC"'a”fHa,p(Z22ak(2k7")_)m S t)\'n

k=1 J(k)

1 Qw —y—2) ~ 2(zg —y — 2 dy di\ /2
y [t_" S £ E]Ir _)t —z(|i?“‘7 Y z)idz] f:gff)
J—y—z|<t o=y
|wo—y—z|<t
> 1
FOr[flap (L2 | 22 ] 2y
k=1 J(k) |p—y—z|<t
|z —y—2| <t
y 1 _ 1 4|\
p—y—afe  Jmg—y-are| ]

=1I31 + 32, say.
Since £2 € Lipg(5™~), the inequality (4.9) also holds in this case. Hence
noting ¢ < 8 < 1, A > 1+ 28/n, we have
(.18} I5,1 < O fllas

o o 2ack gk, ~An sl L srapl” dydt\M?

o - (1) O

X (Ez (22 | ¢ [FCT t } Mtﬂ+1>
= J(k)

= 0T&+'6]|f”oc,p

o0 2k—2p
X (Z 22ak<2kqﬁ)~,\n S S (-2 dydt)l/Z

41
kel 0 |y|<zk=2p ¢

je'e] ok=2p

< O""Q+'6”fHa,p (Z 22ak (zkr)—)\rwn S t)m—n—l—:?ﬁ dt) 1/2
k=1 0

= 0Pl (3 22020 rimenncas)
k=1

oo 1/2
< Orot fllap (3 2220 -2) " < Cr o

k=1,
As for I35, since £2 is bounded,

oo
I3o < Cr¥[ fllap (Z 22k (2kp)=2n S e

k=1 J(k)
1
X ['t'; S

1 - 1 p 2 dydt\V?
gzt B TY =78 2o —y — 2|ne & I o A
|mg—y—z|<t

Take 0 <y < 1sothat @ <y <o, 14+2v/n < ) and the estimate in Lemma
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1.5 holds. Then, as in the proof of Theorem 10,
S 1 _ 1
| —y—z|<t 2~y —z"me ag—y—zfre
lwg—y—z|<t
Since @ <y < 1 and A > 1+ 2v/n, we have

Ioa < cranfua,p(

dz < C(6r)"t7 7,

00 2
22ak(2k,r)—)\n S t}\n—2a {5,’.‘)21#?‘7——21 dy d't) Y
f 7 tn-l—l

el 2k—2,

< O™ ¥ Zak (nk,\—An a2 QY dt 1/2
< Cr®|| fllap(dr) 22 (2%r) S S t WW
k=1 0 jyl<2k-2r

k=

= 2 1/2
< O67) | llap (Z g2ak (ghp)—Antn S An—1-2y a’.t) /
kil 1]

[ = a— 1/2
< COr flap (Y, 2) " < O F s
k=1

Therefore, combining this with (5.14) and (5.15) we get
(5.16} I3 < Cr%|flla,ps
and hence by (5.11)—(5.13) and (5.16),

py e (fa) (2} < pye(fs)(mo) + Cro| filap
Changing the roles of = and zo, we get

|38 (fa) (@) — py?(fa)(@o)| < Or%| flicp. m
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Some geometric properties of typical compact convex sets
in Hilbert spaces

by
F. S. DE BLAS!I (Roma)

Abstract. An investigation is carried out of the compact convex sets X in an infinite-
dimensional separable Hilbert space E, for which the metric antiprojection gx (e) from e
to X has fixed cardinality n+ 1 (n € N arbitrary) for every e in a dense subset of E. A
similar study is performed in the case of the metric projection px (e) from e to X where
X is a compact subset of E,

1. Introduction. One of the methods used to study the geometry of
convex sets is based, as is well known, on the Baire category. This method,
which goes back to the fundamental contributions by Klee [14] and, inde-
pendently, by Gruber [11], has made it possible ta discover several elusive
and even unexpected properties of convex sets (see Gruber [12], Schneider
[19], Schneider and Wieacker [20], Wieacker [23], Zamfirescu [24]). We refer
to Gruber [13] and Zamfirescu [26] for a survey about this area of research
and for additional bibliography.

In the present paper the Baire category will be used to investigate some
geometric properties of typical compact convex sets. Let E be a real infinite-
dimensional separable Hilbert space. In [6] it has been recently shown that,
for a typical compact convex set X C E and any n € N, the metric an-
tiprojection gx (e) from e to X (that is, the set of all points of X which are
farthest from e) is such that card gx(e) > n-+1 for every € in a dense subset
of I&. The aim of the present paper is to establish a stronger version of this
result, Tn fact, it is proved (Theorem 5.1) that, for a typical compact convex
set X C E and any n € N, one actually has

cardgx(e)=n+1

for every e in a dense subset of E. Similarly, it is shown (Theorem 6.1) that
for a typical compact set X C E and any n € N, the metric projection px (e)
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