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Introduction

In this article our purpose will be to examine the conditions under which a
locally convex space has a subspace or a quotient space which is isomorphic to
a Fréchet space. The concrete Fréchet spaces we have in mind are the nuclear
Kothe spaces or the space w ~ K. By a nuclear Kéthe space we mean a nuclear
Fréchet space which has a basis and a continuous norm.

In [8] Eidelheit has proved that every proper Fréchet space has w as a quotient
space. For another proof of this and results about kernels of surjections onto w,
we refer to Vogt [19]. The search for nuclear Kothe quotients of Fréchet spaces
was initiated by Bellenot and Dubinsky [1]. The present authors in [13] (cf.
also [12]) showed that the assumption of separability in the theorem of Bellenot
and Dubinsky is redundant. More precisely, they have proved that either every
continuous operator from a given Fréchet space F into any nuclear Fréchet space,
which admits a continuous norm, is bounded or E has a nuclear Kéthe quotient.
Since we will encounter similar dichotomies also in this work, let us make a short
detour.

If every continuous operator T' : F — F' is bounded we will write as usual
L(E,F) = LB(E,F). If this holds and neither E nor F' is a normed space,
then of course E cannot be isomorphic to a subspace of F' and F cannot be
isomorphic to a quotient space of E. Pairs of Fréchet spaces E and F' for which
L(E,F) = LB(E, F) have been completely characterized by Vogt [18]. We shall
also refer to the articles by Bonet [3] and Bonet—Galbis [4] in the general case.

In the case of subspaces, Bessaga and Pelczyniski [2] proved that a Fréchet
space is either isomorphic to w x Banach or it has a nuclear Kothe subspace. The
existence of common nuclear Kothe subspaces was examined in [15] and [16]. To
deal with this question in the case of general locally convex spaces we introduce
the concept of almost boundedness in Section 1, and examine the properties of
almost bounded sets and operators. Although by means of these results we can
derive some interesting theorems for example about the structure of spaces which
have w as a subspace, most of them will be generalized further in the subsequent
sections.

Section 2 is on Kidelheit’s theorem. Our main tool there is the concept of
completing sequences of De Wilde [5]. The existence of an unbounded completing
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sequence in a locally convex space gives us a means of constructing a surjection
onto w which lifts bounded sets (Theorem 2.3). The spirit of the construction
is similar to the proof of Eidelheit’s theorem. The class of webbed spaces is the
natural context of completing sequences. For certain webbed spaces F we again
have the dichotomy that either L(F,w) = LB(FE,w) or w is isomorphic to what
we call a faithful quotient of E (Corollary 2.5). In Section 3, we examine the
existence of nuclear Kéthe quotients.

In Section 4, we look at the question of Fréchet subspaces by using the concepts
of almost boundedness and completing sequences. Here we also generalize some
of the results of Section 1 by using an idea of Valdivia [17]. Again we have the
dichotomy that either L(FE, F) = LB(E, F') for every Fréchet space E or F has a
proper Fréchet subspace (Theorem 4.5).

In Section 5, we apply our results to inductive limits of Fréchet spaces, pro-
jective limits of DF-spaces and the projective limits of DFS-spectra of sequence
spaces. In the final section we consider the space C'(X) of continuous real-valued
functions on a completely regular topological space X. Whenever possible we
relate the existence of concrete Fréchet subspaces and quotient spaces of C(X)
to the topological properties of X.

Our notation and terminology is quite standard. We refer to the books by
Kothe [11] and Jarchow [10] for the general theory of locally convex spaces. We
consider locally convex spaces over the field K of real or complex numbers, which
are assumed to be Hausdorff unless stated otherwise.

Finally, we would like to thank the Scientific and Technical Research Council
of Turkey for partial support.

1. Almost bounded sets and operators

We denote by U(E) a base of neighborhoods of a locally convex space (lcs) of F
consisting of barrels and by F(F) the collection of finite-dimensional subspaces.
A subset A of E will be called almost bounded if for each U € U(FE) there is
L € F(E') and ¢ > 0 with AN L+ C poU. A bounded subset is almost bounded.
Trivially, any subset of E[o(E, E’)] is almost bounded. Therefore if P : E — E
is a projection whose range is isomorphic to K, the product of I copies of the
field K, then any subset of P(E) is also almost bounded. This is the reason why
we consider almost bounded subsets. We first need two rather technical lemmas
in order to dualize this concept.

1.1. LEMMA. Let A be an absolutely convex closed subset of a lcs E. Let L €
F(E). Then A+ L is closed.

Proof. If B is compact then B + L is already closed. We shall exploit
this simple fact. Let R : E™ — sp(A°)* be the restriction map, where A°
is the polar in E’. We equip these spaces with the topologies o(E"™*, E’) and
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o(sp(A°)*,sp(A°)). Since RA is bounded, RA is compact. Hence RA + RL is
closed. By the bipolar theorem, we have REN RA = RA. Soifz € REN (RA+
RL) then z — Rl € RE N RA for some [ € L. From REN RA = RA we get

REN(RA+ RL)=RA+ RL
and so this set is closed in RE. Also R~*(0) N E C A for any ¢ > 0. Therefore
R7Y0)N(E+ A) = A and
A+LCENR Y RA+RL)CA+L.m
If A is almost bounded and U € U(FE), then by what we have shown U° C
0A° + L for some 6 > 0 and L € F(E’). This is what motivates the next result

which is purely algebraic in character. Here and throughout I'(D) denotes the
absolutely convex hull of the set D.

1.2. LEMMA. Let A and B be two absolutely convex subsets of a lcs E which is
not necessarily Hausdorff. Suppose A is closed and bounded and B only bounded.
Let E = sp(A) @ G where the sum is only algebraic. If there are L € F(E) and
0 > 0 such that

BCpA+L
then we can find z1,..., 2, € G so that
BCo(A+TI{z,...,2n})
for some 6 > 0.

Proof. The assumption implies
BCpA+sp(A+B)NL.

We let L1 =sp(A)N L and find Ly € F(E) with L1 @ Ly = sp(A+ B) N L. We
decompose L, further as Ly = M & F where M N {0} = {0} and F' C {0}. Since
A is absolutely convex and closed, we have W C A and therefore for some 97 > 0
we obtain

BC oA+ M+ L.

Ifz e M, ye Lyand x+y € {0}, thenz+y =a € A. Soy =x—a € sp(A)NLy =
{0}. Hence y = 0 and therefore x = 0. This gives (M + L) N {0} = {0} and so
the topology is Hausdorff on M + Ls. Now the above inclusion implies that there
is a bounded subset D with

B C 01A+ DN (M + Ly).

This means that there are a finite number of points x; € E so that
BC oA+ T{zy,...,z,}.

We finish by writing each x; as y; + z; where y; € sp(A) and z; € G. =

The following is an immediate consequence of the preceding result.
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1.3. COROLLARY. Let A and B be absolutely convex subsets of a lcs E, A
closed and B bounded. Suppose we have E = sp(A) @ G where the sum is purely
algebraic. If there are L € F(E) and o > 0 with

BCoA+L
then there are z1,...,zn € G and 6 > 0 with
BCo(A+TI{z,...,2n})-

Proof. We equip E with the topology 7 = o(E,sp(A°)). Then A is 7-closed
and 7-bounded. B is T-bounded. So the result follows from Lemma 1.2. m

An absolutely convex and bounded subset B will be called a disc, and if
the normed space E[B] = sp(B) is complete, B will be called a Banach disc.
From now on if we write £ ~ F' @& G with no additional remarks, we mean FE is
isomorphic as a lcs to the direct sum of les F and G. By K we denote the
direct sum of I copies of K.

1.4. THEOREM. Let E be a (ultra) bornological lcs. Suppose there is a closed,
absolutely convex subset A of E with the following property: for every (Banach)
disc B in E there are L € F(FE) and o0 > 0 with B C pA+ L. Then E ~ F@ KW{)
for some index set I and AN F is a neighborhood in F.

Proof. Let F' =sp(A) and decompose E algebraically as E = FF & G. Let P
be the projection with kernel F' and range G. We will show that P is continuous.
Let B be a (Banach) disc. By Corollary 1.3 there are z; € G and § > 0 with

BCOo(A+TI{z,...,2n}).

Hence P(B) C I'{z1,...,2n}. This shows that every bounded subset of G is
finite-dimensional and P : E — FE is continuous, since E is (ultra) bornological.
Since G is also (ultra) bornological, we have G ~ K1),

Let D C F be bounded. Then there are L € F(E) and p > 0 with D C pA+L.
This gives again B C dA + I'{y1,...,Yn}, yi € G. Applying I — P, we obtain
B C §A. Since F is also (ultra) bornological as a quotient space of E, AN F'is a
neighborhood because it absorbs every (Banach) disc of F. m

Before we proceed any further we would like to examine the stability of the
class of almost bounded sets under certain operations. We will first prove that the
closure of an absolutely convex almost bounded subset is also almost bounded.
The proof of this is not trivial and we need a modification of Mazur’s method for
extracting basic sequences (cf. [7]; Chap. V).

1.5. LEMMA. Let A and B be two absolutely convex subsets of a lcs E such
that B is closed, A C sp(B) and ANL* is not absorbed by B for each L € F(E').
Suppose F' € F(sp(B)) is such that qp, the gauge of B, is a norm on F. Then
for every e > 0 and o > 0 there is x € A\ 0B such that qp is still a norm on
sp{x, F'} and for each y € F and each o € K we have

qp(y) < (1 +¢e)gp(y + ax).
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Proof. Assume 0 < ¢ < 1 and let z1,...,2, € FFN S be an £/4-net with
respect to gp for the compact set F'N S, where S = {y : qg(y) = 1}. We choose
v1,...,U, € B° such that

’Ui(Zi) > 1—5/4
Let
xeAﬂﬂv[l(O)\gB.
i=1
For y € FF'N S we determine ¢ with gg(y — z;) < /4. We have

gelax +vy) > qplax + z;) —qp(zi —y) > vi(ax + z;) — /4
€ € 1
vilz) =y 2 1=5 2 7

From this we get

q8(y) < (1 +¢€)gn(y + ax)
for arbitrary y € F. Now if gg(ax + y) = 0 for some « and y € F the above
inequality gives y = 0. Hence gp(az) =0 but gg(z) > 0>0. Soa=0. =

1.6. THEOREM. The closure of an absolutely convex almost bounded subset is
also almost bounded.

Proof. Suppose A C FE is absolutely convex and almost bounded. Let
U € U(E) be such that for every L € F(E'), the set AN L+ is not absorbed by
U. We aim to reach a contradiction.

Denote by || - || the gauge of U. Let ¢,, > 0 be such that [[(1+¢,) < 3/2. We
choose inductively a sequence (x,) by applying Lemma 1.5 so that

Iyl < (1 +en)llaznir +

for every y € sp{x1,...,2,}, @« € K, x, € A\ 2""U and | - || is a norm on
sp{zi}. The sequence (x,) is a || - ||-basic sequence with basis constant 3/2. To
see this let a1, ..., a, be given, m < n. Then

m
H Zaixi
i=1

m—+1
<(1 —I—em)H Z ;T
i=1

<(A+em)...(1+en)

n 3 n
Zaz‘xi < 5” Zaixi
i=1 i=1

This shows that (x,,) is a basis of sp(z;) and || - || is a norm on this space. We
will now perturb this sequence by choosing y,, € A such that ||z, —y,| <2773
Let (uy,) be the associated sequence of coefficient functionals for (x,). We may
assume u, € 2(3/2)U°. Since

D lunll 2 = yall < 1
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the image (y,,(U)) of (y,) in the associated Banach space E(U) is a basic sequence
with basis constant K and it is equivalent to (z,(U)). From this it follows that
|| - || is also a norm on sp{y, : n € N}. Note that y,, € A but y,, € 2"U. Since A
is almost bounded we can find L € F(E’) and p > 0 with

NMy,:neN}NLt c ANLt c oU.

Let =} ., n¥n, and a,, = 0 after some index, [[z[| < 1. Then a,y, € 2KU,
where K is the basis constant of (y,). Since y,, ¢ 2"U, we have |a,| < 2K/2".
This means

2K
sp{yn:n>k}ﬂUC2—kA

and therefore
Ko
2k71

sp{yn :n>k}NUNLT C UnL*.

Since || -|| is a norm also on sp{y,, : n € N}, this implies sp{y,, : n > k}NL+ = {0}
for k sufficiently large, but since L € F(E’) this cannot be true. m

Remark. The absolutely convex hull of an almost bounded subset need not
be almost bounded. Here is an extreme example. Let (e,) be the canonical basis
of /1 and

A= U sp{en}.

For e = (1,1,...) € £, we have AN e 1(0) = {0} and so A is almost bounded.
However, I'(A) = ¢ is not almost bounded, because it is dense in ¢;.

We now give a dual characterization of absolutely convex almost bounded
subsets.

1.7. COROLLARY. An absolutely convex subset A of a lcs E is almost bounded
if and only if for every U € U(E) there are L € F(E") and o > 0 with
U° C pA°+ L.
Proof. If A is almost bounded, we may assume by the theorem that it is
closed. Hence from
ANLY coU
we get by taking polars and using Lemma 1.1
U° C(pA°+ L) =pA°+ L.
If on the other hand, we start with the above inclusion, taking polars in £ we
have
ANLCA°NLCoU®=pU.n

1.8. PROPOSITION. The image under a continuous operator of an absolutely
convex almost bounded subset is almost bounded. The sum of two absolutely convex
almost bounded subsets is also almost bounded.
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Proof. Let T : E — F be continuous and A C FE absolutely convex and
almost bounded. Given V' € U(F') we find U € U(E) so that T(U) C V and by
Corollary 1.7 we determine L € F(E'), o > 0 with

U° C pA° + L.
Since T"(V°) C U°, we have
Ve CoT' 1A+ T (L).
Let Ly = T"~1(0)NT'~1(L) and Ly be any algebraic complement of Ly in T"~1(L).
Trivially we have L; C T""1(A°) = T(A)° and Ly € F(F’). Therefore
Ve CO6T(A)° + Lo

for some § > 0. This proves the first statement. The second follows by applying
the first to the map (z,y) —» z+y. =

Our next result is, in a certain sense, the dual of Theorem 1.4. It gives us
means of distinguishing between boundedness and almost boundedness. In the
proof, Grothendieck’s completeness theorem is used.

1.9. THEOREM. Let E be a complete lcs and A an absolutely convex, almost
bounded subset. Then there is a subspace F' of E an index set J with E ~ K oF
such that the image of A in F is bounded.

Proof. We consider a projection @ : B/ — E’ with kernel E’[A°] and set
G = Q(E’). On E’ we put the topology ~*, where we follow the notation of [10].
For each U € U(FE), we find o > 0 and L € F(E’) so that

U° C pA°+ L

(Corollary 1.7). By Corollary 1.3 we obtain

U° COA° + I'{wy,...,w,}
for some § > 0 and w; € GG. Therefore

QU°) C I'{wy,...,w,}.
Suppose (uq) is a net in U® which converges weakly to u € U°. Let u=da+w
where a € A°, w € I'{wy,...,w,}. Hence Qu = w. Now (Qu,) is a net in a
finite-dimensional bounded subset. If it has a subnet which converges to w’ €
I'{wy,...,wy,}, then (u, — Qugy) has a subnet which converges to some da’, a’ €
A°. Since u = dd' + w' = da + w, we have Qu = w' = w. Hence (Qugy)
converges weakly to w = Qu. This implies that Q is «‘-continuous and therefore
v-continuous ([10]; 9.3.4). Since E is complete, by the Grothendieck completion
theorem (E’[v])’ = E and therefore there exists a -0 continuous projection P :

E — E whose adjoint P’ = Q. We next want to show P(E) ~ K.
If w e U°, then

Qu =Y &uw,
j=1
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where {w1,...,w,} is as above and ) [£;| < 1. So we get
< .
qu(Pr) < max |w;(Pz)
where gy is the gauge of U € U(FE). This means that the topology on the complete

lcs P(E) is equivalent to the weak topology and so P(E) ~ K for some set .J.
We put F' = P~1(0). From the inclusion U° C §A° + I'{wy,...,w,} we obtain

(I—Q)U° C §A°

and hence (I — P)(A) C 6U. This means that (I — P)(A) is a bounded subset of
F. Since P(E) ~ K, it follows that P is continuous with respect to the original
topology of E. m

Remark. If F is a complete lcs which admits a continuous norm, it follows
from Theorem 1.9 that any absolutely convex almost bounded subset of E is
either bounded or the sum of a bounded set and a finite-dimensional subspace.

Let us now see how we can differentiate between bounded and almost bounded
subsets. We keep the notation of the preceding proof. Since @ = P’, it is weakly
continuous and therefore its kernel sp(A°) is o(E’, E)-closed. If A is not bounded,
we find u € E’ which does not belong to sp(A°). Now we determine xz € F such
that u(z) # 0 but a(x) = 0 for every a € A°. This means Az € A°° = A for every
A € K. So we have proved the following result.

1.10. PROPOSITION. An absolutely convex almost bounded subset A of a com-
plete lcs is either bounded or A contains a non-trivial subspace.

Suppose V' is an almost bounded neighborhood of a complete lcs £ and sup-
pose U € U(E) is such that ¢y(-) is a norm on E. We choose W € U(FE) with
W C VNU. Then, W is an absolutely convex closed almost bounded neigh-
borhood. Further, W contains no non-trivial subspace. Therefore from Proposi-
tion 1.10 we get

1.11. COROLLARY. If a complete lcs E has an almost bounded neighborhood
then either E admits no continuous norm or E is a Banach space.

A continuous operator T : E — F' is said to be almost bounded if there is a
neighborhood U in E such that T'(U) is an almost bounded subset of F. Using
the properties of almost bounded subsets we have already established, we can
easily prove the following result.

1.12. PROPOSITION. The almost bounded operators form an operator ideal on
the category of locally convex spaces.

Every bounded operator is of course almost bounded. On the other hand,
every T € L(E, K”) is almost bounded. In fact, if T : E — F is almost bounded
and F' is complete, then by Theorem 1.9 there is a continuous projection P :
F — F such that P(F) ~ K7 and (I — P)T is a bounded operator. Therefore
(I — P)T factors over a Banach space. Conversely, any operator which factors
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over K7 x Banach is almost bounded by Proposition 1.12. We collect these in
the following

1.13. PROPOSITION. A continuous operator from a lcs into a complete lcs is
almost bounded if and only if it factors over a space of the form K7 x Banach.

In [2] Bessaga and Pelczynski proved that a Fréchet space which is not iso-
morphic to K7 x Banach has a subspace which is isomorphic to a nuclear Kéthe
space. In [16] it was proved that if T : E — F is an unbounded operator and
E, I are Fréchet spaces where F' is assumed to be isomorphic to a subspace of
a space which has a basis and a continuous norm, then F has a subspace which
is isomorphic to a nuclear Kothe space A(A) and the restriction of T to A(A)
is an isomorphism (cf. also [15]). Our final result in this section combines and
generalizes both of these theorems.

1.14. PROPOSITION. Let T : E — F be continuous and not almost bounded.
Suppose E is a Fréchet space. Then there is a nuclear Koéthe space A(A) which
is isomorphic to a subspace of E such that the restriction of T to A(A) is an
isomorphism.

Proof. We follow quite closely the proof of the main theorem in [16]. Using
the continuity of 7" and the assumption that 7" is not almost bounded alternately,
we find V,, € U(F),U,, € U(FE) with the following properties:

(U, DU3D...,ViDVeDV3D...

(ii) T(Ux) C Vi,
(iii) T (Ux) N L+ is not absorbed by Vi1 for any L € F(F'),
(iv) (Ug) is a base of neighborhoods for E.

Let | - | and || - ||x be the gauges of Uy and Vj respectively. As in [16] and
Theorem 1.6 we construct a sequence (z,,) in E such that

2" xplk < || Txn|lks1  forn >k
and (T'z,,) is a || - || x-basic sequence for each k. We set a® = |z, [ and
A={(aF):k=1,2,...}.

A(A) is a nuclear Kothe space and the restriction of 7' to sp(z,) ~ A(A) is an
isomorphism. =

2. Eidelheit’s theorem

In [8] Eidelheit proved that any proper Fréchet space E has w ~ K" as a
quotient space. If () : E — w is a quotient map, since w is a nuclear space, for
every bounded subset B of w there is even a precompact subset D of E with
B C Q(D). This means that wj =~ ¢ is isomorphic via @’ to a subspace of
E'[r], where T is any topology between the topology of uniform convergence on
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precompact subsets of E and S(E’, E). A lcs F is said to be a faithful quotient
of F if there is a continuous operator @ : E — F with the following properties:

(i) Q(E) = F and @ is open,
(ii) for each bounded B C F there is a bounded subset D C E with B C Q(D).

In this case we call Q a faithful surjection and of course @' is an isomorphism of F},
onto a subspace of EJ. One could say that a surjection which lifts bounded sets is
a faithful surjection. For example, a surjection of a Fréchet space onto a Fréchet—
Montel space is faithful. Another result due to Fakhoury ([5]; Prop. VI.3.5)
states that a surjection whose kernel is a Fréchet space always lifts compact sets.
On the other hand, one could construct various examples of surjections which
are not faithful. For example, let F' be a lcs whose bounded subsets are not all
finite-dimensional. A theorem of Dierolf [6] states that there is a continuous open
map of a les E/, whose bounded subsets are all finite-dimensional, onto F'. There
are also examples of Montel-Kothe spaces which fail to be Schwartz (cf. [10];
11.6.4). Such a space has ¢; as a quotient space but of course ¢; here is not a
faithful quotient.

Our purpose is to determine which locally convex spaces E can have w as a
faithful quotient. If every continuous operator T : £ — w is bounded, then of
course w cannot be a quotient space of E. In case of webbed spaces we shall see
this is the only obstruction.

A sequence of absolutely convex subsets A7 D Ay D A3 D ... of alecs F is
called a completing sequence if x,, € A,, implies that the series > z,, is convergent
in E. Let (A,) be a completing sequence in E. If T': E — F' is continuous, then
(T'(A,,)) is a completing sequence in F. For U € U(FE), there is a k such that
A, C U for all n > k. In particular, (A, = {0} since E is Hausdorff and
E'" =J7 | E'[A}). For more information on completing sequences we refer to [5]
and [17].

Let W = {C,, .. n,} be an absolutely convex C-web in E ([5], [11]). For any
(nk) € NN, let g > 0 be the associated sequence, which we may assume to be
decreasing without loss of generality. If we now set

we get a completing sequence (Ay), which we will call a completing sequence
derived from the web WW. Our first lemma is really a rewording of the classical
open mapping theorem of Banach.

2.1. LEMMA. Let (A,) be a completing sequence of E and let T : E — F' be
continuous. Then the following are equivalent:

(i) T(
(i1) T'(Ay,) is a neighborhood for each n.
(iii) (T'(A,)) is a base of neighborhoods in F.

A,,) is a neighborhood for each n.
An)
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Proof. It is necessary to prove (i)=-(ii) only. We set By = Ay, B, =
27"+l A,, n > 2. Then (B,) is a completing sequence and B,, C 2B,,_;. It is
enough to prove the assertion for T'(B,,).
Fix k and let V be a neighborhood of zero in F' with V' C T(By). Fix
y € V. Choose xp41 € Bri1 with y — Txgy1 € T(Bg+1). By induction find
x; € By, 1 > k+ 1, with

m
y— > Tz € T(Bmi1).

i=k+1
If we set
o0
i=k+1

then € By. Also y — Tz € T(B,,) for each m and this implies y = Tx. m

Existence of a completing sequence consisting of unbounded sets is essential
in what follows. Our next lemma is crucial for the inductive construction used in
the proof of the main result of this section.

2.2. LEMMA. Let (A,) be a completing sequence in E such that each A, is
unbounded. Then for every n and L € F(E') the set A, N Lt is unbounded.

Proof. First note that we may assume without any loss of generality that
E is complete. Suppose Ay N L+ is bounded for some L € F(E’). Then for any
U € U(E) we have
U° C oA, +L
for some g > 0. Therefore for some G € F(E') we have
E =FE'[A}]®G.

Let Q : E' — E’ be the corresponding projection onto G. There is a projection
P:FE — E with P’ = Q (see the proof of Theorem 1.9). (I — P)(A) is bounded
and P(FE) is finite-dimensional. So the topology of P(E) is generated by a norm
| -||. We find V€ U(E) such that ||Pz| < oqv(x) and m > k so that A,, C V.
Then P(A,,) C P(V) which means that P(A,,) is bounded. Since A,, C Ay, we
conclude that A,, is a bounded subset of E. =

We are now ready for the main result of this section.

2.3. THEOREM. Let (A,) be a completing sequence in E and let T : E — F
be such that T'(A,) is unbounded for each n. Then there is a faithful surjection
Q:F — wsothat QT : E — w is also a faithful surjection.

Proof. Without loss of generality we assume A,, C %An_l. Since T'(A;) is
unbounded we find v; € F’ with

sup{|v1(Tz)| : z € A1} = 0.
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We determine x1 € Ay with v1(Tz1) = 1. T(A3) is unbounded. We claim we can
find v € F’ with the following two properties:

sup{|va(Tz)| : z € Ay, v1(Tx) =0} =00, v2(Tz1)=0.

1) =

If this were impossible, then this would mean that whenever v(7Tz1) = 0 then v

is bounded on T'(A) Nwv; *(0), v € F’. So we would obtain
{Ta1}" € F'[B3)
where By = T(Az) Nv; H(0). Let
F' =Tzt &G
for some G € F(F'). We find n > 2 with
G € F'[(T(A) oy (0))°].
This means, however,
F' = F'[(T(An) Nvy(0))°]
and hence T'(A,,) Nv;*(0) is bounded. However, this contradicts Lemma 2.2.

Proceeding in this fashion, we choose sequences v, € F’, x,, € E with the
following properties:

(i) zp, € A,
(ii) sup{|vn(Tx)| : ZL'EAn, vi(Tx)=0fori=1,...,n—1} = o0,
(iii) vn (T2m) = On,
We then define @ : F' — w simply by Qy = (v,(y)). So QTz = (u,(x)) where
Uy, = T'vy,.
For (§,) € w, we find 23 € Ay with v1(Tz) = & and for i > 2, z; € A,
’Uj(TZZ‘) =0,7=1,...,i—1, with

n(Tzn) = Zvn Tz).

We set z = >z, € F and get QTz = (§,,). Hence QT and @ are onto w.

Recall that A, C $A,_;. Given & € w with |§] < 1/k for i = 1,...,k for
some k, we write & = 1+ pu where p = (0,0,...,0,&+1,&k+2,...). Then we find
zi € A, i > k41, so that if

oo
zZ = E Zi

i=k+1

then QTz = p. We note z € A;. Since Y \;x; is convergent in E for every ()\;)
which satisfies Y |\;| < 1 we see that the set

_ {ixixi;ZyA,w 31}
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is compact in E (cf. also [17]; Prop. 5). Son € QT(I'{z1,...,7x}) C QT(L).
This shows that for each k, QT'(27*L + A}) is a neighborhood in w. We have

1 J—
—L+A,)=—L+A4,
(e ) =it

and also (27"L + A,,) is a completing sequence in E. Hence by Lemma 2.1, QT
and therefore () are open maps.

Since w is a Fréchet—Montel space, a bounded subset S is contained in the
absolutely convex closed hull of a sequence (7,,) which converges to zero. Setting
27"L + A, = D,, we choose i, T oo such that for i, < m < ixy; we have

Nm € QT'(Dyg). As in the proof of Lemma 2.1 we find z]* € D; such that

o
=1
for i1 <m < i5. We have
o
21 = Z:C}n €2D;.
=1
We proceed in this fashion and find z}" € D; for i), < m < ip4q so that
o
Zm = Z l‘;n € Dy_1
1=k

and QT'z,, = Ny, Then
Fi. = {l‘zn 1 <m< ik+1} C Di_q

and {z]"} C |JFx. The sequence (z,,) certainly converges to zero. Since I'(F})
is a compact subset and I'(Fjy) C Dp_; we can define a continuous function
O : [l I'(Fx) = E by O((tn)) = >_ tn and so (zm) is a sequence in the compact
set O(][ I'(Fy)). Hence for every o € {1, the series ) a2, is convergent and the
absolutely convex closed hull of (z,) is equal to

M = { i)\mzm:2|)\m| < 1}.
m=1

We have S C QT'(M). =

Although we shall deal with webbed spaces in the context of this result in
detail subsequently, let us first indicate an immediate generalization of Eidelheit’s
theorem. If E is a Fréchet space with a base of neighborhoods (U,,) then setting
A = 27*U, we have a completing sequence (Ay) in E. This simple observation
yields the following result.

2.4. COROLLARY. If there is an unbounded continuous linear map from a
Fréchet space into a lcs F', then there is a faithful surjection of F onto w.
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By a web we shall always mean an absolutely convexr C-web. We say a web
W = {Cy,..n.} is eventually bounded if for any (ny) € NY there is some j so
that Cy,. ., is a bounded set. In this case if (Ay) is any completing sequence
derived from W, then each Ay is bounded from some kg on. For example when
F is a sequentially complete D F-space, the natural web is eventually bounded.
We would like to apply Theorem 2.3 to the identity map on a webbed space F.
If in this case the condition of Theorem 2.3 does not hold, then the web W is
eventually bounded. Therefore let us discuss this case in some detail.

For a web W which is eventually bounded and for a strand (n;) € NN we say
k is the terminal index it C,,,. 5, , is unbounded but C,, ., is bounded. We
collect all Cy,, ., over all strands (n;) which have k as terminal index and denote
the resulting set by Wx. Wy is countable. If we take the union of all W;’s over
all terminal indices k, we get a countable collection W}, of bounded subsets of E.
We order W, into a sequence (By) of bounded sets. For x € E given we can find
a strand (n;) such that z € C,,, ,, for each i € N. So z € By, for some k. So
E = J By, and thus the topology 7,, of uniform convergence on (Bj,) is a locally
convex metrizable topology satisfying

o(E',E) <1, <B(E,E).

Suppose further that W is a strict web. This is automatically satisfied if each
Ch,..n,, is also closed. Let T be a sequentially closed linear map of a Fréchet
space F into E. The localization theorem of De Wilde ([5], [11]) states that there
is a strand (n;) € NN and a sequence U®*) of neighborhoods of zero in F such
that for every k

TUH) C Chyoimy -

This implies that 7" maps a neighborhood into some Bj;. Hence, if E is a strictly
webbed space whose web is eventually bounded, we have L(F, E) = LB(F, E) for
every Fréchet space F'.

A corollary of the localization theorem states that every Banach disc D of F
is contained in some a;B; [11]. This means that

b(El’ E) <7m < ,B(E,, E)

if W is a strict web which is eventually bounded. Here b(E’, E) denotes the
topology of uniform convergence on Banach discs of E. In particular, if F is
also locally complete, then 7,, = B(E’, E) and therefore the strong dual E| is a
metrizable locally convex space.

We recall that a lcs F has the countable boundedness property if for every
sequence (B,,) of bounded subsets there are p, > 0 so that (J,-, B, is also
bounded. Every Fréchet space enjoys this property.

2.5. COROLLARY. If E is a webbed co-barrelled lcs then one and only one of
the following is true:
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(a) There is a faithful surjection Q : E — w.
(b) L(E,w) = LB(E,w).

If E is a webbed, barrelled space then (b) can be replaced by

(b) L(E,F) = LB(E,F) for every lcs F which has the countable boundedness
property.

Proof. Either there is a completing sequence (A,) in E such that each A,
is unbounded or the web is eventually bounded. In the former case we have (a)
from Theorem 2.3. So it remains to prove (b) or (b)’ in case the web is eventually
bounded.

Let T': E — w be continuous and (By) the sequence of bounded subsets of E
we have constructed, (Vi) a base of neighborhoods of w. We determine g, > 0 so
that

T(Bl) u...u T(Bk) C oV .

Hence B,, C T~ '(0,V,) for n > m. Each T~!(p,V,,) is an absolutely convex,

closed o(E, E')-neighborhood and each z € E is in (), T '(0,Vy) for some
m. Therefore, if F is ¢p-barrelled then

U= ﬁ T~ (0nVn)
n=1

is a neighborhood ([10]; 12.1.6) and so T'(U) is bounded.

Suppose now FE is barrelled and T : E — F' is continuous. Using the as-
sumption that F' has the countable boundedness property (cf. [3]), we determine
pn > 0 so that | Jo—; unT(By) is a bounded subset of F. If we denote by A the
absolutely convex, closed hull of this set, we conclude that T-!(A) is a barrel.
Hence T' is bounded. m

Remarks. A les E has the countable neighborhood property (cnp) if for
any sequence U,, € U(E) there is a sequence g, > 0 such that (", 0,U, is
a neighborhood [5]. It is known that E has the cnp if and only if L(E,F) =
LB(E, F) for every Fréchet space F' [4]. It can be shown that L(F,w) = LB(E,w)
if and only if for every sequence U, of o(F, E')-neighborhoods there is a sequence
on > 0 so that () 0,U, is a neighborhood. This property is equivalent to what
Bonet calls the countable linear form property ([3]; Prop. 14). From Theorem 2.3
we obtain that if E has this property and (Ag) is a completing sequence, then Ay
is bounded after some kg.

Let E be an infinite-dimensional Banach space and (u,,) a linearly independent
sequence of bounded linear forms on E. Then S : E[o(F, E’)] — w defined by
Sz = (un(z)) is continuous. Moreover, since S(E) is infinite-dimensional, S is
unbounded, although F, and therefore E[o(FE, E')], is a webbed space whose web
is eventually bounded. From this simple example it follows that the barrelledness
condition on F in Corollary 2.5 cannot be dropped altogether.
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Assume E[r] is only webbed and there is a continuous linear map 7' from E
onto a proper Fréchet space F'. Let 7, be the associated barrelled topology. If
I : E[n] — EJr] is the identity then TT : E[r,] — F is continuous and open.
Hence by Corollary 2.5, E[r,] has w as a quotient space. More particularly, there
is a continuous linear map @ from E[7,] onto w and a completing sequence (A,,)
in E[m] so that (Q(A,)) is a base of neighborhoods in w. Here A denotes the
closure with respect to 7,. (A,,) is of course a completing sequence in E[r] and
A, C A,,, the closure with respect to 7. So each Q(4,,) is a neighborhood in w
and therefore each A,, is unbounded. So we have proved the following result.

2.6. COROLLARY. If there is a continuous linear map from a webbed space E
onto a proper Fréchet space, then w is a faithful quotient of E.

3. Nuclear Kothe quotients

In [13] it was proved that if £ and F are Fréchet spaces, T : E — F' is
unbounded and F’ satisfies a certain normability condition (y) which will be given
below, then there is a nuclear Kéthe space A(A) and a quotient map @ : F' — A(A)
such that QT : E — A(A) is also a quotient map. A simple consequence of
this theorem is that either every continuous linear map from a given Fréchet
space E into any nuclear Koéthe space is bounded or F has a nuclear Koéthe
quotient [13].

We recall that a lcs F satisfies (y) if there is Vi € U(F') such that

= |J FpeInve
VEU(F)

where closure is taken in any admissible locally convex topology of the dual pairing
(F,F")y [13]. A lcs which satisfies (y) admits a continuous norm. Conversely,
any lcs which has the bounded approximation property and a continuous norm,
satisfies (y) [13]. We also refer the reader to [14] and [21] for further facts about
this condition and its relation to other normability conditions. We also note
that by a nuclear Kothe space we mean a nuclear Fréchet space which has a
basis and admits a continuous norm. Our first and main result is a Kothe space
version of Theorem 2.3 and it generalizes the theorem in [13] which we have just
discussed.

3.1. THEOREM. Let T : E — F' be continuous and assume that F' satisfies (y).
If there is a completing sequence (A;,) in E such that each T(A,) is unbounded
then there is a nuclear Kdthe space A(B) and a faithful surjection Q : F — X(B)
such that QT : E — \(B) is also a faithful surjection.

Proof. Let Vi be the neighborhood in condition (y). Using alternately the
continuity of 7" and the assumption on T'(A,), we determine 1 =n; < ng < ...
and Vi, € U(F) so that Vi1 C Vi, T(Ay,) C Vi and T'(F'[V°] N V2,,) is not
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absorbed by A; . Note that if there is some m such that T'(F'[V] N V°) is
absorbed by A? for every V € U(F), then by condition (y), we would have
T'(F') C sp(As,), which would imply that T'(A4,,) is bounded. Denote (A,,) by
(A;,) to simplify the notation. Let || - |[x and |- |, denote respectively the gauges
of V2 and Aj defined on the spans of these sets. We choose z,, € F, z, € A,,
u, € F'[VP?] and L,, € F(E) such that

(1) T'un(xm) = On,m,
(i) T'uns1 € Ly,
(iii) [T"un|k > 2" up|lgs1 for n > k,
(iv) there is y € Ly, N Ay, such that T'up(y) > 5T up i for n > k,
(v) &, € sp{z1,...,2n}
We set M = sp({z,} UU,~, L,) and consider the quotient space M/L where
L={T'u,:neN}*nM.

The image of (z,,) spans M /L. Let By, be the image of I'({z1, ..., x,—1 }UAR)NM
in M/L. Each By is absorbent and its gauge defines a seminorm on M/L. On
M /L we consider the metrizable topology determined by the sequence (By). Then
the canonical maps

G=M/L— E/(T'u,)* = F/(un)*
are all continuous. We have
T up |y > 2" un|lke1  forn >k

where | - | is the gauge of By. If v,, = T'u,, then v,(2,,) = 0pm and G =
sp{zn(L) : n = 1,2,...}. By a result of Bellenot and Dubinsky [1] there is a
subsequence ny, 1 co such that the image of (z,,) is a basis of G/(u,,)*. By
passing to a subsequence we can assume (x,(L)) is a basis in G and if u € G’
then there are kK € N and ¢ > 0 so that

w(@n(L))|valy <o

for all n. Let ¥ = |ju, || and B = {(b%) : k = 1,2,...}. A(B) is a nuclear Kothe
space. We define Q : F' — A(B) by Qy = (un(y)). The maps

G — EB/(T'un)™ = F/(un)t — X(B)

are continuous and 77Q'(A(B)’) = G’. The image of G in A\(B) is dense and so
T'Q’ is one-to-one. By the closed range theorem the completion G of G and A(B)
are isomorphic and also 7"Q)’ is an isomorphism. This gives that QT : G — A(B)
is a dense imbedding. So the closure of the image of By, in A\(B) is a neighborhood.
Hence QT (C), + Ay) is also a neighborhood where Cy, = I'{#1,...,25_1}. Since
(Cr+Ay) is also a completing sequence, (QT(Cy + Ag)) is a base of neighborhoods
by Lemma 2.1 . Now as in part (ii) of Theorem 2.3 it can be shown that Q" and
T'Q’ are imbeddings with respect to the strong topologies. m
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There are several immediate corollaries of this theorem, similar to the corol-
laries of Theorem 2.3. We shall only give one. We may also get some more by
elaborating on the condition (y). Here let E be a webbed space. We have seen
that if its web is eventually bounded, then E is equal to the union of a sequence
of bounded subsets.

3.2. COROLLARY. Let E be a webbed space which satisfies (y). Then either E
has a faithful nuclear Kiothe quotient A(A) or E is equal to the union of a sequence
of bounded subsets.

4. Nuclear Kothe subspaces and completing sequences

In §1 we have shown that if T': E — F is not almost bounded and FE is
Fréchet, then F has a nuclear Koéthe subspace so that the restriction of T to
this subspace is an isomorphism (Proposition 1.14). We will now generalize this
further by using an idea of Valdivia [17].

4.1. PROPOSITION. Let T : E — F be continuous. Suppose (Ay,) is a complet-
ing sequence in E such that T(sp(B) N A,) is not almost bounded for all n and
for some Banach disc B. Then there is a nuclear Kothe subspace A(A) of E so
that the restriction of T to A\(A) is an isomorphism.

Proof. Let B, =2""B+ A,,. (B,) is a completing sequence in E. Define

Cr = {Zﬁj%’ L5 € By, Y161 < 1}
=1

and Ey = (=, sp(Ck). On Ejy the sets r~(EyNC,.) define a complete locally con-
vex metrizable topology which is finer than the one induced by E ([17]; Prop. 6).
Therefore the canonical imbedding j : Ey — E is continuous. If Tj(r~(EyNC,.))
is almost bounded for some r, since B C B,, C C,, for all n, T(E[B] N A,) would
be almost bounded. From this contradiction by Proposition 1.14 we conclude
that T'j : A\(A) — F' is an isomorphism for some nuclear Kéthe space A(A) which
is isomorphic to a subspace of Ey. We let A(A) = j(A(A)). =

Let A C E be such that for some U € U(E) and for each L € F(E’) the set
ANL* is not absorbed by U. By Mazur’s method, as in the proof of Theorem 1.6,
we choose z,, € 4~ A such that z,, ¢ U and (x,,) is a g,-basic sequence with basis
constant § > 0. Let D = {z,, : n € N} and suppose for some L € F(E’), 0 > 0
we have

sp(D)NANLT C oU.
Then
06

1
UnLtnsp{z,:n>k}C Q—kaLLcQ—kU.
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This would then imply that sp(D) N L+ has a precompact neighborhood. With
this contradiction we have proved the following technical result.

4.2. LEMMA. If A C E is not almost bounded, there is a countable subset D
of A such that sp(D) N A is still not almost bounded.

Our immediate goal is to examine the relation between the existence of an
unbounded continuous operator from a Fréchet space into a given lcs E and the
existence of a completing sequence (A,,) in F such that each A,, is unbounded or
not almost bounded. Before this we need another concept. Following Bonet [3],
we say that a les E has the individual countable boundedness property (icbp) if for
each sequence (z,,) in F we can find g,, > 0 so that {g,z, : n € N} is a bounded
subset of F.

4.3. THEOREM. Suppose E is a locally complete space which has the icbp.
Suppose T : E — F is such that for some completing sequence (A,) in E, each
T(A,,) is not almost bounded. Then there is a nuclear Kothe space A(B) which
is isomorphic to a subspace of E such that the restriction of T to N(B) is an
isomorphism.

Proof. By Lemma 4.2, for each n there is a countable set D, such that
T(sp(Dy) N A,,) is not almost bounded. By the icbp and the assumption that E
is locally complete, we can find a Banach disc D with D,, C sp(D) for each n. So
the result follows from Proposition 4.1. =

4.4. THEOREM. Let E be a locally complete lcs. Consider the following state-
ments:

(a) There is continuous operator from a Fréchet space into E which is not
almost bounded.

(b) E has a subspace which is isomorphic to a nuclear Kothe space.

(c) There is a completing sequence (A,) in E such that each A, is not almost
bounded.

We have (a)<(b)=-(c). If E has the icbp then all three statements are equivalent.

Proof. The equivalence of (a) and (b) follows from Proposition 1.14. (b)=(c)
is trivial. That (c)=(b) if E has the icbp follows from Theorem 4.3. m

Remark. Here is a simple application of this result: Suppose each E,, is
an infinite-dimensional Fréchet space which admits a continuous norm and let

E =]]E,. Let U,gn) D U,gj_)l D ... be a base of neighborhoods of E,, where the
gauge of each U ,in) is a norm on F,. We set
1
Ak = 27k(Uk(71) X ... X Uk(:k) XEk+1 X )

It is simple to verify that each Ay is not almost bounded and that (Ag) is a
completing sequence in E. As a Fréchet space E enjoys the icbp and therefore it
has a nuclear Kothe subspace.
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Let us now relax the condition (b) of Theorem 4.4 so that we search for proper
Fréchet subspaces only.

4.5. THEOREM. Let E be a complete lcs. Consider the following statements:

(a) There is an unbounded continuous operator from a Fréchet space into E.
(b) E has a proper Fréchet subspace.
(¢) There is a completing sequence (A,) in E such that each A, is unbounded.

We have (a)<(b)=(c). If E has the icbp then all three statements are equivalent.

Proof. (b)=(a) and (b)=-(c) are trivial. Suppose now there is an unbounded
continuous operator 1" from a Fréchet space F' into E. If T is not almost bounded,
then F has a nuclear Kéthe subspace by Theorem 4.4. If T is almost bounded,
then T'(U) is an almost bounded subset for some U € U(F'). By Theorem 1.9,
E ~ K7 @ G and the image of T(U) in G is bounded. This means that T
would be bounded if J were a finite set. Since this is not the case E contains a
complemented copy of w. So (a)=-(b).

Suppose each A,, is unbounded. Then by a simpler version of Lemma 4.2 we
can find a countable subset D,, such that each sp(D,,) N A,, is unbounded (cf. also
Lemma 2.2). By the icbp and the assumption that FE is complete, we find a Banach
disc D such that D,, C sp(D) for all n. Then sp(D) N A,, is unbounded. We set

1
C, = (2”D + An> Nsp(D).

Certainly each C), is unbounded and the sequence (C,,) defines a metrizable locally
convex topology on sp(D). Its completion F' is a Fréchet space and the exten-
sion of the imbedding of sp(D) into E is an unbounded continuous operator from
Finto E. m

Let E be a lcs which has the bounded approximation property. That is,
there is an equicontinuous net {7, }oecr of finite rank operators on E such that
x =1im T,z for every x € E. For a subset A C F we define

A=T{T,(A):acl}.
We start with a technical result.

4.6. LEMMA. (a) AC A

(b) If E = sp(B) for some absolutely convex subset B of E, then
E=sp{To(E): €I} =sp(B).

c) A is bounded < A is bounded.

(

(d) If A is almost bounded then A is almost bounded.

(e) If E is complete and (A,,) is a completing sequence with 2A,, 11 C A, then
(A,) is also a completing sequence.
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Proof. (a) follows from = = lim7T,x. Now
sp(B) = U nB=M
n=1

and so by continuity T, (M) is a dense subspace of T,,(E). Hence T, (E) = To(M).
So

T.(E) = | J nT.(B).

This means that (J,.; To(B) spans E, but B is the absolutely convex hull of this
set. This proves (b). To prove (c), let A C E be bounded. For U € U(FE) we find
V € U(E) such that T, (V) C U for every o € I. If A C oV then A C oU. This
and (a) prove (c).

If A is almost bounded, by Theorem 1.6, A is also almost bounded. Now the
result follows again from (a). If 24,,41 C A, then of course 24,,11 C A,. Again
for U e U(FE) we find V € U(E) with T,(V) C U for every o € I. Since (A,) is
a completing sequence, there is ng € N with A, C V for n > ng. Hence

A, cU
for n > ng. Completeness of E implies now (ﬁn) is a completing sequence. m

As the final result of this section we examine the consequences of the ex-
istence of an unbounded completing sequence in a lcs which has the bounded
approximation property. We keep the notation we have introduced above.

4.7. THEOREM. Let E be a complete lcs which has the bounded approximation
property. Assume E{ admits a continuous norm. If there is a completing sequence
(Ay,) in E such that each A, is unbounded (respectively not almost bounded), then
E has a proper Fréchet subspace (respectively a nuclear Kéthe subspace).

Proof. Let B be an absolutely convex closed bounded subset such that the
gauge of B° is a continuous norm on Ej. Therefore sp(B) is dense in E and so
by our lemma we have

E =sp(B).
Also B is bounded. Now (ﬁn) is a completing sequence by Lemma 4.6 and each
A, is unbounded or not almost bounded. Also A, C sp(B) by definition. Now
the assertion follows from Proposition 4.1 in case each A,, is not almost bounded.
If each A,, is unbounded but some A, is almost bounded it follows now from
Theorem 1.9 that w is isomorphic to a subspace of E. m

5. Applications

Our first topic will be LF-spaces. Let E = lim_,(E,,iyt1,,) be an induc-
tive limit of a sequence of Fréchet spaces (FE,) which we always assume to be
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reduced. We assume F is Hausdorff and denote by i, : E,, — FE the canonical
injection. Let T : E — F be continuous. Then either T, : E,, — F is bounded
for each n or it is unbounded for some n. If the latter holds we have again two
possibilities: either T, is not almost bounded or T%, is almost bounded but
unbounded.

After this summary of the logical framework we proceed with the results.

5.1. THEOREM. Let T be a continuous operator from the LF-space F into a
complete lcs F. Then one of the following holds:

(a) T is factorable over an LB-space.

(b) E has a subspace Ey which is isomorphic to a nuclear Kdéthe space and
the restriction of T to Ey is an isomorphism.

(c) There is a continuous projection P : F' — F such that PT(E)=P(F) ~ w.

Proof. Suppose each T, : E, — F is bounded. We will show that (a) holds
in this case. Let U,, € U(E,,) be such that T, (U,) is a bounded subset of F' and
set

B, =T ( O Ti;(Uy))

Each B, is a Banach disc. Let j,y1, : F[B,] — F[Bp41] be the canonical
inclusion. We have

jn—i—l,n oTi, = Tin-l—l © Z‘n—Q—l,n .
So T : E — lim_, F[B,] is continuous. So T" can be factored over the LB-space
lim_, F'[B,] since the inclusion of this space into F' is also continuous.

Now we assume 1'%, is unbounded for some m. We will prove that if T, is
not almost bounded then (b) holds but if it is almost bounded then (c) holds.
If Ty, is not almost bounded, there is a nuclear Kothe subspace A(A) of E,,
such that T, is an isomorphism when restricted to A(A) (Proposition 1.14). Let
Ey = i (A(A)). Then the restriction of T to Ey is an isomorphism and FEjy is
isomorphic to A(A) via iy,.

Suppose T'i,, : E,, — F is almost bounded. Then there is an index set J so
that F ~ G® K7 and (I — Q)T%,, : E,, — F is bounded where Q : F — F is
the projection with range K and kernel G (Theorem 1.9). This means QT,, is
unbounded, since T, is unbounded. We apply Theorem 2.3 to T%,, and infer
that there is a faithful surjection ¢ : K/ — w so that ¢QT4,, is also a faithful
surjection of E,, onto w. The kernel of ¢ is a complemented subspace of K7 and
so g has a left inverse S :w — K7. Weset P=5¢Q:F — F. u

We shall now apply this result to the identity on E and therefore we will have
to assume the completeness of E.

5.2. COROLLARY. Let E be a complete LF-space. The following are equivalent:
(i) E is an LB-space.
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(ii) There is a sequence ny T oo such that each in, \ n, : En, — E is
bounded.

(iii) E has no proper Fréchet subspace.

Nk4+1

Proof. Suppose (iii) is true. By Theorem 4.5 each i, : F,, — FE must be
bounded. Let U,, € U(E,) be such that i,,(U,) is bounded in E. Now i1(U;) is
contained in some iy, (Ey,) and i, ! (i1(U1)) is bounded in E,, since completeness
implies that the LF-space E is regular. So we see that iy, 1 : B4 — Ej, is
bounded. We let n; = 1. We continue this way and find nz > no such that
iny (Un,) is contained in iy, (Ey,) and in,n, @ En, — Ep, is bounded. This
gives (ii).

Now assume (ii) and let Uy € U(E,, ) be such that iy, »,(Uy) is bounded in

En,,,- Let
k
Bi =T ) ingm,; (Uj).
j=1
By, is a Banach disc in F,, ,, and we have the commutative diagram
— Enk — Enk+1 — Enk+2 —
7 | 7
— Eﬂk+1 [Bk] — Enk+2[Bk+1] —

From this we have E' ~ lim_, E,,, ., [Bx]. So (i) is true.

Finally, we assume FE is an LB-space and F' a Fréchet subspace of E. Hence
E = lim_, E[B,]| where B,, C E is a Banach disc and £ = |J,, nB,. Hence
for some m, the set F N'mB,, is a bounded neighborhood and so F must be a
Banach space. =

5.3. COROLLARY. For a complete LF'-space E the following are equivalent:

(i) E is isomorphic to an inductive limit lim_, G,, where each G, ~ w X
Banach.
(i) There is a sequence ny T 0o such that each iy, | n, is almost bounded but
unbounded.
(iii) E has no subspace which is isomorphic to a nuclear Kdthe space.

Proof. Suppose (ii) holds. We can factorize each iy, , n, over Gy = Banach
x K7* where K7* is a complemented subspace of E,,, .. (see the proof of Propo-
sition 1.13 or Theorem 1.9). Hence J; must be countable. So Gy, ~ Banach X w
and (i) is true.

Now we assume (i) and prove (iii). Since E = (Ji,(G,), if a nuclear Kéthe
space A\(A) is isomorphic to a subspace of E via an operator 7" then by the local-
ization theorem (cf. [10]; 5.6) T" can be factored over some i,,(G,). Comparison
of the topologies of E, G,, and A\(A) gives that A(A) is isomorphic to a subspace
of G,,, but G,, ~ w x Banach and this is impossible.
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Finally we will prove (iii) implies (ii). By Theorem 4.4 each i, : E,, — E
is almost bounded. Since E is complete, we know by Theorem 1.9 that F ~
K’ & G,, where P,i, : E, — G, is bounded. Here P, is the projection of F
onto G,, with kernel K/». K/ is a Baire space. By a corollary of the localization
theorem ([10]; 5.6.4) there is an imbedding of K’» into some Ej,. E is also
regular and therefore there is an [,, with P,i, : E,, — E;, continuous. We have
thus shown that for each n there is m,, > n so that i,,, , : £, — Ey,, is factorable
through Banach x K7, which means that it is almost bounded. =

Finally, we consider the inductive limit of a sequence of Fréchet spaces each
of which admits a continuous norm. We have a dichotomy in this case.

5.4. COROLLARY. Let E = lim_, F, be complete and suppose each E, admits
a continuous norm. Then either E is an LB-space or E has a subspace which is
a nuclear Kothe space.

Proof. Suppose E is not an LB-space. Then by Corollary 5.2 there is a
proper Fréchet space F' and an imbedding T : ' — E. Now T factors over some
E, and T : I — E, cannot be almost bounded, because F,, admits a continuous
norm (Theorem 1.9). By Theorem 4.3, F' has a nuclear Kothe subspace. m

Next we will deal with the projective limit of a sequence of certain locally
convex spaces. Let (E,,jn ;) be a projective spectrum where each £, has an
increasing fundamental sequence of bounded sets B,, consisting of Banach discs.
We let £ = lim_, (E,, j;, 1) be the projective limit. The situation resembles what
Vogt considers in [20].

5.5. THEOREM. Let E be as above. The following are equivalent:

(a) FE'[B(E’,E)] is not metrizable.
(b) There is a completing sequence (A,,) in E such that each A, is unbounded.
(¢) w is a faithful quotient of E.

Proof. (b)=(c) is true in general (Theorem 2.3). (c)=-(a) is trivial because
(c) implies that ¢ is isomorphic to a subspace of E'[G(E’, E)]. So it remains to
prove (a)=-(b). Let j, : E — E, be the canonical projection. There are two
possibilities. Either (i) for every B,, € B,, there is a k such that

k
(4 (B:)
=1

is bounded in E or (ii) there is B,, € B,, such that for every k, the set defined above
is not bounded. In the first case we will show that E'[S(E’, E)] is metrizable.

Suppose D is a bounded subset of . Then for each n we find B,, € B,, with
jn(D) C B,,. For this choice we now find &k such that

k
B= ()4, (Bn)
n=1
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is bounded. Hence D C B. So if we denote by B the collection of all bounded
subsets of E we obtain by the process (i), we see that E has a fundamental
sequence of bounded sets. Therefore (ii) must be true. Then for each n we
choose B,, € B,, so that for every k the set

k
1A
A =5 () n' (Ba)
n=1

is unbounded. Since ji(Ax) C 27% B}, where By, is a Banach disc in Ey, (A) is a
completing sequence in F. =u

We would like to point out the similarity between this proof and the argument
given in §2 when we discussed webs which are eventually bounded.

We also note that this result may be applied to the projective limit of a
DFS-spectrum of Vogt [20]. Let

B = {€= (&) [€llem = Y Igsla}™ < oo}

i
where (a?’m) is an infinite matrix with

af’m > a?’mﬂ >0 and af“’m > af’m

for all j, k,m. Set E, = ,,, Ex,m and equip it with the natural inductive topology.
Let E = () E} be the projective limit. We also assume that for every k, m there
is [ with

li;n a?’m/af’l =0.
Thus the set-up is what Vogt ([20]) calls the sequence space case of a DFS-
spectrum. Although we have only introduced the case p = 1 for the sake of
simplicity, what follows is valid for any 1 < p < co.

5.6. PROPOSITION. Let E be the projective limit of a DFS-spectrum of sequence
spaces. Then either the strong dual E} is metrizable or E has a nuclear Kothe
subspace and a faithful nuclear Kothe quotient.

Proof. Since F has a continuous norm and E is complete, every almost
bounded absolutely convex subset of E is the sum of a bounded set and a
finite-dimensional subspace (Theorem 1.9). We apply Theorem 5.5 to deduce
that either Ef is metrizable or E has a completing sequence consisting of sets
which are not almost bounded. Since Ej admits a continuous norm, we can ap-
ply Theorem 4.7 in this case to conclude that F has a nuclear Kéthe subspace,
provided E| is not metrizable. m

Remark. In investigating the projective limit of a DFS-spectrum, Vogt
proved a fundamental theorem about the completeness of E{ ([20]; Theorem 4.2).
If Ef is complete and metrizable then E{ = E; and by reflexivity £ = Ej, for
some k.



30 S. Onal and T. Terzioglu
6. Spaces of continuous functions

In this final section we shall apply our results to spaces of continuous functions.
Throughout X will denote a completely reqular topological space and C(X) the
space of real-valued continuous functions on X with the topology of uniform
convergence on compact subsets of X. We shall identify ¥ C X with the set of
point evaluations {0, : x € Y} C C(X)" where of course §,(f) = f(z). Hence we
take the liberty of setting

Yo={feCX):|fly)| <lforallyeY}.

We refer the reader to [9] for topological concepts not defined here.
Let ¢, : R — R be defined by

-n, x<-n,
(,On(l'):{ﬂ?, —n<x<n,
n, n<uz,
and for A C C(X) define the set of truncations as

p(A) ={pnof:f€A neN}.
We first have a technical result. Our approach resembles the treatment of spaces
with the bounded approximation property (cf. Lemma 4.6).

6.1. PROPOSITION. Let A C C(X) and Y C X. The following are true:

(a) A C p(A). L

(b) A C oY*° if and only if p(A) C oY°.

(c) p(A) Csp(X°).

(d) For K C X compact, K° C X° +(,.5qeK°.

Proof. Let K C X be compact. To prove (a) we observe that (¢, o f)(z) =
f(z) if z € X and m > n where f(K) C [-n,n]. (b) follows from the observation
that |(@m o f)(x)| < |f(z)| and from (a). (c) is evident. Now let f € K°. By
the Tietze extension theorem we find ¢ € C(X) with |g(z)] < 1 for all  and
g(y) = f(y) forally € K. Thus g € X° and f —g € eK° forany ¢ > 0. m

We note that by (b), A is bounded in C'(X) if and only if ¢(A) is bounded.
Also {p(A) : A C C(X) bounded} is a fundamental system of bounded subsets
of C(X).

6.2. COROLLARY. C(X)} satisfies condition (y).

Proof. Let B C C'(X) be absolutely convex and bounded. By Proposition 6.1
we have

B C ¢(B) =sp(X°)Nyp(B).
We carry this to the bidual C'(X)” by taking polars and closure with respect to
the duality (C'(X)",C(X)"”) and obtain

B°° C sp(X°°)Np(B)°ee.
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Since {p(B) : B C C(X) bounded} is a fundamental sequence of bounded sets,
this shows that C'(X)] satisfies (y). m

The space C(X) itself satisfies the openness condition [3]. This follows from
Proposition 6.1(d). In particular, a quotient space of C'(X) is either a normed
space or it admits no continuous norm.

We recall that a topological space X is pseudocompact if every continuous
real-valued function on X is bounded [9]. A completely regular topological space
X is pseudocompact if and only if for every descending sequence (V) of nonempty
open subsets we have (| V,, # 0 [9]. If X is a completely regular pseudocompact
space, then X° is a barrel in C(X).

In general C'(X) is not complete, but if X is a completely regular k-space
then C'(X) can be expressed as the projective limit of the family {C(K):
K C X compact} and therefore in this case C(X) is complete ([10]; 3.6.4). We
now state one of our main results about spaces of continuous functions.

6.3. THEOREM. Let X be a completely reqular k-space. The following are
equivalent:

(i) X is not pseudocompact.
(ii) w is isomorphic to a subspace of C(X).
(iii) C(X) has a proper Fréchet subspace.
(iv) There is a completing sequence (Ay,) in C(X) such that each A,, is un-
bounded.
(v) w is a faithful quotient of C(X).

Proof. The implications (ii)=-(iii)=(iv)=(v) are true in general by our
previous results and therefore it remains to prove (v)=-(i)=-(ii).

If X is pseudocompact, the closure of the image of X° in a barrelled quotient
space of C'(X) would be a neighborhood. Hence every barrelled quotient of C(X)
is a normed space.

To prove (i)=-(ii) we will construct directly an imbedding of w into C'(X).

If X is not pseudocompact, we find a sequence of closed proper subsets X,, of
X such that each X, is a proper subset of X,,+1 and

X=|JintX,.
n=1
We find ny 1 oo such that
Vi =int X, N(X\X,,)#0
and choose zj, from this set. We define continuous functions fi : X — [0, 1] such
that fi(zr) =1 and fi vanishes on X \ Y.

Given a compact subset K C X, we find m with K C int X,,,. For ng > m we
have

i

x,, = 0.

m
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Let (&) € w. Then

K

(Yar)| = (gaﬁ)

and so the series Y &, f; is Cauchy in the complete lcs C'(X). Therefore the map
T :w — C(X) obtained by setting

T((&)) = Z&fi

is well defined. Also if |£;| < 1/m fori=1,...,m, for x € K we have

‘i&fz(fc)‘ = ‘ifzfz(x)) <1
=1 i=1

and so T' is continuous. We also note that f;(z;) = 0 if ¢ # j, which implies in
particular that 7" is one-to-one. Let U C w be the neighborhood
U={(&): lal<lfori=1,..1)
for some | € N. Let K = {z1,...,2;} and suppose f € T(w)NK°. So f=> &
and for 1 < j <1 we have |f(z;)| = |§;| < 1. Therefore
TwNK°CTWU). m
Next we will deal with certain almost bounded subsets of C(X). As we shall

use the projection considered in the proof of Theorem 1.9, we need completeness.

6.4. LEMMA. Let X be a completely regular k-space, and let A C X be closed.
If A° is an almost bounded subset of C(X) then A is also open and X \ A is
discrete.

Proof. Set E = C(X) and L = sp(X \ A) which is a subspace of E’.
Suppose u € sp(A°°)NL. Thenu =Y, , a;x; with z; € X \ A. Note that we are
identifying as usual x € X with the corresponding point evaluation functional.
We find f; € C(X) with fi(z;) =1,

filx)=0 forxe AU{z;:j#1i 1<j<n}
and set f = ", «;f;. Then
u(f) = Jail?
i=1
but u € sp(A°°) implies u(f) = 0. Hence each o; = 0 and so
sp(A°°)N L = {0}.

Now we find an algebraic complement G of sp(A°°) in E’ which contains L. The
projection P : E' — E' with P71(0) = sp(A4°°) and range G is ~y-continuous
(Theorem 1.9). Since X is a k-space, C(X) is complete and so by the Grothen-
dieck completion theorem P is o(E’, E)-continuous, which implies that G is a
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o-closed subset of E’. It is easy to see that X \ A = X NG, and hence X \ A
is closed. X \ A is therefore a k-space. If we show that its compact subsets are
always finite, then it will follow that X \ A is discrete. If K C X \ A is compact,
then P(K) = K C I'{uy,...,u,} as in the proof of Theorem 1.9. Therefore
sp(K°°) in E’ has finite dimension, which implies that K is finite. m

Suppose again A C X is such that A° is almost bounded. If X is k-space we
have shown that X\ A4 is open, closed and discrete. Hence if either X is connected
or if X has no isolated points, we have X = A. This proves the following result.

6.5. COROLLARY. Let X be a completely reqular k-space and A C X. If X has
no isolated points or if X is connected, the following are equivalent:
(i) A° is bounded.
(ii) A° is almost bounded.
(iii) A is dense in X.

If X is discrete, then C'(X) ~ R’ for some J. If X is compact then of course

C(X) is a Banach space. Now if X =Y U Z, Y NZ = () where Y is compact and
Z discrete and closed then

C(X) ~R’ x Banach.
The converse of this observation is also true.
6.6. THEOREM. For a completely reqular k-space the following are equivalent:
(a) C(X) ~ Banach x R”.
(b) X =Y UZ where Y is compact, Z discrete, closed and Y N Z = ().

Proof. We need to prove (a)=(b). If B is the closed unit ball of the Banach
space, then B x R” is an almost bounded neighborhood of C(X). This means
that there is a compact subset K of X with K° C B x R’. So K° is almost
bounded and by Lemma 6.4, Z = X \ K is closed and discrete. m

Let X be a completely regular k-space which is locally connected. We consider
the decomposition of X into maximal connected subsets {X,}; i.e.

XaNXg=0 fora#8, |JXo=X
and each X, is both open and closed [9]. We certainly have

c(X)=]]C(xa).

If each X, is pseudocompact and C'(X) is barrelled, then it is isomorphic to the
product of the Banach spaces C'(X,,) since each X is a bounded barrel in C'(X,,).
However, much more is true. We have again a dichotomy.

6.7. THEOREM. Let X be a completely regular, locally connected k-space and
assume C(X) is barrelled. Then either C(X) has a nuclear Kéthe subspace or
C(X) ~ Banach x R”.
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Proof. First assume each X, is pseudocompact. Then C(X) is isomorphic
to the product of the Banach spaces C(X,). Suppose infinitely many of these
are infinite-dimensional, say C(X4,), i = 1,2, ... By the remark following Theo-
rem 4.4 the Fréchet space [[;=, C'(Xq,) has a nuclear Kéthe subspace.

If there is a finite set F such that for a ¢ F the space C(X,) is finite-
dimensional then [], . C(X,) is a Banach space. So C(X) ~ R’ x Banach.

Assume now some X, is not pseudocompact. We use the covering in Theo-
rem 6.3. That is, we find a sequence of proper closed subsets W,, of X, such that
W, is a proper subset of W,,,1 and

o0

X, = U int(W,,) .

n=1
Let C,, = 27"W_. Evidently for each K C X, compact we have C,, C K° for alln
after some ng. By Proposition 6.1, A4,, = ¢(C,,) C K° for n > ng. It follows that
(A,,) is a completing sequence in the complete lcs C'(X,). Now by Proposition 6.1
we have A,, = ¢(C},) C sp(X2) and therefore trivially sp(X2) N A,, = A,,. Since
W,, is not dense in the connected space X, by Corollary 6.5, each C,, = 27"W
is not almost bounded. Hence by Proposition 4.1 this C'(X,) has a nuclear Kéthe
subspace. =m

We recall that C(X) is barrelled if and only if every closed and o(C(X)’,
C(X))-bounded subset of X is compact ([10]; 11.7.5). This will be used in the
proof of the following result which deals with the strong dual of C'(X).

6.8. THEOREM. Let X be a first countable completely reqular space. Suppose
C(X) is barrelled. If X is not locally compact, there is a completing sequence in
C(X)}, consisting of unbounded sets and C(X);, has a faithful quotient isomorphic
to a nuclear Kothe space.

Proof. Suppose x € X has no compact neighborhood. Let (W,) be a
closed neighborhood base at this point and A, = 27"W2° C C(X)". If some
A,, is bounded then since C'(X) is barrelled, by the theorem quoted before the
statement of this theorem we deduce that W, is a compact neighborhood of z.
From this contradiction we see that each A,, is unbounded in C'(X)j.

Let B C C(X) be a bounded subset and suppose for each n, A,, is not con-
tained in B°. This means there are f,, € B and z, € W,, with f,(z,) > 2"
But limz, = x and so K = {z,, = : n € N} is a compact subset of X. So
B C pK°® for some ¢ > 0. Therefore |f,(z,)| < ¢ for all n. From this contradic-
tion we find that for each B C C(X) bounded, there is an ng such that A, C B°
for all n > ng. Now C(X) is barrelled. So if w, € A,, from the above we see
that the series ) u, is Cauchy and therefore convergent in C'(X);. Thus (A,)
is a completing sequence with the required properties. We know C'(X);, satisfies
(y) (Corollary 6.2). Therefore by Theorem 3.1, C'(X);, has a faithful quotient
isomorphic to some nuclear Kéthe space A(A). m
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Finally, we will deal with the problem of finding Fréchet subspaces of C'(X)i.
First we give a simple technical result which may be of independent interest.

6.9. LEMMA. If L(A(A),F) = LB(A(A),F) for every nuclear Kdithe space
A(A), then L(E,F) = LB(E, F) for every Fréchet space E.

Proof. Suppose T : E — F is unbounded where F is some Fréchet space.
We choose a base of neighborhoods U; D Uy D ... of E and neighborhoods
Vi D Vo D ... in F such that T(U,) C V,, but T'(U,) is not absorbed by V,,11.
Let || - || and | - |, be the gauges of U,, and V,, respectively. Choose now z,, € E
with [|2,]|x < 27%|T@p|kr1 for n > k and set a® = ||x,||r. Define S : A\(A) — E
by

S((gn)) = Zgnxn

S is continuous and T'o S : A(A) — F' is unbounded. m

6.10. THEOREM. If C(X) is barrelled, then L(E,C(X);,) = LB(E,C(X))
for every Fréchet space E.

Proof. By the lemma it is sufficient to prove the result for £ = A(A), a
nuclear Kéthe space. Let T : A(A) — C(X);, be continuous. If B € B(A(A)),
since T'(B) is bounded and C'(X) barrelled we have T'(B) C pK°° for some K C X
compact. So the restriction of 7" to C'(X) is a continuous operator into A(A); .
A(A)j, satisfies (y) and thus it has a continuous norm. C'(X) satisfies the openness
condition and therefore 7" is bounded. So for some K C X compact T"(K°) is
bounded in A(A)j, which means T"(K°) C oV*° for some V € U(A(A)). Thus
T'(C(X)) € MA)'[V°] and so T is bounded. =

Remark. This means that C(X); has no proper Fréchet subspace if C'(X)
is barrelled. However, from Theorem 6.8 we know there are spaces C(X) for
which C(X);, has a completing sequence consisting of unbounded sets. From

this it follows that the individual countable boundedness property is essential in
Theorem 4.5.
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