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A remark on non-existence of an algebra norm
for the algebra of continuous functions
on a topological space admitting
an unbounded continuous function

by

ALEXANDER R. PRUSS {Vancouver)

Abstract. Let X be any topological space, and let C(X) be the algebra of all contin-
uous complex-valued functions on X. We prove a conjecture of Yood {1994) to the effect
that if there exists an unbounded element of C{X ) then C(X) canuot be made into a
norwmed algebra.

Throughout, C(X) denotes the algebra of all continuous complex-valued
functions on a topological space X,

THEOREM. Let X be o topological space such that C(X) has an un-
bounded element. Then there is no normed algebra norm on C(X).

As Yood [4] notes, it is easy to see that there is no Banach algebra norm
on C(X), so that the main content of the Theorem is the non-existence of
a norm under which C(X) would be an incomplete normed algebra. Qur
Theorem. was conjectured by Yood [4] who showed that it does hold under
the additional assumption that X is a locally compact Hausdorff space such
that every character of C'(X) is a point-evaluation. Yood also showed that
this condition on the characters is implied by the existence of a function
h € C(X) such that {x: h(z) = a} is compact for every e € C.

To prove owr Theorem, we recall a result due to Kaplansky [2, Thm. 6.2]
and also used by Yood [4] in his work. By Cy(X) we mean the algebra of
continuous complex-valued functions on X vanishing at infinity, where X
15 a topological space and Cy(X) is always equipped with the supremum
norm. For more information on interesting issues related to the following
Proposition, see [3, pp. 244 and 576-579).
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ProrosiTiON (Kaplansky). Let (4, |||« i) be a commutative Banach al-
gebra which is isometrically isomorphic to Co(X) for some locally compact
X. Then any normed algebra norm || - || on A satisfies

I1£11 = 1A
for every f € A.

Now, let B(X) denote the algebra of bounded continuous complex-valued
functions on a topological space X.

COROLLARY OF PROPOSITION. Let X be any topological space and let
||| be @ normed algebra norm on B(X). Then for every f € B(X) we have

1]l 2 sup |f(z}].
reX

Proof of Corollary By {3, Thm. 3.2.12], the algebra B(X) equip-
ped with supremum norm is isometrically isomorphic to Cy(I"), whexe I’
is its maximal ideal space. Since I” is locally compact [3, Thm. 3.1.2], the
Corollary follows from the Proposition. m

Proof of Theorem. Suppose ||-|| is a normed algebra norm on C'(X).
Then it is also a normed algebra norm on B{X), and by the Corollary given
above it follows that

(*) IF| 2 sup |F(z)]
zeX

for any F € B(X). Now, if a function h € C(X) vanishes nowhere on X
then we write A~! for its reciprocal. Clearly A™" is also in C'(X) then. We
write 1 for the function which is identically 1 on X. By assumption, there is
an unbounded continuous complex-valued function g on X. Let f =1+ |gl.
Then f is unbounded and continuous as well. Set « = f~!. Then, since
f 2 1 everywhere on X, it follows that u is bounded. Moreaver, u is strictly
positive on X. Note that for any fixed ¢ > 0, the function w + 4.1 is
bounded on X and is everywhere greater than ¢. Thus, (u +¢-1)7! exists
and is bounded. Then by () we have

() I(u+¢-1)71 = sup [(u(z) + )7

raX
for ¢t > 0. (The argument from this point on has been streamlined by the
referee, to whom the author’s thanks are due.) Now, inversion in any normed

algebra with identity is continuons on the invertible elements {1, Prop. 6,
p. 11]. Hence, ||(u+n'1)"! ~ w71 — 0 as n — oo, so that

sup [|[(u+n" )7 = M < cc.
i

Therefore, by (*), we have |(u(z)+n" ') < M for each € X and every
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positive integer n. But for all z ¢ X,
Jm (u(z) + 0~ = (u(e))

since inversion is continuous on C \ {0}. Thus, [(u(z))~t| € M for every
z € X. This contradicts the assumption that u=! = f is an unbounded
function. m
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