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Pointwise multipliers on weighted BMO spaces
by

EIITCHI NAKAT (Osaka)

Abstract. Let F and F' be spaces of real- or complex-valued functions defined on a set
X. A real- or complex-valued function g defined on X is called a pointwise multiplier from
E to F if the pointwise product fg belongs to F for each f € E. We denote by PWM(E, F)
the set of all pointwise multipliers from E to F. Let X be a space of homogeneous type
in the sense of Coifman—Weiss. For 1 < p < oo and for ¢ : X x By — Ry, we denote by
bmoy, ,(X) the set of all functions f € Lf (X) such that

loc

1/p
AL _ P
s Xm0 Bl 7Y (,u(B(a., ) B(S [f(#) = fB(a,m| dn) < oo,

where B(a,r) is the ball centered at a and of radius r, and fp(a,n) is the integral mean
of f on B{a,r). Let bmo,(X) = bmoy 1(X) and bmo(X) = bmo; 1(X). In this paper,
we characterize PWM(bmog, p, (X),bmog, 5, (X)). The following are examples of our
results.

PWM(bmojee11 /ry)—a (T™), bmogeg( /py3- (T7))
= bmo(log(l/r))“—ﬁ“l (Tn), 08 <uaxl,
PWM(bmoeg(1/r))=+(T"), bmo(T™)} = bmogieg 1og(1/z)y-1 (T,
PWM(bmo{R"™}, bmolog(|ﬂ|+r+1/r)’p(1&n)) = bmo(R"), 1<p< oo, et

o)

1. Introduction. Let E and F be spaces of real- or complex-valued
functions defined on a set X. A real- or complex-valued function g defined
on X is called a pointwise multiplier from E to F if the pointwise product
Jg belongs to F for each f € E. We denote by PWM(E, F') the set of all
pointwige multipliers from E to F.

For LP-gpaces on a o-finite measure space X, it is known that

PWM(LP* (X), LP* (X)) = LP*(X), 1/p1+1/ps=1/ps.
The purpose of this paper is to characterize
PWM(me¢1 P (X), bmog, p, (X)),
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where bmog, p, (X) (¢ = 1,2) are function spaces defined using the mean
oscillation and weight functions ¢; : X x Ry — Ry (i =1,2).

Janson [6] characterized PWM(bmog (T™), bmog(T™)) on the n-dimen-
sional torus T™ for a weight function ¢ : Ry — Ry His result was extended
in [13-15] to the cases of the n-dimensional Euclidean space R™ and spaces
of homogeneous type. Bloom [2], Gotoh [5] and Yabuta [18] have also char-
acterized pointwise multipliers from a weighted BMO space to itself. In this
paper, we consider pointwise multipliers from bmog, p, (X) to bmog, ,. (X).

Let X = (X,d,s) be a space of homogeneous type in the sense of
Coifman—Weiss [3, 4], i.e., X is a topological space endowed with a Borel

measure & and a quam—dmtance d such that d(z,y) 2 0, d(z,y) = 0 if and
only if z =y, d(z,y) = d(y,2),
(1.1) d(z,y) < K1(d(z, 2) +d(z,y)), zv,z€X,

the balls B(z,7) = {y € X : d(z,y) < r} centered at x and of radius r > 0
form a basis of open neighborhoods of the point x, and

(1.2) 0 < u(B(z,2r)) < Kyp(B(z,r)) <o, z€X, r>0
We assume that there are constants ap (0 < o £ 1) and K3 > 1 such that

(1'3) |d($az)_d(yv Z)' < Kﬁ(d(m:z)+d(y:z))l_aod(miy)m)v z,y,z € X.
If 4 is a distance, then (1.1) and (1.3) hold for K; = K3 = ap = 1.
For a function f € L}, (X) and for a ball B, let
1
= ——=\ f(z)dy, MO(f,B)=—% d
fs “(B)if() w MO(f,B) = s 153 — fBldp.

Forl<p<ooandfor¢: X xR — Ry, let

1
MO, (f, B(a,r)) = (m S

1/p
1F@) fB(a,mw) ,
B{a,r)

1
Mo‘ibm(f: B(a,’r‘)) = WMOP(L B(a,r}).
‘We define
bmog o(X) = {f € L, (X): sgp MOgy.p(f, B) < o0},
[ fllsmo,, = sUp MOy ,(f, B),

| Fllomoy, = {FllBMo,, + | fB(2s,1)]  for fixed 2o € X,
Let bmoy (X} = bmog ,(X) for p = 1 and bmo(X) = bmoy(X) for ¢ = L.
Then bmoy ,(X) is a Banach space under the norm | f||ome, ,. The closed

graph theorem shows that every pointwise multiplier from bmog, p, (X) to
bmog, p, (X) is a bounded operator. For each ball B(z1,71), ||fllBMo,., +

icm

Multipliers on weighted BMO spaces 37

| fB(21,ry| 18 comparable to || filomo,, (see (3.2)). Moreover, if u(X) <
then || f[|Bmo, . + [[fllzz is comparable to ||flibmo, , (see (1.16)).

Usnally, bmoyg ,, is denoted by BMOy , and equipped with the seminorm
lfllBmo,,,,- Then BMOy, modulo constants is a Banach space. But the
pointwise multipliers are defined on function spaces or on such spaces mod-
ulo null-functions. To consider pointwise multipliers, the space bmog,p is
therefore more suitable than BMOy .

Forl<p<oocand ¢: X xR, — R+ let

Loo(X) = {1 € LX)+ 300 S sl < o0),

Hf”Lda.p = “"];111 d)(a '.") ‘fl )B(a'r)
and Ly(X) = Ly p(X) for p = 1. If ¢ = 1 then Ly,(X) = L®(X). Let
Xo={z € X :¢(z,r) »0asr— 0} I f € Ly,(X), then f(x) =0 ae.
T e Xg.

We shall consider the following conditions on ¢

1 #(a, ) 1 s
(1.4) ——limSAl, ES;SQ,
(1.5) ¢(“’T) < Ay (”’ S) 0<s<r,
16 {u(Bln)s ( 280 4y < s p(Blar)Mro(ar), 7 >0,
0
(1.7) ERPRICLPN d(a,b) < 7,

= obr) T
where 4; > 0 (i = 1,2, 3,4) are independent of r,s > 0, a,b € X.
If there is a constant As > 0 such that
(1.8) #la,7) < Agp(b,s) for B(a,r) C B(b,s),
then, for 1 < p < 00, we have

bmoqu(x) = bmo¢(X) and Hf”bm% < ”f”bmod,,p < Cp“f”bmoqs:

by Hélder’s inequality and John-Nirenberg’s inequality.
For p(X) = oo, we shall consider the following condition. There are
constants vy = 0 and Ag > 0 such that

o §<¢z<mo,t>)ww»dt

¢1 (mO? t) [

(@(wo, r)

é1(za,7 )) #(B(ze,r)), 7 >ro.
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The following are equivalent (see Lemma 5.2 of [15]):
(1.10) B(CCQ, K4’I‘) \B(wo,'f") 7& @,
(L11)  p(Bloo,r)) < Lu(Blzo, Ksr)),

r > rg, for some Ky > 1,
r > o, for some Ky > 1,

¢ (Blzo,t))
(1.12) S ~—-t—’— dt < Kgu(B(zo,7)), 1> ro, for some Kg >0,

70
where K4, Ky and K; are independent of 7. On the assumption that (1.10)
holds, if there are constants Ay > 0 and & > 0 such that

r)\Pte
(1.13) (%) #(B(wo, 7))

pe
< A?’ (%E:z’—i;') ,LL(B(SL‘D,S)), g <1 <8,
then (1.9) holds.

For ¢, we define

max(2,d(xzg,0

)r)
&*(a,7) = B2y (a,7) = f%‘l—@ dt,

(1.14)
1
ma‘x{gvd(mﬂla'):"') QS(CL, t)

—— dt.

(1.15) :

&**(a,r) = Do (a,7) =
If ¢ satisfies (1.4) and (1.7), then, for each x; € X, §; + &} is comparable
to @F + &% For ¢; (i = 1,2,3), we define &7 and &}* by (1.14) and (1.15},
respectively.
The letter €' will always denote a congtant, not necessarily the same one,
Our results are the following.

THEOREM 1.1. Suppose that ¢, satisfies (1.4)-(1.8) for some p1 (1 £ .

p1 < ), do satisfies (1.4), (1.7) and (1.8}, and (B} + $4*) /¢y < O(P} +
&) /d1. If u(X) = oo, then assume that (1.9) holds with p = 1+¢ for some
e > 0. Let g3 = ¢o /(P + P1*). Then

PWM(meqsl (X) » mem (X)) = bmodJa (X) N L¢2/¢1 (-X)

Moreover, the operator norm of g € PWM{bmog, (X),bmog, (X)) is com-
parable to ||gllzmog, + 1191z, /4, -

CoRoOLLARY 1.2. Under the assumptions of Theorem 1.1, if &5 + $3* <
Cda/¢1, then

PWM(bmogy, (X), bmogy, (X)) = bmog, (X).

Moreover, the operator norm of g € PWM(bmogy, (X ), bmog, (X)) s com-
parable to ||g]lbmo,, - '
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H u(X) < co, then there is a constant Ry > 0 such that

(1.16) X = B(z,Ry) forallze X.
For ¢, we define
2R,
1
(1.17) H(a,r) = S 9(a.2) dt, 0<r <Ry

i

”

If infoex ¢(a, Ro) = 0, then bmoy,(X) = {const.}. S0 we may assume

@ > 0 > 0. If ¢ satisfies (1.4), then & is comparable to &* + &**. For

#: (1 =1,2,3), we define &; by (1.17).

THEOREM 1.3. Let u(X) < oc. Suppose that ¢ satisfies (1.4)-(1.8) for
somep1 (1 < p1 < 00), ¢y satisfies (1.4), (1.7) end (1.8), and ¢y /do satisfies
(18) Let ¢)3 = (bz/@]_. Then

PWM(bmoy, (X), bmog, (X)) = bmoy, (X) N Lo 4, (X).

Moreover, the operator norm of g € PWM(bmog, (X)), bmoy, (X)) s com-
parable to ||g|Bmo,, + N9llL,, 0 -

COROLLARY 1.4, Under the assumptions of Theorem 1.3, if &3 < Cd2 /1,
then

PWM(bmogy, (X), bmog, (X)) = bmog, (X).

Moreover, the operator norm of g € PWM(bmogy, (X), bmoy, (X)) is com-
parable to {|g|lbmo,, -

CoROLLARY 1.5. Under the assumptions of Theorem 1.3, if &1 < C, then
PWM(bmogy, (X), bmog, (X)) = bmogy, (X).

Moreover, the operator norm of ¢ € PWM(bmogy, (X), bmoy, (X)) is com-
parable to ||g|lbmoy, -

THEOREM 1.6. Let 1 < ps < p1 < 00 and p1pa = p1+pse. Suppose that ¢
and py satisfy (1.4)-(1.7), ¢o satisfies (1.4) and (1.7), and (5 +P5*) /¢ <
C(P] + $3*)/b1. If p(X) = oo, then assume that (1.9) holds with p = p,.
Let ¢y = ¢ /(D] + D%*) satisfy (1.8). Then

PWM(mem,m (X), bmog, p, (X)) = bmogy, (X)n Ligyon (X).

Moreover, the operator norm of g € PWM(bmoy, », (X), bmoy, », (X)) is
comparable to ]igv||}3MQqba + ”-QHLM/:»;'

CoROLLARY 1.7. Under the assumptions of Theorem 1.6, ¢f 9% + P3* <
Coa/¢1, then

PWM(me¢1 P1 (X): bmog, p; (X)) = bm0.¢3 (X).
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Moreover, the operator norm of g € PWM(bmog, p, (X), bmog, 5, (X)) is
comparable to ||g|lbmo,, -

TurorREM 1.8. Let 1 < pa < p1 < co. Suppose that ¢ and py sotisfy (1.4)-
(1.7). If u(X) = oo, then assume that (1.10) holds. Let ¢ = ¢/(P* -+ &**).
Then

PWM(bmoy,p, (X), bmog p, (X)) = bmoy p, (X) 1 L7 (X).
Moreover, the operator norm of g € PWM(bmogy, (X)), bmogp, (X)) is
comperable to ||g|lBMOy 5, + llgilzee -

CoOROLLARY 1.9 ([15]). Let 1 < p < oo. Suppose ¢ and p satisfy (1.4)-
(1.7). Jf u(X) = oo, then assume that (1.10) holds. Let 1y = ¢/(P* + &*).
Then

PWM (bmog,, (X ), bmog,, (X)) = bmoy,,(X) N L=(X).
Moreover, the operator norm of g € PWM(bmog, (X}, bmog (X)) is com-
parable to ||gllsmo,,, + lglize.

THEOREM 1.10. Let 1 < py,pa < oc. Suppose that ¢y and p; sabisfy
(1.4)-(1.7) and ds satisfies (1.4). Let X* be the set of oll points z € X such
that there are constants Ky > 1 and ry > 0 such that

w(B(z,1)) € tu(Blz, Kor)), 0<r <7,

and Xo the set of all points © € X such that
¢2(z,7)/p1(z,7) = 0

If g € PWM(bmog, p, (X), bmog, p, (X)), then g(z) = 0 a.e. z € X* N Xo.

In the next section we give some examples obtained from our results. We
state some lemmas in Section 3 and propositions in Section 4 to prove the
results in Section 5.

asr — 0.

2. Examples. In this section, we assume that (X, d, 1) bas the following
property: there are constants C > 0 and § > 0 such that

5
(2.1) %(%g-—:%%gc(;), zeX, 0<t<m

Then (1.11) follows from (2.1). If ¢{a,r)r® (0 < ¢ < §/p) satisfies (1.8),
then ¢ and p satisfy (1.6). For example, the Muckenhoupt Ay-weights on
R"™ satisfy (2.1).

2.1. The case u(X) < 00
ExamPLE 2.1. For 0 < A < a < 1,
PWM(bmoqag(1/r))~=(X ), br0(iog(1/79)~# (X)) = Dmo(og(s /a1 (X))
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For oo = 1/2 and § = 0 in particular,
PWM(bmogeg(1 /r))-2/2(X ), bmo(X)) = bmogeees /7y)-1/2(X).
EXAMPLE 2.2.
PWM(bmo(og(1/r))~ (X); bmo{X)) = bmogeg10g(1/r))-1 (X ).
EXAMPLE 2.3.
PWM(bmO(iog log(1/r)) -2 (X ), bmo( X))
= bmoyiiog(1/r)))-1 (X) N Laglog(e/ry)(X)s
where li(R) = Sf(l/log t) dt.
EXAMPLE 2.4.
PWM(bmo(X), bmo(X)) = bmoeg(1 /r)y—2{X) N L= (X).

If X =T, d(z,y) = |z—y| and u is Lebesgue measure, then the example
above is known (Janson [6] and Stegenga [17]).

ExaMpLE 2.5. For a > 1,
PWM(me(log(l/r))wa (X}, bmo(X)) = bmo(X).
ExAMPLE 2.6. For 0 < § £ o £ ay,
PWM(bmo,=(X), bmo,es(X)} = bmo,s(X).

If X =T", d(z,y) = |¢ — y| and y is Lebesgue measure, then bmog« (1) =
Lip, (T™). Therefore, for 0 < § < £ 1,

PWM(Lip,(T"), Lips(T™)) = Lips(T").

ExaMPLE 2.7. For -1 <a< f<a+l, 1 <ps<p <00, ;ibPe =
D1+ po,

PWM(bmo(iog(1/r)) 51 (X), bmOnog(1/r))8 .05 (X)) = bmogeg(1 /ryjp—o—1 (X).
2.2. The case p(X) = oo
ExamrLe 2.8.
PWM(bmo(X), bmo(X)) = bmo(log(d(xg,a)+r+1/r))—1(X) N L=X).

If X = R", d{z,y) = |z—y| and 4 is Lebesgue measure, then the example
above is known ([14]).

Exanvrrr 2.9. For 0 < 8 < a < ap,

PWM(bmo,«(X), bmo.s (X)) = bmo - (X)N Lps-a(X).
ExaMpre 2.10. For 0 < a < ag, 820, 8—a+6>0,
PWM(b100(2- d(zg )+ )= (K )y DIO(24-d(mp,a) 438 (X))

= bmo TR (X) 0 Lz d(ap,ay-+ryp—={X)-
agldlag,a)+r+l/r
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ExaMmpPLE 2.11. For 1 < p < o0,
PWM(bmo(X), bmOlog(d(wo,a)+r+1/r) p(X ) = bmo(X).
ExaMPLE 2.12. Let w be an Ap-weight on R™. Then
[a}
la,r) = ( S w(x) dm)
B(a,r)
satisfies (1.4)-(1.7) for —1/(pp') < @ < 1/(np’}, and (1.8) for e > 0. Let
(=13
Bi(a,r) = ( S w(m)dw) , 1=12 0<oas <o
B(a,r)
Then (6} + 3%}/ ¢a < C(P] + P1) /1.
3. Lemmas. First, we state some simple inequalities and four lemmas
of [15]. Let 1 < p < oo, Then
(3.1) [F(#1)~ F(=)| £ Clzy — 2
= MOy, (F(f), B) < 20MOy ,(f, B),

14(Bz)
KE (s, B

#(By)
#(B1)

(3.2) \fB, — fB| € for By C B,

1/
(3.3) MO, (f, By) < 2 ( ) PMOp(f, By) for By C By,

(34) IfB(a.,r) - fB(a,s)l
23

< 2K3(log2)™" | w

dt for0<r<s.

r

If ¢ satisfies (1.4), then
2s ’ 8
1
(3.5) i #@1) 4 (1+ Ap) | #a) 4
t M t
LEMMA 3.1, Let 1 < p < o0, Suppose that ¢ satisfies (1.4)—(1.7). Let
1

d{a,z)

Then f, is in bmoyp(X) for all a € X, and there is a constant C' > 0,
independent of a, such that | folBmo, , < C.

LemMaA 3.2. Let 1 < p < oo, Suppose that ¢ satisfies (1.4), Then there
is a constant C > 0 such thet

|fB(a,r)I < C||bemo¢.p (-dj*(a‘: )+ & (a, 7')):
where C' is independent of f € bmoy »(X), a € X and r > 0.

for 0 <2r < s,

r

folz) =
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LEMMA 3.3. Let 1 < p < oo. Suppose that ¢ satisfies (1.4)—~(1.7). If
w(X) = oo, then assume that (1.10) holds. For any ball B(a,r), there is a
function f € bmog (X ) such that

”f“lomo,,,,!9 <y, fB(a,r) 2 02(55*(@,7") + & (a, )},
where C1, Cy are independent of B(a,r) and f € bmog ,(X).

LeMMA 3.4. Let 1 € p < oo. Suppose f € bmoy ,(X) and g € L=(X).
Then fg belongs to bmog o(X) if and only if

sup |f5[MOg,5(g, B) < oo.
In this case,

I fglBmo,,, — sup | fBIMOg (g, B)| < 2|/ fllBMo, ,ll8]lzee-

‘We need more precise lemmas,

LEMMA 3.5. Let 1 < p < co. Suppose ¢ satisfies (1.4). Then

bmo¢:P(X) C Lé*'l"@“yp(x) a'nd ”f”L'qs".Pdst‘.p S C|if||bmo¢,p:
where C is independent of f € bmog ,(X).

Proof. If 2r < max(d(z,a),2), then

MO,(f, B(a, 7)) < ¢(a,7)l|filmro,,, < O™ (a, 1) fllBMO,,,-

If 2r > max(d(zo,a), 2), then B(a,r) C B(zo,3K1r). From (3.3) and (3.5),
it follows that

1/ '
MO, (f, B(a, ) < 2 (ﬁ%ﬁ) " MO, (f, B(ao, 3K1r)

< C"o(zo, 3K1r)|l fllBMO, 5
< C"'®*(a,7)| fllBMO,.,.-
By Lemma 3.2, we have

1/p
S ‘f($)|pdl~‘*) < MO, (f, B(ar)) + |ftam|
B(a,r)

(ll ? ‘
..._< O(¢ (a’)1 ) d (“‘J ))llfilbm0¢vp

COROLLARY 3.6. Let u(X) < oo and 1 < p < oo. Suppose ¢ satisfies
(1.4). Then

bmogp(X) C Lap(X) ond | flze, < Cliflomoy:
where C is independent of f € bmog,p(X).



44 E. Nakai

LEMMA 3.7. Let u{X) = 0o and 1 < p < oo. Suppose ¢ salisfies (1.4)-
(L.7). Let vy > 2 and

max(2,d(zo,z))

(3.6) flz) = enl) g,

1

Then § is in bmog (X)) and there are constants C; > 0 (i = 1,2,3), inde-
pendent of Bla,r), such that:

(i) if r < 2K1d(z0,a), then
flz) > C1¥"(a,r) forz € Bla,r/(2K1)%);
(ii) if 2K d(mo,a) < r < 271, then
f(z) = Ca®*(a,r) forw & Bla,r);

(ili) if 2K1d(mg,a) < 7 and 2Fr; < r < 28*ipy for some positive integer
k, then

Flz) > Cad* (20, 279r) forz € By, §=0,1,...,k—1,

where

(37) E.'f :B($U=2—jr)\B(m072_julT)1 j"-—"G,l,-.-,kﬁ""l,
k—1

(3.8) Bla,r/(2K1)) C ( U B5) UB(ze,2741).
=0

Proof. Since f(z) = max(—fz, (), Sf Bz, )t~ dt), f is in bmog p(X)
by Lemma 3.1 and (3.1). Next we show (i)-(iii) by using (3.5).
(i) Since B(a,r/(2K1)*) N B(xo, d{zo,a)/(2K1)) = 8,

max(2(2K;)?,d(@q,a),r) (;5(330,1';) N
t
1
max(2,d(vo,a)/(2K1)% ,r/(2K1)?)
< S P(zo,t) dt
: 1
max(2,d(zg,a)/(2K1))

<0

P*(a,r) <

t;b(ﬂ:o, 1;)

n dt

1
- £ 0f(a)
(i) Since d(zg,a),T < 274,
2ry 2
&*(a,7) < | i(—m-t-'@-’—t)- dt < ' #(z0,t) dt < C'f(z).
1 1
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(iii) For x € By, j=0,1,...,k -1,

27y

g=J~1,
é*(mq,Q—j'r‘) = S ﬂc%f),dt <" S qb(ﬂ'Jo,t)
1

—tmdt <C"f(z). m
1
The next two lemmas have been proved in the proof of Lemma, 3.3 of [15].

LemMa 3.8. Let p(X) < oo and 1 < p < oo. Suppose ¢ satisfies (1.4)—

(1.7). Let f be defined by (3.6). Then fis inbmogy,(X) and there is a constant
C > 0 such that, for oll B(a,r),

f(z) > C$*(a,r) for x € Bla,r/(2K1)?).

LEMMA 3.9. Let 1 < p < co. Suppose ¢ satisfies (1.4)-(1.7). For any ball
B(a,r), let

max(1/K1,d(wo,a)/(2K1))

(3.9) f(z) = max (0, $la,t) dt).

t
d(a,z)
Then f 43 in bmoy (X)) and there are constants C, Cy > 0 such thai
||f”bmo¢,p < Cy,
f(z) =2 Co®**(a,r) forz € Bla,r/(2K1)),
where Cy, Cz are independent of B(a,r) and f € bmoy ,(X).

LEMMA 3.10. Let 1 < py,ps,03 < 0o and 1/p1 + 1/p3 = 1/pa. Suppose
f € bmoy, 5, (X) and g € Ly, /4,0, Then fg € bmog, »,(X) if and only if

Sgp IfB]Mod’sz (Q:B) < 00,

In this case,

(3.10)  {[IfgllBMOu, »y — sup | /5|MOg, 5, (9, B)|
< 20 £ llBM04; 0, 191 2y s s -
Proof. As in the proof of Lemma 3.4, for any ball B = B{a,r), we have
(g () = (Fa)el|Leagmy = |BII9() — 9Bl Lea(m)]

<2({ (@) ~ F)a@) du) "

1/ps

B
<2( {1/~ sal" )" (] oo o)

< 2},&(3)1/1"1(;51(&,'.")HfHBMO‘h’M x M(B)l/ps%:—%“gl!lﬂﬁz/m.ps

= 2:“’(3)1/?2 QS?(aﬂ T)”fHBMOqﬁum ”gHL'ﬁﬁ/'f’1:P3.
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Hence

|M0¢2,P2 (fga B) -
which shows (3.10). =

| fBIMOgy,p2 (9, B < 21180041, 190124, /01105

LEMMA 3.11. Let 1 < py,p2 < co. Suppose that ¢y satisfies (1.8) and
1 < Coa. Then

Dm0, pr (X) N Ligg pa (X) = bmog, (X) N Ly, (X),
1 femog, + 1 Fllzay < 11 lbmogy oy + £ Lo ms S Crropa(lf [bmog, +11124,).

Proof. By Holder's inequality, we have

Hf“bmo¢1 + “‘fHL‘ﬁg < ”f“bm%l,pl

By John~Nirenberg’s inequality, we have

Nz e

HfHBMO,;.lIP‘. < Cpi Hf”BMO,;,la t=1,2.

For any ball B = B{a,r),

(V1@ a) ™™ < (§15@ - soman) ™ + ([siram) "
B B B

< w(B)MP2(¢1(a, )| fllBMO,, 0, + | f21)
< w(B)YP(Cpy¢1(a,7) fllmmoy, + ¢2(a,7)Ifllz,,)
< Cp(B)2 da(a, 7Y Cpy || fllmmoy, + 111124, )-
Hence
[ flivmogs sy T 120500 S Coripalll Fllbmoy, + 1 F1zy,)- =

LEmMA 3.12. Let u(X) = oc and 1 < p < oo. Suppose that ¢y and ¢2
satisfy (1.4) and (L.7)—(1.9}. Let 3 = o/ (P} + #1*). Then

bmog, (X) N Ly, ¢, (X} = bmog, (X) N Ly, /4,,5(X),
£ ooy N L sy oy S 1 N omon, 111y r6s.0 S Colllflbmogy 12 gyu )

Proof. We show that, for any ball B(a,r),

1 . ifp
(3.11) (W (S 1 ()] du)

B{a,r)
$2(ar)

Cog (@) I llbmasy 1120y 0s )

icm
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First we note that

1 1/p
(,U.(B(a,, ) B(E’T) |flz)® dﬂ:) < MO (f, B(a, 7)) + ‘fB(a.,r)'a

and

¢’2(&., "“)
gular) Moo

IfB(a,‘r')I <

Case L r < d(zo,a)/(5K7). If b € B(a,r), then d(xo,b) > d(zo,a)/K1
—r > 4K;r. If B(b,s) C B{a,r), then we may assume s < 2K;7. It follows
from (1.4) and (1.7) that

4Ky
5 (5,8) > | ‘Mf )

2P

dt > A7 61(b,2K17) > Cé(a,r).

By John-Nirenberg’s inequality, we have

MO,{f, Bla,7)) < Cp,  sup
B(b,s)CB(a,r)

MO(f, B(b, )

¢2(b, 5) )
<G, s o
P B(b, sgl(ipB(a r) é** (b S) ”be #3

, #2(a,7)
G ¢ ( )Hf“bmﬂy,s

Case 2: a=xg, r <7o. Then

MOy(f, B(zo, 7)) £ Cp sup MO(f, B(b, s))

B(b,s)CB(wo,r)

pa(b, s))
< OP(B(b,s}Cg(mo,r) 3 (b, s) [} f [bmog,
SCH ¢1($D,7‘0) ¢2(3;0,

77 daleod) gy on(ao,) 1 P

Case 3: a=mg, 7 > ro. Let 2~1rq < r < 2Fr and Bj = B(zo, 2ro) \
B(mo,z"—l‘r'o), J=1,...k If B = @, then SEJ: |f(:c)|3’d,u. =0.If E; # f,
then there are balls By, (m=1,...,m;) such that

Bjm = B(bjm, 85), 55 = 217 ro /(20K3),

=0 (m#n)

bj’m S Ej,

E; C U B(bjm,4K1Sj),

m=1

(see [3], pp. 68-69). We note that qt&rm(bj m, 4K185) (i = 1 ,2) are compa.ra.ble

'ijm n B‘:'”'
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to ¢i(zo, 2/70) (i = 1,2), respectively, and

Y w(B(bjm, 4K15;)) < C > w(B(bjm, 1)} < C'p(Blwo, 277r9)).
m=1 m==1

Since B(bj,m,4K1s;) s in Case 1,

[ 1f@Pdusd
E;

m=1B{by,m,4K18;)

|f(=)[P dp

™y . AN\P
<Y (j—%—%) B (b 4B 3)) (1 o, + 1£1g00, )"
m=1 1

da(@o, 29ro) \” -
< oy (LR TN (B (an, 7o) W mos, + 1l
for j =1,...,k. Since B(wg,ro) is in Case 2,

V1) du

B(zo,ro)

< c(%ﬁ—mg-m«g%) (B0, 7)) ([ Tomeey + 1 F12sr0.)"

It follows from (1.9) that

3 (e 2ol B, )

= \é1(z0, 27r0)
ko231
® (2o, 1) \* w(B(wo,t)
<0, | (fﬁl(ﬂ?o:t)) ¢ *

J=0 2ipg

dalzo, 28T 1rg)
5/51 (m01 2104"17-0)
<0 (¢2(‘BG:T)

»
(’,51(3’,0, T‘)) M(B((L‘o, T))

p y
< Aec( ) w(Blzo, 25 ro))

Therefore we have (3.11).

Case 4 7 > d(zg,a)/(5K1%). In this cese, B(a,r) is included in
B(zo, 6K1°r) which is in Case 2 or in Case 3. Since ¢i(xo, 6K1°r) (i=1,2)
and u(B(zo,6K13r)) are comparable to ¢;(a,r) (i = 1,2) and p(B(ar))
respectively, we have (3.11). : .

icm
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4. Propositions. We now show some propositions.

ProOPOSITION 4.1, Let 1 < p1,p2 < oo. Suppose that ¢, and py satisfy
(1.4)-(1.7), ¢2 satisfies (1.4) and (1.7), and (B5+B5*) /by < (D1 +87) /1.
If (X)) = oo, then assume that there are constants ro 2 0 and A > 0 such
that

T Bt (g, )\ P u(Blwo t
o (s,

ry <A (452(37017")

-6 1 (mo, "”)
PWM(bm-orbum (X)’ bmog, (X)) - L¢z/¢1,pn (X)7
1901243 /81,05 < Cllgliop,
where |gllop i8 the operator norm of g € PWM(bmog, p, (X), bmog, p, (X )).

COROLLARY 4.2. Let 1 < p1,py < co. Suppose that ¢y and p1 satisfy
(1.4)-(1.7) and ¢5 satisfies (1.4). Let

1 1
Xy = {meX :S¢z(f’t) dt/s¢1(f’t) dt — 0 asr—+0}.

r

If g € PWM(bmogy, p, (X), bmog, p, (X)), then g(z) =0 a.e. 2 € X3,

PROPOSITION 4.3. Let 1 < py,pa < o0 and p3 = p1pa/(pr +p2) 2 1.
Suppose thot ¢y and py satisfy (L4)~(1.7), ¢a satisfies (1.4) and (1.7), and
(@% + 5*)/dp < C(BF + B1*)/d1- If w(X) = oo, then assume that (4.1)
holds. Let s = o/ (®5 -+ $7*). Then

PWM(bmom.Pt (X ), bmog, p; (X)) C bmog, ps (XN Lgr/¢1.02 (X),
“gHBMOm.Ps + HgHL«#n/m.m < CHQHOF”
where ||gljop is the operator norm of g € PWM(bmog, p, (X), bmog, p, (X))

PROPOSITION 4.4. Suppose that ¢y and ¢ satisfy (14). Let ¢p3 =
o/ (B + 1), If 1 K pa < py < 00 and pg 2 prp2/ (P — p2), then

(4'2) PWM(me‘m,m (X)n bmog, p, (X)) D bmogy,p, (X) N L¢z/¢1 P4 (X)=
(4'3) HQHOP S— C(HgllaMod:s,rln + HgHLdlzlm,M)’
where ||g|lop 48 the operator norm of g € PWM(brog, 5, (X), bmog,,p, (X))-

PROPOSITION 4.5. Suppose that ¢ satisfies (1.4). Let ¢ = &/ (P* + $*).
If1<py € p1 < o0, then

(44)  PWM(bmog p, (X), bmog,ps, (X)) D bmoy,p, (X) N L= (X)),
(4.5) llgllop < CllaliBmoy 5, T l1gllze)
where |jg|lop is the operator norm of g € PWM(bmog,p, (X), bmoy p, (X))

]
) M(B(iﬂg,T)): T > To.
Then
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Proof of Prop. 4.1. Let g € PWM(bmoy, , (X),bmoy, »,(X)).
Then g is a bounded operator. We show that, for any a € X and for any

r >0,
1/pa
(@) |2 dﬂ)

¢ala, 7/ (2K)1)?)
$1(a,r/(2K1)%)

For any f € bmog, p,(X), fg is in bmog, p, (X ). From Lemma 3.5 it follows
that, for any ball B{a,r),

1 P2 1/'.02
(87) (maéﬂm)gwn cm)

< Cllf9llbmogy .y (F(a,7) + $5*(a, 7))
< Cllf ooy, 5, I9llop(P2(a, 7) + $3%(a, 7).
Applying (4.7) with f defined by (3.9) and using Lemma 3.9, we have

1/pa
48) @;*(a,r)(m [ e du)

Barr {2K1))
< Cllgllop(®3(a, ) + 25" (a,7))-

If (X)) < o0, then, applying (4.7) with f defined by (3.6) and using Lemma
3.8, we have

69 B (e |

Blar/(2K1)?)

1
(46) (u(B(a,r/(zKl)z)) )

Bla,r/(2K1)?)

< Cligllop

1/102
9@ dy)

< Cligllop(®5(a, ) + 25" (a, 7).
), (4.9) and the inequality (4 + $3*)/dy < C(F} +B1*)/ b1, we have

(4.10) (” (

By (4.8

1/ps
] ¢)2(a"! T-)
l9(2)P d.w) < Clglon 22225

Since ¢i(a,7) (i = 1,2) and pu(B(a,r)) are comparable to ¢;(a,r/(2K1)?)
(i =1,2) and p(B(a,7/(2K1)?)), respectively, we have (4.6).

If u(X) = oo, then, applying (4.7) with f defined by (3.6) and using
Lemma 3.7(i), (i) with r1 = max(2,79), we have (4.9) and hence (4.6) for
r < 2Kid(zo,a) and for 2Kyd(zg,a) < r < 2max(2, rq). For 2Ky d(zo,a) <
r and 2% max(2;70) < r < 2%+  max(2,70) (k = 1,2,.. .}, let E; be defined by
(3.7) and 8; = 279r. Since 5; > 2, P! (:1;0,35,)-0('L—-1 27=0,1,...,k}

1
B(a,r)) S

Bla.r/(2K:1)%)

icm
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Using Lemma 3.7(iii}, we have, for j =0,1,...,k =1,

1 1/pa
5§ o) d#) < Clgllop®i(z0, 5;).

(4.11) @I‘(wo,SJ)(W
! E;

Since sx < 2max{2,ro), B(xo, sx) 18 in case (ii) of Lerama 3.7. Thus
1 1/.’!—"2
* P2
(4.12) &% (o, 8) (#(B(moﬂ%)) Vo el du)

B{mg,sx)
< Cllgllop®P3(z0, 55)-

By (3.8), (4.11) and (4.12), we have

| o) du
B(a,r/(2K3))

k
@*(mg,s-))m
< O P2 ( 2 7 B , 85
- Eig”Op = QSI(GSO’S:,‘) J’"‘( (550 33))

kB si-1 P2
&5 (2g,t)
<ol Y. | (ed)

pB@nt) |
=0 8; 1 (o,?)

t

2r " P2
<ollf, | (giteg) 2o

! ¢2($D: 2?‘) e
< Ao, (S22} (B (o, 21).
Since ¢;(zq, 2r) (i = 1,2) and p(B(zp, 2r)) are comparable to ¢;(a, r/(2K1)%)
(i =1,2) and u(B(a,/(2K1)?)), respectively, we have (4.6).

Proof of Corollary 4.2. Just as we proved (4.8) and (4.9), we get
1/p2
[eali d#)

Sha, )+ B3*(a,7)
&% (a,r)+ 1 (a,7)’
for small r. If @ € X1 then S: ¢,1(g,, t)t"'l dt — o0 as r — (. Therefore
&5 (a,m) + 85" (a,7) _
) & (a,r) +P1*(a,7)

Proof of Prop. 4.3. Let g € PWM(bmoy, 4 (X), bm%zm(x))
By Proposition 4.1, g i5 in Ly, py,p0(X) 004 {9l1Ls570,00 = Cligllop- By

1
(’-"(B(aa 7‘/(2K1)2)) B(cu,r/§2K1)’)

< Clgllop
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Lemma 3.3, for any B{a,), we have a function f such that

(4.13) | Fllbmogy oy < €1y

(4.14) FBlary = Ca(Pi(a,r) + B (a; 7).
Since 1/py + 1/pz = 1/ps, it follows from Lemma 3.10 that
(4.15) (9, Bla,r))

< 2011804y 0y (19012457010 T 179 l|BMO,,

< 2| fllBMOyy iy 191 Loy T 158 IBMO,, 4,
< O fllbmog, 5. l9/lop-

By (4.13)-(4.15), g is in bmog, 4, (X) and ||gllBmo,,.,, < Cligllop-

Proof of Propositions 44 and 4.5. Let ¢ € bmog,p, (X) N
Lys/s, pa(X). By Lemmas 3.10 and 3.2, for any f € bmogy, p, (X), we have

||fg||BM0¢g,pg
S -Bs(up) lfB(ml'r) [MO¢21PB (g’ B(a" ’r)) + 2||-f||BM0rp1,p1 ||gHLq¢:=/q&1,pq
T
< O”f“bmom,m BS(UP)@f (a’!T) -+ ('ZSI* (a‘: T))Mof.f)z;m (g: B(a‘: T))

+ 2||f”BMO¢1,m ilgUz’d‘z/m-m
< Cl fllbmogy 1y 191BMOs, oy + 21 FIBMOy, oy 191124, 01ma

< C'||f||bmo¢1,p,(HQHBM%a,m + ”9“L¢af¢w4)‘

We also note that

1 o 1/.'P1
1(f9) Blao,)| < (m B(MSD \ | f(z)|P du)
1 . 1/pa
X(MM%JDHLU i)

< (MO (£, Bloo ) + [fatenss) | 22l 1,
< C”fnbm%l.pl Hg“mel,m'

Therefore we have (4.2) and (4.3).
In the same way, by Lemmas 3.4 and 3.2, we have (4.4) and (4.5).
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5. Proofs of the theorems and the corollaries

Proof of Theorem 1.1. First we note that ¢, satisfies (1.6) for any
m (1 < p1 < o0) (see Lemma 5.3 of [15]). If (X ) = oo, then we may assume
ro > 1in (1.9). For t > 1, @}(z0,t) + $1*(z0,t) < 28(ze,t). By (1.9) with
p=1+¢ and by the inequality (Ph -+ P5") /¢ < C’(.@{ + #1*)/¢1, we have
(4.1) with pz = 1 + €. From Proposition 4.3 it follows that

PWM(me¢1r(1+E)/€(X)? bmog, 14 (X)) C bmog, (X)N L¢z/¢1,1+E(X)5
”9”BM0¢3 + HQHLM/MA e = 0”9”093

where |g/lop is the operator norm of g € PWM(bmog, (3.4c)/e(X),
bmog,,1++(X)). From Proposition 4.4 it follows that

PWM(bm0¢1,(1+5)/s(X), ]I)HZLO,;',2 (X)) > .bIIIOq,S8 (X) n L¢2/¢1,1+E(X)!
lgllBMog, +9llzg,/6004e = Cligllogs
where |igllop is the operator norm of ¢ € PWM(bmogy, (14e)/:(X),
bmog,(X)). By John~Nirenberg’s inequality and Hblder’s inequality, we
have
b0y, (14e)/e(X) = bmog, (X), = bmoyg, (X).

Moreover, the operator norms of g from bmogy, (14.)7:(X) to bmog, 14:(X),
from bmogy, (14e)/s(X) to bmog, (X), and from bmogy, (X) to bmogy,(X) are
comparable. From Lemma 3.12 it follows that

bm0¢' (X) n L¢2/¢L,1+E (X) = bm0¢3 (X) M L¢2/¢1 (X)a

”.g“BMO¢3 + ”g“Lm/qsl = l’gllBMO¢3 + ||g||L¢2/¢1,1+£

bmo¢2,1+5(X)

< C(”QI]BMOQES + ||QHL¢2/¢1 )
Therefore we have Theorem 1.1.

Proof of Theorem 1.3. Since Si" ¢ila,t)t="dt (i = 1,2) are com-
parable to ¢;{a, 8) (i = 1,2), respectively,

r<s.

28 28
dala,t) ¢rla,t) . ¢2(a,8) ,¢2( r)
| S/ | e <o <O

Thus, for Ry < 2%r < 2Ry,
(51) gzs2(‘:"'7 T)/@l(a,, T)
gitiy go2dt?
<oy | Heta) /(3 | pde)
i=0 2ip J=0 2dr

1" ¢2 (a T‘)
SO
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We also note that ¢3 satisfies (1.8) and ¢3 < C¢o/d1. Therefore, using
Propositions 4.3, 4.4 and Lemma 3.11, we have Theorem 1.3.

Proof of Theorem 1.6. By Propositions 4.3 and 4.4, we have

bmog,,p, (X) A L¢a/¢1,p1p2/(?1“?2) (X)
- PWM(medJi 21 (X) ) bm0¢a P32 (X))

c bmo¢sm1m/(?1+m)(x) N Ly /2 (K
Cl(HgHBMotﬁa:P1Pa/(r1+pa} + ”gHLM/‘M rn)
< Hg”Op Cz(”gHBMOdJs,pg Hgllbrf.g/m,”pg/(pl..,,,))'
We note that ¢35 < C¢a/¢1. By Lemma 3.11, we have Theorem 1.6.
Proof of Theorem 1.8. Let g € PWM(bmogy p, (X ), bmog,p, (X))}
By Proposition 4.1, g € Ly/gp,{X} = L™(X) and H9HL°" < C|lgllop. From
Lemma 3.3 it follows that, for any ball B(a,r), there is a function f €
bmog p, (X) such that

(5.2) I £ llbmoy.»y < Cry

(53) fB(a.,'r) z 62(@* (a’: T) + o (a: 7))

Since f is in bmogy, (X), from Lemma 3.4 it follows that

(5.4) |FB(ar)/MOppa(g, B(e,7)) < 215 [IBMO,, l9llzee + [1fgliBM0,,0,
< O filbmog, p, 19il0p-

By (5.2)~(5.4), g is in bmoy p,(X) and |g|lemoy,,, < Cllg]op- Conversely,
by Proposition 4.5, we have

PWM(bmog,p, (X), bmog,p, (X)) D bmoy 5, (X) N L= (X),

lgllos < Clllglibmoy sy + ligllzes)-

Proof of Theorem 1.10. Let g € PWM(bmog, p, (X), bmog, p, (X))
and a € X* N Xq. We show

1
(5.5) lim, By B({Sm) |g()| dp = 0.

If Si $1(a,t)t"*dt — o0 ag r — 0, then

1 1 ¢2(a 7‘)
lﬂg%(a, t)t‘ldt/§¢1(a,f)t" dt = limy dilar) =0

By Corollary 4.2, we have (5.5).
If §5 ¢ (a, )t~ db < oo, then §; ¢a(a, )t~ dt < 0. Let
d{a,x)

fo)= | 2ol

Q
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Then f is in bmog, p, (X). From (3.4) it follows that, for 0 < s < r,

2
1781500, = |£9l(0.0] < Clfelbmng,, | 202 gt

8

Letting 8 — 0, we have lfgf_g(a & — 1f(a)gla)] = 0 and

|f9'fH(a,1-) < X 452(& t) dt < C"A1§ ¢2(t )dt.

[=
(=3

t
we have
T r
| lo@ldu< C"u(Bla,r) | 20D g /{41020 4y
B(a,r)\B(a,r/2) 0 ,t
and
o0
| lo@)du= 3" l9(2)] dp
Bla,r) §=0 B(a,2~7r)\ B(a, zwjﬂ.lr)
0”2#(3 (a,277r) 5 ¢’2(“ t) dt/ ¢1(a t) g

We note that a € X* 1f and only if there is a constant C, > 0 such that

Z,u (a,277r)) < Cuu{Bla,r)), 0<r<r,
F=0
(see Lemma 5.3 of [15]). By the equality
e /[ l0) g gy )

1"---)

0 gr(a,r)
we have (5.5).

Proofs of Corollaries. If §§+&5* < Ca/¢h or if B3 < Cda/¢n,
then, by Lemma 3.5 or Corollary 3.6, it follows that bmog, (X) C Lg, /g, (X)
and |lgllz,, 5, < Cllgllbmo, - Therefore we have Corollaries 1, 2,14 and 1.7.

Under the assumptions of Theorem 1.3, if &, < C, then ¢3 is comparable
to ¢a. By (5.1), we have &3 < C'de/¢1. Therefore, Gorollary 1.5 follows from
Corollary 1.4.

Finally, Corollary 1.9 follows from Theorem 1.8.
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Spreading sequences in JT
by

HELGA FETTER and BERTA GAMBOA de BUEN (Guanajuato)

Abstract. We prove that a normalized non-weakly null basic sequence in the James
tree space JT' admits a subsequence which is equivalent to the summing basis for the James
space J. Consequently, every normalized basic sequence admits a spreading subsequence
which is either equivalent to the unit vector basis of I3 or to the summing basis for J.

1. Introduction. We study subsequences of normalized basic sequences
{£;}%2, in the James tree space JT. Amemiya and Ito [1] proved that if
{z:}2, C JT is weakly null then it has a subsequence which is equivalent
to the unit vector basis of Is.

We prove, following an idea of Hagler [7], that if {z;}{2,; is not weakly
null then there is a subsequence equivalent to the summing basis for the
James space J. In particular, this yields a classification of all the spreading
models of JT, extending the work of Andrew [2] for the space J.

We thank the referee for his detailed revision and his valuable sugges-
tions.

We first introduce some necessary notation and recall the definitions of
J and JT constructed by James in 8] and [9] respectively. Most of the
material referring to these spaces used here can be found in [5]. '

DEFINITION 1. The James space J is the Banach space of real sequences
b= (by)pe, with the norm '

Mo s(Y)

ol =sup (3 ( 32

vl lzan(y)

24 1/2
)"
where the sup is taken over all finite collections Si, ..., Sar of disjoint infer-
vals of natural numbers with 8, = {n{v),n(¥) +1,...,5(¥)}-
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