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En posant
n+l
JE= [ D gy,

n
1a relation (2) prend la forme
. N—1
lim = [ 2O @=1lim = ) JE= F=1,2,...).
(3) lim f lim < 2 (k=1,2,...)

D’aprés un critére de STEINHAUS®) (3) implique que f(t) est
ER dans (0,00).

Supposons maintenant la condition (b) remplie. La suite {f (nt)}
étant ER, la suite {f((n-+1)?)} Lest évidemment aussi. Il s’ensuit,
d’aprés le critére de Weyl

1 N=1
4 im — 2mikf{(n+1)1) = O k=1,2,...
(4) lim 7 20 (h=1,2,...)
pour presque tout ¢ positif. I’intégration de (4) dans (0,1) eb le
changement de 'ordre des opérations conduif & la relation

N-1 1 N1
5 lim = Saikf{(n+ D Jf= lim — n="0
®) lm Zfe Aﬂzvgwlg "

(k=1,2,...). Or, on a |J%|<1 pour m=0,1,..., k=1,2,..., et wn
théoréme de A.F. Andersen sur les moyennes des suites numéri-
ques aux termes bornées permet de déduire de la derniére égalité
(5) la relation (3) et d’achever la démonstration dans le cas (b)
par la voie prise dans le cas (a).

Remarque. Cette Note a 66 congue & propos d’une question
posée par M. H. Steinhaus.

PANSTWOWY INSTYTUT MATEMATYCZNY
INSTITUT MATHEMATIQUE DE I’ETAT

?) H. Steinhaus, Sur les fonctions indépendantes (VI), Studia Mathe-
matica 9 (1940), p. 121-131; Théoréme 1, p. 123.

(Regu por la Rédaciion le 25. 5. 1951).
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On the Cesaro means

by
L. JESMANOWICZ (Torun).

o0
1. Given a series Y a, we put
=0
n 8%
se=>a,AL_,, op=— for n=0,1,2,...,
=0 An
where

CAg=1,  Az=

(a+1)(a+2)...(a+mn) _ (fn—i—a\).

n! n

The expressions s are called n-th Cesdro sums of order o for
the series Xa,; the expressions ¢ denote n-th Cesiro means of order
« for this series, A2 being the binomial coefficients. We shall say
that the series Xa, is summable by the a-th Cesdro means, or sum-
mable (C,a), to the sum s, if o2—>s as n—>oco. The following well-
known relations') will often be used in the sequel:

Ac H9+1___2Aa £ a+ﬁ+1_~28aA
=0 v=0
[

n
- —1,—2,...
nErgr LT

2. J. M. Hysropr has generalized?) the following theorems well-
known in the theory of Cesiro means:

Theorem 1. Ij oi=0(n"), f>0, then the series Za, v~ is
summable (C,a) for every ¢>0.

n—y?

1y Cf. A. Zygmund, Trigonomeirical Series, Monografie Matematyczne,
Warszawa 1935, p. 42.

5y J. M. Hyslop, On the approach of a series to its Uesdro limit, Procee-
dings of the Edinburgh Mathematical Society (2), 5 (1938), p. 182-201.
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Theorem 2. If o2=0(n’), f>>0, then the series Ja,v™" is either
summable (C,a) or not summable by any Cesaro means.

Theorem 3. If the series Xa,v ™ is summable (C,a), >0,
then oi=o(nf).

Although all these theorems are true for a--1>0, J. M. Hyslop
refers to a papers), where they are proved under the supposition
that a is a positive integer, and he imposes the same restriction
on a in his paper saying: ,,All the results are probably true when
a is merely restricted to be positive, but their proofs, in the gene-
ral case, would, I imagine, follow broadly the lines of Andersen’s
proof 4 of the Bohr-Hardy Theorem, and be quite as long and
difficult‘. v ‘

The essence of Hyslop’s results consists in the remark that
Theorem 1 remains true when f<0, but is capable of generali-
zation, that Theorem 2 remains unaltered with $<<0, and that certain
modifications have to be made in the case of Theorem 3.

The object of this paper is to show that Theorem 1 and 2 are
true for a+1>0 and «+f+1>0, and that Theorem 3, modifi-
cated by Hyslop, is true for «-+1>0. Owing to an idea of
A. ZvGMUND, all these theorems are proved in an almost elemen
tary way.

3. We say that an infinite matrix |a,l, =,»=0,1,..., is
a Toeplitz matriw, or T-matriz, if

(@) lim a,,=0 for »=0,12,...,

¥ 00
(i) Zo’laml<0 for n=0,1,2,...

It is well-known that if [, || is & T-matrix and lim s,=0,
then lim Ya,,s,—0. "

ny
n->00 v=0

3 G. H. ) Hardy a,l}d J. E. Littlewood, Contributions to the Arithmetio
T‘Mﬂy of Series, Proceedings of the London Mathematical Society (2), 11 (1913),
p. 411-478.

‘) A. F. Andersen, Studier over Oesdro's Summabilitetsmetode, Copen-
hagen 1921, p. 47.
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Lemma 1. If oi=o(nf), a+-B+1>0, then oZt°=0o(nf), ¢>0.
Proof. Since si=—o(n*?), we may pub si=e, A7, where
e,=0(1). Now, we have
n n X n
satee= st A= 3, AT AT = AT Y a, e,
=0 =0 =0
where
Au+ﬁA'—1+s
v N—vy

(1) a‘nv= Au+p+, =0 (n—a—ﬁ—l)______o (1)’

.. n n
(ll) Z:)Ianv|= Z;anv:l)
so that | a,,|l is a T-matrix and therefore
sete=o(n e, ot =o(nf).
Lemma 2. If st=o(n°*?), a-+f+1>0, then si*=o(n"?), £>0.
Proof. We have :

n n n
8= Z S:A—l_a”__ Z’E"A:+ﬁA;_1_;-s =A:+ﬂ2amev ’
=0 v=0

n n—v
=0
where
Aa+5 A——lv_n . .
@ am=———”A,,+Z =0 (P =0(1),

n [n/2] n
(i) Dlagl=X1ayl+ X 1a,/=0@")+01)=0().
=0 =0 y=(nf21+1

v

Thus ||a,,|| is & T-matrix and therefore s;"———-o(n“”).

Theorem L If o®=o0(nf), a-+1>0, a+p+1>0, then the series
Sa,y P is summable (C,a—e) for 0<e<a+1l.

Proof. It should be observed that in the case f+e=0
Theorem I follows from Lemmsa 1 and in this form represents
the well-known theorem of Zygmund. The analogic theorem of
Hyslop supposes a=[a]>1 and 0<e< —pB<1; the latter condition
is not only very artificial, but it suggests that the theorem may
even be false for 0<—p<e, which is not true.

Let p=<{a), where {a) is an integer gatisfying the condition

aL{ap<a-+1.

10*
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If 5577, denotes the n-th Cesaro sum of order a—¢ for the whence
series Y a,»~"~* then according to ZYGMUND's idea °) ) L s
a—e o — ——— for f+e+1>0
ot roa, .. S Lo 1 1 _ Jore ppre <|B+e] St y
Sp, pts ™ g; ;F;Anvvz ’I’I;H +v~21‘au (W - W) At =P+Q. )
N - 101 v o
By Lemma 2 we have P=o(n"""). Applying p+1 times Abel’s trans- e e | < Bl g for pte+1<0.

formation to the term ¢, we obtain
Now, we have

N n
Q=Za,3,=§8£’A”+1£“ C.= 3 » __1,__ 1 Aol
=1 =1 0 Sy \ v Bie| v :
where =Y n
(1 1 Ao By Lemma 1, s?=0(+**#). For a—s—p=-1
&,== vﬁ+x —nﬂ—i-a N " '
. . PR T [ S N i
The classical relations 0= 2 Sy e e S
p+1 p+1 r=1 )
p+1 — H +1—4 FA8 40— 1 . — 98
a4 avﬂv 72; ( :' )A avAp ﬂv+17 4 A‘n—v"‘An—-v :3,,1:—1 (Ir?ﬂ?s— (’Ib~—l)ﬂ+€) =O(np‘—e 1)20(""' 2 )‘
yield *
p+1 Next, for a—e—p#—1, we put
p+1
Q=2 . 07, [n/2] 3 , ,
7=0 J Co=2 + X =00‘{"0,0'
where =1  v=[n/21+1
For f+4&>0
R ) 1 1
C,= s’,?Af (____ )Aa——s-—dp»—l—}-i. /2] .p [n/21
) lé; gPre pve| Sa—i—y ) ]CH<Z‘ %lA:-:e;—p—l|=0(nﬂ—x~—p—1)20(yp——e)‘
. y=1 4 p=1
‘We have obviously
1 1 1 Trom O0<e<atl and e<{p<at+l we have —1<p—e<atl,
(/2]
TR | <gm for fte>0, whence 3 o(3?—*)=0(n?~**), and therefore Cy=0(n""")=0(n""").
. r=1
1 1 1 For f+e<0
e PPl .
phre  phte npte for ﬂ—l—é‘ <0. ’ 1 tni2) 9 5 R
_ Chl< =55 3 182|471 =0 (a2 7~7) Yo (7).
A more precise approximation follows from the remark that "= 2 =1
n/2]
R "Z“‘A 1] "G (ptel But p+B>at+B>—1, whence D o(»**")=0 (n?***1) and
phte nhte| W =2——--—~————( 19 FreTi? 0<0"< ]_, =0
= = (a9, 0,=0(n"%)=0(n"™).

.. 0, we have
hon ]‘;) uﬁ-t.ZYIg:ﬂun;li, ﬁ{ws einige Sitee aus der Theorie der divergenten Rei- On the other hand, for f-4-&+1>0, we "
, etin International de I’Académie Polonaise des Sciences et des Let- kil |82| 3 e
fros, 1921, p- 309-531. O51<IBel D apldiT )=o) 3 06,

v=[n/2]+1 cr=1
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and similarly for g-+s4+1<0

o BFel . /2]
05| <rer D eI 1) (n—v) = o(n?~1) 3 0(* 7).
" r=[n/2]+1 Pt
Now, we have
)21
3T opn=op—ot) tor a—e—p>-1,
whence '
Cy=o0(n""")
and
[nf2] .
Z: 0 ?)=0(1) for a—e—p<—1,
whence

Og=o(n?~" ") =n""0 (n"—*~") =0 (n"™").
Thus Cy=0(n""").
Now, we shall prove that also C;=o0(n*"*) for 1<j<p.
In fact

o) 1 tn/21 i
= / a—sp—1+] s L oy
=3 B4 S AT = Y 3 = 0p0).

=1 =1 s=laf2l+1
Since
o1
st oL,
phte yhteti
we have
. ot g T2
Cp=0(n"—" 7)20(1,19—:—4).
yz=]
Now,

C’;={0('n"_2") for .p—s——j>—1,

O 7 =p" = O (PN =0(n"™") for p—e—j<<—L.

The cage p—e—j=—1 leads to

C;=0(n"""P"1]gn)=0(n"%Ign)
=n"""0(n"1gn)=0(n").
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Next, we have
21
|0 |=0(nP) >0 (L),
=%

Oy =o(n**) for a—e—p—1+j>~1
and
O;.’.—_o(n”“‘“)=n“_50(n1"“'7')=0(n"“) for a—e—p—14j<—1
since p<atl, j=1 and p—a—j<O.
For a—e—p—1+j=—1 we have
0y =0 (P lgn=n""0(n? = Tlgn)=0(n""").

Thus Cf=o0(n""").

Finally
a—p—1 ™ 1
Opn= 3 #4* G AT
Tt is the (n—p—1)-th Ceshro sum of order a—s of the series
3 1
Vé:.s?Ap+1yﬁ+s

with terms o(1/»'*%). By Chapman’s theorem®) such & series is sum-
mable (C,a—e).
Theorem I is therefore proved.
Taking into account the final result of this proof we may com-
plete the formulation of Theorem I as follows:
If oi=o(nf), at+1>0, a+f+1>0, then, for 0<e<a+l, the
series Y a,»P° is summable (C,a—¢) to the sum
b 1
é‘lsf Artt e
where p=<{ay.
Moreover, we observe that it o2=0(nf), then P=0(n"""),
0;=0{n""*), 0Lj<Py and 0O, is the (n—p—1)-th Cesiro sum of
order a—e for a series with terms O(1/»'*). Hence follows

) If the series S, with u,=o(1fv) is convergent; then it is summable by
any Cesdro means a>—1.
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Theorem I. If o;=0(f), a+1>0, a+f+1>0, then the 1t is easy to see that the following estimations are true:

sertes Za v 45 bounded (0,a—e) for 0<e<a+1 and summable In/21
I=0(n""1) Y 0(?)=0(1) for p>0,
(0, a—s+5) for any 6>0. P}
[n)2]
4. Now, we prove I=0(nPH) Y 0 )=0(1) for <0,
v=1

Theorem IL If o2=0(nf), a+1>0, a+ﬁ+1>0 then the se-
since p+p>at+f>—1.

ries Za v is either summable (0,c) to the sum 28” AP where We have farther
y=1 =1
p={(a), or not summable by any Cesdro means. ey APTB| AT
Proof. We suppose f0, the case =0 being trivial. H<WV:[7%‘+1 S Az
As in preceding reasoning we get i il
so Bl =0(n*—1) Y 0(»*P?)=0(1) for p+1>0
1 ’
85, LR +Z (}9+ ) =P+Q, =1
n _— AIJ'H’ Aa:zz—l
vhere maipl 3 sl
1 v=ln2l+1 7 An "
a—p-— - In ,
oS- ) 4z —0(= 370677 =0) for p+1<0.

From si=o0(n°*#) it follows that P=o(n"). .By Lemma 1 we have Thus the matrix [|a || is & T-matrix, whence Co=o(n).

=o(n)=e, 47", e,=o(1), ' Now, for 1<j<p, we have
whence m
1 01_2 SpA Aa;p:}+7 A%Z%w"iw m:n—j, 77;.:0(1),
00_2810(_ - _) A;:pv-‘—l A;Za’m %) =1 =t
where
where . AP far—i+i o
(1 Ap¥idzr (M) = B — =0 ) =0(1),
o= —';F 'nﬁ) Aq —— m m "
We have (i) vg} ]‘lmy[‘—”g,; Apy=1,
| 0@ for p>0, s0 that ||a,,]| is & T-matrix and O;=o(n®).
" om ) for B<. Finally
Since p+4p+1>a+p+1>0, p4+i>a+1>0, in both cases GpH:”}—J?_;EApH A .
a”m':o(l)' y=1
Let is the (n—p—1)-th Cesiro sum of order o of the series
21 n ® 1
I=} la,l, II= 3 |a,l.- SepArtt =
v=1 v=[n/2]+1 v=1 v
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with terms o(1/v). If this series is summable by Abel’s method by
Tauber’s theorem it is convergent and therefore by Chapman’s
theorem it is summable (C,a) for any a>—1. If the series is nof
summable by Abel’s method it is mot summable by any Cesaro
means, because Abel’s method is stronger than any Cesaro method.
Thus Theorem IT is proved.

It “should be observed that if o2=O0(nf), then P=0(n%),
C;=0(n?) 0<j<p, and Oy I8 the (n—p—1)-th Cesaro sum of
order a of a series with terms O(1/v). If this series is bounded
by Abel’s method the partial sums of this series are bounded (ge-
neralized Tauber’s theorem) and therefore this series is bounded
(C,0) (generalized Chapman’s theorem) for any a>-—1. If this
series is not bounded by Abel's method it is not bounded by any
Cesaro means. From these remarks follows

Theorem IT'. If o2=0(nf), where a+1>0, a+B+1>0, then

the series Za,v", is either bounded (C,a) or mot bounded by any
v=1
Cesaro means.

5. We next prove
Theorem IIL. If the series Za v, where f+1>0, is sum-

mable (C,a) to zero, where a—|—1>0 then o2=s+o(nf), where s==0
for B0 and S*Esﬁ AL g =(a), for —1<p<0.
=1

Proof. We have
s,‘i:’é’;ayA:,_‘,:nﬂsg,ﬁ—]—Zn;(: (»P—nf)A:_,=P+Q.
Since s; ;=0(n%), P=o(n°"#). Again, we have
=5,
=r

01___2 sp A](vﬂ_nﬂ)Aa—:p—1+1

where

We proceed to the proof that C;=o(n**f) for 0<j<<p. Let
shp=A%e,, where &,=o0(1). Then

n n
0, ='§8’,?, p(FP—nf) AiBL— fot+p Z; Gy €yy
= =

icm
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where
L = Om"N)=o(1) for <0,
i) anv—‘ Aa+ﬂ - O(n——p—l)zo(l) for >0,

(i1) ZIaml—ZlamH 2 la,,|=I+I1=0(1),

v=[n/2]+1

because

[j2] 8 AP 4 a—p—1 .
< f—%%* 0+ 0(#*7)=0(1) for B<0,

=t =1

[nf2] g 42 4501 .

3 e =0 X006 =0 for f>0,

n o (n—y)FLAPATTTE

II<
[ﬁly:[n/ZZ"Hl AZ'H? -
n
=0 (n?—=1) Y0 (»*?)=0(1) for <1,
=1

and similarly for g>1.
Thus ||a,,) is a T-matrix and Co=o(n

Now, for 1<j<p+1 and >0 or for 1<j<p and f>—1,

¢!+ﬂ

n—j m

i —p—1-+7 +8 3

01'= Z Sf’ ﬂA]v?A"lrv—j—v+] =‘A¢n ﬁzamvsv) m=n—rj,
y=1 =1

where
—p—1+7
AP AP As Bt

@) “mv=——A:ﬁ—“=0(m_”_ﬂ_l+j)=0(1):

m () (,,p+ﬂ—d)Au—p—1+7

21 wl=3 e =0,

so that ||a,,| is a T-matrix, and therefore C;=o(n
Thus for >0 Theorem III is proved.
For —1<p<0

u+ﬁ)_

n—p—1
— v p+l,B Qe
0p+1— 2 sv,ﬂ 4 14 An—p—l——v

=

is the (n—p—1)-th Cesiro sum of order a for the convergent series

oo
Z‘ s{,’ 34”“1:”

y=1


GUEST


156 L. Jeémanowicz

with terms o(»*~1). But for such a series the n-th Cesiro means of
order a>—1 is of the form

(%) ot=s+o0(nf).

This completes the proof of Theorem ITT.

Remark. The result (+) is probably well-known as one of
the generalizations of Chapman’s theorem. For completeness’ sake I
give its proof.

Theorem. If u,=o(»*™1), where —1< <0, and » u,=s, then
ot=s4o0(nf) for a>—1. =0

00
Proof. Let s=)u,=s,-+r,. Since u,=0(»""1), r,=o(nf), we
v=0

have
a __ S’: 1 - a—1 1 a—1 _A_“:i
6"‘_A“ A”%‘s An_,-«Z:;:(s—r An_,_s—— 2omy
Let us write
Aa -1 [n/2] n
25 3
'An
y=0 v=0 v=[n/2]+1
‘We have
1 [n/21 [n/?]Aﬁe [n/2]
—0|= B\ — O (nf i/
|I|—0(%)Eo(v)—0<n) TR =0 D ape,.
»=0 =0 "N y=0
Since
. A3
() alm:.‘A_ﬁﬁ =0(1)5 (ii) de—l

fla,, || is & T-matrix and therefore I=o(nf). Next, by Abel’s trans-
formation,

1
= (-
AZ( v=(nf214+2
But |A|=o(n )Y 4%=0o(nf), |B|=
therefore o2=s-+o(n").

wAs P A i) =4 +B.
o(nf), whence IT=o(n’) and

6. Theorem IV. If the series Yna, is summable (C,a) fo zero

for a>—1, then the n-th Cesiro means of order a of the series Za
8 of the ]‘o'r'm on=s-+o(1/n). =0

icm
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From this theorem it follows that Theorem III is true for
g+1>0. We distinguish these theorems as different, because the
methods of their proofs are guite different. In particular, the proof
of Theorem IV follows the lines of Andersen’s proof of Schur’s
theorem.

Proof. It is easy to establish the following formula true for
any a:

(%) 82 =(atr+1)si—(a+1)s5t
Since s¢=s*"1—s2*}, we have
wit —(vtatl)sti=s; 4,

whence, for a%—1, —2,...,

et 53 _ $p—1
v+4a-t+1 y  w(vtatl)
I'(»+1
Multiplying both sides of this relation by I»;(—v(i%—); we get

_To+1) e
I'(v+at2) ”’

I'(v) at+l :,—1 (v)

Ttatl) ™™ T+at2)

Adding these relations for »=1,2,...,n, we find

LAYy IO Zn s2_I'(»)
Tnat2)™ ~ I(at2) i Tr+at2)

_Lndatd)
I'(n+1)I(a+1)

u+1_All+1 [a0+ a_‘_l)g"l ,, v_l-_"___.;ll)].

Since s3*l=a, and A;= » we have

Re-writing formula (x+) in the form

o 8 (at1)sgtt
= ntat+1

and introducing the above expression for si*!, we find
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o Op—1 a+1 Azt [ 1 i US’—L_ ]
U":n+a+i+n+a+1 TAC G+ (at );é: y(v+a-+1)
_ On,—1 a 1 X oy _y .
iy Twtlet ),‘;:v(v—{—a—{—l)

oo a
oo a1 1 )
o —_~wl  —p|—] and therefore
Brom of y=o(1) we have 2, S i, (n

A 1 1
on=0ay+ (a+1) Z mi’l—) 0 (—7;) =s+0 (—,’—L-) .

=1

Thus our Theorem is established.

(Regu par lo Rédaction le 5. 2. 1950).

Sur les séries de Taylor
par

¢. RYLL-NARDZEWSKI et H. STEINHAUS (Wroctaw).

I’objet de cette Note est le phénoméne appelé coupure: le cer-
cle de convergence d’une série ne présente que des singularités. Pour
des classes étendues des séries de Taylor ce phénoméne en est la
régle, Vexistence d’un prolongement analytique une exception.

On trouve au §1 le théoréme général et des exemples les plus
typiques, au §2 les détails de la démonstration et au §3 quelques
renseignements sur l'histoire du probléme.

1. Généralités, résultats et exemples.

Soit f(z,#) une fonetion de la variable complexe z, définie
pour |z|<1 et pour xeX, X étant un espace de Banach?'). Par
hypothése, f(»,2) soit

1° pour tout xeX une fonection holomorphe en 2z pour lz]<1,

20 pour tout 2 intérieur au cercle |z|=1 une fonctionnelle k-
néaire en = dans X.

Pour en avoir des exemples, écrivons

1 f@,e)=>a,e, w=la}, a, complexe (n=L,2,...)%),
n=1

1) Voir par exemple S. Banach, Théorie des opérations linéaires, Mono-

_grafie matematyczne I, Warszawa 1932, p. 53.

%) La suppression de n=0 est sans conséguence pour les résultats.
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