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Abstract

Some generalizations of the approximation theorem of Wong—Zakai type for stochastic differ-
ential equations are examined. One of them deals with functional stochastic differential equations
defined on some spaces of continuous functions. The second one concerns the situations when
the state space and the Wiener process have values in some Hilbert spaces. The comparison of
these results as well as some examples are also included. The correction terms computed here
are then applied to the derivation of the relation between the Ité6 and Stratonovich integrals.
Other important applications of the above theorems are indicated.



1. Introduction

1.1. The Wong—Zakai theorem and its generalizations. The theorem
on the convergence of ordinary integrals to stochastic integrals was first proved by
Wong and Zakai ([86], [87]) for a one-dimensional state space and one-dimensional
Wiener process. The solution z(t), a < t < b, to the stochastic differential
equation

(1.1.1) dx(t) = m(z(t), t)dt + o(z(t), t)dw(t), z(a)= x4,

is considered, where z, is a random variable independent of w(t) — w(a) and
the functions m, o satisfy the usual conditions guaranteeing the existence and
uniqueness of the solution z(t) ([86], [2], [40]). Let z,(t) be the solution of the
ordinary differential equation

(1.1.2) dx, (t) = m(x,(t), t)dt + o(x,(t), t)dw,(t), xn(a) =x4,

for some regular approximations wy, (t) of the Wiener process w(t). Under suitable
assumptions it is shown that xz,(t) converges, as n — oo, to a process that does
not satisfy the same equation (1.1.1), but it satisfies the equation

1 0o (y(t),t)
gy WO =mEO0d o007
y(a) = xq.
The second term on the right hand side is the so-called “correction term”. The
reason for the difference between the two processes z(t) and y(t) is motivated by
the approximate relationship dw(t) ~ v/dt (compare [2], [85], [86]).
More precisely, we have

dt + o(y(t), t)dw(t),

THEOREM 1.1.1 [86]. Suppose that (§2,§, P) is a probability space and

(i) m(z,t), o(x,t), Oo(x,t)/0x, Oo(x,t)/0t are continuous in —oco < x < 00,
a<t<hb,
(ii) m(x,t), o(x,t), o(z,t) - (0o (z,t)/0x) satisfy the Lipschitz condition with
a constant k > 0,
(iii) o(x,t) > B >0 (or —o(x,t) > 3 > 0) and |0o(x,t)/0t| < ko?(x,t),
(iv) for each n, wy(t,w) is of bounded variation, continuous and has a piece-
wise continuous derivative,
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(v) for almost all w € (2 there exist ng(w), k(w), both finite, such that for all
n > ng and all t in [a,b], w,(t,w) < k(w),
(Vi) wp(t,w) converges to w(t,w) in [a,b] almost surely as n — oo,
(vii) zp,(t) and y(t) satisfy equations (1.1.2) and (1.1.3), respectively.

Then x,(t) converges to z(t) in [a,b] almost surely as n — oo.

There have been many generalizations of the above theorem to the case of
several variables (see [26], [27], [44], [67]). If we consider the functions m :
[a,b] x RY — RY and o : [a,b] x R? — RI™ then the correction term has
the form

m d ;
1 0o (y(t),t) . .
§ZZTJJp(y(t)’t) forZ:L...,d.
p=1j5=1
Let us recall one of the main results in this area:
THEOREM 1.1.2 [27]. Let X € R, m € CL(R%,RY), o € CZ(RY, R¥>*™) (i.e.,
of class C* and C? with bounded derivatives, respectively). Suppose By (t,w) is

a regular approximation of the m-dimensional Wiener process w(t) on a Wiener
space (W{, P) and the following equations are satisfied:

x (tw) = X' (w) + f m'(x,(s,w)) ds + Z f 0P (,(s,w))BE(s,w) ds,
0 p=10

yi(tw) = X(w)+ [ mily(s,w))ds + 3 [ o™ (y(s,w)) dus)

’ p=10
1 80‘7’p(y(t)7 t) i»
T2 pzlj;g[ oyl ° (y(t),t) dt

fori=1,...,d. Then, for every T > 0,

lim E[ sup |z,(t,w) —y(t,w)]’] =0.
n—oo OStST

Further generalizations deal with problems with more general noises than the
Wiener process. The result due to Protter [61] for continuous semimartingale
differentials can be stated in a simplified form as

THEOREM 1.1.3. Consider the equations

dan(t) = f(t,zn(t), Zn(t)) dZn (),
(%) dz(t) = f(t,z(t), Z(t)) o dZ(1),
(%) dy(t) = f(t.y(t), Z(t))dZ(t) + 3{f(0f /Oy)
+(0f/0Z)}(t, y(t), Z(1))d[2°, Z°](t),

where Z,, are piecewise C' approzrimations of a continuous semimartingale Z and
o denotes the Stratonovich integral. Under suitable assumptions, if Z, tends to
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Z, then x,, tends to x satisfying (x) (and hence satisfying (xx) by the well-known
relation between the Ité and Stratonovich integrals).

The Wong—Zakai theorem has extensions in two directions: more general
driven processes are considered or coefficients are allowed to depend on the tra-
jectories of the solutions. In the first case, semimartingales with jumps have been
considered by Marcus [43] and Kushner [38]. Results of this type were also exam-
ined by Bally [4], Ferreyra [20], Gyongy [22], Mackevi¢ius [41] and Picard [57]. In
the second direction, pioneering work was done in [87] by Wong and Zakai, and
more recently by Doss [19], Koneczny [34] and also by Nakao and Yamato [52].

In the infinite-dimensional case some generalizations are known where the
Wiener process is one-dimensional and the state space is infinite-dimensional ([1],
17, 1151, [19], [23)).

In [1] the following result is stated:

THEOREM 1.1.4. Let (£2,F, P) be a probability space. Consider the stochastic
problem

(1.14)  du(t) = (A(t)u(t) + L B2u(t))dt + Bu(t)dw(t) + f(t)dt,  u(0) = uq

in a real separable Hilbert space H, where w(t) is a one-dimensional Brownian
motion. For each t € [0,T] we assume that A(t) generates an analytic semi-
group and B genarates a strongly continuous group. Let f, f, : [0,T] x 2 — H,
ug : §2 — H be given data. Then, under standard assumptions, u(t) is the unique
generalized solution of (1.1.4) and it is the limit of the solutions of the approxi-
mating deterministic problems

(1.1.5) dun (t) = A(t)up (t)dt + Buy, (), (£)dt + f,()dt, 1, (0) = ug,

obtained by approaching the white noise dw(t) with a sequence of reqular coloured
noises Wy (t).

We observe that the correction term is there of the form §B?u(t). Some slight
modifications of the above theorem are given in [7] and [15].

In [23] the noise process is multi(finite-)dimensional and the operators act-
ing on the infinite-dimensional state space are unbounded but again linear. The
correction term introduced there behaves like the Lie bracket of some linear op-
erators.

The assumptions imposed on the operators A and B are such that the con-
sidered equations admit many meaningful physical applications.

These generalizations do not concern stochastic differential delay equations.
The Wong—Zakai type approximation theorems for such equations were proved in
[78] and [79].

1.2. Approximation methods for stochastic differential equations.
As already mentioned, the correction term appears in the Wong—Zakai type
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approximation theorems. However, some types of approximation theorems for
stochastic differential equations are known that do not give any correction term.

For example, the objective of paper [42] was to extend the Cauchy—Maruyama
approximation method to delay stochastic differential equations based on semi-
martingales with spatial parameters. This procedure is also applicable to non-
delay equations.

In [29], [48], [49], [55], [59] and [71], both pathwise and mean-square con-
vergence of some approximation schemes to stochastic differential equations are
examined. These schemes are based on the Euler, Milshtein, Monte Carlo and
Runge-Kutta methods. Some standard Monte Carlo techniques with the unbi-
ased estimation of the transition density of the solution process instead of the
approximation of the individual trajectories are also used in [84].

In [53] an efficient approximation scheme is proposed for stochastic differential
equations based on irregular samples taken at the passage times of the driven
process through a series of thresholds. This approximation is asymptotically
efficient with respect to the irregular samples.

A very important contribution to approximation methods for stochastic dif-
ferential equations was made by Kushner in [37], [38]. In [39] Kushner and Yin
consider a class of recursive stochastic algorithms in which parallel processing
methods are used for the Monte Carlo optimization of systems. Weak conver-
gence methods are applied to sequences of iterates that converge to the solution
of either ordinary or stochastic differential equations.

Approximation using the Taylor expansion is considered by Greiner and Stritt-
matter [21] and Platen [60]. The successive approximation can be found in the
papers of Kawabata [32] and Tudor [75].

Summing up, the described approximation methods have followed five di-
rections (see [64], [70]): mean-square approximation ([12], [48], [58]), pathwise
approximation [71], approximation of expectations of the solutions ([49], [70]),
numerical computation of the Lyapunov exponents [69] and asymptotically effi-
cient schemes for minimization of the normalized quadratic mean error ([11], [53]).

In [45] the UT condition is defined for a sequence {z"},en of §"'-adapted
semimartingales and an approximation of the noise in the stochastic differential
equation is introduced. A stability result is proved. This theorem is of a different
kind than the Wong—Zakai theorem. Although a noise approximation is consid-
ered, no correction term appears in the limit equation. This is due to the UT
property. The piecewise linear approximations of the Wiener process used e.g. in
[78], [79] do not satisfy the UT condition so the correction term does appear. On
the other hand, the discrete time approximation of the Wiener process satisfies
the UT condition and the result of [45] can be applied.

A thorough description of numerical problems in this area can be found in [3],
[33], [64].
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1.3. Extensions of the Wong—Zakai theorem and their applications.
The approximation theorem of Wong—Zakai type contained in Chapter 2 and [79]
includes the case of stochastic differential equations with delayed argument. We
use the general theory of functional differential equations ([25], [50], [51]). Mainly,
we base our arguments on the approximation theorems of [27] and [79].

The correction term computed in Chapter 2 is a value of a measure connected
with a directional derivative of the drift term in the stochastic delay differential
equation. The same correction term appears in [18] and [79]. In [18] it was applied
to computing the relation between the Stratonovich and It6 integrals of functions
with delayed argument.

As examples we consider some types of equations with delay constant in time
and with noise being the one-dimensional Wiener process.

In Chapter 3 an extension of the Wong—Zakai theorem to stochastic evolution
equations in Hilbert spaces with the Wiener process with values in another Hilbert
space is examined. The approximands form a sequence of deterministic differential
equations. In the limit equation we obtain an It6 correction term of the form
tr(QDBB), understood in the sense described in §3.2 (see also [19] and [78]). Q
denotes here the covariance of the Wiener process, B is an operator acting on
the Wiener process and DB is its Fréchet derivative. The present theorem is a
modification under some weaker assumptions of the result of [78].

We would like to mention at this moment that stochastic evolution equations
in Hilbert spaces are a general model for many different types of ordinary and
partial stochastic differential equations.

In Chapter 4 we compare the results of Chapters 2 and 3. We observe in §4.1
that the general form of the correction term in Hilbert spaces is an extension of the
known correction formula in the finite-dimensional case. The operator tr becomes
the trace of a matrix. This extension also includes the case of stochastic delay
equations after their transformation to stochastic evolution equations in a Hilbert
space with an appropriate strongly continuous semigroup. Finally (see §4.2),
the correction term for the stochastic delay equations computed in Chapter 2 is
compared with the correction term computed in Chapter 3 for the more general
case of stochastic delay equations in Hilbert spaces. Although two different models
for stochastic delay equations are assumed, this interesting comparison turns out
to be possible.

The relations between different types of stochastic integrals have been exam-
ined for years (see for example [2], [66]). In [18] the Stratonovich integrals of
functions with delayed argument are considered. A relation between this integral
and the It6 stochastic integral is shown. The correction term computed there is
the same as the term occurring in the approximation theorem of Wong—Zakai type
in [79]. In Chapter 5 we examine the relation between the It6 and Stratonovich
integrals in Hilbert spaces. That is, the Wiener process and the nonlinear oper-
ators under the integral sign have values in some Hilbert spaces. We follow the
same idea as in [80].
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Finally, Chapter 6 indicates some directions of further research as well as
possible applications to some new kinds of problems.

2. Approximation theorem of Wong—Zakai type for
functional stochastic differential equations

2.1. Introductory remarks. In this chapter we study the generalization of
the Wong—Zakai theorem to nonlinear stochastic functional differential equations
with values in the space R? (d > 1) (see [79]). By piecewise linear approximation
of the m-dimensional Wiener process we obtain an explicit formula for the limit
of a sequence of solutions to certain ordinary differential equations with delayed
argument; this very limit is the solution to the stochastic differential equation
with delayed argument with an additional term called the It6 correction term.
Moreover, we give some examples of the application of the theorem.

2.2. Definitions and notation. Let t € [0,7] and let (£2,F,3:, P) be a
complete probability space with §; = (&t)te[oﬂ being an increasing family of
sub-o-algebras of the o-algebra §. We put J = (—o0, 0] and we introduce metric
spaces €_ = C(J,RY), ¢; = C((—00,T],R?) and €3 = C((—o0,T],R™) = 2 of
continuous functions. The space €_ is endowed with the metric

_ S gen I =gl
(fi9)e =) 2 1+ f =gl

for f,g € €_, ||h||n = max_,<¢<o |h(t)|. Similarly we define the metrics for €
and €3 with ||h||,, = max_,<¢<7 |h(t)|. Here d is the dimension of the state space
and m is the dimension of the Wiener process; in the space Qig all functions are
equal to zero at zero. Below we denote by X one of the above spaces.

Let B(X) denote the topological o-algebra of the space X. It is obvious that
it is identical with the o-algebra generated by the family of all Borel cylinder sets
in X. So we construct the Wiener space (€9, 8(€), P¥), where P is the Wiener
measure ([27], Chapter I). The coordinate process B(t,w) = w(t), w € €3, is the
m-~dimensional Wiener process.

The smallest Borel algebra that contains 98B1,%B,, ... is denoted by B U By
U...; By(X) denotes the smallest Borel o-algebra for which a given stochastic
process X (t) is measurable for every ¢ € [u,v] and B, ,(dB) denotes the smallest
Borel algebra for which B(s) — B(t) is measurable for every (¢,s) with u < ¢ <
s <.

Let B™(t,w) = w, be the following piecewise linear approximation of B(t,w)
= w(t):

(221)  B™P(t,w) = wp<2]i> +2" (t - ;) (wp<k2+n1> - (211»

n=1
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foreach p=1,...,m and kT/2" <t < (k4 1)T/2" for k=0,1,...,2" — 1.
We introduce the following notation and functions

11 _ o 27 Lo [2M]+1 (1)

where [-] denotes the integer part of the real number.

For further considerations we need the notion of a segment of a trajectory.
Let f be a function of ¢ € (—o0,T]. For a fixed t € [0,7T], the function f; on
(—00, 0] defined by the formula

fi(0) = f(t+0)
is called the segment of the trajectory of f on (—oo,t].
For the stochastic process X (¢, w) we define
Xi(0,w)=X({t+0,w), 6OelJ;

therefore X (-, w) is the segment of the trajectory X (-, w) on (—oo,t].

2.3. Description of the model. Now we consider Q= ¢). Let X be a
continuous stochastic process X (t,w) : (—oo,T] x 2 — R?, that is, X : 2 —
X =dq.

We take some fixed initial constant stochastic processes X*(0+6, w) = X4(w)
= X" (w) = Yi(w) for 0 € J,i=1,...,d. We also consider operators b: €_ —
R o:€_ — L(R™ RY) (L(R™,R?) is the Banach space of linear functions from
R™ to R? with the uniform operator norm |- |7).

We introduce the condition

(A1) for every t € (—oo,T] the algebra B_ o +(X) UB_ . 4 (dB) is independent
of %tyT(dB)

to give a meaning to the stochastic integrals in (2.3.1) below.
We assume

(A2) b and o are continuous operators.
Now we introduce the operators b: €_ — ¢_ and & : €_ — C(J, L(R™ R%)),
where
b:€_ 59— (JoT—blg(-+71)) €RY),
G:€.39—(J37—0a(g(-+7)) € LR™RT)),
that is, using the shift transformation S, : J 3 ¢ — 9 4+ 7 for 7 < 0,
[B(@)(7) =blg o Sr) =blg(- +7)).
[0(9)l(7) = o(g e Sr) =o(g(-+7)).

Remark 2.3.1. This construction explains why we take (—o0, 0] to be the
domain of the initial function. If we took the interval [—r,0], » > 0, to be the
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domain it would be impossible to define band & correctly (that is, for X; =Y it
could happen that o(X;) # 7(Y3)).

We consider the following stochastic differential equation with delayed argu-
ment:

(2.3.1)  X'(t,w) +be ds—i—Zfa )) dw”(s)

p=10

for i =1,...,d. By replacing the Wiener process by B™ we obtain the following
approximations of (2.3.1):

(2.3.2") X" (tw) = X (w) + f V(X (-, w)) ds

—|—Zfa (X"(-,w))B"P(s,w)ds.

p=10

We also introduce another stochastic differential equation:

(23.3)  Yit,w)=Yi(w)+ [6(Ye(,w)ds+ D [ oP(Va(-,w)) dwP(s)
0

p=10
d t

for every i = 1,...,d. Further, Do is the Fréchet derivative from €_ to L((’l, ,R)
(the necessary assumptions are given belovv) while Do (Ys(-,w)) = sz fu v ({0})

is the jth coordinate of a measure p = p1¥,, y- on €_ taken at {0} such that

=Z f b;(v) 19 (dv)

j=1-—o00

We have p(A) = u(AN(—o00,0)) + u(AN{0}) = @(A) + n({0})do(A), where &y is
the Dirac measure, A € B((—o0,0]). It is obvious that

d 0
Do (g =Z f ;(v) pir, o (dv)

is a directional derivative. We shall also use the property of the Dirac measure
that for a smooth function h(-) we have fi)oo h(v) do(dv) = h(0). We introduce a
function
AP T 57— oI (X (- w)) BT (t+ T,w) € R.
We put ¥(t,w) = b(X¢(w)) and @(t,w) = o(X;(w)). The second integral in
(2.3.1) is the It6 integral (]27], [40]).
Let us introduce the following conditions:
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(A3)  The initial process X, is §o-measurable and P(|Xo(w)| < co) = 1, where
| Xo(w)| = Z?Zl | X¢(w)], B_0o,0(Xo) is independent of Bg 7(B).

(A4) For every ¢, 1 € €_ the following Lipschitz condition is satisfied:

b)) = b(W)* + o (p) — ()2

0
<L' [ le(0) = (O) dK(0) + L?|p(0) - 4(0) P,

— 00
where K () is a bounded measure on J, and L', L? are some constants.

(K5) For every ¢ € €_ the following growth condition is satisfied:

() + lo (0|7 < LT f 0)) dK(9) + L*(1 + ¢*(0))

where ¢?(0) = Z?:l ©7(0).
(A6) We have

(f|b lds < o0) =1, (f|a Jf ds <o) =1,

(A7) b0 € CL(€_), for every i = 1,...,d, p=1,...,m, where C} denotes
the space of bounded mappings with continuous first derivative, that is,
for every A > 0 and € > 0 there exist B > 0 and § > 0 such that
HXsl — XSZH[,B 0] < 1mphes

0
| f o) () = [ @) po(dv)] < [1@-a )

(Il - li=B,0; denotes the usual supremum norm on [—5,0]).

DEFINITION 2.3.1. We say that a d-dimensional continuous stochastic process
X : (=00, T] x &) — R% is a strong solution to equation (2.3.1) for a given process
w(t) if conditions (A1), (A2), (A6) are satisfied and equation (2.3.1) is valid with
probability 1 for all ¢t € (—oo, T).

The uniqueness of strong solutions is understood in the sense of trajectories:
for any two strong solutions X and X to equation (2.3.1) defined on the same
probability space we have

P( sup |X(t,w)— X(t,w)] >0)=0.
te(—o00,T|

DEFINITION 2.3.2. An absolutely continuous stochastic process X : (—o0, T
x €9 — R% is a solution to equation (2.3.2") if conditions (A2), (A3) are satisfied
and equation (2.3.2") is valid with probability 1 for all ¢t € (—oo,T].
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Notice that conditions (A2)~(A7) ensure the existence and uniqueness of the
strong solution Y to equation (2.3.3). Indeed (see [28], Sections 5 and 7), under
conditions (A2)—(A5) there exists a strong solution to equation (2.3.1). The
uniqueness may be derived from the proof of Theorem 11, Section 10 of [28],
for the multidimensional case with an additional remark that measurability is a
consequence of continuous dependence of solutions on the initial condition. Now
we consider the term

(2.3.4) V' (Ye(,w)) + Djo (Y, w))o?? (Yo (-, w))
in equation (2.3.3). Since 5jaip is a measure, we have
Do (9)o™(¢)] < Elo™(p)],
|Djo (p)a’? (@) = Djo™ (¥)a? ()] < €lo?P(p) — o’ ()],
where € is a constant. Thus, conditions (A4) and (A5) are satisfied for the term

(2.3.4). It is obvious that the other conditions are also satisfied and equation
(2.3.3) also has exactly one strong solution.

Moreover, for every n € N, under condition (;&4) there exists exactly one
solution to the ordinary differential equation (2.3.2") with delayed argument (see
[25] and [28]).

The following limit Z}* is understood in the sense of the locally convex topology
in €_:

ney oy i) = XE()
A= T
that is,
1 n n n
_max o (X (0) - X7(0) = Z7(0)) =0 ash =0,

for every r > 0.

We have
d .
Z[L(Q):£X[‘(9):X"(t+9), 0eJ.
Putting u = t 4+ 6 we have
. axm
X"t+-):0— du<u)’ —oo<u<t.

Moreover, it is obvious that

dXy(0) _ dX:(9)
a— df

because X;(0) = X (t +6).
If we view t as a variable we have

X" [0,T)5t— Xred_.
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2.4. Approximation theorem. We have proved in [79] the following

THEOREM 2.4.1. Let conditions (A2)—~(A5) and (A7) be satisfied. Let B™(t,w)
be the approximation of type (2.2.1) of the Wiener process. We assume that X"
and 'Y are solutions to (2.3.2") and (2.3.3), respectively, with a constant initial
stochastic process. Then, conditions (A1) and (A6) are satisfied and, for every
T >0,

lim sup E[X"(t,w)—Y(t,w)]*]=0.
n—oo 0<t<T

Proof. The assumptions of the theorem ensure the existence and uniqueness
of the solutions to equations (2.3.2") and (2.3.3). For every ¢ = 1,...,d we
subtract equations (2.3.2") and (2.3.3):

X"t w) — Yi(t,w) = Hy(t) + Ha(t) + Hs + Hy(t),

where
Hy(t) =Y [ o™X} w)B""(s,w) ds—z f )) dw?(s)
1nm d t o .
P J Dio® ¥l w)o (¥l w)) ds
:Hll(t)_ZHfQ(t) Hys(t),
W)=Y [ o?(Xrtw) B (s,wds -3 [ oVl w)duw(s)
p=11/2" p=11/2"
m d t, o ‘
‘%ZZ [ Dio (Y, w)o P (Yo (-, w)) ds,
p=1j=11/2"
m  1/2" A _ m  1/2" A
H; = [ (X w) B (s,w)ds =Y [ o (Ya( w)) dw?(s)
p=1 0 p=1 0
T d_1/2" ‘
—52.2 [ Do (Yl w)e P (Ya(w)) ds,
p=1j=1 0

0 =[G w)ds = [H (e

Below, ¢;, { =0,1,...,21, denote some positive constants.
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From (2.3.2") we have

(2.41) | XMt w) — X (s,w)| < cO(Zf | B™P (u, w)| du + (t — s)) :

p=1s
From the boundedness of ¢ we obtain

E[ sup |[H11(t)]?]
0<t<T

i(supa ?(-wv)))z(f (B"’p(s,w))2d3>

p=1 t-

[ sup
0<t<T

t+

1
<c —E[ su ( B”’p (s,w ds) }
ton O<t£)T f | )

(k+1)/2"
1 . 441/2
< cl—nE[sup ( f |B™P(s,w)]| ds) }
k

1 1\2 1/2 1 3/2
<o (n(z) ) =olz)

E[ sup |Hii(H)*)] =0 asn— oco.
0<t<T

Therefore

Further, we estimate

E[ sup [H,(t)] = B[ suwp | J oW ) dur()
0<t<T 0<t<T

k/2" -+t
vB[ s swp | @)
0<k<m(T)0<t<1/2n | )

~

0PV, (o)) du? (s)] | = Hr ) + Ba(r)
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From the Holder inequality, from the well-known inequality for the Ito inte-
grals, the assumptions on ¢ and (7.32) in [27], we have

B0 < B[ sup [ oV, () ds

0<t<T

n

t

2 1\2
§63<f ds) §04<2n) —0 asn— o00.

-

n

Let w’ be the Wiener process translated in time, i.e., w'(t) = w(t + k/2") —
w(k/2"). It is obvious that the process Y}, on s may be considered as the solu-
tion to (2.3.3) after replacing w by w’ and Yy by Yy /on defined by the formula
Yijon(0) = Y (k/2" + 0). Let By be the smallest o-algebra such that Y}, jon is
a stochastic process with respect to it. Let Yf be the solution to (2.3.3) with
the initial condition YO5 = ¢. Let E’ denote the expectation and conditional ex-
pectation with respect to w’. Since the increments of the Wiener process are
stationary, we may replace computing the expectation of the original process by
computing E’ for the translated process. Therefore, using (A4) we have

m(T) t
Hy(t) < XT: E{E[ sup (f (0" (Yijangs (-, w))
k=0 0<t<k/2m \§
— 0 (Yigon (- w))) du(s)) | | B}
m(T) 1/2"
< Y BB [ (07(Vi(w) - o (€))ds| | By}
= 0
. d 1/2™ 0
<c6(m(T)+1)ZE’{E[ i <L1 [ 1Y (u) = Y g (u)[? A (u)
i=1 0 —00

+ L?

Yi(s) - Y? (;)

From (A7) we have

1
B[ sup |His(t)]?] = §E[
0<t<T
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To estimate Hy(t) we first represent the integral |, " as Z?ii)_l ! k(f;l) 2"
Observe that for —oco < u <0,

t+u
X"t +u,w) = X™(0)+ [ B(XP(,w))ds
0
m t+u

+3° [ oP(XD(w) B (s,w) ds

p=1 0

where we have used the assumption that the initial process is constant. Therefore,
for —oo < 7 < 0 we have

dX™H(t + - w i on TN i om .
(242) dt)(T) =b (Xt-‘,-T('a w)) +ZO- p( t+7-('7 w))B ’p(t+7,w) .
p=1
Now consider
(k+1)/2" ‘
H= [ o(X}(,w)B""(s,w)ds
/2"

. E+1 k
= 0P (X gn (- w)) [ B*? | =, w | — B"P( —,
o (Xt (o)) (57 (S5t w ) - e (o))

(0P (X 1) jon () — 0P (XF e (- 0))) B ( ,w)

2n
(k+1)/2"
. dxn )
- f DO’ZP(X;L(',U)))WBn’p(S,w)dS

k/2"

(k+1)/2"

=nk)+ [ DoP(XI(w))
k/2™

N oo | o ey ) P
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It follows that

d (k+1)/2" 0

H=nhk)+3 [ [ VX Gw) il x (@)

(k+1)/2" 0 m

d
+> [ [ DXL w) B (s 4 v,w) i, (dv)

S,
Il
-

k/2" —oco  p=1
k+1
X (B"’p< 2—: ,w) — Bmp(s,w)) ds
d (k+1)/2" m » )
SO [ S Do (XD w)o (XD w)) B (s, w)

j=1 k/2" p=1

X (B”’p<k+1,w) — B"’p(s,w)) ds

_l’_

2n
3 d

= Ji(k)+ D> T(k).

r=1j=1

As in [27], we write

30 = (Xt (w0 (“50 ) =0 () ) + 0P Xy )

. 1
o o) (870 (Pt w ) - 5 ()
, k+1 k—+1
+azp(xg/2w(-,w))<3"’p< > ,w)—wp< > ))

+aip<X£/zn—6<"w”<wp(;) ) ng))

= Jll(k) +...+ J14(k)

and
m m(t)—l t;
Hy(t) = Z ( Z Ji1(k) — f o’P(Ys(-,w)) dw?(s)
p=1 k=1 1/2"
m(t)—1 m(t)—1 m(t)—1

19
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d m(t)—1 1 o
+;( 2 ;Jrz(k)—Ql/zfn Do (Yo (-, w))a?P (Yy( w))ds»

(for simplicity we ignore the dependence on p in notation). Now we estimate each
of I,...,I5, successively. For every t; € [0,7], using the martingale inequality,
(2.4.1), (A4), and (7.2) in [27], we obtain

B[ swp L)) = B| sup
0<t<ty 0<t<ty

(07 (X, () — 0 (Vi) du?(s)] |
1/2"

<ol [ EY(s,w) = X"(s,w)|*] ds

2n

e J (O B0V = X3 )P (o) s+ ;)

Now from (2.4.1) and the Holder inequality we get

E[ sup |I(t)’]

0<t<tq
m(T)—1
SE[ S (0P (X ()
k=1
m(T)—1 2
) k+1 k
3 n 2 n, n, _
st 3 (5 (Fe) <5 () ) |

m(T)—1

0
<en(mm) X E[L( [ 1500 - X o040

k=1

k k 4

L?|X( — — X" = —

2 () -2 (5 -0w)) |
m(T)—-1 44\ 1/2

o (k+1 wp( K

<ntt) 3 ol|e(55t ) 5 ()] ])

m(T)—1 i k 4
§c12<m(T) kzl EHX”(zn,w>—X”<2n—6,w> ]

m(T)—1

oS a2 ()] )

k=1
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<ci3 <(m(T))2 (;;>Q(m(T))2 (21n)2> 1/2

<cu——0 asn— 0.
n

Let
l .
m(w) = 0P (X gn_s(,w)) BP0, 04 41) 2 w) ,
k=1

where O;w(s) = w(t + s) — w(t). It is obvious that n; is an Fj-martingale for
Fi =B 42)/2n-

Since I5(t) as well as I,(t) written as n;(w) are Fj-martingales, from the mar-
tingale inequality we have

~ 1
E[ sup |(1))*] <ci5— =0 asn — oo
0<t<T n

and

~ 1
E[ sup |L(H))*]<cig— —0 asn— oco.
0<t<T n

We write I5(t) = 27, JI(t), where

D07 (Ya(-,w))o P (Y (-, w)) ds.

It follows that
m(t)—1 (k+1)/2™

HAoy= > [ (Dje™(X}(w)e (X} (- w))

k=1 k/2"

= Dy (X () (X () B s, 0) (B0 (£ )

2n
mt)—1 (k+1)/2" 0

e dse Yo [ [ VO o)

k=1 k/2m —o0

k+1
X <B"’p<;,w) - B"’p(s,w)> ds

m(t)—1 (k+1)/2"

+ 3 [ Do (X} (w))oIP (X ga (- w))
k=1 k/2"
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) 1
X (B"’p(s,w) (B”’p<k2+nl,w> - Bnm(&“’)) - Cp(Qn;n>) ds
1
2

m(t)=1 (k+1)/2"

Yoo [ DX w)o P (X (- w)

k=1 k/2"
= Do (Ya(-,w)o? (Ve (-, w))) ds

m(t)—1

P S 1 1

3 Do (K)o (X () (e (5m) ~ 3 )
k=1
m(t)—1

+ Y Jh(k)
k=1
=I5 (t) 4+ ...+ Ins(t) + Ise(t)

where

¢i(t,n) = (1/)E [ f B (,w)(B™ (t,w) — B™ (s,w)) ds

and lim,, . ¢;(1/2",n) = 1/2 (see [27], Lemma 7.1).
Since X ™ is uniformly continuous on every finite interval, X7 is continuous as a

function of the variable s with functional values and we may estimate (analogously
to [27])

E[ sup |I5;(t)’)] =0 asn— oo, for j =1,2,3,5,6.
0<t<T

Further, using (A4) and (7.68) of [27], for every t; € [0,T], we obtain as in [79]

E[ sup |Is4(t)]?] < 17 (flEHY(s,w) — X"(s,,,w)|*] ds

0<t<t;

+ f ( f IYe, () = X7 (- w) | K (s1)) ds)

ty

<as( [EY(s,w) = X"(s,w)|*] ds

+f(f (Vi) = X2, (o) o)) s+ 57 )

It is obvious that |H3| < supg<,<7 |H1(t)], hence

E[|Hs3]*] -0 asn— cc.
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For every t1 € [0,T], using the Holder inequality and (K4) we obtain

E[wp|H4mﬂ§cw(fEm«aw»—XWawth

0<t<ty
+f<f (Y5, (w) = X5 (s )\2]dK(81))ds).

Now we shall use the general Gronwall lemma ([40], Lemma 4.13).

LEMMA. Let kg, k1, ko be nonnegative constants, let u be a bounded function
on (—o0,T] and v be a nonnegative integrable function. We assume that K is a
nondecreasing nonnegative right-continuous function such that 0 < K(s) <1 and
that

t ¢ 0
u(t) < ko + k:lf v(s)u(s)ds + k‘gf v(s) f u(s1) dK(s1)ds.

Then
t

u(t) < kg exp ((kl + kg)f v(s) ds) .
0
We use this lemma for u(t) = Efsupy< <, [Y (¢, w) — X" (t,w)[?] and v(t) = 1.
We obtain

E[ sup ‘Xn(taw) - Y(t>w)’2]
0<t<ty

(1)+020<fE sup | X™(s,w) — Y (s,w)|*] ds

0<s<t

t1 0

# (S B X5 Gw) Yol wP)aK (o) o).

0<s<t

with o(1) uniformly convergent for ¢; € [0,T]. Consequently, we have

E[ sup |X"(t,w) =Y (t,w)]*] <o(1)exp(cs1T) -0 asn — co.
0<t<t

This completes the proof.

Remark 2.4.1. Instead of the interval J = (—o0,0] we can consider J =
[—7,0], 7 > 0. Then, instead of considering X*(t? + s) — Xz(t” 1+ s) on the whole
interval of definition (¢ ;, t} are certain points of a partition of the time axis),
we observe that
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XU(t7 +s) = X' (t7y + )
XG0 +8) — Xt +s)  fort? +5<0,

[ i t+s i
X6(0) = Xg(tiq +5) + [y 0H(Xu() du
- +3m 0”8 09 (Xu () dwP(u)  for t? | +5 <0< t7 4 s,
tits g thbs s
i es O (X)) du+ 3000 [ 0 (u, X () dw? (u)

for £ | +s >0,

\
and we estimate each part separately by expressions converging to zero.

Instead of the constant initial condition X(-) we can take a function satisfying
the Holder condition

1X0(t) = Xo(s)|I” < Z(w)|t —s|”, B> 0.
Then
IXo(} + 5) = Xo(tiy +5)|1° < Z(w)|t} — 74 °,
and we obtain convergence to zero. Under suitable assumptions on the random

variable Z(w) we can prove the convergence in the mean-square sense or with
probability one.

2.5. Examples
ExaMpPLE 2.5.1. Consider the equation
dX(t) = X(Xy)dw(t), Xo(0,w)=n(w) fordeJ,
where X : €_ — R, X(¢) = ¢(—1), that is, ¢(—1) = X;(—1) = X (t — 1). Then
dX(t)=X({t—1)dw(t), Xo=n,
and equation (2.3.3) is of the form
AY(6) = Y (t— 1) dw(t), Yo=n,
because the measure p is concentrated on the set {—1} only and hence p({0}) = 0.
Therefore, there is no difference between the initial and limit equations.

Using the step-by-step method of solving delay equations we take, for example,
the equation

dX(t) = X(t — 1)dw(t) fort>0,
X(t)=1 for t € [-1,0]
and
dX"(t) = X" (t — Dw,(t)dt fort >0,
X"t)=1 for t € [-1,0].
We obtain in the first step for ¢t € [0, 1],
dX(t) =dw(t), X(0)=1
and
dX"(t) = w,(t)dt, X™(0)=1.
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After integrating we get

and

X"(t) = X"(0) + [ tbn(s)ds =1+ wn(t).

In the second step we consider for t € [1,2],
dX(t) = (14+w(t—1))dw(t), X(1)=1+w(l)
and
dX"(t) = (1 +wy(t —1))wy(t)dt, X"(1)=14w,(1).

‘We obtain
t

X(t) = 1+w(t)+ [ w(s—1)duw(s)

and
X"(t) =1+wn(1) + [wn(s = 1)tbn(s)ds.

It is easy to observe that X" (t) — X(t) = Y (t) as n — oo (in the mean-square
sense).

ExAMPLE 2.5.2. Now we consider the equation
dX(t) = B(Xy)dt + X(X¢)dw(t), Xo(0,w)=n(w) forbeJ,
where for some constants by, b1, o9 and o1, we define B, Y : €_ — R,
B(p) = bop(0) + brp(=r),  X(p) = 00p(0) + o10(—7).
We note that ¢(0) = X;(0) = X(t), p(—r) = Xi(—r) = X(t — r) and
dX(t) = (boX(t) + 01 X (t —7r))dt + (00X (t) + o1 X (t — r))dw(t),
Xo=n7.
Then equation (2.3.3) is of the form
dY (t) = (boY (t) + 1Y (t — r))dt + (ooY (t) + o1 Y (t — 7))dw(t)
+ 2o0(00Y (t) + o1 Y (t —r))dt,
Yo=n

because oo X (t) is the only term for which the support of the measure contains
zero. Therefore, u({0}) = op.
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3. An extension of the Wong—Zakai theorem
to stochastic evolution equations in Hilbert spaces

3.1. Introductory remarks. In this chapter we examine an approximation
theorem of Wong—Zakai type for stochastic evolution equations in a Hilbert space
with the noise being the generalized derivative of the Wiener process with val-
ues in another Hilbert space. As a consequence of the approximation of the
Wiener process we get in the limit equation the Ito6 correction term for the
infinite-dimensional case. The result obtained includes the case of stochastic
delay equations. The uniqueness and existence of solutions are guaranteed by
known theorems for mild solutions. The model considered here is more compli-
cated than that examined by the author in [78]; also, the approximation theorem
is proved under weaker assumptions than in [78]. Namely, a nonlinear term with
a nonlinear operator C is added, assumption (A5) is weakened. Moreover, the
proof is performed from the very beginning for the infinite-dimensional Wiener
process while in [78] it was done for the one-dimensional Wiener process and then
the necessary changes were indicated.

3.2. Definitions and notation. Let H and H; be real separable Hilbert
spaces with the norms ||-| g, |||z, and the scalar products (-, ) g, (-,-)m,. Let
(12,3, (8t)tejo,m, P) be a filtered probability space on which an increasing and
right-continuous family (§;)¢cjo,r) of complete sub-o-algebras of § is defined.
L(H,H;) denotes the space of bounded linear operators from H to H;. Let
Lo(H, Hy) be the space of Hilbert—Schmidt operators with the norm ||-||us.

We take an H-valued Wiener process w(t), t € [0, 7], with nuclear covariance
operator Q) € L(H) = L(H, H).

It is known [14] that there are real-valued independent Wiener processes
{w;(t)}2, on [0, T] such that

w(t) =Y wi(t)e;
=0

almost everywhere in (t,w) € [0,T] x £2, where {e;}$°, is an orthonormal basis
of eigenvectors of @ corresponding to eigenvalues {\;}52,, > 2 \; < oo, with
ElAw; Aw;] = (t—s)X;0;; for Aw; = w;(t) —w;(s) and s < t (9;; is the Kronecker
delta).

Let (see [10]

)
AT('LU,H, Hl)

= {W W :[0,T) x 2 — L(H, Hy) is a progressively measurable process,

T [e9) T
E[[ 19Q2 s ds| = 1713, = 3 B[ [ 1@(s,w)el}, ds] < oo}.

0 i=0 0
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It is known that for ¥ € Ap the stochastic integral J ¥ dw is well defined and
it can be represented by

(3.2.1) f@(s,w) dw(s) = Z f@(s,w)ei dw;(s) .

i=00
The convergence in (3.2.1) is in L?(£2) for each t > 0.

3.3. Description of the model. We consider the stochastic differential
equation
(3.3.1) dz(t) = Az(t)dt + C(=(t))dt + B(z(t))dw(t),
o 2(0) = 2o,

where

(A1) (2(t))teo,r) is an Hy-valued stochastic process, (w(t));>o is an H-valued
Wiener process with the covariance operator @, A: H; D D(A) — H; is
the infinitesimal generator of a strongly continuous semigroup (S(t))¢>0,
C:Hy — Hy and B: Hi — L(H, Hy) are bounded nonlinear operators.
Moreover, we assume that (S(t));>0 is a semigroup of contraction type,
i.e., there exists a constant 5 € Ry such that ||S(¢)| g, < exp(5t) for all
t € [0,7],

(A2) zp € D(A)is an H;-valued square integrable §y-measurable initial random
variable.

Apart from (3.3.1) we consider the equation
dz(t) = Az(t)dt + C(2(t))dt + B(z(t))dw(t)
(3.3.2) + L(QDB(E(E)BE())dt.
/27(0) = Z20,
where tr(QDB(Z(t))B(Z(t))) is defined below.

We observe that the Fréchet derivative DB(hy) € L(H;, L(H, Hy)) for hy € Hy
and we consider the composition DB(hy)B(h1) € L(H,L(H,H;)). We view the
Fréchet derivative of B(hy) as DB(h1,hs) since ho — DB(hy, hs2), hy € Hy, is
linear and belongs to L(H1,L(H,Hy)). Let ¥ € L(H,L(H, Hy)) and define (see
[19]) B;, (h,h') == (#(h)(h'),h1)m, € R for h,h' € H. From the Riesz theorem
for the form ¥ on H we conclude that for every 7L1 € H; there exists an operator
U(hy) € L(H) such that for every h,h' € H
(3.3.3) By, (1) = (@ () (), W) i = @ (R) (), T,

Now, the covariance operator () has finite trace and therefore the mapping
g: H, > %1 — tr(Q@(ﬁl)) eR

is a linear bounded functional on Hj. Therefore, using the Riesz theorem we find

a unique ﬁl € H; such that &(hy) = <7L1, hi)m, -
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Define ~ _
h1 = tr(QW) .
We observe that (hy,hi)g, is the trace of the operator Q¥(hy) € L(H) but
tr(QW) is merely a symbol for ;.

Since o

QU (h1)] = > (F(h1)ej eidu = Y _(#(hi)ej, Q ej)u
j=0 Jj=0

= Z@(%oej,czem =) (W(e;)(Qe;), ha)

(3.3.4) hy = tr[QU] = Zg’(ej)(er) = Z[DB(h1)B(h1)(€j)](>\j€j) :

Remark 3.3.1. In particular, if H = RY, then w(-) is the one-dimensional
Wiener process, tr(Q¥) = ¥. Equation (3.3.2) including the correction term is
now of the form

(3.3.2') d3(t) = AZ(t)dt + B(E(t))dw(t) + L DB(E()BE(t))dt .

We actually use w(t) = v Aw(t) in the one-dimensional case to simplify the no-
tation in the correction term. Then v\ does not appear in the correction term
as it does in the infinite-dimensional case when v/ is present owing to the defi-
nition of ). Let us observe from (3.3.4) that for the infinite-dimensional w(-) the
correction term is the series of correction terms derived for the one-dimensional
Wiener processes.

Moreover, we assume

(A3) there is a constant K > 0 and a positive definite symmetric nuclear oper-
ator R which commutes with S such that P(R™'29 € H;) = 1 and

0 [R'Ch)lI7, + IR B(h1)QY?|fis + | R~ tr(QDB(h1)B(m)) | %,
< K1+ [hllF,),
(i) [IC(h1) — C(Ez)\ﬁ{l + tr((B(h1) — B(El))Q(B(hl) - B(ﬁl))*)
< Kby — Il
for hl,ﬁl € Hy, where * denotes the adjoint operator,

(A4) the operator C is of class C' and the operator B € C, i.e., is of class
C! with bounded derivative, and this derivative is assumed to be globally
Lipschitzean,
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(A5)  the operator DB(h1)A : Hi D D(A) — L(H, H;) can be uniquely ex-
tended to a bounded operator from H; to L(H,Hy), so there exists a
positive constant k such that for h; € H;

(3.3.5) IDB(ha) Al oo, b < Kl -

Remark 3.3.2. The mapping (hi,h) — DB(hy)Ah has domain H; x D(A)
and is linear in the second variable. If assumption (Ab) is satisfied, this mapping
can be extended to H; x Hy. Now DB(hy)Ah is equal to DB(hy,.Ah).

Remark 3.3.3. In the present paper the assumptions are rather strong.
Assumptions of this kind are also used in [63], [74], [76].

Assumption (A5) here is weaker than in [78]. That is, we assume there instead
of inequality (3.3.5) that

(3.3.6) IDB(hy) Al oo,y < k-

We can weaken it because of a localization property. Namely, we observe that for
every € > 0 there exist ng € N and r > 0 such that we have

P"(@t)=ul(t)) >1—¢e forte[0,T], n>ng.
Here u'(t) denotes the solution to equation (3.3.11) below with
B, = {g in K,
0 for hy & Ko,
instead of B, where K, = {hy € Hy : ||hy||g, <r} and B satisfies (3.3.6).

We now define the nth approximation to the Wiener process (w(t)):>o as
follows:

oo
w™(t) =Y wi(te;,
j=0
where 0 =t < ... <t} and for t7 | <t <t}
t—tn tn—t

= = wi(t]) + 5wyt ) -
ti - ti—l

For ¥ € Ap(w, H, Hy) we have

(3.3.7) w?(t)

(3.3.8) [#(s,w)duw™(s) =" [W(s,w)(e;) dw}(s),
0

§j=00
where the integrals on the right-hand side are the classical Stieltjes integrals.
We rewrite (3.3.1) in the mild integral form

(3.39) 2(t) = S(t)zO+OfS(t—s)c(z(s))ds+0jS(t—s)zs(z(s))dw(s),

2(0) = 2o
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Similarly, from (3.3.2) we get
2(t) = S(t)ao + [ S(t—s)C(2(s))ds + [ S(t — s)B(Z(s)) dw(s)
0 0

3.3.10 : ~
(3:3.10) + 1 [ S(t - )TH(QDB(E(s))B(2(s))) ds.

0
2(0) = 2.

Consider now the sequence of integral equations

u(t) = S(t)zo + [ S(t—s)C(u"(s))ds
0

(3.3.11) t
+ [ S(t = 9)B(u"(s)) dw"(s),
0
u"(0) = zp,
n =1,2,... First observe that under our assumptions the integrals are well de-
fined.

DEFINITION 3.3.1. Suppose we are given an Hi-valued initial random vari-
able zp and an H-valued Wiener process (w(t));>0. Moreover, assume that an
H;-valued stochastic process (z(t));c[o,7] has the following properties:

(i) (2(t))tefo,m is progressively measurable,
(i) B(z(+)) € Ar(w, H, Hy),
(iii) for every t € [0,T] there exists £2; with P(£2;) = 1 such that for every
w € 2 equation (3.3.9) is satisfied.

Then (2(t))¢ejo,r) is called a mild solution to (3.3.1) with the initial condi-
tion zp.

The uniqueness of solution is understood in the sense of trajectories.
The existence and uniqueness of solution to (3.3.1) under hypotheses (Al)-
(A3) is obtained from Theorem 2.1 of [74].

DEFINITION 3.3.2. Let n € N. We say that a mapping v” : [0,7] — H;
is a mild integral solution to equation (3.3.11) if u™ is continuous and equation
(3.3.11) is satisfied for all 0 < ¢ < T.

For each n € N the existence and uniqueness of solution to equation (3.3.11)
follows from [35], [56]. Indeed, for each n € N and almost every w € {2 we write
(3.3.11) on (¢ 4,t?], i =1,...,n, in the form

(3.3.12) du™(t) = Au"(t)dt + B,, (u"(t))dt,
where By, (-) = B()a; for a; € H. Here B,, = Baw,-
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We know ([56], Ch. VI, Th. 1.5) that a sufficient condition for the mild solution
to (3.3.11) to be continuously differentiable on [0,77] is B € C! and 2y € D(A).
It is easy to observe that equation (3.3.12) satisfies these assumptions.

Notice that (A1)—(A4) ensure the existence and uniqueness of a mild solu-
tion to equation (3.3.10). Indeed, under condition (A4) we see that the term
tr(QDB(Z(t))B(Z(t))) satisfies condition (A3) because the series in (3.3.4) con-
verges. It is obvious that conditions (A1), (A2) are also satisfied and that equation
(3.3.10) has exactly one mild solution.

3.4. The main theorem. We shall prove the following

THEOREM 3.4.1. Let (w"(t))t>0 be the n-th approzimation of the Wiener pro-
cess (w(t))i>0 as given in (3.3.7). Let (u"(t))efo,r) be the solution to equation
(3.3.11) and Z(t) to equation (3.3.10). Assume that hypotheses (A1l)—-(Ab) are
satisfied and E[|R™'2||%;,] < oo. Then, for each T, 0 < T < oo and given € > 0

(3.4.1) hm P( sup ||u"(t,w) —Z(t,w)||g, >€)=0.
0<t<T

Proof. In order to prove the theorem we need a finite-difference approxima-
tion scheme for equation (3.3.1). We take a sequence of partitions {¢j,... ¢} of
[0,T] such that 0 =t < ... <t} =T.

Let h™ = sup{t]' =t ; : i =1,...,n}. Define the process £~" by E”(o) = 29
and

(34.2) () =St—t ")+ [ SE—t7)CE (t ) ds

n
ti*l

t
+ [ St =t )BE () dw(s)
iy
for ¢ | <t <t
Now we introduce two operator-valued functions on {(t,s) : 0 < s <t < T}
as follows:

(3.4.3) Co(E7,t,5) = {

S(t— 6 )CE () om (5, 17],
S(t —tn,_ )(fn(;z 1)) on (7, _y,1,
S(

n t—t ¢n (250 on (7 1,t7},
S(t_tm—1> (§ (tm—l)) on (tm—l7t]7
where 17, <t <t , 0<m<nandi=1,...,m— 1. The values of C,, are in

H, and those of B,, are operators from H to Hy. Therefore, for any ¢t € [0,T] we
have

(3.4.5) €'(t) = S(t)zo + [ Cu(€™ t,5)ds + [ Bu(€",t,5) duw(s).
0 0
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We may state the following

LEMMA 3.4.1. Assume that (2(t))¢cjo,1) is the mild solution to equation (3.3.1),
the hypotheses (A1)~(A3) are satisfied and E[|R™2||%,] < oo. Then for every
e>0

(3.4.6) lim P( sup [|€"(t,w) — 2(t, )|z, =€) =0.
n—oo OStST

To prove this lemma we apply a similar argument to the proof of Lemma 2.6
of [74].
To prove the theorem we further transform equations (3.3.10) and (3.3.11). In

analogy to equation (3.4.5) corresponding to (3.4.2) we derive from (3.3.10) the
equation

(3.4.7) €"(t) = S(t)z0 + [ Cu(€",t,5)ds
0

t t
+ [ Bu(€" t,s) dw(s) + 5 [ Gu(E",t,5)ds,
0 0

where C,, and B,, are defined similarly to (3.4.3) and (3.4.4). Moreover, G,, is an
operator-valued function on {(¢,s) : 0 < s < t < T'} with values in H;, defined
by

S(t — t71)r(QDB(E (t7_))BE" (t7-1))  on (4, 7],
S(t — i, )I(QDBE" (17, 1))BE(t7,-1))) on (17, 4.1),

wheret) | <t<t},0<m<nandi=1,...,m—1.
By Lemma 3.4.1, for every € > 0 we obtain

(3.4.8) G(£,t,5) = {

(3.4.9) lim P( sup [|€*(t,w) — 2(t,w)||lm, =€) =0.
n—oo 0<t<T

Now we put (3.3.11) in another form which may be easily compared with the
solutions to (3.4.7). On (¢t ,,t}] we have

1—17 %%
ty
(3.4.10) w™(}) = S(h™u () + [ S — 7 )C(u"(t,)) ds
1y
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+ f S(t =) = St = 1)) B(u" (1)) dw" (s)

b [ 80— (B (s) — BunE,) dun(s)
+ [ Sy -t )BM(E,)) dw(s) =Y I
o =1
We transform Ig as follows:
T d
(3.4.11) f St —s) (L |/ dTB(u"(T))dT>dw"(s)
- f S(t?—s)(ﬂ [ Dzs’(un(r))d“;(T) dr)dw”(s).
It follows that - -
Io= [ s —s)( [ DB ) Aw(r) dr) duw(s)
v [ s —s( [ DB e ) dr) du(s)
v [ s —s( [ 0B B

— DB(u" (1)) B(u" (- 1)))dw”(7)) dw" (s)

¥ f S(t =) =S =t ))( [ DB ()

n
tz‘l

o B2 ) (e )) du(s)

+ f s =) DBt ))Bu (t ) dw” (7)) dw (5)

",

—H1+H2+(H3—H4)+(ﬁ4—ﬁ5)+ff4-
We recall that

(3.4.12) Ajwy = wi (') —wi (tiy) = w;(7') — w;(6i) -
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Now we use (3.3.8), (3.4.12) and assumptions on B to deduce that

(34.13) Hy = ZZ “1)DB(u" (- 1))B(u" (1)) (e5)) (ex)

(f (7)) duw(s)

= 5SS ) DB () B () ) )
0
R (L — 47)°

Z D (St — ) DB(u (7)) B(u" (t-1))(e5)) (ex)

because W} (17 — ¢ 1)wk(t” =t ) = Alw; Afwy, where W7}, Wy, are constants;

they are derivatives of w} and wy, respectively, on (¢ ;,¢}']. Further,
7 1 - n n n n n n
(3.4.14) E[H4] = 52(5@1 — i 1) DB(u" (t}-1))B(u (ti—l))(ej))()‘jej)
j=0
(1~ 1)

LSS TS - DB DB e e

J=08"
t’VL

ff S(tp — 17 ) (QDB(u™ (7)) B(u™ (7)) ds |

t? 1
because
(3.4.15) E[A?w; At wyi) = (87 — 7 1) A0k -
Notice for further reference that by (3.4.12),
t
(3.4.16) [ S(tr —t7)Bu" () dw"(s)
i
¢
= | S — LB (H) du(s).
ti s

Applying the (by now standard) discretization to equation (3.3.11), for 0 <
m < n, with the help of (3.4.11), (3.4.13), (3.4.16), we obtain the following
equation:
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tm

(34.17)  w™(th) = S(tn)zo+ [ Co(u™,th,s)ds
0

£ [ swm-9( [ OB@)BE )
— DB (t1))Bu" (1,)))dw" (7) ) dw" (s)
£ st -9 - s - ( [ pBr)

o B(u" (1)) duw" (7)) du"(s)

5 DD S Sl — ) DB () B () ) er)

i=1 k=0 j=0

+

tn

n 11
X A?’IUJA:LU)k; + f Bn(unﬂt?m 5) dw(s) = ZII :
5 =1

We shall prove that fg*ﬁ) in (3.4.17) converge to zero. We shall also show that
I gives the correction term occurring in (3.3.2). Moreover, I1, I and I; yield

our initial equation (3.3.1). Below, Ly, ..., Lis, E, L denote positive constants.
First we estimate
E[ sup lu"(s) —u"(t7y)ll7r, ) = B[ sup  [[(S(s —tq) — Du™ (1) I3, ]
i <s<tp tr o <s<tp

+ L — 7))+ LE[ sup  [w"(s) = w"(t7-1)]3,) -

i <s<t}
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Notice that by Lemma 4.1 of [76] the family of processes {u"} is relatively
compact in C([0,T], Hy). We denote by C(K) the complement of the set K. If
we choose a compact set K C C([0,T], Hy) such that P(u™ € C(K)) < € and we
define the compact set K = {f(t) : t <T, f € K}, then we have ([74], p. 193)

(3.4.18) I=E[ sup [(S(s—tiy)— Du"(t7 )]
i <s<t?
< P(u" € C(K)) + sup sup [|(S(t) — Dyll3,
yek t<hpn
so I — 0 as n — oo. Since each w™ is linear on any interval (t?_,,t?], for

t € (t7_4,t!'] we have
w™(t) = w"(t1) + o () (W (8) — w" (ti-1))
= w(tiy) + o () (w(t}) —w(ti,)),
where o' (t) = (t —t_)/(t — t_;) is monotonic and 0 < a'(t) < 1. Therefore,
using (3.4.18) we have
(3.4.19) lim E[ sup [u”(s) —u"(t,)||%,] =0.

n—oo L
t_ <s<tP

Now, we estimate I using (A1), (3.4.18), a Chebyshev type inequality and
the Schwarz inequality:

m '
sl <L0d [ 1St = s)(@"(s) = w7 1)) |, ds

=1t

m ty
g f ds‘
=17,

<Ly sup lu”(s) —u ()] m,
o <s<t?
i=1,....m

=L,T sup |ju"(s) —u"(tiy)lm, -
tr o <s<tl
i=1,..., m

Therefore, for each € > 0,

E[sup [[I3]m,] < LsE[sup  sup [[u"(s) — "t 1)l m,]
tn <T tn, ST ¢7 ) <s<t}
1=1,....m
< Ly(E[sup  sup lu"(s) — u" ()|, ]*) "/
tn <T ¢, <s<t}
1=1,....m

and so

. 1 -
P(sup ||Is]|lg, >¢) < —E[sup || I3||g,] =0 asn—oo.
tn <T € <T
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Similarly, we estimate

Fall, = |3 f (S(th, = 5) = Sty — - )C@" () ds|

=147

<3 [ IS — 1) — DS — (L)), ds

=147,

S f e ) as).

=147,

<Ly sup  [[(S(s =t ) = Du (G0,
iy <s<ty
1=1,....m

Therefore, for each € > 0,

E[sup |laf|m,] < LaE[sup  sup [[(S(s —ti"y) = Du" () |m,
i <T i, <T 47, <s<t]
i=1,..., m

< Ls(E[sup  sup |[(S(s —ty) = Du™(ty) | m %)

and therefore

~ 1 -
P(sup || 14|, =€) < —E[sup [[L4||lg,] =0 asn— oco.
tn, <T € n<T

Further, we apply the fact that
:m 2
E[wj )y h”} =1.
VA

To estimate I5 we use (A1), (3.4.18), a Chebyshev type inequality and the
Schwarz inequality to get

N 1 m o0
Tl = = S5V

i=1 j=0

i

tia J

sup [[(S(s = ;1) = Du" (61|,

1
Vhn tr <s<t}

i=1,....m

Sl Vho
Aj exp(B(tr, —s)) W} (s)ds|.

< Lg
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Therefore, for each € > 0,

E[ sup |Is]m,]

tn <T
1
<L E| su su S(s =t ) —I)B(u"(t;- L
<L sy s (S(s ~ 60) = DB ()
=1,....m
m te
© Vha ]
X su Wy (s)ds
tfnng thn VA He
1
< Ls—=(E[sup sup [|(S(s —ti"y) — Du" (1) m,]*)"? — 0

Vhn = e <T e <s<er

i=1,..., m
as n — oo. Thus, for each € > 0,

~ 1 -
P(sup ||I5||g, =€) < —E[sup ||I5]|lg,] 0 asn— 0.
tn <T € tn<T

Also using (A1), (A5), (3.4.15), a Chebyshev type inequality and the Schwarz
inequality we get

s

||fﬁ||H1=H¢%iiﬁj / st —)( [ DB ()

" i=1 j=0 o £y

o AP (r) dr) <ej>g",w?< yas|
1| U : o
I (X f exp(ﬁ(tm—b‘))(t?:fl dr) A ) ds

Therefore,
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as n — 0o, because for v = (s —t?_;)/h, we get

(%) 3= Z f exp(B(ty, — s))( f dT) ds
i=1t7 t

m oty _yn

= h, Z exp(B(ty, — ) i - =1 s
=1t n
m 1

=Y [ exp(B(E, — 1)) exp(B(=ha)o)vh, do
i=10

<hp > exp(Btn, —tiy))
=1

Thus, for each € > 0,
- 1 .
P(sup |[fg|m, =€) < —E[sup |[fg|m,] =0 asn— oo.
tn <T € tn<T

In a similar way we estimate I7.

Further, using (A1), (A4), (%), (3.4.15), the Schwarz inequality and a Cheby-
shev type inequality, we obtain

R 1 1 & oo

=0

< J s -a( [ oser @B

Vhn . >
X W (T)dr ) (ex wi(s) ds
1
< Lis— sup  [[u™(7) = u" ()| my
n ty <T<t}
i=1,....m

Z f exp(ﬁ(t"m—s))Qf ﬁw;(ﬂm)%wg(s)d‘s.

n
i—

1
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Thus

E[ sup |[Is]m,]
tn <T

1
< LME[ sup sup  u(r) — (),
b, tn <T 7 <T<t}

i=1,....m

¢ Vhn i Vhn
><t§u<pT ;tnf exp(B(tr, — s)) <tf Ny wi ( d7'> mwk(s)ds]

h
< L15hfn(E[ sup  sup  [[u(1) —u" ()| )2) P
ST <r<e

—0 asn — oo,

and hence for each € > 0,

- 1 -
P(sup ||Is]lg, >¢) < -E[sup |Is||lm,] =0 asn—oo.
tn, <T &€ tn<T

Finally, using (A1), (A4), (%), (3.4.15), the Schwarz inequality and a Cheby-
shev type inequality, in the same way as for I5 we have

o]l &,

)T NN

S f st - st o) DB B )

i=1t7 4

Vha ., Vha .
X ij (1) dT) (ek)ﬁwk (s)ds .

<Ly sup [[(S(s =t ) — Du (G|
7 <s<t]

;t?fl ezxp(ﬂ(tm—s))g?‘_f1 \/)Tjwj(T)dT) mwk(s)ds.

Therefore
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E[ sup |[Io] ]
tn <T

1
SLNE{sup sup  I(S(s — 1) — D (1)
h L <rer <s<er

i=1,..., m
m ot s
X t;ﬂung ;t?{ exp(B(ty, —s)) <n{ \/\/];Z;w?(T) dT) \/\/%wg(s) ds }

hn n n/n
< Lusy(Blsup sup  [[(S(s —#1y) = Du" (#-0) | m ]/ — 0,
hn, tn ST P | <7<t}

and for each € > 0,

~ 1 ~
P(sup |[Lollg, =€) < —E[sup ||Ig||g,] =0 asn— oo.
tn, <T € n<T

Now we consider a slight modification of (3.4.17):
t

(3.4.20)  @(t) = S(t)zo + [ Bu(@",t,5) dw(s) + [ Co(@",t,5)ds
0

0
1 G . . n n n n n n n
+ ) Z Z Z S(t— 1) DB(u" (t;1))B(u"(t7_1))(ej)(ex) A wj A wy .
j=0 k=0 i=1
By (3.4.13), (3.4.14) and the definition of Gn(é\”;t, s), for every € > 0 we get
(3.4.21) lim P( sup [[u"(t,w) — &*(t,w)||lm, >€) =0.

By the above estimates and by the continuity of " (comparing u™ in (3.4.20)
with v" in (3.4.17)) we conclude that for every ¢ > 0,

(3.4.22)

li
n—oo

m P( sup [|[u"(t,w)—u"(t,w)|m, >¢€)=0.
0<t<T
Therefore, by (3.4.9), (3.4.21) and (3.4.22) the proof is complete.

3.5. Examples

3.5.1. Equations satisfying the assumptions of Theorem 3.4.1. Let us observe
that inequality (3.3.6) is satisfied if we take H = R, B : H; — H; such that
B(h1) =b- f({c,h1)n,) (Lurie type), b € D(A*A), c € D(A*) is an eigenvector of
A*, A has a compact resolvent and a real eigenvalue \ € o(A*), f(z) = tanh(z),
z = (c,u)n,, for example. Then DB(h1)A(h1) = b- f'({c,h1)m, )(c, Au), =
b(1/(cosh({c,u)p,))?)(A*c,u)p, and ||DB(h1)Ah1| .1,y < k. We may define
R= (A1) (A*)7! to deduce that assumption (A3) is satisfied.

Now, let us take H = H; = L*([0,1]) with an orthonormal basis {e;}3°,
and let A : Hy D D(A) — H; be the infinitesimal generator of a semigroup of
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contraction type, that is, Ap = dp(0)/df, D(A) = {p € W2([0,1]) : »(0) = 0}.
We consider a Hammerstein operator C : H; — H; such that

Ch)(s) = [ K (s, )10, h1)) i,
0
where K (s,t) = K;(s)K(t) with Ky(s) € C*([0,1]), K2(t) € C([0,1]), and f €

C1([0,1] x R) with |f(¢,z)| < a(t) + b|z|. Similarly we define B : H; — L(H, Hy)
as a Hammerstein operator on H;, putting

B(h)(e:)(s) = [ Ki(s,t)f(t, h(t))dt,
0
where K;(s,t) have similar properties as K (s,t) and they are uniformly bounded.
We take an operator R : H; — H; such that R = (I — A)~!, where A = d?/dx?.

Clearly, R is positive definite, symmetric and nuclear. Let us compute

DB,, stt (t, 20(t))h(t) dt .

Then assumptions (A1l)-(Ab) are satisfied. For example, let us verify (A3)(i) for
K, K >0

IR7*C(h)||3, = Z| R7'C(h1).en) |

Efn -2,

Z! L (14 n2)en) |

2

< KZ en H1| +n ‘(C(h1)7€n>H1’2)

W(MM+KG+MMMSKG+MN%)

because

(C(h), ), |2 UstLmhﬂ»ﬁ%U@’

IN

‘le s)en(s )dstg( a(t) + blhy(t) dt‘

ff(ub(f K0 ) 3,

K
F(l + |1 ll3r,) -

\ /\

IN
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Now we verify (A5) under a suitable definition of the function f(¢,z):
1

(DB(In)Ahi(e:)(s) = [ Kils, 6) f1(t, ha(£) Ry (¢) dt

0
= Ki(s, 1) f5.(1, ha (1)) ha (1) = Ki(s,0) £,.(0, h1(0)) 71 (0)

1
— [ K} (s,t) £ (¢, ha (1)) ha (2) dit
0
- fKi(Svt) tl‘;(t? hl(t))hl(t) dt
0

= [ K, t) £, (6, ha(8) iy (DR (8) dit
0

and ||DB(h1) Al Lom,ay) < K|ha|lm, if, for example, fi (¢, hi(t)) = fi..(t, ha())
X hl (t)

Finally, let us take H = L?([0, 1]) with an orthonormal basis {e;}3°,. Let H;
be a real separable Hilbert space. For example, our assumptions are also satisfied
by a linear operator B : Hy — L(H, H;) such that B(hi)(e;) = b{c;, h1)m, (€;)
({(ci, h1) g, are uniformly bounded) for a given b € H; and fixed ¢; € Hy. Set
A=A a>21 R =(-A)" be D(—A), ¢; € D(A*). We observe that

B, (h1)Ahy(ei) = blci, Ah1)u, (ei) = b(A ¢i, ha)m, (eq)
and assumption (3.3.5) is satisfied.

3.5.2. Stochastic delay equations. We first introduce the space M?. For fixed
r € Ry we put [ = [-r,0] and M? = R" x L?(I,R"). The elements of M? are
denoted as follows:

(i) e M? foracR", pe LA(IR"Y).
In M? the natural inner product is used:

ai a9
) = (ai,a + , 5 .
<<<P1> (@2>>M2 (a1, az) + (1. 92) 121 mr)

Equation (3.3.1) can be a model for stochastic delay equations of semilinear
type:

m 0
@5y 0= (;Aw(t—ﬁw_[ AB)a(t +0) d0)dt + S(a)du() .
70(0) = ¥(6).,

where t € [0,T] and ; € Ry are fixed, 0 =79 < ... <7y, =7
The following hypotheses are assumed:
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(B1)  (x(f))tefo,r) is an R"-valued stochastic process and (w(t))¢>o0 is an H-
valued Wiener process, z4(0) = z(t+60) for 6 € I, t € [0,T], and A;, A(0)
are n X n matrices, the elements of A(f) being square-integrable on I,
Y : L*(I,R") — L(H,R™) is an operator,

(B2) 4p:1x 2 — R"is By x Fo-measurable and such that
(5) € and Bllwliel < oo,
¥()
where 9B ;) is the o-algebra of Borel sets on I,

(B3)  the operator X satisfies the growth and Lipschitz conditions analogous to
(A3) in §3.3,
B4) X € C! and its derivative is globally Lipschitz (see §3.3),
b
(B5)  the operator X satisfies the condition analogous to (A5) in §3.3.

It is known from [5], [77], [81] that there is exactly one solution (x(t))c[o,m)
to equation (3.5.1) in the sense of Definition 3.3.1.

Remark 3.5.1. The linear term in equation (3.5.1) is sufficiently general
([5]) to include most linear autonomous functional differential equations arising
in applications.

To write (3.5.1) in the form (3.3.1) we denote by A the infinitesimal generator
of a contraction semigroup (7'(t));>o on L?(I,R™). Let

D(A) = {p e WH(I,R™) : p(0) =0}, Ap= ziTcg
and
moe0@={§0 et

where t >0, 0 € I. N
In case X = 0 we define a family (S(¢))¢>o of operators acting on M? by

s (e

The family (S(t))¢>0 is a Cp-semigroup of bounded linear operators. Following
the idea used in [5], p. 500, we can introduce an equivalent norm in M? such that

(S(t))t>0 becomes a semigroup of contraction type.

Now we rewrite (3.5.1) in the following form for z(t) = (ft((t.))):

0

£x(6) = lgoAix(t—m)—i—fA(Q)x(H—Q)dH &t + 5o dwld),

—-T

Az (")
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where for arbitrary ¢ € L?(I,R") we define 2’(5) : H — M? by

f’(g)h = <E(§)h> for every h € H .

We now define the operators A and B of (3.3.1) for our example. Let

o) ={(70)) v e wiarn )

()
m 0
A@@}:gymm+fmmww
() f:lr
¥

and

5(00) = (o) = 500,

B(J.))(h) _ (E(w((-)))(h)> ‘

Here A: M? D D(A) — M2, B: M? — L(H,M?). We take H; = M? and now
(3.5.1) has the form analogous to (3.3.1).

‘We observe that the term which is needed for the construction of the correction
term in (3.3.2) is in this case

otz =08 7)) (1))

- (PEEDEON g () e

therefore for h € H

3.5.3. Stochastic wave equations. Consider (see [14], [17], [56]) the initial
value problem for the wave equation in R":
0%z n
@:AZJ‘FT}(TS,S) fOI'gER,t>O,
0z

2(075) = Zo(f), a(&g) - Zl(g) for §€ Rn,

where 7(t, ) represents a noise disturbance.
In the Hilbert space H = H'(R") x L?(R™) we define the operator A as follows
(H*(R™) are the usual Sobolev spaces for i = 1,2):

D(A) = H*(R™) x H*(R")
and for z = (21, 22) € D(A) let (A denotes the Laplacian)

=5 D)
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The operator A is the infinitesimal generator of a Cy group T'(t) of operators on
H satisfying (compare [56], p. 219)

|T()[r, < exp(2[t]) .
We obtain the model

() =m0 (3)+ fre-a(()oo

4. Comparison of the results

4.1. Finite-dimensional case. We consider the case (see Chapter 3) where
H = R4 H; = R" (see [27], [67]). Let 2,z € R". Then B : R® — L(RY R"),
DB(z) € L(R", L(RY,R™)) and DB(z)(z) € L(RY,R") is given by a matrix

DBi1(2)(x) ... DBya(2)(x)

AR) (@) = | oo
DBh1(2)(z) ... DBha(z)(x)
We put
&1 m
RisX=]|:], Risy=
€a Nd

<
>
>-.<
I
<9
N
[+
-
|3
NM.
@ s
/ -
o
=
D
782
o
N—
N———
3

d n d
882 z
@Y = 3535 B p g
We omit X and Y in the last sum and obtain the matrix

(Z Z aBm pi)jk = (Zj1)jh=1,...a = (p).

=1 [=1
Consider its trace

i Z% ZZZ%” Bz

j=14=1 i=1

We rewrite it in the form of the inner product of two vectors in R™ (cf. (3.3.3)):

tr & (p zj: (;Z::alg” >pz
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", 9B;
Blj ), i=1,...,n,
<'1l:1 8 i

J

The first vector

is exactly the correction term El obtained in [27], [67] for the finite-dimensional
case.

4.2. Stochastic delay equations. Now we would like to compare two types
of correction terms derived for stochastic delay equations in §2.3 and in §3.5 for
the different spaces occurring in these two models. In §3.5 we have

= () () e ()

and hence for the one-dimensional Wiener process

0
¥(0) DX (p()v() ap(0)+ [ (s)u(s)ds
(4.4.2)  DB()( ) = = K ,
() (P70 - (o f
(4.2.3) DB(h1)B(hy) = (O‘i (90)> .

The last equality holds because the second coordinate in (4.2.1) is zero. We
observe that if & = p({0}) and u(s) is the density of the measure i (1 and ;& are
defined in §2.3), then the term

arh(0) + f w(s)u(s)ds

—-Tr

is the correction term in Chapter 2.

5. On the relation between the It6 and Stratonovich
integrals in Hilbert spaces

The correction term introduced in Chapter 3 is the same as the one obtained
in the course of transition from the It6 integral to the Stratonovich integral in [80].

As is well known, the Ito stochastic integral is convenient in some problems
because it is a martingale. However, the Stratonovich integral is particularly
suitable for applications to problems described by stochastic differential equations
because it does not give any correction term in the approximation theorem of
Wong—Zakai type. Also, the rules of classical calculus apply to that integral.

For this reason, the Stratonovich integral has been much discussed in the
literature ([2], [18], [66]).

In the sequel, we use the notation of Chapter 3.
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DEFINITION 5.1 (see [80]). We define the Stratonovich integral for an operator
¢:10,T) x HA — L(H, Hy) by

b
(5.1) () [ é(t,2(t)) dw(t) = lim S,

n—oo

= Jim 52 0( 36 + ), 3 A5) + 20050 ) 6) — ()

The limit is in the P-a.s. sense and a = tj < t7 < ... <t = b is a partition
of the interval [a,b]. Set A" = t7 — 7 _; for j = 1,...,n. We assume that the
sequence of partitions is normal and the limit does not depend on the choice of
the partition. The operator ¢ is continuous with respect to the first variable and
it has the same properties as the operator B in §3.3 with respect to the second
one.

We recall the definition of the It6 integral:

b
(52)  (T) [ ¢t 2(t) dw(t) = lim I,

J—00

= lim Z Gt 1, 2(t] ) (w(t]) —w(t] ),

with the same assumptions as in Definition 5.1.

Moreover, this integral is a continuous, square-integrable H;-valued martin-
gale (see [17], [46]).

The following theorem is proved in [80]:

THEOREM 5.1. Consider an operator ¢ : [0,T) x Hy — L(H, Hy) satisfying
the assumptions of Definition 5.1 and Lipschitz with respect to the first variable.
Let (2(t))efo,r) be the mild solution to the stochastic differential equation (3.3.1).
Then the Stratonovich integral (5.1) exists and

(5.3) (8) [ ¢(s.2(s)) dw(s) = (1) [ (s, 2(s)) duw(s)

t

b5 [ H@D-0(s, () Blo(s))) ds.

0

Remark 5.1. If we put ¢(t,2(t)) = B(2(t)) then the correction term in (5.3)
has the form

%f tr(QDB(2(5))B(2(s))) ds .

It is the same correction term that occurs in the approximation theorem of Wong—
Zakai type.
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Remark 5.2. Our original problem in this chapter was to establish the
transformation rule for the above types of integrals. In [80] it is pointed out that
if we evaluate the integral as the limit value of approximating sums then the type
of the result depends on the choice of intermediate points.

We can now define (see [2]) the stochastic differential equation in terms of the
integral
¢

)] 0.5 ( 1)) = ©)f Be) o),

0
Then the Stratonovich equation can be symbolically written as

(S) dz(t) = Az(t)dt + C(2(8))dt + B(z(t))dw(t),  2(0) = .

In our case, where @ = (0, B) and the driven process is (5]((88)) >7 the transition

formula (5.3) yields the It6 equation
dz(t) = Az(t)dt + C(2(t))dt

(1 + 1(QDB(=(t)B(=(t)))dt + B(=(t))duw(b),
2(0) = 2o

corresponding to the above Stratonovich equation in the sense of coincidence of
solutions.

6. Conclusions

A new form of the correction term was computed for functional stochastic dif-
ferential equations defined on some spaces of continuous functions (see also [79]).
A new form of the correction term was also introduced for semi-linear stochastic
evolution equations in Hilbert spaces. In the latter case the Wong—Zakai type
theorem was proved for the first time in [78] with this correction term although
the term itself had already appeared in the literature [19].

As already mentioned, these correction terms also appear in formulas giving
the relations between the It6 and Stratonovich integrals ([18], [80]), as was to be
expected from the one-dimensional case.

Another important application of the Wong—Zakai theorems is that they con-
stitute an important part of the proofs of theorems on the support of mea-
sures connected with solutions of the appropriate stochastic differential equations.
Namely, our future aim will be to describe the topological support of a measure
connected with the solution. We expect that it equals the closure of a set of so-
lutions to differential equations obtained when the noise process is approximated
by a sequence of smooth functions. The correction terms considerd here also
give some indications for computing the It6 formulas for stochastic differential
equations considered in this paper.
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Finally, one of the most important applications of new correction terms may
be in filtering theory when their application can simplify the filtering equations in
models with coloured noises. When the input and measurement noise in a model
are not white noises but they are independent of each other, the construction of
a filter is possible but it has a more complicated character. A standard way is
to model these noises as the output of another model driven by the white noise.
After the Kalman filter is constructed, it may turn out to be only suboptimal.
The question arises how to design the filter equations by applying to coloured
noise the approximation procedure and the correction term of the Wong—Zakai
type approximation theorem.

More exactly, it is well known that the signal process z(t) and the observation
process y(t) are governed by stochastic differential equations. The best estimate
of (t), when y(s) is known for any s < t, is given by the conditional expectation
E(z(t) | §¢), where §! is the o-algebra generated by y(s) for 0 < s < ¢. The
filtering problem consists in comparing, under general assumptions, the condi-
tional distribution of x(t) given {y(s) : s <t} with a density p(t,z). This can be
obtained by normalizing the solution of the Duncan—Martenssen—Zakai equation
([15], [24]). As was already mentioned, applications of the stability results can be
obtained by adding the correction term to the filter equations when the coloured
noises appear in the model ([22], [24]). It is likely that one can obtain similar
results for the models described by the equations considered in this paper.
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