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Almost exactness in normed spaces 11
by

ROBIN HARTE (Dublin) and MOSTAFA MBEKHTA (Lile)

Abstract. In the normed space of bounded operators between a pair of normed spaces,
the set of operators which are “bounded below” forms the interior of the set of one-one
operators. This note is concerned with the extension of this observation to certain spaces
of pairs of operators.

If T € BL{X,Y) and § € BL(Y,Z) are bounded operators between
normed spaces we shall call the pair (S,T) € BL(Y, Z) x BL(X,Y) weakly
exact if

(0.1) 5-1(0) € A T(X),
whether or not the “chain condition”
ST =(

is satisfied, and almost ezaci ([2]; [3], Definition 10.3.1) if there are k > 0
and h > 0 for which

(0.2)  y € cl(Discy (0; A Sy||) + T Discx (0; k||y||))  for each y € Y;
this means that if ¥ € Y is arbitrary there is (2,) in X for which

limsup |y — Tan|| < A||Sy|| and sup |iz.] < &y
n n
For example, if T = 0 then (0.1) says that S is one-one, and (0.2} that S is
bounded below; if S = 0 then (0.1) says that T is dense, and (0.2) that T
is almost open [1]. In general it is sufficient for (0.1) if either S is one-one

or T dense, and sufficient for (0.2} if either S is bounded below or I almost
open. Restricted to the closed subspace of “chains”

BL(X,Y,Z) = {(§,T) € BL(Y, Z) x BL(X,Y): 8T =0},

the condition (0.2} defines an open set (]2]; [3], Theorem 10.3.8; [6], Prop. 10,
Ch. 10), although not ([2], {1.4.8), page 261; [3], (10.3.8.8}, page 441) relative
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102 R. Harte and M. Mhbekhta

to the full cartesian product space of operators. In this note we show further
that the condition (0.2) defines the interior of the condition (0.1), relative
to the space of chains; relative to the full product space of pairs of operators
both conditions lead to the same interior, pairs (5, T) for which either §

is bounded below or T' almost open. We begin with the two “one variable”
Cases:

THEOREM 1. There is equality
(L.1) {Se€BL(Y,Z): S bounded below}
: : = interior{S € BL(Y,Z) : S one-one}
and equality
(12) {T e BL{(X,Y):T almost open}
= interior{T' & BL(X,Y) : T dense}.

Proof If S € BL(Y, Z) is bounded below, with ||y| < h||Sy|| for each
y €Y, then

WIS~ Sl < 1=yl < KISyl with (1~ A[|S" - S[)A' =

‘This proves that the bounded below operators form an open subset of the
one-one operators; conversely, if § € BL(Y, Z) is not bounded below then

there are (y») in ¥ and bounded linear functionals (g,) in the dual space
¥ for which

c-'1.3)‘ : HynH = HQWH = Q‘n(yn) =1 and ”SynH — 0

now the rank one pmJectlon Pp=0g,0y. : w = gp(w)y, in BLY,Y)
satisfies

A4)  [SPul = [Syal =0 and 03 yy € (S — SP)0).

This means that § is not in the mterlor of the one-one operators and proves
(1 1) Dually, recall ([3], Theorem 5.5.2) that

T almost open < T bounded below,

86 that also the almost open operators are an open subset of the dense.

Conversely, if T € BL(X,Y) is not almost open then there are (hy) in YT
and (2,) in ¥ for which

(15)  fhall = hn(za) = 1. and fizn]| <2 and |[BaT]| — O;
this time Q,, = hy, O 2, € BL(Y,Y) gives
(16)  HQnT{ < 2huT]| =0 and 0+ h, € (T — Q. T)1(0).

This excludes 7' from the interior of the dense operators and proves (1.2). m
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In the space of chains, we have
THEOREM 2. If W = BL(X,Y, Z) is the space of chains then
(2.1) {(8,T) e W:(5,T) almost exact}
= interiorw {(S,T) € W : (5,T) weakly evact}.

Proof If (8,T) € BL(X,Y, Z) is not almost exact then ([2]; [3), The-
orem 10.3.7) either S : Y/clTX — Z is not bounded below or TV : X —
§1(0) is not almost open, so that by the proof of Theorem 1 there is either
FPpo=gnO®un:Y — Y for which

(2.2) dist(yn, TX) = |[gal =1 =gn{ys) and |[|Sy.|—0
or @, =h,®z,: Y — Y for which
(2.3)  |hal|=1=hn(2.) and |z, <2 and [R,T — 0= Sz,.
In the first case
(S(I - R,),T) € BL(X,Y,Z) and (S—5P,)"'(0) € l(TX),
while in the second ‘
(8,(I -@Qn)T) € BL(X,Y,Z) and S7'(0) Z (T -~ Q.T)(X). m
In the full product space, we have

THEOREM 3. If W = BL(Y,Z) x BL(X,Y) is the full cartesian product
then

(3.1) {(57T) € W : S bounded below or T almost open}
= interior{(S,T) ¢ W : (S8, T} weakly exact}.

Proof. If either S is bounded below orT'-is almost open then it is clear
that the pair (S,T) is in the interior. If neither S is bounded below nor T
almost open then there are sequences (P,) and (Q,) of projections as in
(1.4) and (1.6); if in addition we could arrange that hn(yn) # 0, 50 that
@nPp # 0, then we would have excluded (.S, T") from the interior. To do this
take (hn) and (2,) as in (1.5), and (y2) in ¥ with {|y3|| = 1 and HS"yﬂH — 0,
and then (y}) in ¥ with

(3.2) lynll < 1/2 and  Hybll — 0 # hn(vp + va);
now take
0 1
Yn  YUn
Yo = o2 and Jgnll =1 =gn(yn). u
ST 2t

In the special case
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(3.3) {0} # 571(0) C A T(X) £ Y,
in which 3 is not one-one and 7" not dense, we have an alternative argument;:
with (3.3) there are y and z in Y and g € ¥t for which
(34) =z¢cT(X) and ye 51(0)
and Szl = llyll = 1=yg(y) and g(z) =0,

now if & > 0 is arbitrary and R=g® 2z : w g(w)z we claim
(35) |eSR| =cllgll and y+eze(S—eSR)H0)
and y-ez €clT(X).
The first part is clear; for the second note that
eSR(y+ex) =cg(y+e2)Sz =87 = S(y + ez);
finally, if there were z € X™ for which y +ez = lim,7'(z,) then
ez =lmTr, —y € T (X) + S7H0) = d T(X),

contradicting the assumption about z.

If in particular Z =Y = X and T = §™ for some n € N then it is clear
that the projections (P,) and (Q,) from the proof of Theorem 3 work for the
pair {5, 5} as well as for the pair (S, T'); thus the interior of the sets of “self-
exact” operators (see [4]) § & BL(X, X) for which the pair (S, §™) satisfies
either (01) or (0.2) is, independent of n, the “monothetic” operators, those
which are either bounded below or almost open. The interior is unchanged if
S is assumed to be “perfect” in the sense of Saphar (see [5]) with or without
closed range. :

Theo_rem 2 also tells us that the “Taylor spectrum® of a pair of com-
muting operators is closed. The result of Wrobel I7], which complements
Theorem 2, is also more readable than its extension ([3], Theorem 10.3.9)

to incomplete spaces. :
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