POLSKA AKADEMIA NAUK, INSTYTUT MATEMATYCZNY

DISSERTATIONES
MATHEMATICAE

(ROZPRAWY MATEMATYCZNE)

KOMITET REDAKCYJNY

BOGDAN BOJARSKI redaktor
WIESLAW ZELAZKO zastepca redaktora
ANDRZEJ BIALYNICKI-BIRULA, ZBIGNIEW CIESIELSKI,
JERZY LOS, ZBIGNIEW SEMADENI

CCCXVII

NGUYEN BAC-VAN

Estimation and prediction in regression models
with random explanatory variables

WARSZAWA 1992



Nguyen Bac-Van

Department of Mathematics
University of HoChiMinh City

227 Nguyen-van-Cu, Q.5, VietNam

Published by the Institute of Mathematics, Polish Academy of Sciences
Typeset in TEX at the Institute
Printed and bound by

e 2 o2 28 e d s L 8 222
Ihcrmzam & Incarmmazanm
02-240 Warszawa, ul. Jakobindw 23, tel: 846-79-66, fel/fax: 49-89-95

PRINTED IN POLAND

© Copyright by Instytut Matematyczny PAN, Warszawa 1992

ISBN 83-85116-40-0 ISSN 0012-3862



CONTENTS

Preface . . .
I. A data transformatlon preserving the condltlonal dlstrlbutlon and locahzlng
the explanatory variable .
1. Introduction .
2. Theorems on data transformatlon
3. Proofs of the theorems
4. Interpretation of the theorems . - .
II. Conditional linear models and estimation of regression parameters
5. Introduction . .
6. Conditional generahzed least squares estlmators (CGLSE)
7. Conditional estimability
8. Properties of the CGLSE
III. Prediction of the response variable
9. Introduction
10. Predictors connnected w1th the CGLSE
11. Properties of CGLS predictors
References

1991 Mathematics Subject Classification: Primary 62J02; Secondary 62F11.
Received June 11, 1990. Revised version April 19, 1991.

14
17
17
19
25
29
34
35
35
38
43



Abstract

The regression model {X(t),Y(¢);t = 1,...,n} with random explanatory variable X is
transformed by prescribing a partition Si, ..., S of the given domain S of X-values and speci-
fying

{X(l),...,X(n)}ﬂSi = {Xila---vxia(i)}v i=1,...,k.
Through the conditioning

{a(i):a(i),izl,...,k}, {Xﬂ,... Xza(z)zl_l k}:{xn,...,xka(k)},
the initial model with i.i.d. pairs (X(¢),Y(¢)),t = 1,...,n, becomes a conditional fixed-design
(.%‘11, ey xka(k)) model
{Yijyi=1,... kj=1,...,a(?)}
where the response variables Y;; are independent and distributed according to the mixed condi-
tional distribution Q(-,x;;) of Y given X at the observed value x;;.
Afterwards, we investigate the case

k
QB |2) = Zb 0ils,(2), QDY |2) =Y di(x)Zils, (@),
=1

which arises when the condltlonal distribution law of Y given X changes as X passes from a
domain S; to another, whence Y follows a mixture of distributions. Then the general transfor-
mation gives the equivalent reduction to a conditional multivariate Behrens—Fisher model. We
construct conditional generalized least squares estimators of 8’ = (07:---i6}) and predictors of
Y (n+1) given X(n+1) =« € S. Through some condition imposed on the range of 8, the CGLS
estimator and predictor are shown to enjoy local and global optimality.



Preface

There is a class of regression problems based on independent identically dis-
tributed (i.i.d.) bipartite observations (X (¢),Y (¢)) on n items (t =1,...,n). One
wishes to estimate the regression function E(Y | X = z) or some other condi-
tional location characteristic and predict the response value Y (n + 1) on a new
item when the random explanatory value X (n+1) is available. An example is the
problem of determining the conditional means of body dimensions as a function
of some main ones (e.g., height, etc.) in the standardization of clothes. Another
one is the problem of predicting the wind direction at a height H, at a certain
place and time, as a function of the wind direction at the level H = 0; in this ex-
ample, the data is directional (see [7]), and the conditional median is an adequate
location characteristic. That the random character of the explanatory variable
may arise from the sampling scheme is exemplified in [6] by cross-sectional data.

In this work, we treat the problem from the parametric view point, which
is reasonable when, by previous studies, the functional form of the regression is
approximately known.

A useful data transformation is introduced by Theorems 1, 2. On the ground
of the transformed data, by adequate conditioning, we manage to reduce the
model with random explanatory variable to a conditional fixed-design model.

By this method, we work out the estimation and prediction problem in case the
regression function is stepwise linear in a matrix parameter and the conditional
dispersion matrix has a variance components structure. Theorem 3 gives the
equivalent reduction of this case to a conditional fixed-design Behrens—Fisher
model. Theorem 4 gives the asymptotic estimability of the regression parameter,
and Theorem 5 the conditional unbiasedness and optimality of the conditional
generalized least squares estimate (CGLSE).

The prediction problem is solved in Chapter 3 in connexion with the CGLS
procedure. Theorem 6 gives the conditional unbiasedness and Theorems 7, 8
the local optimality of the CGLS predictor, whereas Theorem 9 states its global
optimality.

All the results but the conditional estimability are finite sample ones; to attain
the optimality of CGLS estimators and predictors some restriction has to be
imposed on the parameter range (Assumption 2).

The systematic use of mixed conditional distributions allows us to avoid nui-
sance null sets in conditional statements (preceded by the prefix (Q)), whereas
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the use of linear mappings enables us to shorten the reasoning in proving the
optimality of GLSE (Lemma 4).

We hope that this work gives some answer to the question often raised by
practitioners in statistics: how to apply the least squares procedure to random
explanatory variable regression problems and what quality of its own one may
expect in finite samples.

I. A data transformation preserving the conditional distribution
and localizing the explanatory variable

1. Introduction. The conditional probability distribution of a random vari-
able given another one is an object of investigation in a class of regression prob-
lems. By a random variable, abbreviated as r.v., we always mean an F-measurable
function on the basic probability space (£2,F, P) to a general Borel space. Con-
sider a pair of r.v.’s (X,Y’). Their range spaces are respectively (H, A), (K,C),
the o-algebras A, C being generated by the class of open sets in the corresponding
space. We henceforth assume the existence of a mixed conditional distribution
Q(C,z) of Y given X. By definition, Q(-,z) is an A-measurable probability on
C such that for almost all x € H

Q(C,z) = P(Y e C|x),

where P(- | x) is a conditional probability given X at x.
In regression analysis, on the ground of the data

(1) {(X(t),Y(t));t:l,...,n}
consisting of n i.i.d. observations on the pair (X,Y’), the unknown measure-valued

function Q(-,x) is to be investigated. Let S € A be a prescribed domain with
0<P(XeS)<1,and

{X1),...,. X(n)}nS={X(T1),X(Tz)...}, Ti<Ty<...
The family

{[X(Tl)’ Y(Tl)}v .- }
is obtained from the data (1) by a so-called S-transformation. The range of the
new explanatory variable is now localized in S.

In this chapter we show that, through conditioning on their definition domains,
S-transformations preserve the mixed conditional distribution of Y'(-) given X ()
and the independence of the pairs (X (-),Y(-)).

By choosing suitably k& > 1 disjoint domains Sy, ...,S; and performing all
S;-transformations, by adequate conditioning, we afterwards build a conditional
fixed-design model in which the new response variables are independent and fol-
low the distributions Q( -, z;;) corresponding to observed values x;; falling into
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S;. This conditional model enables us to carry out the regression estimation eas-
ier, because in every restricted domain S;, the main characteristics of Q( -, z;;),
at least approximately, often have simple parametric representation.

For the role of conditioning in statistical inference, we refer to the comments
in [2].

2. Theorems on data transformation. Let us introduce, once for all,
some notations and conventions, beside the ones used in Section 1.

e N = set of all positive integers;

et =1,...;Z(t) = Z,(t) = (X(t),Y(t) = (Xu(t),Y,(t)) are pairs of r.v.’s;
Z = (X,Y) = (X(1),Y(1)); Si1,...,8m € A, disjoint, m > 1; 0 < P(X€ES;)
<l(@=1,...,m).

e Incaseof P(X€S))+...+P(X€ES,,) =1, weonly consider S; + ...+ S,,, = H.

(2) {Tn,...}={te{l,...;n}: X(t)e S}, Thu<Tip<.. i=1...,m;
T;j is called a falling time (in S;).

Zij = Z(Tij) = [X(T5), Y (Ti)] = (X5, Yij).
frn(+) (h=1,...) is a zero-or-one-valued arbitrary function of a certain group of
falling times Tj; (i=1,...,m;j=1,...).
e For fixed x,

1 whenzeC
1) = { )
(C.2) 0 otherwise

is the probability measure on C' degenerate at z.

e Moreover, Ip(-) = the indicator of the set B.

e The prefix (Q) put just before some symbol will emphasize that the object so
symbolized is determined by the mixed conditional distribution Q( -, x).

e Pp = the conditional probability measure on (B, F|B) given the event B.

e Pp(- | A) = the conditional probability measure given A with respect to the
probability space (B, F|B, Pg).

e Pp(C | X), Eg(F | X) = the conditional probability of C' (resp., expectation
of F') given the function X with respect to the probability space (B, F|B, Pg).
It is easy to check that

(3) Pp(- | A) = Ppna(-) forevery B,AcF,
= Ps(-) when AC B,
provided P(AN B) > 0.
For fixed positive integers a(1),...,a(k), the family
(Z117 L) Zla(l)7 R Zk17 sy Zka(k))

has specific distribution features described in the following two theorems. Theo-
rem 1 is crucial for our further investigation.
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THEOREM 1. Let Z(1),...,Z(n) be i.i.d.,
Io, (W)= fu(..., Tij(w),...), h=1,...,u,
=0+ ...+ 102,.

Suppose that (21, ...,82, are non-empty and, for some fized a(1),...,a(k) € N,
1 <k <m, the family

(T117 o 7T1a(1)7 .. 7Tk17 o 7Tk:a(k:))
is defined on the trajectory {X,(1),...,X,(n)} for every w € £2*. Let
si=all)+...4+a(i), 1=1,...,k.
Then
(1) (Zi1,-+s Zra()s -+ > Ly -+ Zia(k)) 05 a Po«-independent family and is
Pg«-independent of the family
(T117 cee 7T1a(1)7 ... 7Tk'17 o 7Tka(k)) )
(ii) the Pq«-distribution of Z;; coincides with the P xcsg,)-distribution of Z
(i=1,....kj=1,...,a(i),
(iii) for any given A € A%+ the product measure
a(z)
(4)  R(-52115- - Thae)) = X XU zi5) X Q- 45)]

i=1 j=1

=

(ryyeH,i=1,....k j=1,...,a(i))

is a mized conditional distribution of the family (Z;;,i=1,...,k; j=1,...,a(i))
given the family W = (X;;,1 = 1,...,k;j = 1,...,a(i)) with respect to the
probability space

{2°N(WeA),FI2"N(W € A), Pornwen},
provided
P{X1),...,X(s)] € AN (S¥D x ... x 52PN > 0.
Later, R(-, -) is called the (Q)Pg«nwea)-mized conditional distribution.
Remark 1. Here are two examples of £2*: Let
(5) Q=0 (a,n)={w : ai) =#S;N{X(1),...,X(n)}, i <k},
m=k+1,S,=H—(S1+...+Sk), alm) =n—a(1) —... — a(k). Then
Ip(w)= fi(Ty,i=1,....,m;j=1,...,a(7)),

and Theorem 1 applies to 2* = (2 and the family (Z;;,i = 1,...,k;j =

1,...,a(7)).
Further, consider the i.i.d. Z(1),...,Z(n+1). Let

O ={X,(n+1) e S,tn2(a,n), a(h)=ah)+1, h=1,... k.



Estimation and prediction in regression models 9

Then

IQh (W) = fh(Tha/(h);Tlla R 7T1a(1)7 ) Tma(m)) .
Theorem 1 applies to the sequence Z(1),...,Z(n+ 1) and 2* = Oy + ... +
and (Z;j,1=1,...,k; j =1,...,a()). This 2% will be used in a later chapter
for prediction purposes, when knowing X, 1 one predicts Y, ;1.
THEOREM 2. Suppose that the infinite sequence of i.i.d. pairs (X(l), Y(l)), ..
is defined on (£2,F,P). Let
6) (Ti,..)={t>1:X(t) €S},

Then Ti1,...,...,T1,... are P-almost surely finite, and
(i) the infinite family (Z11, 212,y Zk1,--.) is a P-independent family
and is P-independent of the family (Ty1,T12, ...y ., Th1,--.),

(ii) the P-distribution of Z;; (i = 1,...,k;j = 1,2,...) coincides with the
P xes,-distribution of Z,

(iii) for arbitrary fized a(1),...,a(k) € N, the product measure (4) is a mized
conditional distribution of the family (Z;;,i=1,...,k;j=1,...a(i)) given W =
(Xij,i=1,...,k; j=1,...,a(3)) with respect to (2, F, P).

Remark 2. If the infinite sequence Z(1),Z(2),... is defined on (2, F, P),
Theorem 1 is a consequence of Theorem 2(i),(ii). However, to get full gener-
ality and to explain comprehensively the structure of (2%, we shall later prove
Theorem 1 assuming only that the finite sequence Z(1),...,Z(n) is defined on
(£2, F, P), because there are examples of spaces ({2, F, P) on which the infinite
sequence can never be defined.

3. Proofs of the theorems. To prove the theorems we need some lemmas.

LEMMA 1. Suppose F(w), X (w) are r.v.’s. Let X have the range space (H,.A),
let F be extended real-valued and let E(F') exist. Let S € A, P(X € S) > 0. Then

Exes)(I'| ) = E(F | x)

for every x € S — J, where J is some set such that P(X € J) = 0. In particular,
the product measure I(-,x) x Q(-,x) = (I x Q)(-,x) is also a mized conditional
distribution of Z = (X,Y') given X with respect to the probability measure P xcg).

Proof. E(F | X) = g(X) P-almost surely, defined by
Blg(X) In(X)] = B{F(@) Is[X @)}, VB eA.
Upon replacing B by BS,
Elg(X) Ip(X) Is(X)] = E[F(w) Ip(X) Is(X)],

Exes)[9(X) I5(X)] = Exes)[F(w) Ip(X)], VBeEA.
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Hence, g(X) = Exes)(F | X), Pxcg)-a.s.

Now, the product measure I(-,z) x Q(-,z) is an A-measurable probability
on A x C, and satisfies the condition I(B, X)Q(C,X) = P{(X,Y) e Bx C | X}
a.s., for every B € A, C € C. By extension to the o-field A x C, we have
I xQ)D,X)=PZ e D| X) as. (modP) for every D € A x C. Hence,
(I xQ)D,X)=Pxes)(Ze€D|X)a.s. (modPxes)). Lemma 1 is proved.

LEMMA 2. Let (Fy,Gh),...,(Fp, Gp) be independent pairs of r.v.’s and let
G1,...,G)p be extended real-valued, integrable. Then

EGi...Gp | Fr,...,F,) =FE(G | F1)...E(G, | F,) a.s.
Proof. E(G; | F;),i=1,...,p, are defined by
EE(G; | Fi)Ip,(F;)] = E|Gilp,(F})]

for every B; € A;, the Borel field in the range space of F;. By the independence
of (F;,G;)’s we get

EE(Gy | F1)...E(Gy | Fy)Ip, x..xB,(F1,...,F}p)]

= E[Gy...Gplp, x..xB,(F1,..., Fp)],

and by extension of signed measures we have

EE(G1 | Fr)...E(Gy | Fp)Ig(Fh,...,Fp)) = E[G1...Gplp(Fi,...,Fp)],
for every B € A; x ... x A,. This completes the proof of Lemma 2.

In the sequel, the enumerations such as i = 1,...,k; j = 1,...,a(i) will be
simply written i < k, j < a(1).

For arbitrary but fixed a(1),...,a(k) € N, let

M = {{ni1,.. ., 010y} -5 {15+ - s Nka(i) 1}

where n11 < ... < Nyg1), -5kt < oo < Npa(k), 1.6 M is any collection of k
disjoint sets in N. For T;; defined in (2) or (6), let
(7) Aoz{Tij:nij,i:1,...,k;j:1,...7a(i)}CQ.

LEMMA 3. Ay € F and, if P(Ag) > 0, then for any B;j € AxC

k a(i)

(8) PAO{Zij S Bij, 1<k, j< CL(Z)} = H H P(Xesi)(z S BZ])

i=1j=1
Proof. Let
A ={X(n;;) € S;, i <k, j<ali)},

k
A= (X () ¢ S5, Ve {1,... niqn} — M}
=1

Then A’ and A” are independent events, P(A’) > 0, Ag = A'N A", P(Ay) =
P(A")P(A”). For the particular collection

{nin=1,...,n140) = a(1); .. .5np1 = sk—1 + 1,0, M) = Sk



Estimation and prediction in regression models 11

P(Ao) = P(A/) > 0. When P(Ao) >0,
Pa{Zij € Bij, i <k, j <a(i)}
=P Y AP Y AYP{A' N[Zi € Byj, i < k, j < a(i)]} P(A").

By noting that Z(ni1),...,Z(ngqk)) are independent versions of Z, we get (8).
Lemma 3 is proved.

Proof of Theorem 1. We proceed in several steps.
1° Consider

Ig, (W) = fn(.. s Ty -5 Tontom))
where t(i) = maxj for all T;; which are arguments of fj,(-), t(i) = 0 if no
such T;; exist. For every w € 2y, Tiy(1), - - -, Tine(m) are defined on the trajectory

{Xu(1),..., Xu(n)}, and so are Thq(1), - - -, Tha(r) Dy the assumption. If a(i) > t(7)
for some i, we define

faC Ty Tagys -5 Tiaqys --0) = folesoo Taegys - )

and thus we can also consider that all T;;, j = 1,...,t(i), are arguments of f5(-);
now also I, = f;(-), and the situation is brought back to the case a(i) < t(7).
Thus, we shall henceforth consider

(9) I_Qh == fh(Tll) e 7T1t(1); ceey Tm17 cee 7Tmt(m)) )
where t(i) > a(i), Vi=1,... k.

2° Let us show that P(£2,) > 0, h = 1,...,u. By (9) we have the finite
decomposition

(10) ‘Qh - Z(Tll — nll, ey 7Tmt(m) = nmt(m)) = ZAO

where ) extends over all collections (ni1,...,7141)5-- -3+ Mmit(m))
€ f,'({1}). Because {2, is non-empty, there exists an w belonging to some
summand (T11 = n11,.- -5+ 5+, Tont(m) = Mme(m))- Then, on the correspond-
ing trajectory {X.,(1),...,Xu(n)}, n11,..., Nmem) are really happening falling
times. Hence by naming

5251++Sm,

(n1 < .o <n) = {N1e1)s - -+ Mt (m) }
N1 = Mit(iy)s -+ s Tome1 = Mt 1)+
My ={1,...;na} —{ni1,. -5 5o Nt
My ={n1+1,...,n2} = {011, 5. 5o Mgy b oo o
My ={nm-1+1,...;nm} —{n11,.. .5 5 ey

we have
P(2,) > P(Tiy = na1s - Tont(m) = Mmt(m))
:P{X(nw) ESZ,ZSm,jSt(l)}P{X(t) gS,tGMl}(S
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The first and second factors are positive, unless P{X(t) ¢ S} = 0, but then
H — S = () by our convention, hence M; = () and the second factor would not
exist. The third factor

§ = P{X(t) €[S, U(H — S)], t € M}
X .. xP{X(t)€8,U...US;, ,U(H—S),te My}

is positive. Hence P({2;,) > 0.
3° For every B;; € A x C, from (10) and (3) it follows that

= ZPQh(AO)PAo{Zij € Bij, i <m, j <t(i)},

where ) extends over those terms of (10) with P(Ag) > 0. Because of ) | Pg, (Ao)
=1, (8) entails

m t(4)
(11) P, {Zij € Bij, i <m, j <t(i)} = [[ [[ Pixes)(Z € By).
i=1j=1
Now, consider arbitrary ¢;; € {1,...,n} and the event

Ay ={Tij = qij, i <m, j < t(i)}.
Let us prove that
(12)  Po,{Zij € Bij, Tij = qij, i <m,j < t(i)}
= P, {Zij € Bij,i <m,j <t(i)} - Po,{Tij = qij,i <m,j < t(i)}.
This is trivial if P(£2, N Ay) = 0. In the case P(£2, N A,) > 0, from (9) it follows
that there exists an w such that
1= IQh (W) = fh[Tll(w)> <e . 7Tmt(m)(w)] = fh[q11; ce >th(m)] )
ie. Ay C 2p; from (3) we have Pg, (- | Ag) = Pa,(-), and by (8) and (11) we
have
P_Qh{ZZ‘j c Bij, 1 < m, j < t(l) | Aq} = P_Qh{Zi]‘ (S Bij, 1 < m, j < t(Z)} .

Thus (12) holds. (12) means that the families {Z;;, i <m, j < t(i)} and {T};, i <
m, j < t(i)} are Pg,-independent one of another, hence so are their subfamilies
{Zijy i<k, j<a()} and {Ty5, i < k, j < a(i)}. Thus we get
(13)  Pq,{Zi; € Bij, Tij = qij,1 < k,j < a(i)}

= Po,{Zij € Bij,i < k,j < a(i)} - Po,{Tij = ¢ij,i < k,j < a(i)}.
Now, in (11) let B;; = H x K unless i < k, j < a(i); we get

k a(i)
(14) P, {Zij € Bij,i < k,j < a(i)} = [[ [ ] Pxes(Z € Bij),

i=1j=1
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and after multiplying both sides by P({2,) and summing up over h = 1,..., u,
we have
k a(i)
(15) Poe{Zij € Bij,i < k,j < a(i)} = [[ [[ Pixes.)(Z € Byy).
i=1j=1
Considering (14) and (15), the same multiplication and summation performed
over (13) entails

(16)  Po<{Zi; € Bij, Tij = q;,i < k,j < a(i)}

(15) and (16) prove parts (i) and (ii) of Theorem 1.

4° For any fixed point w = (11,...,T14(1)}- -+ Tka(k)) in the range space
H?* of the family W = (X11,..., Xpqx)) the function R(-,w) in (4) is a proba-
bility measure on the product o-field (A x C)®*.

From (4) it follows that, for any fixed D belonging to the semi-algebra

k a(d)
(17) {D: D= X X (4% Cy); Ay € A, Oy eC},

i=1 j=1
R(D,w) is an A®*-measurable function in w satisfying

k a(i)
(18) R(D,W) = [T [T (4, Xi))Q(Cij, Xi)

i=1j=1

k. a(i)

= H H Py« {ZZJ S Aij X Cij ’ XU} a.s.

i=17=1
Indeed, by (15), the Po--distribution of Z;; coincides with the P xc¢g,)-distribu-
tion of Z; hence a mixed conditional distribution of Z;; given X;; with respect
to Pg+ is specified by the same function as that of Z given X with respect to
Pixes,), which is I(-, ) x Q(-,z) by Lemma 1. Thus (18) is justified; it is
rewritten, by Lemma 2, as

(19) R(D,W) = Po-{(Z11, .-, Zray)) €D | W} as.

Now, the class of sets D of (A x C)** such that R(D,w) is an A®*-measurable
function in w satisfying (19) is monotone, closed under countable disjoint unions,
and contains the semi-algebra (17), hence it coincides with (A x C)®¢. Fur-
ther, by applying Lemma 1, we can in (19) replace Po« by Po«nwea) pro-
vided Pgo«qwea) > 0. Thus R(D,w) is a mixed conditional distribution of
(Z11, - Ziar)) given W with respect to Po-nwea), and part (iii) of Theo-
rem 1 is proved. To finish the proof of Theorem 1 we should check that

Po-« (W S A) = P{[X(l)’.“7X(sk)]esil(l)X”'st(k)}{[X(l)’ ey X(Sk)] S A}.
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This follows from Theorem 1(i), (ii) by noting that the Pg«-distribution of W
coincides with the conditional distribution of {X (1), ..., X(sx)} given

{X(1) e Sy, ..., X(s1) €51, ..., X(sg—1+1)€ Sk, ..., X(s) € Sk}
Theorem 1 is proved.

Proof of Theorem 2.
1° It is simple to prove

P(Tij<00,i:].,...,k;j:1,2,...):1.

2° When considering the infinite sequence Z(1), Z(2), ... we have, for arbitrary
but fixed a(1), ..., a(k) € N,

1:P(T11<Ooa"'7Tka(k)<oo):ZP(A0)a

where the sum is extended over all sets Ag as in (7) with P(Ap) > 0 that corre-
spond to all possible collections M in Lemma 3. Then, with the same summation
range we have

P{Z” S Bz‘ja 1 < k, ] < a(z)} = ZP(AO)PAO{ZZJ S Bij7 1 < k, j < Q(Z)} .
From (8) we get
P{Z; €Bij,i<k,j<a(i)| Ty =nij i<k, j<a(i)}
k a(i)
= P{Zj € Bij, i <k, j <a()} = [[[[ Pxesn(Z € By),
i=1j=1

which proves parts (i) and (ii) of Theorem 2.

3° Reconsider step 4° of the proof of Theorem 1; there we used the probability
space (§2%, F|2*, Po+). Here, in view of assertions (i) and (ii) of Theorem 2, we
have to use the probability space (2, F, P). This is the only change needed to
produce the proof of part (iii) of Theorem 2; except this change, this proof copies
word by word step 4° of the proof of Theorem 1.

4. Interpretation of the theorems. The subdomains S;,...,S; being
suitably prescribed, now let

a(i) = #5:; N{X(1),.... X(n)} = #{Xa, ..., Xia(i }»

and let (21, ..., Tiq(;)) be the observed value of (Xj1,..., Xjq(;)) corresponding
to the data (1), i1 =1,...,k.
The point a = (a(1),...,a(k)) and the observed value

W= (T11,- -+, T1a(1); -+ Thls -+ Tha(k))s

corresponding to a definite data (1), are called respectively an elementary data
situation and an instantaneous data state.
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Theorem 1, applied to 2 = 2" in (5), now states that on the ground of any
elementary situation a, at any instantaneous state w, the transformed model

(Y11, s Yiays -5+ 5 Yea(r))

is a fixed-design (x11,...,%kq(k)) model, with the response observations Y11, ...
.o+, Yhaqy) being independent and distributed according to Q(-,w11),...
., Q( -, Tyq(n)), respectively.
In particular, the random explanatory variables model (X(1),Y(1)),...
., (X(n),Y(n)), with f[X(t), 0] as parametric conditional location function (me-
dian, expectation,...) of Y(¢) given X(¢) (t =1,...,n), now becomes the fixed-
design model Yi1,. .., Yo With f(zi;,0) as location characteristic of Y;; (i =
...k j=1,...,a(7))
Indeed, e.g., let (K,C) = (R",B"), Y = (y1,...,yr). Let fun(z,0) (h =
1,...,7) be the conditional median of y, with respect to the mixed conditional
distribution Q( -, x), which depends on a matrix parameter §. The vector function

[f(:L‘, 0)], = (fl(xa 6)7 R fr(xa 0))

is called the marginal median row-vector of Y’ according to Q(-,x). Then, by
Theorem 1(iii), with respect to the (Q)Pg/-mixed conditional distribution given
w, the variables Y11, ..., Yiq 1) are independent and Y;; has the marginal median
vector f(z;;,0) (i=1,...,k;j=1,...,a()).

In particular, at least approximately, for z € S1 + ...+ Sk, f(z,0) may have
the polygonal structure

k
i=1

where the row-vector functions b;( -) are known, the unknown matrix parameter
¢’ = (01:...:0;,) may be subject to linear constraints, e.g., in order to ensure the
junction of the zones f(z,0) = [b;i(x)6;]" corresponding to several S;, if one would
wish to have a continuous, or smooth to some order, regression surface (or curve).

Further, we suppose every component y; has a probability density under
Q(-,x), which takes a positive value @ (x) at the median f;. Then setting

Ogn = [(Q)P{yg < for yn < fn | 2} = 31/ (pg(x)on())

as the Q( -, x)-conditional association coefficient between y,, ys, we can consider
the conditional association matrix

I'(z) = (0gn (7)) g,n=1,...r

(see also [8]). We suppose I'(z) equals a constant unknown matrix I for every
x € S;. We can then state that with respect to the (Q)Pq/-mixed conditional
distribution given w, the r.v.’s Y;; are independent and have marginal median
vectors 0b;(x;;) and association matrices I (1 =1,...,k; j=1,...,a(i)). Here



16 Nguyen Bac-Van

bi(xij) = [bi(x;;]’. We shall frequently use the notations:
Ul = (Yai.. . View), U =(U... iU,

(20) B = B(w) = diag(By,...,Bx) (block diagonal matrix),
I = umit a(i) x a(i)-matrix,
U = (Upq)sp.rs U= (W11« U1 e e ULy e Ugy)
Let (Q)Mg/(Ulw) be the matrix whose (p,q)th element is the (Q)Pqo/ (- | w)-
conditional median of up, (p=1,...,88;¢=1,...,7). Let (Q)Aq (U|w) be the
(Q)Pq (- | w)-conditional association matrix of U. We proceed to its computa-
tion. Write
Y = Wij1s - Yijr) -

Then U; = (U:... U ), where Uiy = (Yitg, - -»Yiati)g) (0 = 1,..., k59 = 1,...
...,r). Fori,t =1,...,k, we denote by (Q)An (Uig, Uy | w) the a(i) x a(t)-
matrix whose (j,v)-element (j =1,...,a(i); v =1,...,a(t)) is the (Q) P (- | w)-
conditional association coefficient between the components 44, Yton of Usg, Uy
respectively. We also use this notation for other couples of vectors, e.g. we define

Agh = (Q) A (Ug), Uy |w),  (g:h=1,....7),
where U, is the gth column vector of U. From the conditional association
matrix definition, considering (ﬁ)’ = (U(’l), . .,U(’T)), we get (Q)Aq/ (U | w) =
(Agh)g,hzl,...,r' Moreover, noting that U/, = (Ui, ..., Uy,), we have

Agn = {(Q)Aq (Uig, U, | w) }ip=1,....k-
From the definition of (Q)Aq (Uig, U, | w) and by the (Q)Pgq (- | w)-condi-
tional independence of Uy, ..., Uy according to Theorem 1(iii), we see that
Agh = diag(th(z'), 1= 1, ey k)
where Fyp,(i) = (Q)Aq/ (Uig, Uin | w); also by Theorem 1(iii), Fyp (i) is diagonal.
On the other hand, by Theorem 1(iii)
QA (Yij | w) = (QA(Y | zy5) = I

let us write I = (’ygh(i)) . Because U; = (Uilf .. EUiT), we have

g,h=1,...,r

(Q)Aq (Ui ‘ w) = (th(i))g,hzl T

Considering Uj = (Yi1:...Yjqz;)), we see that
Fon (i) = diag(vgn (i), - - - s gn (i) = Ygn (i) Las).-
Finally, we get
(Q)Mo (U [w) = BY,
(Q) Ao (U | w) = (diaglygn(1) a1y, - - - » Ygr (k) o)) g.n=1,....r -
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This means that, so to speak, U follows a generalized conditional linear model.
This enables us to use the LAD method (see [8]) for estimating 6.

II. Conditional linear models
and estimation of regression parameters

5. Introduction. In Section 4, by performing all S;-transformations (i =
1,...,k), the original data (1) are transformed into the set

{(Xﬂ?}/;l): DRI (Xza(l)al/;a(l))a 1= 17 .. 7k}

where «(7) is the random number of occurrences of X-value in S; in the course of n
observations. The new model is one with random numbers of observations «().
In [1] a conception of treatment of such a set of observations was presented.

In this chapter, on the basis of this transformed model, we study the estimation
of the regression parameter in the following case:

(K,C)=(R",B"), EY'Y)=E|Y|*< o,
Q(-,z) is previously chosen so that (Q)E(YY' | z) = [, yy’ Q(dy, ) exists and
is finite for every x € H; S1,..., Sk being prescribed, for every x € S1 + ...+ Sk
1) { (QB(Y' |7) = iy bie)oils,(v).
QDY [ z) =375, di(x)Xils, (x) ,

where d;(-) > 0, b;(-) are known functions, the /; x r-matrices 6; and positive
semidefinite X; = (agh(i))w are unknown, there may be linear constraints on

The first mean structure (21) arises when we approximate the unknown re-
gression function (Q)E(Y | z) by linear parametric functions in every domain S;.

ExaMPLE 1. XY are real-valued, k = 2, S; = [ug, u1], S2 = (u1,us], and
(Q)E(Y | X) is approximated by two segments of parabola with common tangent
at their common point:

(QEY | X)=0b0,(X)0; for X €S;,i=1,2;
bi(X)= (X% X, 1), bX)=(X?1),
07 =(a1, by, c1), 05 = (az, ca2).
The constraints are
a1u? + byuy + ¢ = agu? + ¢y,
2a1uy + b1 = 2asuq ,
which can be written in the form C0 =0 or § € © = Ker C, where

O = w? w1 —u? -1
20y 1 0 —2u; O ’
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The structure (21) may also arise in case the conditional distribution form of
Y changes when X passes from a domain S; to another. Indeed, for simplicity
consider S; + ...+ S,y = H; then Y is represented by

k
Y = Z Yilixes,), Yi=Ylixes,),

i=1
where Y; is the representative of Y when X stays in S;. For example (see [6]),
Y is average foot length, X is age of a boy; (X,Y) is a bivariate measurement
made one time per child within a group of children of different ages; S1,..., Sk
are different growth periods, Y; is the average foot length of a boy in the ith
growth period. Set

P(Yi<y|XeS)=Fly), yeR,i=1.. . k.

Then Y follows the mixture of distributions
k
PY <y) = Ztii(y), where ¢; = P(X €5;).
i=1

If every representative Y; has the distribution structure
(QEY"|X) =b(X)0;, (QDY;|X)=di(X)Z;

when X staysin S; (i =1,...,k), Y will follow (21).
The proof of existence of the model (21) can be outlined as follows: let & be
a r.v. Then there exists an R"-valued random function (;(&,z), =z € H, satisfying

EG(§ x) =0,
D¢i(&,x) = EG(E,x)C(&x) =di(x) X (i=1,...,k).
Let ¢ be independent of X. Then there exist determinations of E((;(&,X) | X)
and E{( (&, X))/ (&, X)| X} respectively, such that
E{Gi(&§, X) | X =a} = EG(§x) =0,
D{G(& X) | X =} = B{G(& X)Gi(& X) | X = a}
= EG(&,2)G (& x) = di(x) 2.
Let Y/ = C/(§&, X))+ b;(X)0; (i=1,...,k). We get
E(Y] |z) =bi(x)0;, D(Yi|z)=di(z)Z;.
Then Y = 3¢ | Yil(xes,) satisfies (21).
Hereafter, all notations already introduced in Section 2 and (20), §4, are to

be kept in mind; moreover, the following standard matrix notations will be used
throughout:

M, = the linear space of all real s X r-matrices,

f'(-) = the transpose of a matrix-valued function f(-),

B~ = an arbitrary g-inverse of a matrix B,

IC|I? = Di c?j, |Cl =3, jlcijl for any real matrix C' = (c;y),
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e |Y||2 =Y'FY for any r x 1-vector Y and positive semidefinite (PSD) r x -
matrix F|

e M(B) = the vector space generated by the column vectors of a matrix B,

e M7 = the set of all s X r-matrices with r columns belonging to £ C R?,

o 7 =(n...n.) forn=(m:...n) € Myxr,

e Dn=D7 for any random matrix 7,

e B ® C = the Kronecker product of matrices B, C,

e B > (C means B — C is a PSD matrix,

e pf1Bt = the probability distribution of the family of r.v.’s £1,. .., 3.
Finally, set

(22) A" ={w : Rank B(w) =11 + ...+ i},

2" = the general event in Theorem 1.

6. Conditional generalized least squares estimators (CGLSE)

THEOREM 3. The domains S1,..., Sk being prescribed,

(i) if the underlying distribution of (X,Y') satisfies (21), then U follows the
conditional linear model

(Q)Danwea)(U | w) = {diag(ogn(1)V1, ..., 09n(k) Vi) }rr
for every w € A C Sa(l) X Sz(k), where
Vi= dlag[di(xil)a s di(Tia@)] (E=1,..,k),

(ii) conversely, if the basic probability space (2, F, P) is the sample probability
space of a sequence Z(1),...,Z(n’) withn' > n, or of an infinite one, and if (23)
is fulfilled for every A as in Theorem 1(iii), then (21) follows, i.e. we have

k
(QEY' |2) =) bi(x)0ils,(x), (QD(Y |x) Zd VX, (x
i=1
Proof. (i) For any random matrix F’ = (F{:...F}) where F; = (Fj1:... F},)
are a(i) x r-matrices (i = 1,...,k), we can check
(24) DF = (Cgh)g,hzl,...,r
with Cyp, = {Cov(Fig, th)}z»7j:17_,,,k. Then, recall U/ = (Yi1i...! Yia(i)) and write

Y, = (yij1, .- Yijr). We have
(@)Danwen) (Ui | w) = (Ggn),,
where

Ggn = {(Q)Covarnwen)Wijg, Yiph | W)}jp=1,. . a@) @E=1,....k).
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By (21) and Theorem 1(iii) we have
(25) (@)Dosnweay(Yij | w) = di(zij) s,
Ggn = diag{d;(zij)ogn(i); j=1,...,a(1)} = ogn (i) Vi .
On the other hand, write U; = (U1} ... U;-). Then we have
(Q)Dgo+nweay(Us | w) = {(Q)Covo-nwea)Usg, Uin | w) }r,,
whence
(Q)Covo-nwea)Uig, Uin | w) = Gy = ogn(i)V; .
By applying (24) to U’ = (U7:...:U}L), Ui = (Ut ... Uy, we get
(Q)Dﬁ*m(WeA)<U | w) = (‘Dgh)r,r
where
Dy = {(Q)Cova-nwea)Uig, Ujn | w)}ij=1,.. &
and by Theorem 1(iii), from the above, it follows that Dy, = diag{og()V;, i =
1,...,k}, i.e. the second relation (23); the first one is immediate.
(ii) Define (Q)D(Y | X) = v(X). Then by Theorem 1(iii) we have
(Q)DQ*O(WGA)(Yij | W) = U(Xij)-
Let U satisfy (23). The matrix identification process in (i) entails (25), i.e.
(26) v(Xij) = di(Xi5) 25 .
Now, the range of W when w varies over {2* contains the one when w varies
over any set Ag as in (10), §3, in particular, when w varies over the set

A = (Tn = 1,...,T1t(1) :t(l);-”;--'?Tmt(m) :t(l)—i——l—t(m))
For w e Ay,
(Xlly---»Xlt(l);'--;-'-7th(m))
= (X1, X))t X (1) + .+ £(m))}

When w varies over Ay, the range of this family is Sf(l) x .. .ox SHM) i (2, F,P)
is the sample probability space of the sequence

(X(1),Y(1)),....(X(n'),Y(n))  (n=n)
or of an infinite one. Since (see Section 3) a(i) < t(i), i =1,...,k, k <m,

W = (Xllv ce 7X1a(1); Ceegaae 7Xka(k))

is a subfamily of the preceding family; hence when w varies over {2* the range of
XijisS; (1=1,...,k; j=1,...,a(i)). By assumption, (23) is fulfilled for every
A as in Theorem 1(iii); we take A = Sf(l) X ... X S,j(k). Then in (26) the range
of X;; is S;, i.e. v(x) = d;(x)X; for every x € S;, i = 1,..., k. Thus the second
equality (21) follows. We get the first one by the same reasoning. Theorem 3 is
proved.
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By this theorem, the estimation of the parameters 6, %; (i =1,...,k) in (21)
is brought back to the one in the conditional linear model (23). We shall first
seek the best estimator of 8 in the following fixed-design model.

DEFINITION 1. The random s X r-matrix 7 is said to follow an r-multivariate
Behrens-Fisher model if E|n||* < oo and

27) En=Bo,
D77 = {diag(a—gh(i)‘/iy i = 17 RN} k)}g,h:l,‘..,ra

where
0 = (0):...:0,), B =diag(Bu,...,Bx),
s=a(l)+...+ak), l=L+...4+1.
Here the a(i) x [;-matrices B; and positive semidefinite a(i) x a(i)-matrices V;
are known, whereas the [; X r-matrices 8; and PSD X; = (Ugh(’i))r , are unknown
(i=1,...,k); the range of # being any given set @ C M. ’
When r = 1 and © = M, we get the model already examined in [3].
The generalized least squares estimator for 6 will be given in Lemma 4. For

further considerations we introduce the following notations and assumptions. Let
D be the range of En in (27) and

Do ={pn—p:p, €D}

AssuMPTION 1. Either

(a) there exist linear subspaces £; C M(B;) (i = 1,...,k) such that

Lyx..xLy 18 the linear hull of Dy in My, or

(b) X1 = ... = X} and there exists a linear subspace £L C M(B) such that
M is the linear hull of Dy in My,.

Let Vi,..., Vi be positive definite and G the orthoprojector on M7, . . .
of My, endowed with the scalar product

(28> <<17C2) = a[‘[?”®dia‘g_1(vla"'7vk)]<—2>7 ClaCQ € Ms><7“~

Let @ : Moy, — Mpyxq, ¥ : Mix, — Mpyx, be linear operators into some space
Mpyq. We say that ¥ is estimable in the model (27) if there exists an ILUE
or LUE for ¥ (inhomogeneous linear unbiased estimator, resp. linear unbiased
estimator).

Then, using G under Assumption 1(a) and again denoting by G the orthopro-
jector of My, on M7 under Assumption 1(b), we have the following lemma.

LEMMA 4. (i) In (27), a BILUE (best inhomogeneous linear unbiased estima-
tor) for ®En exists and is given by

G + O(I; — G po

where g is any fized element of D.
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(ii) If B is injective as a linear mapping My, — Mgy, then U0 is estimable
and

UYB-Gn+V¥B~ (I, — G)Bb,,
where 0y s arbitrarily fived € O, is a BILUE for V6.
(iii) @ is estimable in (27) if
RankB=1;+... 41, or RankB;,=1; (i=1,...,k).
When k = 1, Lemma 4(i) gives a result of Theorem 2.1.3 in [4] (Band I). By
abuse of notations, we use e.g. ®Gn to designate the image by @ of the element

obtained either by the product matrix Gn or by G acting on . Similarly B~ Gn is
the image of n by the product mapping of G and the mapping B~ : Mgy, — Mjx..

Proof. (i) We proceed in several steps. First let us prove (i) under Assump-
tion 1(a).

1) Let G; be any a(i) x a(i) projection matrix of R** endowed with the scalar
product

(ylvyZ) = Z/’1Vi_1y2 5 Y1,Y2 € Ra(i) .

Then G;G; = G;, GiV; ' =V, 'Gy (i = 1,...,k). Let G = diag(G1,...,Gy).
Then

(29) GG =G, G'diag '(Vi,...,V) =diag ' (V1,..., V)G
We have G;V;G; = G;V;, hence
Giogh()ViG; = Giogn()Vi  (i=1,...,k),
which entails
(I, ® G)Dn(ILey — (I, ® G)) =0,
for Dn has an expression as in (27).

2) Let T'n + ¢ be any inhomogeneous linear function My, — Mpx,, where T'
is any linear operator; then

Tn=L7, L&eMygs.
Write n = Gn+ (Is — G)n. We have Tn+c¢=TGn+T(Is — G)n+c, or
LT+ 2 =L o)T + LIy — (I, 2G) T + ¢
Further,
Cov{L(I, @ )7, L(Is, — (I, @ G)) 77}

=L @G)DN Iy — (I, G))'L' =0.
Now, if 71,72 are two random vectors in the same space, with E||y||?
E||72]|* < oo, we have the elementary formula

D(71 + 72) = D(’Yl) + D(Fy?) + COV(’Yla’YQ) + COV(72771) 3

< 00,
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and, when Cov(y1,72) = 0, we have

D(vi+72) =D(n) + D(v2) = D(m) .
Applying this, we get
D(L7 +72)=D(L7) > D(L(I, ® G)77) .
We can also obtain this inequality by applying the well-known Lehmann—Scheffé
lemma ([5]; see also [4], Band III, Satz A.3.2, p. 329). Equivalently, we have
(30) D(Tn+c) > D(TGn).

3) Moreover, let Tn + ¢ be any ILUE for @En. Then E(Tn+c¢) =TEn+c=
@ FEn for every value of E7 in its range D, which entails TA = @\, VA € Dy, and
hence by Assumption 1(a),

(31) TA=®\, YAEML, .o .

4) Now, choose for an orthoprojector G; the a(i) x a(i) projection matrix of
R*® on L; (i =1,...,k). G, satisfying (29), is an s X s projection matrix of R*
endowed with the scalar product

(y,2) =y diag ' (Vi,...,V&)z, y,z€R".
Hence G is also an orthoprojector of My, endowed with the scalar product(28).

Let 2/ = (2)i...12}), 2z € R*() . Considering the range £; of G;z; when
2z; varies over R (i = 1,...,k), the range of Gz when z varies over R® =
R x ... x R¥¥) is £1 x ... x Ly, hence the range of G¢ when ¢ varies over

M is M7 o .- Thus (31) is equivalent to TG = ®G. Therefore, by (30),
for any ILUE T + ¢ for @En we get

D(Tn+ c¢) > D(®Gn) .

5) Because G projects Mgy, on M7 o . . D Dy, GA = A\, VA € Dy. Hence

for any fixed py € D, an ILUE for @En is the function @Gn+&(I; — G)ug because
E[®Gn + (I — G)po] = PG(En — po) + Ppo
= P(En — po) + Ppo = PEN.
Moreover, it is a BLUE because
D(Tn+c) > D(9Gn + O(1s — G)po)

for every ILUE T + c.

We have thus proved (i) only by means of Assumption 1(a) that the linear
hull of the translate of the range of En has the form M7} . . . where £; is
any subspace of R*%): neither the representation En = B nor the particular
assumption B = diag(By, ..., By) is needed.

Now consider & = 1. Then £; = L is a linear subspace of R* such that M7, is
the linear hull of Dy; set Xy = X = (O'gh) Vi = V; we get the assertion (i) in

r,r’
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the case
Dn:(aghV) =XV,
G = the orthoprojector on M7. of M, endowed with the scalar product

(€6 =TV IE, GG € Mar,
Therefore (i) follows under Assumption 1(b), because in that case

1= ...=Xy =% say,

Dn = {diag(ognVi, i=1,...,k)},, =20V

g,h=1,...,r

by renaming diag(Vy,..., Vi) =V.
(ii) The equation B = En is consistent in 6 for En € {Bf : 6 € O}.
The solution # = B~ En is unique for B is injective. Thus any g-inverse B~

is a linear mapping Myx, — M;x, which is a linear extension on My, of the
inverse mapping of B, and ¥ = WB~ En. Then, by (i), for any fixed 6y € ©

WB~Gn+WB~ (I, — G)Bb,
is a BILUE for ¥, and (ii) is proved.
(iii) The following assertions are successively equivalent:

1) B is injective as a linear mapping My, — Mgy,

2) B is injective as a linear mapping R! — R*, or, equivalently, Ker B = 0;41,
or dimM(B) =1 or Rank B =,

3)KerB; = 0,41 (1 =1,...,k),

4) dim M(B;) or Rank B; =1; (i =1,...,k).

This completes the proof of Lemma 4. From Lemma 5 it will follow that the
BILUE in Lemma 4 are just the generalized least squares estimates.

We consider a random s x r-matrix 7 and linear operators @ : My, — M4,
U My, — My,x4; we have the following lemma.

LEMMA 5. Consider a general model 1 in which the range of En is some set
D C Msxr, Do ={pp—1 : p,pu € D}, and & is any linear subspace of Mgy,
containing Dy. Let Msy, be endowed with a scalar product q(y,z), and let || - ||,
be the induced norm. Let ug be any fixed element of D. Then

(i) for given Y € Mgy, there exists a unique element p = p(Y') of the affine
manifold £ + 1o such that

1Y =pllg < IY = pllq

for every u € D, and more generally, for every p € € + uo,

(ii) if G, is the orthoprojector of Mgy, on &, we have p(Y) = GY + (I —Ge) o
where I is the identity mapping Mgy, — Mgy,

(iii) @p(n) = PGen + P(I — Ge)po is an ILUE for PEn,
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(iv) when En has a parametric structure En = B, € @ C My, and the
s X l-matriz B defines an injective mapping B : Mix, — Mgy, then

"IIB_ﬁ(n) =VYB Gen+ WB_(I - Ge)NO

is an ILUE for WO. By abuse of notation, e.g., YB~ G, denotes the product of
the mappings G, B~,¥.

Proof. (i) For Y € My,
Y=Y+2y,, Yoe€& ZyLl,¢&

(i.e. Zp is orthogonal to £ with respect to the scalar product ¢). For pg arbitrarily
fixed € D,

Ho = €o + fo, ey € &, foLlg €.
For p arbitrarily chosen in D, or more generally, in € + g, we have
p=-e1+ fo, e1 =eo+ (p—po) €€, fo L4 E.
Now, Yo + fo = (Yo — eo) + po € € + po and
Y—p=Y—e)+ (Y - Yo+ fo)),
Yo—eleé’, Y—(Y()—l—fo):ZO—foJ_qg
Hence, by setting p(Y') = p = Yo+ fo, we have ||Y —pul|, > [|[Y —D||4, with equality
iff e; = Yy, ie. iff =Yy + fo =p. Thus (i) is proved.
(i) Yo = G.Y, eo = Gepio, fo = po —eo = (I — Ge)po, p = p(Y) = GeY +
(I = Ge)po-
(i)
E®p(n) = PG (En — po) + Puo = P(En — po) + Ppo = PE.
(iv) 8 = B~ En, and ¥ = W B~ En if B is injective. This completes the proof

of Lemma 5.

Lemmas 4 and 5, applied to the conditional linear model (23), will give con-
ditional generalized least squares estimators for 6. Besides, we must ensure the
conditional estimability of 6.

7. Conditional estimability. In connection with the conditional linear
model (23), following the corresponding definitions in fixed-design models (see
[4]), we introduce the following

DEFINITION 2. A function L(w)ﬁ—i—c(w), where L( -), ¢(-) are matrix-valued

and A®*-measurable in w, is called a conditionally inhomogeneous linear unbiased
estimator (CILUE) for 7 if

(Q)EQ*O(WeA){L(w)ﬁ +c(w) | w} = 7
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for every w € A and every underlying distribution of (X,Y") fulfilling (21). When
¢(w) = 0 this estimator is symbolized by CLUE. 6 is called conditionally estimable
in the model (23) if @ has a CILUE or CLUE,

By Lemma 4(iii), whether there are constraints on 6 or not, 6 is conditionally
estimable when Rank B(w) = l1 + ...+ lx. By (5), §2, with A* as in (22), after
letting 2* = (2’ in (23), consider

(32) 02, = > 2 (a,n) N (W € A*).
l;<a(i),i=1,....,k;a(1)+...+a(k)<n
{2,, is the conditional estimability domain for € on the ground of n observations
on (X,Y).
In this section we shall prove that when the number of observations is suf-
ficiently large, it is practically sure that 6 is conditionally estimable. We begin
with the following

LEMMA 6. Let f1,..., 5 be i.i.d. random | x 1-vectors, and C] = (B1:...:5).
Then det C; = 0 a.s. iff the probability distribution of 81 is concentrated in some
proper subspace of R.

Proof. Write f(51,...,0) = |detC;| > 0. Then detC; = 0 a.s. iff
Ef(By,...,0) =0, or,iff E{f(B1,...,01) | B2,..., B} =0 a.s. This is equivalent
to

E{f(ﬁl,"'vﬁl)|Z2a"'azl}:O

or to
Ef(B1,22,...,21) =0
for PP2Bi_almost all values (zz,...,2). This, in turn, is equivalent to
f(Bi,z2,...,z1) =0 or det(Biizoi...iz) =0 PPas.
for PP2:Bi_almost all values (zz,...,2).

The sufficiency part of the lemma is evident. Let us prove the necessity part.
We reason by induction. For [ = 1, the assertion is true. Suppose it is true for
I —1; let det C; = 0 a.s. There are two possibilities:

B2 on any coordinate hyperplane is a.s. focussed in some proper subspace of this
hyperplane, hence 35 lies a.s. in some (I — 2)-dimensional subspace of R!.

Lemma 6 is proved.
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COROLLARY 1. We have P(2* N (W € A*)) > 0 for every set £2* as in
Theorem 1 provided a(i) > 1; (i = 1,...,k) and the P xcg,)-distribution of bj(X)
is not concentrated in any proper subspace of R% (i =1,... k).

The last assumption is equivalent to the following: There exists no constant

non-null /; x 1-vector 7; such that b;(x)7y; = 0 for PX-almost all values z € S; (1=
1,...,k). Such a requirement is practically always fulfilled.

Proof. By Lemma 4(iii), (20), §4, and because a(i) > l;, we have
(W € A%) = {Rank(bj(Xn):. .. ib)(Xia@)) = lizi=1,...,k}
D {det (b)(Xi1)i. .. 05(Xa,)) #0;i=1,...,k}.
By Theorem 1(i) and (ii), the events on the last right-hand side are Pg--independ-
ent for i = 1,...,k, the r.v.’s bi(X;1),...,b.(Xy,) are Po«-ii.d., and their com-

mon Pg--distribution coincides with the Px¢g,)-distribution of b;(X). Hence by
Lemma 6, it follows that Po-(W € A*) > 0, i.e. P(2* N (W € A*)) > 0.

COROLLARY 2. Let 81, Bo, ... be a sequence of i.i.d. random | x 1-vectors and
Cl = (Bii...:6n). Then

(i) P{Rank C,, =1} T 1 as n T oo, if the probability distribution of 1 is not
concentrated in any proper subspace of RY,

(ii) P{Rank C,, =1} =0 for every n > 1 otherwise.

Proof. (i) By Lemma 6, under the assumption of (i), P(det C; = 0) < 1. For
every k=1,2,...

Hence P{Rank Cy; < [—1} < [P(RankC; < [—1)]¥, and P{Rank Cy; <1—1} =0
as k — oco. But P(Rank C,, <1 — 1) decreases as n increases, and (i) is proved.
(ii) Note that if n > [ then

{RankC,, <1—1} = (1 {Rank(8;,i...i8;,) <1—1}.
1<i1<...<;<n
Hence P(Rank C; <1 —1) =1 entails P(Rank C,, <1 —1) = 1. Thus (ii) follows.
THEOREM 4. If n increases along the infinite sequence of i.i.d. r.v.’s X(1),...

.., X(n),..., then the sequence {§2,,} given by (32) is non-decreasing. Moreover,
if the P(xcs,)-distribution of by(X) is not concentrated in any proper subspace of

Rl (i=1,...,k), then
P(lim 2,)=1.

Proof. In view of Lemma 4(iii), we see that in (32)
we A means Rank(bi(zi1)!. .. 05(Tiag))) = ls

for i = 1,..., k. Hence, for known a = (a(1),...,a(k)), A* = A*(a) is a known
set.
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Consider any w € (2, and the corresponding trajectory X, (1),... Define

a(i) = #8: 0 {Xu(1),. .., Xu(n)} = #{Xi1, .., Xia(n} -

Then we must have a(i) > I; (i = 1,...,k), and w € 2'(a,n), (X11,...
oy Xpak)) = W(w) € A*(a). Hence

Rank (b)(X)i. .. 0 (Xia)) =L (i=1,....k).
Set
a'(i) = #5; N{X,(1),..., Xu(n+1)}.
Then a'(i) > a(i), a’(i) > 1; (i=1,...,k), and a fortiori
Rank (0)(X)i ... b (Xiw)) =l (i=1,....k).

Hence w € (a’,n 4+ 1) and (X11,..., X115+ -3+ X)) € A*(d'), ie.
w € 2,41. Therefore (2, C §2,11. To prove the second part of Theorem 4 note
that for given a(1),...,a(k), the Pgi (4 ) -distribution of W = (X11,..., Xia(k))
by Theorem 1 coincides with the P-distribution of W by Theorem 2, hence
Pgramy(W € A*) = P(W € A*). By Corollary 2 we have

k
P(W e A*) = HP{Rank(bg(Xﬂ); (X)) = L 1L

as a(t) T oo (i =1,...,k), provided the P-distribution of b;(X;;) (j =1,...,a(i))
or the P(x¢g,)-distribution of b}(X) is not concentrated in any proper subspace
of Rli (i=1,... k). Hence

Ve>0,3(A1,. .., D), Va=(a(l),...,a(k) > A = (Ar,..., D),
PQ’(a,n)(W S A*) >1—c.

But, with the same summation range as in (32), we have
ZP (a,n))Pqrian)y (W € A¥),
hence as a > /A we get the inequality
P(02,)>(1—-¢) (ZQ’an)
By (5), §2, we have
> Qan)={w: #50{X1),....X(n)} >l i=1,...,k},

accordingly P(>_ (2 (a,n)) — 1 as n — oo. Thus liminf,,_, . P(£2,)> 1—¢,
Ve > 0, hence lim,, o P(£2,,) = P(lim;, o0 2,,) = 1. Theorem 4 is proved.

Remark 3. For the conditional estimability domain (2, of 6, always {2, C
> (a,n). If the P xcg,)-distribution of b;(X) has a density with respect to the
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Lebesgue measure in R%, then
Po-{det (b} (X;1)i...05(Xy,)) =0} =0, (i=1,....k).

Then, for the reason explained in the proof of Corollary 1, we have Pn«(W €
A*) = 1, in particular P/ (qn) (W € A*) = 1if a(i) > l; (i = 1,...,k), and thus
P(£2,) = P(>_ 2 (a,n)), i.e. in this case 6 is conditionally estimable in almost
the whole Y '(a,n).

8. Properties of the CGLSE. S;-transformations acting on the data (1)
split the initial model {(X (¢),Y (¢)), t = 1,...,n} satisfying (21) into a system
of conditional models (23), or, roughly speaking, into a system of “infinitesimal”
models. In this section, we show that, by joining together instantaneous states
w, several data situations a to recover the most part of {2, from the properties of
CGLSE in “infinitesimal” linear models we arrive at global properties.

Consider the model (23) in which the range of  is some fixed set © C M.,

A = the linear hull of &y in My, ,
O =461 : 3(O2,...,0;),0 €O}, ...,
Or ={0k : 3(01,...,0k_1),0 € O},
Oio = {0: — 0; : 0,,0; € O;},
Ao = the linear hull of O;p in M, », (i=1,...,k),
D=D(w)={B0 : € O},
Dy={BH—0):0,0cOy={B5:dec6}.
Like Assumption 1, we shall here make use of
ASSUMPTION 2. For every w € A*, either
(a) there exist linear subspaces
Li=Li(w) c M(B;) cR*D  (;=1,... k)

such that M7 . . . is the linear hull of Dy in M, ., or
(b) Xy = ... = X} and there exists a linear subspace £ = L(w) C M(B) C
R** such that M7 is the linear hull of Dy in Mj, «..

When there are no constraints on 6, i.e. @ = M., or, more generally, when
there are only constraints separately on each 6; of the form

A—i(;:{gz?:éiEAiO}: X Ai,
h=1

where A; is a linear subspace of Rl (i = 1,... k), Assumption 2(a) is satisfied.



30 Nguyen Bac-Van

Indeed, write §; = (51‘15 . 5(5”) € A or o €A; (YVh=1,...,r),and L; =
{B;oin, : din € A;}. The linear hull of Dy is then

= {B(SB:dlag(Bl,,Bk), Bz(szh Eﬁi,i: 1,,k,h: 1,...,7"}
:lex...xﬁk

because the hth column of B is B(dy,...0;;,) = ((Bi6in) ... (Brdin)')" and
varies over £ X ... X L (h=1,...,r).

Further, consider constraints imposed on 6 to ensure in (21), §5, the junction
of the zones (Q)E(Y' | x) = b;(x)6; for several S; (i =1,...,k). Write

0; = (Nt i Ni) (i=1,...k),
Let L;; be the common boundary of the domains \S; and S;; the junction require-
ments are
bz<l‘)92 = bj ({L‘)(gj R Vx € Lij ,
or, equivalently,
bz(l'))\zh :bj(x))\jh7 h= 1,...,7“, V.’L‘ELij.

We can analogously impose conditions that several shreds y = b;(x)0; (1 =
1,..., k) of the regression surface have common tangent hyperplane at every point
of their common boundaries. Thus these constraints are imposed in exactly the
same manner on every Ay (h =1,...,7), i.e., to sum up, the junction constraints
are A\, € I' (h = 1,...,r), where I', independent of h, is some linear subspace
of R!. Therefore, when the junction constraints are imposed, © has the property
that the linear hull A of @ is of the form

A={(3 :6cA}= >T<r
h=1

where I" is some linear subspace of R!. Let © have this property. Consider
= (01i...10,) € A, L={Bd, : opel}.

Hence, in the case Xy = ... = X%, when 6 is subject to the junction constraints,
Assumption 2(b) is satisfied.

Let dy(-),...,dk(-) in (21),85, be positive functions, let Vi, ..., V} be defined
in Theorem 3, and let M;, «, be endowed with the scalar product

- - rd
(33) Cl[Ir®dlag 1(‘/17"‘7Vk)]c2) Cl)CQEMstT'

Let G. = G.(w) be the orthoprojector of Mj, x, on an arbitrary linear subspace
E of Mj, x, containing Dy. By the same symbol G = G(w) we denote the ortho-
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projector of Mg, x, on M}, . . . or M7 according as Assumption 2(a) or 2(b)
is used. Let 6y be some fixed element of ©, and I the identity mapping of M, x.
Consider

8(U, w) = B~ (w)Ge(w)U + B~ (w)(I - G.(w))B(w)fy,

where the products are those of the mappings B~,G.,I — G., B; moreover,
B~G.U, e.g., is the image of U € Mj, «, by the mapping B~ G,; and let

(U, w) = B~ (w)G(w)U + B~ (w) (I, — G(w))B(w)fy

where the products are simply those of the matrices B~,G,U,... By applying
Lemmas 4, 5 to the model (23) for every fixed w € A*, we see that 0(U, w), (U, w)
are ILUE for §. Now, in Theorem 1, W = {X11,..., X1a(1);-- -5+ Xpa(r) }» the

pair (U, W) is defined on 2%, the functions 6(U, W), 6(U, W) are defined on
2* N (W € A*). In particular, letting £2* = 2" (see (5), §2), we have (see §4)

W={S;n{X(1),....,.X(n)},i=1,...,k}.
U being paired with W, the functions @\(U, W), (U, W) are defined on £2,, (see

(32), §7), they are the CGLSE of 6; their nice properties in finite sample are
stated in

THEOREM 5. Suppose the conditions of Corollary 1 are satisfied.
(i) O(U, W) is locally and globally unbiased, i.e.

(QEqawean{0UW) |Wr=0, Eq0(UW)=0 forevery § €6.

(ii) Under Assumption 2, §(U, W) is locally and globally optimal, i.e. for every
Mser-valued function o(U, W) such that @ (U,w) = )\(w)ﬁ + 6(w) is an ILUE
for G in the model (23) (see Definition 2)

(Q)Da+nwean {e(U,W) | W} > (Q)Da-nwean {0U, W) | W},
Do, (U, W) > Dg, 60(U,W).

These properties are valid provided for every s < n the following reqularity con-
ditions are fulfilled for some particular g-inverse B~:

Setting v = {1,...,sp}, X(v) = {X(1),..., X(sp)}, S = 5¢ x ... x §2%)
let

1) E|lY]]? < oo,

2) Exxwyesy B~ (X () V) ZIIY )|? <

3) E{X(u)es}IIB’(X(V))G(X(V))B(X( ))H2 < 00,
4) f‘J{X(V)es}IIB’(X(V))B(X(V))H2 < o0,

5) EgxwestMX @) - ZIIY )|? <
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6) Eyxwyesyllo(X()]* < oo,
k
7) Eixwesylllr @ B~ (X (v)]|Ge(X (v))] - Z\Y(Si)\ < o0,

8) Erxwyesyllr ® B™(X()]Ge(X(¥))[Ir © B(X(v))]] < oo,

where, by abuse of notation, the symbol G, in 7), 8) also denotes the skr X sir-
matriz associated with the linear operator G @ Mg, 7 — Mg, xr.

Proof. (i) By Lemma 5, at any instantaneous state w € A*, (U, w) is
unbiased for 0 in (23), i.e.

(Q)EQ*O(WGA*)@(U, w) |w} =46

or, by Theorem 1(iii),
(QEq nwean{0(UW) [w} =6, or
(QEgenwean{0(U,W) [ W} =0, VocO.
Hence for every set £2* in Theorem 1
EQ*Q(WGA*)é(U7 W)=40.

Letting 2% = ' = §2'(a,n), then multiplying both sides by P(£2' N (W € A*))
and summing up over the range as in (32), §7, we get Ep, 0(U,W) =0, V0 € 6.

(ii) By Lemma 5, at every w € A*, under Assumption 2, (U, w) is a BILUE
for 6 in (23), i.e.

(Q)Donwean{p(U,w) | w} > (Q)Do-nwean {0(U,w) | w}.

Then, by the same reason as above,

~

(Q)DQ*O(WGA*){‘P(U7 W) ’ W} > (Q)DQ*O(WEA*){H(Uﬂ W) ’ W}

Moreover, we get as in (i)

~

Egiaweanyo(UW) =0, Egnwean(UW)=0, VoecO.

~

The conditional dispersion matrices of (U, W) and 6(U, W) are the conditional

= —
expectations of the expressions (@ — 7)(? - 7)’ and (0 — 7)( 0 — ?)’
respectively. Then, by proceeding as in (i) we get

Doerweanyp(U, W) > Daengwean (U, W),

~ ~

and Dg, o(U W) > Dg 6(U,W) because Eq (U W) = 0,Eq 6(UW) = 0,
Vo € 6.
To make the reasoning rigorous, we must check the existence and finiteness

= =\ _
of the expectations of 6 ( G ) , B(P), 0. Because Z(s;_1+1),...,Z(s;) arei.i.d.



Estimation and prediction in regression models 33

with respect to Prx(,)es}, the regularity condition 2) entails

Exwest|B-(X@)GX@)I?- Y _IY O < oo,

hence by Theorem 1(i),(ii)

Eq-||B=(W)G(W)|* - |U|* < oo,

a fortiori

B~ (W)GW)U||?> < .

Eonwear
Similarly, 3) and 4) entail

Eg-nwean||B~(W)B(W)* < oo,
B~ (W)G(W)B(W)#l|? < .

Egnwear
Therefore
= =\
7(%)
for every 2%, in particular for 2* = '(a,n), a = (a(1),...,a(k)) > (l1,...,lk).
Hence

EQ*O(WGA*)HH(Ua W)”2 < o0, EQ*H(WGA*) < 00,

EQH‘?}(U, W) (?)/(U, W)’ < 0.

Similarly, Eq, | @ (U, W)(@) (U,W)| < oo, Eq, |0(U,W)| < co. Thus all expec-
tations, variances and covariances involved exist and are finite. Theorem 5 is
proved.

Theorems 4, 5 show that the CGLSE 6, 0 are unbiased, 0 has the smallest
(in the PSD ordering sense) dispersion matrix on the domains {2,, that enlarge to
become almost the whole original space {2 when the sample size n increases.

Remark 4. Let Gy and G* be respectively the orthoprojectors of M;, «,
and of the subspace £, endowed with the scalar product (33), on the linear hull
T of Dy in My, «,. It can be checked that Gy = G*G,. Consider two CGLSE of
p = Eqg-nwea~)(U | w), p € D, based respectively on G, G :

T:G6U+(I—Ge)uo, TQZG0U+(I—G0),[LQ,

where pp = po(w) is arbitrarily chosen in D = D(w). Since pg — p € Dy C T C
& C Mg, xr, we have

T—p=Ge(U—po)+po—p=Ge(U—po) +Gelpo — p) = Ge(U — ),
To—p=Go(U—p)=G"Ge(U — ),
T0o— =G (1t —p).
Hence, by the projection property, with the scalar product (33),
(T0 = 70— p) < (7 — p, 7™ — ).
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Because w € A*, B = B(w) defines an injective mapping from M;,. onto M(B) C
M, «r. Let us define on My, a scalar product by (6,6), = (i, t), where (p, 1)
is given by (33), u = B, u = Bf. We have

(0,8, — (B, BI) — (BO)[I, @ diag " (Vi, ..., V)] (B9)
= (I, ® )7H5®m%aﬁ ”wn4m5®3ﬂ7
— (Tl ® B diag(Vi,...,V. B

= (0)'[I, ® diag(BLV;" 1BZ,Z—1 0D

1

)
)
Define ¢ = q(w) = [I, ® diag(B;V;B;, i = 1,..., k)], a positive definite Ir x Ir-

matrix. Then
~ ? , =1
(0,0)g = (6)q0 .
Consider two CGLSE of 6, which are CILUE by Theorem 5(i),
0 =B GU+B (I -Ge)uo=B"r,
0" = B~ GoU + B~ (I — Go)po = B™ 1o,

where p9p = Bfy. Then, for every § € ©, 0 = By, § —0 = B-7 — B~ u =
B (t—p), 0" —0 =B (19 — u), we get

(0" — 0,0 —0)g = (10— p, 70— p) < (T —p, 7 — ) = (0 — 60,6 — 0),

@ —F)VgF —F)<(3-0)y3 -F), Voco.

Thus, the condltlonal quadratlc loss function, given the instantaneous state w,
based on ¢ = g(w), of the CGLSE 6* corresponding to the linear hull 7 of D is
uniformly not greater than that of the CGLSE @ corresponding to any subspace £
containing Dy. This fact is to be taken into consideration when 7T is an arbitrary
linear subspace of Mj, «, especially when Assumption 2 is not satisfied, and then,
by Theorem 5(i), we have to view different CGLSE of 6.

II1. Prediction of the response variable

9. Introduction. We start from the data-bases {(X(¢),Y(¢)),t =1,...,n}
of n items. On a new item, the (n + 1)th, say, the observed value X (n + 1) is
available, and one must predict the response value Y (n + 1) on the ground of
(X, Y(#) t=1,...,m X(n+ 1)},

Suppose on the range H of X the disjoint domains 51, ..., Sy are prescribed.
The sum S = 51+ ...+ S represents the relevant domain of explanatory values.
We shall exhibit a predictor 1 only when the observed value z of X (n + 1) falls
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in S. Thus % is some function of
{(X(1),Y(1)),...,(X(n),Y(n),xz} wherezeS.

If the exact mixed conditional distribution Q( -, x), or at least a conditional lo-
cation function f(x,0) of Y (n+1) given X (n-+1) were known, the predictor value
would be f(z,0). Thus the prediction is directed by Q(-,z), hence it would be

reasonable to perform all S;-transformations preserving Q( -, x) and to construct
a good estimator @ of  on the basis of the transformed data {(Xij,Yi5),1 =
1,...,k;5 = 1,...,a(i)}, or (U, W), then to predict Y(n + 1) by f[m,é\(U, W]
when the functional form f(-, -) is known.

The adequacy of the predictor 1 will be assessed by ||ty —Y (n+1)||?- Is(X (n+
1)), with the Euclidean norm || - ||; the factor Is reminds us not to carry out the

prediction when X(n+1) € S.

10. Predictors connected with the CGLSE. For studying the properties
of predictors, we introduce

DEFINITION 3. Consider a function
¥(@,Uw) = Lz, w)T + e(z, w)

where L(-, -),c(-, - ) are matrix-valued and Ax A®*-measurable in (x, w) € Sx 4;
the regularity conditions for the existence of

Eg/anynwen¥(X(n+1),U,W)Is(X(n+1))

are to be satisfied. Then ¢(X (n+1),U, W) is called a conditional inhomogeneous
linear unbiased predictor (CILUP) for Y (n+ 1) if, for every envisaged underlying
distribution of (X,Y),

(QEonmwean {v(X(n+1),U,W)Is(X(n+1)) | W,X(n+1)}

— (@) Fanmen Y (n+ DIs(X(n+1)) | W, X(n+ 1)}

The prefix (Q) will be justified below, by Lemma 7.

This definition is stated from the viewpoint of predicting the r.v. Y (n+1) by
a random predictor ¢(X (n + 1),U, W), after performing all S;-transformations,
at every random instantaneous state W, X (n + 1) being observed only in S; the
basic space used is £2'(a,n) N (W € A), i.e. we always start from an elementary

situation a, with A as described in Theorem 1(iii). The following lemmas give an
equivalent form of Definition 3.

LEMMA 7. Choose (see Remark 1, §2)
=0={Xn+1)eStNn2(a,n) =% +...+ 2
where

Qp={X(n+1)eS}n, h=1,... k.
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Let g(Z(n+1),U, W) be any matriz-valued function such that
Egnweng(Z(n+1),UW)Is(X(n+1)) evists.
Then a.s.

Eﬁm(WeA){g(Z(n+ D, UW)|UW,X(n+1)}

k
=Y Is(X(n+1)Eo,nwea{g(Z(n +1),UW) | U W, X(n+ 1)}
h=1

In particular, for w € {X(n+1) € S},
(@) Eonwea{9(Z(n+1),UW)Is(X(n+1)) [ W,X(n+1)}
— (@) Fonyen {9(Z(n+1),U,W) | W, X(n + 1)},
where both sides are determined by Q(-, -).
Proof. For every set I' € C** x A% x A, consider
Eg,nweay{@n(U,W, X (n+1))Ir(U,W, X (n+1))}
= EQhﬂ(WEA){g<Z(n + 1)7 U, W)IF(Uv w, X(n + 1))}
where &), = Eg, nwea{g | UW, X(n +1)}. Set & = Y5 _, @15, (X (n + 1)).
Then
Eﬁm(WeA){QSIF(M w, X(n + 1))} = Eﬁm(WeA){QIF}

and the first a.s. equality is proved.
By applying Lemma 1 to the space 2N (W € A) instead of {2, we get

Eﬁm(WGA){g(Z(n + 1)7 U7 W) | W7 X(n + 1)}
= Egnwenlg(Z(n+1),UW)Is(X(n+1)) | W, X (n+1)}
a.s. mod Pﬁm(WeA) because
ONWeA)=2'N(WeA)N{(X(n+1),W)eSsxA}.
On the other hand, set a’(h) = a(h) + 1; we get
Eg,nwea{9(Z(n+1),UW) | W, X(n+1)}
= Eo,n(wen19(Zhan), U W) | W, Xpar(n) }

(for notations, see §2). By Theorem 1(iii) and Remark 1, the last expectation can
be determined by Q( -, -); hence, because the first equality just proved applies as
well to

this conditional expectation can also be determined by Q( -, -), and we get the
second equality of Lemma 7 where the left-hand side is determined by Q( -, -) on
the set {X(n+1) € S}.
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LEMMA 8. The unbiasedness in Definition 3 is equivalent to
(QEgnwea (X (n+1),UW) [ W, X(n+1)}
=(QE{Y(n+1)|X(n+1)} ontheset{X(n+1)ecS}.

In other words, a CILUP for Y (n + 1) in the sense of Definition 3 is also a
CILUE for the regression function value at X (n + 1) € S, and conversely.

Proof. By the decomposition in Lemma 7,

(@) Eonweny{Y(n+1DIs(X(n+1)) | W, X(n+1)}
= (Q) Egrgyen Y (n+1) | W, X(n+1)}

k
Z (n+ D)NQ)Eg,nweay{Yna ) | Wi Xnarn) } 5

where, as in the proof of Lemma 7, a/(h) = a(h) + 1. By Theorem 1(iii), writing
p(x) = (QEY | X = x), we get

(Q)Eq,n(weaylYna ) | Wi Xnar(ny} = p(Xparny) = (X (n+1));
indeed, here w € 2, = {X(n+1) € Sp} N (2, and so X (n + 1) = X4/ (s). Thus
(@ EanwenlY(n+1)Is(X(n+1) | W, X(n+1)}

k
=Y 15, (X(n+1)p(X(n+1)) = p(X(n+1))

provided X(n + 1) € S. But p(X(n+ 1)) = (QEY(n+1) | X(n+ 1)) for
p(z)=(Q)EY | X =2)=(Q)E(Y(n+1)| X(n+1) = x), hence the relation in
Definition 3 coincides with the one of Lemma 8, in view of Lemma 7. Lemma 8
is proved.

If the structure assumptions (21) are satisfied, then

k
(QEY"|z) = =" bi2)Is, (x)0; = b(x)0

=1

where b(z) = (b1(2)Is, () ...bp(x)Is,(z)), an 1 x l-matrix. Then a CILUP for
Y/'(n + 1) is also a CILUE of b(z)0 when X(n + 1) = z € S, and conversely.
From the model (23), by Lemma 5(iv), b(z)0(U,w) (see Theorem 5) is an ILUE
for b(x)f for any given z. Hence we are led to consider the CGLS (conditional
generalized least squares) predictors

Y'(n+1)=b(X(n+1)0(U W)
connected with the CGLSE 6(U, W) of # by Theorem 5.
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11. Properties of CGLS predictors
THEOREM 6. Y/(n+1) is a CILUP for Y'(n+1) in the sense of Definition 3.

Proof. By Lemma 7 and its proof, in view of Corollary 1 we have P(£2, N
(W e A*) >0, for h=1,...,k, and

(Q) By enn (DX (n+ DIU.W) | W, X (n + 1)}

k
=b(X(n+1)) Z Is, (X(n+ 1))(Q)Eq,nwea{0(U,W) | W, Xpar ()} -
h=1

By Theorem 1(iii)
(Q)Eq,nwea{0UW) | W, Xna )} = (Q)Eqa,nwean{0(U,W) | W}.
By Theorem 5(i), applied to {25, the right-hand side equals 6. Hence we have
Q) Egrwean Y (n+1) | W, X(n+1)} = b(X(n+1))0
=(QEY'(n+1)| X(n+1)) for X(n+1)eS.
From Lemma 8, Theorem 6 follows.

THEOREM 7. Denote by F' an arbitrary non-random positive semidefinite r X r-
matriz. Under the conditions of Theorem 5 together with Assumption 2,

Y'(n+1) =b(X(n+1)0UW)

is a locally optimal estimator for (Q)E(Y'(n+ 1) | X(n + 1)) in the following
sense: For every CILUEW (X (n+1),U,W) of (Q)E(Y(n+1) | X(n+1)) in the
sense of Lemma 8,

0 (@Dgrayean (Y (n+1) [ W, X(n+1)}
< (@) Dgnwenn {T(X(n+1),U,W) | W, X(n+1)},

(i) (@Fgrwean Y (n+1) = (QEY (n+1) | X(n+1))[F | W, X(n+1)}
< (Q)Wﬁm(WeA*){HJI(X(n + 1)’ U, W)
~(QEY (n+1) [ X(n+1)[F | W, X(n+1)}

provided the regqularity conditions, like those of Theorem &5, ensuring the existence
of conditional dispersion matrices, are satisfied.

Proof. (i) Define ¥ = (X (n+1),U,W), b=b(X(n+1)), § = 0(U, W),
—= ~
T=T(X(n+1),UW) =@ — )& — o) — (b8 — b0) (b0 — b6) .
By Lemma 7, at any given value w, z,,+1 of (W, X(n+ 1)) with 2,41 € S,
(34> (Q)Eﬁm(WeA*){T (X(n + 1)7 U, W) ’ w, xn-f-l}

k
= 3" I, (@01)(Q Baynawean (T (X(n + 1), U, W) | w, 241}
h=1
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Applying Theorem 1(iii), integrating with respect to the mixed conditional dis-
tribution given (W, Xjpq/(n)) = (w, Tpy1), we get
(QEq,nwea{T (X(n+1),UW) | w,zni1}
= (Q)Eq,nwea{T(@nt1,U,w) | w,xpi1}.
Apply Theorem 1(iii) again to get
(@) Eo,nwea{T (xn+1,U,w) | w,Tny1}
= (Q)Eq,nwea{T (Tn41, U, w) | w}.
Apply Theorem 1(iii) to both 2, and 2,
(Q)Eﬂhﬂ(WeA*){T ($n+17 va) ‘ U}} = (Q)Eﬁﬂ(WeA*){T (mn—&—l, Ua U}) | w}
Hence, replacing this expectation on the right-hand side of (34) gives
(Q) By en AT (X(n+1),U,W) | w, 2011}
= (Q)EEQ(WGA*){T (xn+17 U7 w) | 'LU}
because x,+1 € S. Similarly,
(Q)EEQ(WGA*){W(er—la Ua w) ’ 'LU}
= (Q)Eﬁﬂ(WEA*){W(X(n + 1)7 U: W) ’ w, xn-‘rl}

=(QE{Y(n+1) | X(n+1)=xp41} = (b(wn+1)6)/,
by the relation of Lemma 8, i.e. ¥(z,41,U,w) is an ILUE for b(flfn_t'_l)g in the

~

model (23); but b(zy,4+1)0(U,w) is a BILUE for b(z,+1)0 in (23) by Lemma 4(ii),
hence, for every w € A*, x, 41 € 5,

(Q)Eﬁm(WeA*){T (anrl’ U7w) | w} > 0.
Thus, from the above we have

(QEgnrean{T (X(n+1),U,W) | W, X(n+1)} >0,

which proves (i).
(ii) Observe that, for any two r x 1 random vectors £, with zero mean and
BJ¢|* < oo, E|I¢]* < o0,
E|€||% = E(¢'F¢) = E Trace £ F€ = Trace FE(£¢) = Trace F D¢,
E|¢% — Ell|E = Trace F(D¢ — D¢) > 0 if D¢ > DG

This argument, when applied to conditional expectations and dispersion matrices,
proves (ii). Theorem 7 is proved.

Before passing to the optimality of )/}(n + 1) as a predictor, we need two
lemmas.
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LEMMA 9. Let &1,&2,&3 be r.v.’s, with & matriz-valued. Suppose (§1,&2) is
independent of £3, and E&; exists. Then

E(& | &,8) =E(& | &) P2%as.
The standard proof is omitted.

LEMMA 10. For every R"-valued, (BT,A X BTk x Ask)—measumble function
VU(x,u,w) and non-random F > 0, almost surely

Eﬁm(WeA){HQI(X(n + 1)7 U’ W) - Y(n + 1)”% | VV,X(TL + 1)}
=Egnwen ¥ (X (n+1),U,W)
—p(X(n+1)F [ W, X(n+ 1} +u(X(n+1))
where
p(X)=(@QEY |X), uX)=@QE{]Y-pX)|t|X}.
Proof. Define (y1,y2) =y Fys for y1,y2 € R". Then

lys + well % = Il + lly2llF + 2(y1,92) -
We have
Eﬁﬂ(WEA){W(X(n + 1)a U> W) - p(X(TL =+ 1)) )
p(X(n+1)=Y(n+1)|UW,X(n+1)}
— (W(X(n+ 1),0,W) — p(X(n + 1)),
Eﬁn(WeA)[ p(X(n
almost surely, because ¥(X(n + 1),U, W),p(X(n + 1)) are Borel functions of
(X(n+1),U,W). By Lemma 7,

Eﬁm(WeA){p(X(n +1)=Y(n+1) | UW,X(n+1)}

+1)=Y(+1) [ UW,X(n+1)]}

= Zfsh (n+1)Eqo,nweay{P(Xnar ) = Yaarn) | Uy W, Xparny }

almost surely. By Lemma 1, applied to {25,
Eo,nwe)1P(Xna'(n) = Yna'(n) | Us Wi Xnar(ny }
= Eo, {p(Xna'n) = Ynar () | Uy W, Xnar () }
Pg, n(wea)-almost surely, because
(W S A) = {(UaVVuXha/(h)) € K% x Ax Sh} .
By Theorem 1(i), (Xna'(n)> Yra'(n)) is Pg,-independent of (U, W), hence, by
Lemma 9,
Eo, {p(Xna'n)) = Ynar () | Uy W, Xnar(ny }
= Eo, {p(Xna'(n)) = Ynar(n) | Xnar(n)} — as.
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By Theorem 1(ii), the Pg,-distribution of (Xpua/(n), Yaar(n)) coincides with the
Py xeg,y-distribution of (X,Y’), which implies, according to Lemma 1,
Eo{Yha ) | Xnan)} = 2(Xnar(n))  a.s.
To sum up, we get
Esowen ¥ —pp—Y(n+1) |[UW,X(n+1)} =0 as.
Therefore
Eﬁm(WeA){H‘I’(X(” +1),UW)=Y(n+1)|% | U,W,X(n+1)}
= Egnwen (X (n+1),UW) = p(X(n+1)|E | U,W, X (n+1)}
+ Egnwenp(X(n+1)) =Y(n+1)|Z |UW,X(n+ 1)} as.
By taking Eﬁm(WeA){ - | W, X(n+ 1)}, we obtain
Egnwen (X (n+1),U,W) =Y (n+ 1) | W, X(n + 1)}
= Egnwenlll¥ - plE | W, X (n+1)}
+ Egnaventlp =Y+ DIE | W, X (n+1)}

almost surely. By applying the decomposition in Lemma 7 to the second summand
of the right-hand side, we get

k
> Is, (X(n+ 1))@ Eaunwen {IIp(Xnam) = YaamlF | Wy Xnarn}
h=1

which equals u(X(n + 1)) on 2N (W € A) since, by Theorem 1(iii),
(@) Eq,nwea) Ulp(Xnarn) = Yaara 7 | Ws Xnarny }
= u(Xparn)) =u(X(n+1)) on N (W eA).
Thus Lemma 10 is proved.

THEOREM 8. Under the conditions of Theorem 7, f/(n—i— 1) is a locally optimal
predictor for Y (n+1) in the following sense: for every CILUP W(X (n+1),U, W)
in the sense of Definition 3, almost surely

Egaawean{IV(n+1) =Y+ D[[E | W, X (n+1)}
< Bgnwean WX (n+1),U,W) =Y (n+ D [ W, X (n+1)}.
Proof. Theorem 8 follows from Theorem 7(ii) and Lemma 10.

THEOREM 9. Under the conditions of Theorem 7, }A/'(n—i-l) s a globally optimal
predictor for Y (n + 1) in the following sense: for every CILUP W

Eo {I¥(n+1) = Y(n+ D|3Ls(X(n+ 1))}
< Eo, {|(X(n+1),U,W) = Y (n+ V|3 Is(X (n + 1))}
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Proof. From Theorem 8,
Egoarenn T (n+1) = Y (n+1)[2}
< Egrwenn (X (4 1),0.W) = Y(n +1)[3}.

By multiplying by P(£2 N (W € A*)) and summing over the range as in (32), §7,
we obtain

Bixminesina AIIY (n+1) = Y(n +1)[7}
< Exmenesine, (I@(X(n+1),U,W) =Y (n+ 1)[|3}
because 2 = {X(n + 1) € S} N 2. This is equivalent to what is to be proved.
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