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Li-spectrum of the Bernoulli convolution
associated with the golden ratio

by

KA-SING LAU (Hong Kong and Pittsburgh, Penn.) and
SZE-MAN NGAT (Ithaca, N.Y.)

Abstract. Based on a set of higher order self-similar identities for the Bernoulli
convolution measure for (v/5 —1)/2 given by Strichartz et al., we derive a formula for the
L9 -spectrum, ¢ > 0, of the measure. This formula is the first obtained in the case where
the open set condition does not hold.

1. Introduction. Let p be a positive bounded regular Borel measure on
R? with compact support. For 2 > 0 and g > 0, we define the L2-(moment)
spectrum of u by
YWY CAWIN
= lim -2\
(1.1) (g} h—i-»%l_'i' Yy

where {Q;(h)}; is the family of h-mesh cubes
[n1h, (n1 -+ DA) X ... X [ngh, (ng + 1)h),
We also define the (lower) L9-dimension of u by
dim, (u) = (g)/{g— 1), g¢>1

These notions were first used by Rényi [Ré] to extend the entropy dimension
(corresponding to ¢ = 1). Some variants of these definitions and the basic
properties of 7(g) can be found in [LN1], [St]. We prefer to use lim rather
than lim because the 7(g) defined by using lim is concave.

Recently there are a large number of papers in the mathematics and
physics literature investigating the relationship of the Li-spectrum and the
local dimension of the measures that arise from dynamical systems (the
multifractal formalism) (e.g., Frisch and Parisi [FP], Halsey et al. [H], Collet
et al. [OLP], Lopes [Lo], Rand [R], Cawley and Mauldin [CM], Edgar and

(n1,...,7ma) € 7e.
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226 K.-3. Lau and S.-M. Ngai

Mauldin [EM], Lau and Ngai [LN1], Olsen [O], Riedi [Ri], Daubechies and
Lagarias [DL]}). The multifractal formalism asserts, heuristically, that the
Legendre transformation of 7(g), i.e., 7*(a) := inf{ga — 7{(q) : ¢ € R}, is
equal to the Hausdorff dimension of the set

_ Inp(By(x))
K(o) = :Hm s =
(@) {w € supp(x) P oA lnh “p
where supp(u) denotes the support of u, By(z) is the closed h-ball centered
at z, and the quauntity
1

1o, I a(BA()

R—0+ lnh
is known as the local dimension of u at x. The Hausdorfl dimension of K'(a),
as a function of e, is the well-known dimension spectrum, and if the mul-
tifractal formalism holds, then it can be obtained indirectly by calculating
7(q).

For a rigorous verification of the multifractal formalism and an explicit

calculation of the L%-spectrum, it is customary to restrict to the class of
self-similar measures (or its variants), Le., probability measures u satisfying

m
12 u=oauo 5,

J=1
where {S;}T., are contractive similitudes and {a;}7%, are probability
weights [Hut]. A further restriction is that the similitudes must satisfy a
certain separation condition, called the open set condition ([Hut], [F]). The
formula for 7(g} is then given by

™
$ a0 =1,
i=1

where g; is the contraction ratio of S; ([CM], [EM], [LW], [St]).
Very little is known when the similitudes do not satisfy such a condition:
the simplest case is when m =2 and

(13) Sl(x) = 02, Sz(:ﬂ) = 0% + (1 - 9)1
where 1/2 < ¢ < 1 and the weight on each map is 1/2. The corresponding
self-similar measure i equals the distribution measure of the random variable
(1-0) 307, 0™en where {£0}%, are i.i.d. random variables taking values 0
and 1 with probability 1/2. The measure in such context has been studied for
a long time and is called the infinstely convolved Bernoulli measure (ICBM).
In contrast to the case where 0 < ¢ < 1/2, which gives a Cantor type
measure, the case of 1/2 < p < 1 is rather complicated due to the over-
lapping of the two sets $1[0,1] and 53[0, 1), where [0,1] is the support of
#. There is still no satisfactory condition to determine whether a measure
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u in this class is singular or absolutely continuous. Recently Solomyak [So]
proved the important result that for almost all 1/2 < p < 1, the correspond-
ing p is absolutely continuous. However, his theorem does not tell us which o
gives an absolutely continucus or a singular measure. So far the only known
condition for such p to be singular is due to Erdés ([E], [S]): o~ is a P.V.
number. (Recall that 8 > 1 is a Pisot-Vijayaraghavan (P.V.) number if it
is an algebraic integer and all its conjugates have moduli less than 1. The
most celebrated P.V. number is the golden ratio 8 = (v5 + 1)/2.)

Recently the authors introduced a weak separation condition on the gen-
erating similitudes {S;}7%; [LN1]. This new condition covers the previous
open set condition and is satisfied by the maps in (1.3) when g~* is a P.V.
number. Under this condition the multifractal formalism was proved to hold.
This makes the computation of 7(¢) an important and natural problem.
However, the explicit calculation of the L9-spectrum in general is still an
unsettled question. It is hence desirable to obtain a complete understanding
of such spectrum for the ICBM p defined by the P.V. numbers.

Historically the interest has been in the entropy dimension (ie., ¢ = 1,
see Section 4) of the measure (Garsia [G]). This dimension has been re-
examined more recently by Alexander and Yorke [AY], Alexander and Zagier
[AZ], Lalley (La], Ledrappier and Porzio [L.P], Przytycki and Urbaski [PU].
On the other hand, the L*-dimension has been calculated in [L1], [L2], and
the method used there has been extended to study the L9-dimension when
g is a positive integer [LN2]. Also the L°°~dimension (see Section 4) of the
measure studied in this paper has been obtained by Hu [Hu].

In this paper our goal is to obtain an exact formula for the Li-spectrum,
g > 0, for the ICBM when g = (/5 — 1)/2. The basic idea is to use a
device introduced by Strichartz et al. [STZ] to decompose the overlapping
of 51[0,1] and S3[0, 1] into nonoverlapping sets by compositions of 51 and
Ss. Let

To.’]c = 315'1:6 = gzm,

Tiz = §152522 = 5381512 = o°z + ¢%,
(1.4) Tpz = SoSox = o’z + @
Then Tp[0,1] = [0, 0%, 710,1] = [¢% o], T2[0,1] = (g, 1] ave three intervals
with disjoint interiors. In terms of these maps, the self-similar identity (1.2)

(more precisely (2.1)) yields three sets of second-order identities: For A C
[0, 1],

u(THT:A) #(ThA)
(1.5) WTTA) | =M | @A) |, i=0,12,
u(TTA) (T A)
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where
100 0 3 0 0% 0
My=|% 2 0], My=|0 % 0|, Ma=|[0 3 %
0 3 0 0 50 00 3
For any integer k > 0, let J = (j1,...,7%), i = 0 or 2, and let
1 1
(1.6) CJ:Z[O 1 0]M; 1 ,

where My = M;, ... M;,. Define

Plg,a) = Zp ka3 o),

(1.7 17| =k
D ={(g,a): g >0, F(g,0) < o0},

ie., D is the domain of convergence of the series. Our main theorem con-
cerning the L%spectrum of u is

THEOREM A. If g > 0, then T(g) is equel lo the unique o satisfying
F(g,a) = 1. Moreover, the domain of convergence D is open and T is diffe-
rentiable al g.

The differentiahility of 7(g) implies that its Legendre transformation 7*
is strictly concave. Hence we can apply Theorem 6.6 of [LN1] to obtain the
following

COROLLARY. For the above p, the multifractal formalism holds for ¢ > 0,
i.e., 75(n) 15 equal to the Hausdorff dimension of K(n) where n = 7'(q).

The proof of Theorem A depends on an accurate estimation of

1

h1+a S "L(Bh(Tlm))q d:r7
0

3 (h) =

where Bp(x) is the ball of radius h centered at z. This term is equivalent to
R %, 1(Q;(h))? in the definition of 7(g) {see [St], {L1]). By using (1. 2) and
(1.5) we establish a functional equation for $(*)(h) in terms of the c;'s (see
(3.8)), which is of the form of a renewal equation [Fe]. We then apply the
renewal theorem to show that if F(g, &) = 1, then 0 < Timp_,q+ (%) (k) < o0.
This is used to show that 7(¢) = «. A smular method had been used in {L1]
and [LW] to calculate the L*-dimension of some self-similar measures.

By changing bases we can simplify (1.6) by replacing My, Mz with

1 0
P0=[(1) 1] and P2=|:1 1:[,
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and show that

1 1
g g ! 1]3,[1},

where Py = Py, ... P, j; = 0 or 2 (Proposition 2.3). For the case where ¢
is a nonnegative integer, we can prove the following result, which simplifies
the calculation of 7(g) for such ¢.

Ccy =

THROREM B. For g a nonnegative integer, the equation F(gq,a) = 1 can
be reduced to a polynomial equation P(z) = 0 (with z = 29¢%), In this case,
7(g) = In{2/2%) /In g, where z is the largest positive root of P.

Theorem B corresponds to Theorem 4.1 where P(z) = 0 is expressed
as a rational function equation instead. We remark that for nonnegative
integers g, the values for 7{g) obtained by solving the polynomial equation
in Theorem B coincide with those obtained in [L1], [L2] and [LN2| by using
different methods. Also we apply Theorem A and conclude that

THEOREM C. The Hausdorff dimension of y is the same as its entropy
dimension and eguals

= QZ > cylnes (= 0.9957).

k=0 |J|=k
THEOREM D.

n2] 1
mg| 3 (2 0.9404).

The above approximate value of the entropy dimension agrees with those
computed in [AY], [AZ] and [La], and the L°°-dimension of u coincides with
the result obtained in [Hu].

We organize this paper as follows. In Section 2, we give a detailed study
of the second-order identities for u associated with Tp, 71 and T%, and obtain
initial estimations for the c;. We also investigate the domain of convergence
D as defined in (1.7) and show that it is open. This is essential in the proof
of Theorem A. In Section 3, we derive the basic functional equation (3.8)
and prove Theorem A by using the renewal theorem. The proof depends on
a technical lemma on estimating the error term (Lemma 3.3). For clarity
we postpone its proof to Section 5. In Section 4, we prove Theorem B (i.e.,
Theorem 4.1). We also derive formulas for the L2-dimension for ¢ a positive
integer, the Hausdorff and entropy dimensions, and the L°°-dimension of L.

dim (u) =

Acknowledgements. The authors would like to thank Dr. Qiyu Sun
for providing the proof of Proposition 2.5(i), which is crucial in justifying
that the formula defining 7(g} is valid for all ¢ > 0. The first author likes
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Fig. 1. Graph showing the approximate local density for the measure associated with the
golden ratio ¢ = (/5 — 1}/2 over the support of the measure {0,1]

to thank Professor R. Strichartz for arranging a visit to Cornell University
where part of this research was carried out.

2. Second-order identities. For o = (v/5 — 1)/2, we have o> + p=1
and the self-similar identity (1.2) of the ICBM u becomes

(2.1) (E) = (e E) + ju{e™E — o).
The measure is supported by [0,1] and is symmetric about 1/2. For any
integer k& > 0, we use J = (j1,...,7%), Ji = 0 or 2, to denote a multi-index

and let {J| denote the length of J. (By convention, J = {§ if [J| = 0.) We
also write Ty =T}, ... 0T}, .

We remark that by 1teratmg the T7's, 11; is easy to see that the subintervals
in the collection {1 TyT1[0,1] : [J| = 0, 5; = 0 or 2} are disjoint and fill up
the interval 73 [0, 1]. It will become clear in Section 3 that this explains why
only those J with j; = 0 or 2 appear in formulas (1.8) and (1.7).

The following proposition is most useful in deriving the formula of the
Li-spectrum of p.

ProrPOSITION 2.1. Let ¢y berdefined as in (1.6).
() If ACI0,1], then W{TiTyTLA) = cyu(T1A);

(1) if AC[~1,2], then cju(T1A) < p(TTyT1A) < 2c;u(T1A).
Proof. (i) The assertion follows by repeated applications of (1.5). Let

J = (j1,J'). Then

M(TgTJleA)
,U(TlTJTlA) = [0 1 0] Mjl H(T:[TJ'TIA)
,u.(TzTJleA)
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H(ToTLA)
~[0 1 0]My {p(TlTlA):'
w11 A)

(ToA)
=[0 1 0]MJM1 ,LE(TlA)
w2 4)

=[0 1 0]M; p(T1A) = cru(Th A).

[ L S L S

(ii) Let B = AN [-L,0]. By applying (2.1) twice, we have

W(TyT1B) i 0 T.B
[,U.(TlTlB)] =i 3 [M(‘;(lBl +)9)] -
w(T2T1B) % %I

(Note that this identity is different from the expression in (1.5), which only
holds for subsets in [0, 1].) Another application of (2.1) yields

#(TiB) = ju(eB+1) + ju(eB+¢?) and u(TiB+g) = tu(oB +1)

so that w(T1B + o) < u(Ty1B). Now we can repeat the same iteration as in
(i) and obtain

,’.L(T()T]_B)
,L'.(T]_TJT;[B)=[0 1 O]MJ ,‘_L(T1T1_B)
(1T B)

5 s
<[0 1 0]M;|L 1 [‘“ L }
| ] J ;f i #(TLB)

L1 1
ri
4
<[00 1 0]M; |8} p(TiB) < 2ec5u(T1B).
1
L3

The lower bound estimate can be more easily obtained by using

[J(TOT]_B)
I:[_L(TlTlB) ] 2

#(I2T1B)

,LL(T]_B).

T 1
e i

The same argument holds for AN {1, 2]. Now the result follows by summing
the three components of A in [—1,2] and using (i). =
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CoroLLarY 2.2. If A C [0,1] and J = {j1,..., 5k} with 5; = 0 or 2,
then
(T T;A) < 2¢y, F=0o0r2

Proof. By using (1.5) and a similar derivation as in the proof of Propo-
sition 2.1(i) we have

#(ToA) i
;L(TlTJTgA) = [D 1 O]MJM[] ,U.(TlA) < [U 1 0] My % < 2cy.
w(T2A) 1

The same argument holds for p{1TyTHA). m

We will now simplify the c;’s by replacing the 3 x 3 matrices My and.

My with the 2 x 2 matrices

11 [1 0
P[):[O 1} and P2= 1 l:|

ProroSITION 2.3. Let k > 0 and J = (j1,...,Jx) with j; == 0 or 2.
Then ‘

1 [1
Cjﬁmm[l l]PJ 1].

Proof. We will prove the proposition when the last index 4, of J is 0,
ie., M; = My and P;, = Py. By using the matrices

020 [~ 2 0
S=110,S‘1=§100,
2 0 1 2 —4 2

we define
_1 1
Qo =5 M()S = E

Hence

==

1 1 1
er=7[0 1 0]JMy|1] =3[0 1 0}{5Qy;...Q;57") |1
1 1

[

! Py...Py 0] s
-l 1w [B 0]5[

] (use Qj, = Qo)

1] Py [i] (by a direct calculation).
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In the case where the last index i of J is 2, i.e., M;, = My and P, = Py,

wWe use
1 0 2 1 2 -4 2
T=|0 1 1|, T7=2l0 0 1
0 2 0 o 2 -1
instead of § and S~ and the proof follows as above. m
PROPOSITION 2.4, Let J = (f1,...,5x), s =0 or 2. Then

(1)2 Z cy=1, and

k=0 |J|=k
1 1

(ii} max{cy : |J| =k} < _—_-4(49)’“ < =

for all k > 0. Moreover, max{cy : |J| = k} has the same order as 1/(40)*
(= (0.4045)%} as k — oo.
Proof. (i) We note that by Proposition 2.3,
1 1] 1 1 alis |
Lo=Yaaml iaf =g u(ieen) ]

A direct calculation yields

(I— %(Pg +P?))_1 - g ﬁ ;]

g}{z CJ=§{1 1] (I—%(Psz))_l H] =1.

J|=k

so that

We remark that the above result can also be derived from Proposition
2.1(i) with 4 = [0,1], by using the fact that the subintervals T3 T;T1[0, 1]
are disjoint and fill up 73[0, 1].

(il) We observe that the products PyPy, PPy, PaPy, PaP; are

{1 21 [2 1} [1 1] [1 0}

0o 1{’ 1 1|’ 12| 2 1

respectively. It follows by induction that for even k, the alternating product
(PoPo)*/? (resp. (PaPo)*?) maximizes simultaneously [1 1] Py [1] and
the first (resp. second) column sum of Py over all J with |J] = k. For odd k,
this holds for the alternating products (Poy)*~1/2P, and (PyPp)*—1)/2 PR,
respectively. Hence the maximum of [1 1] Py i for |J| = k is attained
by multiplying Py and P alternately. Both Py Py and P Py have maximum
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eigenvalue (v/5+3),/2, which equals ¢~2. This implies that max{c; : |J| = k}
is of the same order as 1/(40)* as k — oo.

To prove the stated upper bound estimate for c¢; we diagonalize FyP;
(and similarly P,P;) by using the matrix 5 := B 19] whose columns are

-2

eigenvectors of PP, associated with the eigenvalues p™* and o? respectively.

It k =2, | > 0, then
1 20 ] 4 [
nouwey 1 =0 s Als ]

= wg—m < 9p7Y,

14 02
Similarly, if k = 2!+ 1,1 > 0, then

(2+0— 4£+6) —(2+1) o g, —(241)
1+ g2 ¢ €

In both cases we see that ¢y < 1/(4(40)%). =

[1 1](P.Py)'Py [ﬂ

We now examine the domain of convergence of D for the series F(g, o)
in (1.7).

PROPOSITION 2.5. Let F(q,a) and D be given by (L.7). Then

(i) D is an open conver set;
(i} +f (g,&) € 8D, the boundary of D, then & = &, is an increasing
conceve function of q;
(ii) there exists a unique a such that {q,a) € D and F(g,0) = 1.
Maoreover, a = aq) is a differentiable, strictly increasing concave function.

Proof. We first prove the following claim: Let {ax} be a nonnegative
sequence of real numbers such that Gmir < amar for all m,k. Suppose
Moo 8% < 1. Then there exist some 0 < r < 1 and a constant C > 0 such
that ax < Cr* for all k.

To prove the claim we observe that by the assumption, there exists &g
such that ar, < 1. Hence for k& > ko,

Op = Oy~ Ok—kg = akn Oh—Dkg = -.. = . aﬁ;’ko = C'Tk,

where r = akﬂm < 1.

Now assume ¢ > 0 and let

=3 ([1 1}PJ[}DQ.

|Ji=k
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We first observe that spmip < 8,55. In fact,

= X (1 um [ 5 (0 um 2]

|Jl=m || =k
q
=]§m'£k([l 1]PJHJ[1 1]PJ'|:}})
q
|J|z-—:m|-];k< o PJPJ'[ D = Smtk

Write sy = 0x R, where R = Tiing 00 ¥/8y. Then spmui < 8moy implies that
Gtk < Gmag- By the claim just proved and the definition of {az}, we have
limg_,o ar > 1. Consequently for {g,&) € 3D, F(gq,«) tends to infinity as
o tends to & and

Flg,3) = Za*”‘“” (X )

|J|=k

[+)
— Q—Sa Z ap = 00
k=0

Hence D is open and the solution (g, @) for F(g, &) = 1 satisfies (¢, a) € D.
Hélder’s inequality applied to F(g,a) implies that D is convex and the
Weierstrass M-test shows that for (go, ap) € D, F(q, ) converges uniformly
on the region {{¢,0) : ¢ = ¢o, & < ap}. Hence &, is an increasing concave
function of g. Lastly, it is obvious that a(g), defined by F(q,a(q)) = 1
is strictly increasing. The differentiability of a(g) follows by applying the
implicit function theorem, and the concavity of @{g) can be verified by simple
applications of Holder’s inequality.

We will show that a(g) = 7(g). See Figure 2 for the graphs of &, and
T(g)-

3. Formula for the I?-spectrum. For g > 0 the Li-spectrum 7(g) in
(1.1) can be expressed as

(3.1) 7(¢q) = inf {a : hm — Zu(Q (h))¥ > 0}

1
) 1
= inf {a : h1—1+0+ Tita (S)/.L(Bh(m))q dx > O}.

In our approach, we find it more convenient to use A== Sé p#(Br(z)) dx
instead of A7 3, u(Q:(h))?. (Note that these two expressions dominate
each other by positive constants [L1], [St].) In the proof it is necessary to
convert the above expression into an integral in terms of the map 7). Thus
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we let
1
1
(32) (h) =\ u(Br(Tix))?dz and &*)(h) = v P (R)-
a
PROPOSITION 3.1. If 0 < limp_,o+ $(4(h) < 00, then T(g) = a.

Proof. To find 7(g) it suffices to look for ¢ so that
1

(3.3) 0< hm S,u(Bh (z))dz < co.

o+ hlte

We can further replace u(By(z)) in the integrand by u(Bn(Tiz)) as follows:
Observe that by a change of variables,

o(h) = | p(Bh(c®c + 0*))?de = ¢7° | u(Bu(z))* da.

By (2.1) and another change of variables, we have
o

| w(Br(oNdn = | (Gu(hele™2) + 0(Brelo™' - ) ) da

e ¢®
1 0 :
2 o S #{(Bryolo™ ) dz = 57 S.U'(Bhfe(m))q dz.
92
Similarly, we use the part ,u(Bh/g(g_lm — o)} in the above expression to
obtain
o g
| u(Bu(a))?do 2 2 § p(Bhygla)) da.
o? o
If we write
1 & o 1
JuBr(e)de = ( ]+ § + 1 )u(Bale)) s,
0 0 g2 e

then the three terms are bounded ahove and below by some constant mul-
tiples of w(h). This implies (3.3) and hence the proposition follows. =

Next we will derive a functional equation for #(®)(h), i.e., the equation
n (3.8). Note that
o+ )+

(3.4) w(h) =
T5[0,1]  Ti[0,]  Ta0,1]
1 1 )
= 0* | p(Bu(TyToz))? dz + 0° | u(Br(TiT1z))? dz
0 1]

),I,L(Bh (let))q dx

icm
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1
+ 0° | W By(T1Ty2))? de.
]

We keep the middle term 747} and repeat the above process on the first
and third terms. There are six terms T3 73T} where j = 0,2 and k = 0, 1, 2.
We again keep the two terms 737,77 and iterate the other four terms. By
repeating this process for N +1 steps we have

(3.5) Z 3 92’°+35 (Bu(ThTyTiz))? dz + et (R),
k=0 | J|=k

where
1

et(h) = 2V+1) Z S[L(Bh(Tlij))qdi'.
|J|=N-+10
If By,jperie(2) C [0, 1], then by Proposition 2.1(i),
].L(Bh (T1T_}'T1:’E)) - }L((T]_TJTl (Bh/22k+s (.'E))) - CJu(Bh/Q2k+s (T]_CB))
for |J| = k. This implies that
1 ]

Va(BR(TITyTi2)) dz = 3 | w(Bygansa (T12))? dz + €3 (h) — E5(R)
0 0
where
h/92k+5 1
2 R = q
e;{h) = Fo+ p(Br(T1 Ty Thz))? d,
o 1_h/92k+6
h/g2k+ﬂ 1
Bm=c3( | + | V(B g (T13)) di
0 1~h/92k+6

Let N be the largest integer such that 0 < h < £0*N+%. We can write (3.5)
as

(36)  @(h)= i@”‘“’( > 0390(92f+3)) +e'(h) + e*(h),

k=0 [Ji=k

where
N

(3.7) e(h) =Y o2 ( 3 (3(h) - B(h))).

k=0 | |2k
I follows that

(3.8) dle(p) =

ZQ—(2k+3 Z cqgs(a)( 2k+3) + E(h),

[Ji=k
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where E(h} = h™17%(c'(h) + e*(h)). Let F(g, &) and D be defined as in
(1.7). Our main theorem is
THEOREM 3.2. Let g > 0 and suppose (g, o) satisfies
(3.9) Pl IR
k=0 | 7=k

Then (g,a) € D, 0 < Timy,_g+ &' (h) < 00 and hence 7(g) = o. Moreover,
+ is differentiable on (0, c0).

The proof of this theorem depends on the renewal equation ([Fe], [L1],
[LW]). The major technical difficulty is to prove the following lemma.

LemMa 3.3. Suppose {q,«) € D. Then there exists ¢ > 0 such that
E(h} = o(hf) as h — 0.

We will postpone its proof to Section 5.

Proof of Theorem 35.2. Let N be the largest integer such that h <
$0°MF6. Then for k > N +1,

A 9 14+al 9 14o
oo (Q2k+3) < (EE) S#(Bh/92k+s(T1:L‘))q dz < (EE) .

0

By Proposition 2.5, D is open and (g, &) € D. Thus we can choose ¢ > 0 s0

that
Z Q_(2k+3)a( Z cg) — O(hs).

E=N-+1 |T|=k
This implies that

o0 h
Z o (2ht3)a Z CS’@(Q)(W) =o(h®) ash-—07.

k=N+1 =3

For 0 < h<1,let z = —Inh > 0, and f(z) = $(*)(e~*). Then by (3.8),

) = Z e~ CFTA N T f(z + (2K + 3)Ing) + B(e™™).
[T|=k
Let v be the measure with weight o~ (2*+3)a * =k € at —(2k+3)Inp,
k=0,1,2,... Now, (3.9) implies that » is a probability measure with sup-
port contained in [0, oc). Hence for z > 0,
&

—y)dv(y) -+ B(e™®) = | f(z — y) dv(y) + S(2),
0

310)  f()= | (
0
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where S(z) = E(e™®) + {7 f(z — y) dv(y). Note that E(e™*) = o(e~*%) as
z ~ oo (by Lemma 3.3), and

| fle— ) du(y) = Eo(h)

is also of order o{e™**) as x — co. Since v is a probability measure and
(g,) € D, the moment of v satisfies

S ydr{y) = ~lng- Z(2k+3)g“(2"°+3)°’ Z cd < o0
0 k=0 =k

‘The renewal theorem applied to (3.10) implies that there is a nonzero
bounded multiplicatively periodic function p(k) of _period g such that
limp,_o+{®*)(h) — p(h)) = 0 ([Fe], [LW]). Thus, 0 < fmy_g+ 2 (h) < oo
and Proposition 3.1 zmplies that 7(¢) = a. The differentiability of 7 follows
from Proposition 2.5(iii). w

4. Calculation of the LY-spectrum. In this section we will study 7(g)

as a solution of
ZQ—(2k+3)a( Z ) -1

17)=%
By Proposition 2.3, F(g,a) =1 is equivalent to
—(2k+3) o q
0 1
o GESEE el

We are going to derive a simple matrix equation for F(g, @) = 1 when
q > 0 is an integer. For ¢ € N, we define

e G ® - O
o (5 (7h) - (D)
AL(;O)z . . : ,
00 @ O
. 0 G 0 1
-1 o 0 0 7
@ @ o 0
AP =1 :
(%) () ... @D o
L@ O @ ... @]
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and let A, = AL + A, For example,
1 21 10 0
Az=t0 1 1] +[|1 1 O
0 0 1 1 2 1
and
1 3 3 1 1000
01 2 1 11 00
As=1p0 01 1| FT]1 2 1 0
00 01 13 3 1
THEOREM 4.1. For g € N, the equation Flg,a) = 1 can be reduced to

(4.2) 2 @ - Qla-247 H

with z = 290%, Furthermore, 7{g) = In(z/2?) /In ¢ where z is the largest renl
root of equation (4.2).

Proof We first show that-(4.2) implies that F(g, o) =
[1 0],e1=[0 1] and set

=3 ([1 1]ij)q.

|J =%

1. Let g =

Then by the binomial theorem,

se= Y ((eo-’rel)PJH])q: > (EOPJ [H Tk [1])4

= =
- EEO ) Gn ) -0
BT
Ty e 2]) e )
o3 (oo 1]) " (enn [1])

by substituting
eofo =eote, eFo=e1, efa=e, ePr=ecte
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into the above expression, we have

- £ EO)en ) en )"

=k =0
I HICARYINCEIH
| =k j=0
The matrix form of these identities for 0 <7 < g is
k+1 k
5o %
E+1 &
Y 4, 7
k: 1 :k
gty 7

Thus we see that

1) @ - OIf]

and

(43) Flg,) = g o7 [(g) G) (3)}i 4""2’2“Aq)k E] |

k=0
Now let z = 290% and write the series F'(g,c) in (4.3) as

rao=() (@) - (]a-ar]i]

If z is the largest real solution of (4.2), then by Theorem 3.2, 7(q) = a =
In(z/29)/Ing. If 2’ is also a solution of (4.2) and if 2/ = 290, then the
uniqueness of the solution of F(g, ) = 1 forces (¢,) to lie above D. m

REMARK. We can use (4.3) to find the point (g,&4) on 8D. Let A be
the maximum eigenvalue of 4, and let v be the corresponding eigenvector
with [[v|| = 1. Then each coordinate of v is less than 1 and the matrix A,
is nonnegative and irreducible. By the Perron—Frobenius theorem [Se], each
coordinate of v is also strictly positive. If we let v be the smallest coordinate
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of v, then
! 1 1
k k(L
Nev = Afv < A} < Ak (av) =\ (vv),
1
and hence
AN &/ k A\
w0 (1) <3 (o) || < 0mmm) ()

k=0 1

If &, is the unique number such that A/ (49%%¢) = 1, then (4.4) implies that
F (q'.s aq ) = 0.

‘We also remark that it is more convenient to write the rational function
equation (4.2) into a polynomial equation P(z) = 0 as in the following
table, which shows some numerical values obtained. See Figure 2 for graphs
showing &, and 7(g).

q Flg,a)=1 T(g) LA-dimension
2 2222 -2:42=0 0.9923994  0.9923994
3 23 -2z 4242=0 1.9794268 0.9897134
4 2270 -2242=0 2.9623955 0.9874652
B 259224 1128 822 — 2024+ 10=0 3.9421547 0.9855387
14 100,
o o
12 50
10
20,
2
10.
i 5 5 (q)
4 (xq
2 2
0/ 2 4 6 a 10 12 14 11. 2 5 10. 20, 50. 100.
q q
(a) (b)

Fig. 2. (a) Graphs of 7(g) and &, plotted by using integer values of g for 0 < ¢ < 15. It
can be seen that T(q) < &,. (b) The same graphs are plotted using the log-log scale for
larger values of g.

For any bounded regular Borel measure v on R with compact support,
we have defined dim _(v) = 7(q}/(g—1) for 1< g< 0. Forg=1, 1(g) =0
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and dim, (v) is undefined in this way. Thus we need to adjust the definition
for g =1 and co. We define

. L. Insupr(Q;i(h))
dim,. () = h]irf)l-v- Ink ’

where Q;(h) is the family of h-mesh cubes on R? in (1.1). We replace dim, (v)
by the entropy dimension of ». For convenience we assume that » is a prob-
ability measure. For a finite Borel partition P of supp(v), we let |P| be the
maximum of the diameters of elements of P. For § > 0, let
h{v,8) = inf{— Z v(AYInv(A) : P a finite Borel partition
Agp
¢ of supp(v), |P| < 5}.

The entropy dimension (or Rényi dimension [Ré]) of v is defined as
: . h(,d)
dimm, (v) = o e

(If the limit does not exdst, we replace it by lim or lim.) We also recall that
the Hausdorff dimension of v is defined as

dimg (v) = inf{dimp(E) : v(R? \ E) = 0}.
The following result is proved in [N].

THREOREM 4.2. Let v be a Borel probability measure on R® with compact
support. If the L9-spectrum 7(g) of v is differentiable at the point g = 1,
then dimy (v} = dime(v) = 7/(1).

We now return te the ICBM u defined by o = {(v/5 — 1)/2.
THEOREM 4.3.
1 o3
dimg () = dimg(p) = mz 3" eylnes (2 0.9957).
k=0 |J|=k

Proof. Observe that F(q, o) is differentiable on a neighborhood of (1, 0).
By Theorem 3.2 and a direct calculation, it can be shown that
- EIE:;O Z:|,]]=k cr ].IlCJ’

In o370 o (2k + 8) 3o sk €

(1)
We can use

zo-to a (i) [}

|J =k
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(Proposition 2.4(i)) and the derivative of > .7 g"(z’“”)“(zui:k cy) at o
= () to conclude that 2210(2]6 +3) (Z|J|=k cy) = 9. The result now follows
from Theorem 4.2. »

THEOREM 4.4.
In2

1
— — (~ 0.9404).
Ing 2 ( )

dim,_ (1) =

Proof. In Proposition 2.4(ii), we have shown that the maximum value
of the ¢y’s has the same order as 1/{4¢)* as k — oo. Hence there exists a
positive constant C so that for (g, @) € D,
—2ka

(Q4 )k:q < F(q,a) for all k > 0.

For ¢ > 0, F(g,7(¢)) = 1 (Theorem 3.2) and hence C'(40)~ %270 < 1
This implies that

{4.5) ql'EJgo (g)/g < |In2/Ing| - 1/2.

C—

To prove the reverse inequality, we first note that for each fixed k, the
sum g“(2k+3)f(‘1)(zm=k c%) tends to 0 as ¢ — oo. In fact, if we let o =

limg_, o 7(q)/q and write
/ava
Q”(2k+3)'r(q)( v cg) - (Q"‘(2+3/k)kr(4)/‘1( 3 C?r) ) ,
| Fi=k |J|=k

we see that as ¢ — oo, {4.5) and Proposition 2.4(ii) imply that

1 1
(2+3/k)k(0)/q ) < o (a+¥/k)ka < <1
q]irnolog (;i;kc e 4(dg)k ) = 4p% <

Now fix an arbitrary kg > 1. Then for all g > 0,
ko—1

1=3 g“(2k+3)7(4)( 3 c‘}) - i Q—{2k+3)r(¢1)( 3 cg)’
k=0

|Jizsk k=kq =k

and consequently there exists g = go(ko) such that for all g > go,

1 S ok X, [ g~ @H3RT(a)\ F
3 < ki";og (2k+3) (q)( Z cf,) < Z (mm(4g)q_1 ) ( Z; CJ)

[JI=k k=ky || =k
{(2+38/k)7(q)
2
<o (T S (T w)
k2 ka (40)9 = ku(m .y

(The second inequality follows from the upper bound estimate of ¢y in
Proposition 2.4(ii).) The last sum is less than 1 (Proposition 2.4(i)}, and
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hence there exists k > kg such that

1 Q_(2+3/k)T(Q)

§<W” fOI‘allqqu.

By letting ¢ — oo and then kg — oo, we get

In(4p)

—2lng’

This is the reverse inequality of (4.5). Finally, the theorem follows by ob-
serving that dim__{p) = limg_, ., 7{q)/q (see [LN1]). u

We remark that the same result is also obtained in [Hu] by using a
completely different algebraic method. i

In the multifractal formalism (see, e.g., [CM]), the spectrum 7(g) for
g < 0 is also very interesting and has significant meaning. We have not
considered the computation of 7(g) in that region yet. Also we do not know
if there is an analogous calculation for P.V. numbers other than (+/5+1)/2.

Jim 7(g)/q 2

5. Proof of Lemma 3.3. We first establish a few basic estimations. Let
v = [In2/1ng| (= 1.4404).

PROPOSITION 5.1. Let a = p or p?. Then there exist posztwe constants
C1, Co such that
Cih"|Inh| < p(Brla)) < Coh(lnh| for 0 < h < 2.

Proof. We consider the case a = p only. The other case a = g° is the
same since z(Bp{)) = p(Br{0?)) (by the symmetry of 1 about 1/2). Let 0 <
h < g®. Then there exists a unique integer m such that p™+2 < h < g™+,
The self-similar identity (2.1) implies that p(Bj,x (1)) = 54(Bpox+1(1)),
1<k <m,and

B(Bu(0)) = 3(Bay (1)) +

1 1
= 5i(Br/e(1)) + SH

2B so(?)

(Bh/g(g)) =
-y %“(Bh,gk(l)) + —n(Bh/Qm(e

Since 1/4 < p(Bp,gm (1)) < (B (0)) < 1, we have

1 +1 + 1
1 g <H(BAe) <

The assertion now follows by observing that (m + 1) /2™ is bounded above
and below by constant multiples of h7|lnh|. =
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LEMMA 5.2. Let J = (j1,..., %) with j; =0 or 2. Then for 0 <z <1,
crp(Bpoens (Thz)) < p(Br(iTyTha)) < 2e51( By goera (Th ).

If further 0 < x < h/g*+% < 1/2, then there exist constants C1,C2 > 0
such thot

w(Br(TTyTiz)) < Crd¥es|Inh|hY < Co2¥|Inh|h7.

Proof. The first part follows from Proposition 2.1(ii). For the second
part, we note that for 0 < @ < h/e* %8, By pmmis(T1x) C Buopygors(@%).
Hence using the inequality in the first part, followed by Proposition 5.1,

w(Br(TTyTiz)) < 205(Bopsgents(0°))
< Cscjlln(gh/QZk—%)l(2h/g2k+3)‘y

k
1
< 04‘:](%) [Inh|hY = Cyd¥e | h|h?.

The last inequality in the lemma now follows from Proposition 2.4(ii). =

‘We now apply Lemma 5.2 to obtain the desired estimation for the error
term e2(h). (See (3.7) for the definition of e?(h).)

LeEMMA 5.3. Suppose (q,a) € D, ¢ > 0. For 0 < h < 1, let N be the
largest integer satisfying h < $0*N79. Then there exists £ > 0 such that
e2(h) = o(h1T+%) as h — OF.

Proof. We first estimate the part of e(h) determined by the e%(h), ie.,

N ' h/92k+6
(5.1) SN | uBuTTITiz)) da.
k=0 [Jl=k 0

(The integral over [1 — h/p**7%,1] is the same by the symmetry property
of p.)
Cram. If (g,e) € D, then

(5.2) N a<v¢=|n2/lnglg, ue, 29 >1.
To see this we note that for J = (0,...,0) with |J| = k, we have
1 1 k| [1] _ k+1
er = grpir (1 11[0 1] [1}_2.4“1'

Hence for o > g,

o

_ af E+1\9 -

Fg,a) 2 ) o ®F® (2_4,c+1) =98
k=0

3

a 90
- kZ: Ik 4 1) = o0,
=0

proving the claim.
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To estimate (5.1) we let (g,2) € D with g > 0. Use the fact that D is
open to choose £ > 0 small enough so that (g,a +¢) € D. It then follows
from the claim above that we also have o + £ < «yg. Hence (5.1) is bounded
above by

N
Cs E gk T3 Z (4%cs|ln hlA7)? - h/o** %  (by Lemma 5.2)
k=0

=k

N
< Gzllnh]qh1+"fq Z(4QQ2(a+s})kQ—(2k+3)(a+.s) Z c%
k=0 || =k

oo
< Cs|ln h{qh1+”f‘192N(a+5—W) (Z o~ (@3 (ete) Z c‘f’,)
k=0 |J|=F

—_ o(h1+a+a/2).

(The second inequality is because 4 = p™27 and g*late=19) 5 1) It remains
to estimate the part determined by €5(h), i.e.,

N h/g*F+e
Z 92k+3 Z qu S ﬂ'(Bh/Q%*—-" (T]_:’L'))q dz.
k=0 |J|=k 0

But this sum is dominated by the one in (5.1) (by the first inequality in
Proposition 2.1(i1)), and hence it has the desired convergence rate.

The lemma follows by combining the above estimations. w

In order to estimate e'(h), we will first establish the following proposi-
tion.

PROPOSITION 5.4. Let B C [—0,0] and J = (j1,...
Then
(1) ‘LL(TlTJTgB) <cr.
(i) If J=(J,2,0,...,0), |J'| =1, then

k—1+2
4F—111

,jk) with ji =0 or2.

/,L(TITJTUB) g CJi.

(i) If J = (0,...,0), then

kE+3
MNTToB) < 5y

A dual statement holds for B C [1,1 + g] by interchanging the roles of Tp
and Ts.



248 K.-8. Lau and S.-M. Ngali

Proof. (i) By applying (2.1) as in the proof of Proposition 2.1 we have

W(ToT3B) i]
w(MTyB) | = | 3 | w(T2B)
w(T2T2B) %

and hence

(53) ,‘.t(TlTJTzB) = CJ,lL(TzB) <eg.

(ii) For any E G [-1,0], (2.1) yields

(5.4) WE+0) = jule B+ 1)+ jule T E + 0%
= 1u(e2E+ o) + ju(e P B +1)

and

(5.5) ME+1) = Ju(e E+1) < u(E + o)-

If B =Ty Y(B)(C [-1,0]), then by applying (5.4) re.peatedly and by using

(5.5), we obtain
WTLE) = u(e*E + o) =

1 | T
= Fﬁ#(B +o)+ Z E#(P 2Dg 1)

1
S o B+t

k-1+2
- 4k—l+1

It follows from (5.3) that

,U,(T1TJTOB) = c_]r[,.',(TzE) S

(iii) Let B = Tyt (B). Then the above calculation (replacing k — I by

k -+ 1) yields

WTiE) = Lp(B+0) + 5B +1) < 5y @

LEMMA 5.5. Under the same hypotheses as in Lemma 5.3, there ezists

B+ + uE+1) =

#(B + ¢).

k—i+1

i=1

k—1+1
LB +1)

k—14+2

prarEai

E+3

£ > 0 such that e (k) = o(h*T*+) as h — O7.

Proof. Recall from (3.5) that

el(h) = QZ(N"_]') Z

[J]=

N1

1
| w(Br(T1Ts2))? da,
1]
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where N is the largest integer such that 0 < h < (1/2)¢*" 8. Consider
TyTyTo with |J] = N. Since Bh/92N+5 (z) € [—0,1+ glfor0 < £ 1,it
follows from Corollary 2.2 and Proposition 5.4 (applied*to [0,1], (—g,0),
(1,1 + p) respectively) that

: N- _ q
IPCELERIED ORI Ip ol C==

|J|=N |J|=N 0 |Jj=k
+ Z e
|J|=N
N
N—k+2 \*
5012 Z ( AN—kT1 CJ) :
k=0 |J|=k

The same estimate holds for 3-, 7 _n #(Ba(T1TsT2x))?.

Now we choose ¢ > 0 so that (¢, +¢€) € D. Then 29plete) = 1 (see
(5.2)) and

N-k+2 ¢
(h)<092(N+”ZZ ( yRes J)

0|Ji=k

< Cooz 4Nq Zg (Rrt8)(ate)(ga 2t (N — k4 2)7 Y ¢}
k=0 [Jl=k

SC h (4g a+£))N(N+2 ZQ—(2k+3 (c+e) Z CJ
k=0 |Jl=k
= Cghl+ete/2

Lemma 3.3 follows from the estimations in Lemmas 5.3 and 5.5.
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