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Introduction

The main subject of this work is the study of a general class of linear
equations with right invertible operators and corresponding initial, bound-
ary and mixed boundary value problems. Moreover, we investigate control-
lability of linear systems with right invertible operators and with generalized
almost invertible operators.

The theory of right invertible operators started in 1972 with works of
Przeworska-Rolewicz and has been developed by her and many other math-
ematicians (cf. Przeworska-Rolewicz [46]). In particular, [46] gives the fun-
damental properties of right invertible operators and their applications to
solving a wide class of equations of the form

(0.1) Q(D)x = ZAijx =y, Q(D)x:= ZDjij =y.
§j=0 §=0
In the present work we give some other important properties of right
invertible operators. A natural generalization of (0.1) is to deal with initial,
boundary and mixed boundary value problems for a general equation of the

form
M N

(0.2) Q[D]x = Z Z DA, D"z =vy.
m=0n=0

Here we do not assume that the right invertible operator D commutes with
all operator coefficients A,,,. An important result of the paper is a necessary
and sufficient condition for initial, boundary and mixed boundary value
problems to have a unique solution. Moreover, we also investigate the cases
when the corresponding resolving operators for (0.2) are not invertible but
one-sided or generalized almost invertible.

This work consists of four chapters.

In the first chapter we deal with some new characterizations of right
inverses and investigate a general interpolation problem induced by right
and left invertible operators. In Section 5, we give the answer to the follow-
ing question: Are Ry R and R; + Ry Volterra operators provided that the
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right inverses Ry and Ry are Volterra (cf. Theorems 5.2 and 5.3)7 Theo-
rems 6.1-6.3 generalize the results of Przeworska-Rolewicz and von Trotha
(cf. [46], p. 114) for polynomials in right inverses with algebraic coefficients.
In Section 7 we introduce the notion of algebraic exponentials and prove
some trigonometric identities for algebraic cosine and sine operators. The-
orem 8.2 gives a necessary and sufficient condition for the determinant in-
duced by a system of initial operators with the property (¢) to be different
from zero. This also gives a necessary and sufficient condition for a general
interpolation problem to have a unique solution. Recall that the prop-
erty (c) and the general interpolation problem are introduced and applied
by Przeworska-Rolewicz in [48]. Moreover, also in Section 9, we consider
a general interpolation problem induced by left invertible operators and by
singular integral operators.

In Chapter 2, we deal with generalized invertible and generalized al-
most invertible operators. The theory of generalized almost invertible op-
erators has been developed by many authors (cf. [1]-[4], [7]-[10], [25]-]26],
[55], ...). Theorem 10.1 gives a general form of all generalized almost in-
verses of a given generalized almost invertible operator. We introduce and
apply the notion of right and left initial operators for generalized almost
invertible operators and prove the corresponding Taylor—Gontcharov for-
mulae (Theorems 10.5-10.7). In Section 11, we investigate equations with
generalized almost invertible operators and the corresponding initial value
problem. Theorem 11.4 gives a necessary and sufficient condition for an
initial value problem with generalized almost invertible operator to be well-
posed. Moreover, in Section 12 we consider the generalized almost invertible
case of paired operators. Theorem 12.1 gives a condition for equations in-
duced by a paired operator to have solutions and Theorem 12.2 gives a
sufficient condition for a paired operator to be generalized almost invertible.
Lemma 12.3 is due to Speck [55].

In Chapter 3 we deal with the equation (0.2). In Section 13 we construct
a general form of pre-resolving operators (cf. Definition 13.2) for (0.2).
Theorem 13.1 shows that every solution of (0.2) may be found in a closed
form provided that there exists a pre-resolving operator, which is either
right or left, or generalized almost invertible or invertible. A necessary and
sufficient condition for the initial value problem to be well-posed is given
in Theorem 14.1. Ill-posed cases of the initial value problem are studied in
Theorems 14.2 and 14.3. Similar results for boundary and mixed boundary
value problems are given in Sections 15-17. In particular, in Section 18 we
discuss in detail first order equations and generalize some results of Pogo-
rzelec [41]-[43] about ill-determined equations. The general boundary value
problem is discussed in Section 19. This problem for (0.1) was recently
investigated by Karwowski and Przeworska-Rolewicz [20] by means of Green
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operators. Some particular cases have been considered in [5]-[6], [57]-[58]
(cf. also other results in [11]-[12], [16], [21], [24], ... ).

Chapter 4 deals with controllability of linear systems described by right
invertible operators and by generalized almost invertible operators. In Sec-
tion 20 we consider first order systems. The case of an invertible resolving
operator I — RA (cf. Section 20) was considered by Nguyen Dinh Quyet
[27]-[29]. His results were generalized by Pogorzelec [41]-[43] to resolving
operators I — RA and I — AR which are either left or right invertible. We
generalize these results to the case when the resolving operator is merely gen-
eralized almost invertible. Section 21 deals with controllability of general
systems. It is proved that if a system is F}-controllable for an initial opera-
tor F then it is F/-controllable for any initial operator F”. In Section 22 we
investigate controllability of linear systems described by generalized almost
invertible operators.

The main results of this work are contained in [30]—[39].

I wish to express my deep gratitude to Professor Danuta Przeworska-
Rolewicz (Institute of Mathematics, Polish Academy of Sciences) for all her
help which led to improvement of this work. I would also like to express
my thanks to the institute of Mathematics of the Technical University of
Warsaw for very good conditions of work during my stay in Warsaw.

Preliminaries

1. Linear spaces and linear operators. Let X and Y be linear spaces
over the same field F of scalars. The set of all linear operators with domains
contained in X and ranges contained in Y will be denoted by L(X — Y).
Write

Ly(X -Y)={Ac (X —-Y):domA =X},
L(X):= L(X — X), Lo(X)=Lo(X — X).
For A€ L(X — Y) we write
ker A :={x € dom A : Az = 0}.

The dimension of ker A is called the nullity of A and is denoted by a4.
The cokernel of A is the quotient space Y/Im A. The deficiency 54 of A is
defined by

B4 :=dim(Y/ImA) = codimIm A.

The ordered pair (a4, 34) is called the dimensional characteristic of A. If
at least one of the numbers a4, B4 is finite we define the index k4 of A in
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the following way:
ﬁA—OzA ifOéA<OO, BA<OO,
KA =14 +00 if g <00, Ba =00,
—00 if g =00, B4 < o0.

Let A € Lo(X). If the operator I — 3A is invertible for all 5 € F (i.e.
the equation (I — fA)x = y has a unique solution for every y € X)) then A
is said to be a Volterra operator. The set of all Volterra operators acting
in X will be denoted by V (X).

Let X be a linear space over a field F (where 7 = C or F = R). By
X' we denote the space of all linear functionals defined on X. A subspace
U C X' is said to be total if £(x) = 0 for all £ € U implies z = 0, where
x € X. In the sequel, any total subspace of X’ will be called a conjugate
space to X. Let X and Y be two linear spaces, both over the same field F.
Then to every operator A € L(X — Y') there corresponds an operator SA,
defined by means of the equality

(BA)z = B(Az), ze€domA, BeHCY' .

The operator A is said to be a conjugate operator for A and will be denoted
by A*.

Let U C X’ be an arbitrary conjugate space to X. View an operator A as
defined for all those 8 € H for which A*3 = BA. In that way to every op-
erator A € L(X — Y) there corresponds an operator A* € L(X — U).
Since, by this definition, there are conjugate operators defined on the set {0}
only, we consider only such operators A € Lo(X — Y) for which A* €
Lo(H — U). The set of all those operators will be denoted by Lo(X — Y,
H—-U). IfY =X and H=U we write Lo(X,U) := Lo(X — X, U — U).

For operators belonging to L(X) we admit the following convention. We
shall consider only such conjugate spaces U C X' that G(Ax) = (A*f)x
for x € domA, 8 € U and 3 has a unique extension to a £ € U. This
means that every functional £ € U is uniquely determined by its restriction
to dom A, i.e. A* = £|gom 4 and we can identify & and &|gom 4. The set of
all operators satisfying these conditions will be denoted by L(X,U).

2. Right and left invertible operators. Suppose that X is a linear
space over a field F of scalars. An operator D € L(X) is said to be right
invertible if there is an operator R € Lo(X) such that RX C dom D and
DR=1.

The operator R is called a right inverse of D. The set of all right
invertible operators will be denoted by R(X). The set of all right inverses
of an operator D € R(X) will be denoted by Rp. In the sequel, we shall
denote by X the set dom D* fora D € R(X) and k=1,2,...; i.e.

(2.1) X, :=domDF, keNy, Xyo:=X.
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An operator F' € Lo(X) is said to be an initial operator for an operator
D € R(X) corresponding to a right inverse R of D if

(2.2) F?=F, FX=kerD, FR=0.
Denote by Fp the set of all initial operators for D € R(X).

The following properties of right invertible operators were given by Prze-
worska-Rolewicz [46]:

(i) If D € R(X) then for every R € Rp
(2.3) domD = RX @ ker D.

(ii) A necessary and sufficient condition for an operator F' € Ly(X) to
be an initial operator for D € R(X) corresponding to an R € Rp is that

(2.4) F=1I—-RD ondomD.

(iii) Taylor-Gontcharov Formula: Suppose that D € R(X) and Fp =
{F3}per denotes the family of initial operators induced by Rp = {Rg}scr-
Let {#,} C I' be an arbitrary sequence of indices. Then for every positive
integer N

N-1
(2.5) I=Fg+ > Rp,...Rs_,F3, D"+ Rg,...Rs,_, D" on dom DV.
k=1

(iv) Taylor Formula: If D € R(X) and F is an initial operator for D
corresponding to an R € Rp then

N—1
I=> RFD*+RYDY on domDV (N=1,2,...).
k=0

(v) Suppose that D € R(X), Rj € Rp (j = 0,1,...). Then for every
positive integer N

N-1
(2.6) ker DV = {z =20+ Z Ry...Rp_12k :20,...,2N—1 € kerD} .
k=1

(vi) If D € R(X), R € Rp, then

N-1
(2.7)  ker DV = {z = Z RFzp i 20,...,2n-1 € kerD} (N=1,2,...).
k=0

Remark 2.1. Other properties of right invertible operators can be found
in the book of Przeworska-Rolewicz [46].

An operator V' € Lg(X) is said to be left invertible if there is an operator
L € L(X) such that

(2.8) ImV CdomL, LV =I.
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Denote by A(X) the set of all left invertible operators belonging to Lo (X)
and Ly the set of all left inverses of V € A(X).
If Ve A(X) and L € Ly then the operator

(2.9) G:=1I—-VL on domlL
is called the co-initial operator for V corresponding to L € Ly .

THEOREM 2.1. Let A,B € L(X), ImA C dom B and Im B C dom A.
Then I — AB is right invertible (left invertible, invertible) if and only if so
is I — BA. Moreover, if we denote by Rap (Lap) a right (left) inverse
of I — AB, then there exists Rpa € Ri—pa (Lpa € Li—pa) such that,
respectively,

(2.10) Rap =1+ ARgaB, Rpa =1+ BRAgA,

(2.11) Lap =1+ ALgaB, Lpa—=I+BLigA,

(I -AB)™'=1+A(I -BA)™'B,
(I-BA)™'=1+B(I-AB)'A.

Proof. (i) Suppose that I — AB € R(X) and Rap € Ri_ap, i.e.

(I — AB)Rap = I. Write Rps := I+ BRapA. It is easy to see that Rpa
is well-defined on dom A and

(I - BA)Rpa = (I — BA)(I + BRogA) = (I — BA)+ (I — BA)BRpA
:I—BA+B(I—AB)RABA:I—BA—I—BA:I,
which proves that I — BA € R(X) and Rpa € R;_pa. Changing the role
of A and B we get the first equality of (2.10).

(ii) Suppose that I — AB € A(X) and Lag € L;_ap. We then write
Lpa:=1+ BLagA. Then Ly is well-defined and on dom A we find

Lpa(I — BA)= (I + BLapA)(I —BA)=1—-BA+ BLspA(I — BA)
=I—-BA+BLag(I —-AB)A=1—-BA+BA=1,
which proves that I — BA € A(X) and L € L1_pa.

(iii) If I — AB is invertible, then, by (i) and (ii), I — BA is also invertible,
and (2.12) immediately follows from (2.10) and (2.11).

(2.12)

Note that Theorem 2.1 gives a positive answer to the following question
(cf. [46], Open Question on p. 140).

Let D € R(X), R € Rp and A € Lo(X). Does the left invertibility
(right invertibility, invertibility) of I — AR imply the left invertibility (right
invertibility, invertibility) of the operator I — RA?

THEOREM 2.2. Let A,B € L(X), ImA C dom B and Im B C dom A. If
B is left invertible then

(2.13) ker(I — BA) = B(ker(I — AB)).
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Proof. Suppose that z € ker(I — AB), i.e. (I — AB)z = 0. Then
B(I — AB)z = (I — BA)Bz =0 and Bz € ker(I — BA).

Conversely, if Bz € ker(I — BA) then (I — BA)Bz = 0. This implies
B(I — AB)z = 0. Since B is left invertible, the last equality implies (I —
AB)z =0, i.e. z € ker(I — AB) .

EXAMPLE 2.1. Let X := C(R), tg € R, a,b € X. Consider the equation
(2.14) w(t) = [ a(s)a'(s)ds = b(t).

If a(t) # 1 for all ¢ then the operator (1 — a(t))I is invertible. Hence, in
that case, by Theorem 2.1, the equation (2.14) has a unique solution

w(t) =b(t) + [ a(s)[1—a(s)] "'V (s)ds.

The following theorem shows that there is a canonical one-to-one corre-
spondence between the set of all solutions of the equations

(2.15) (I -AB)z =y
and
(2.16) (I — BA)u= By.

THEOREM 2.3. Let A,B € L(X), ImA C dom B, ImB C dom A. Then
the equation (2.15) has solutions if and only if (2.16) does, and there is
one-to-one correspondence between the two sets of solutions, given by

(2.17) u=Br—zx=y+ Au.

Proof. Suppose that (2.15) is solvable and x¢ is its solution, i.e. (I —
AB)xg = y. Then, y € dom B and B(I — AB)xy = By, which implies
(I — BA)Bzxy = By, so that ug = By is a solution of (2.16).

Conversely, if (2.16) is solvable and u; is its solution, then u; € dom A
and (I — BA)u; = By. Write 1 = y + Au;. Then

(I —AB)x1 =(I —AB)(y+ Auq) = (I — AB)y + A(I — BA)uy
=({I—-AB)y+ABy =y,
which proves that z; is a solution of (2.15).

EXAMPLE 2.2. Let D € R(X), dimker D # 0, R € Rp. Let A :== RN,
B = Y0  A;DI, where A; € Lo(X) (j = 0,...,N — 1). Consider the
equations
Nﬁ .
(2.18) (I+AB)x =y, ie. (I +3 RNAJ-DJ):L‘ =y,

J=

—_
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N-1 N—-1
(219) (I+BAu=By, ie. (1 +3 AjRN_j>u =3 4;Dly.
§=0 j=0

By Theorem 2.3, all solutions of (2.18) are given by
z=y—Ru,

where v is a solution of (2.19). If (2.19) has no solutions then (2.18) is not
solvable either.

3. Algebraic operators. Suppose that X is a linear space over C.
We say that an operator A € Lo(X) is algebraic if there exists a non-zero
polynomial P(t) = po + pit + ... + pnt™ with pg,...,py € C such that
P(A) = 0 on X. Without loss of generality we can assume that P(t) is
normed, i.e. py = 1. We say that an algebraic operator A € Ly(X) is of
order N if there does not exist a normed polynomial Q(¢) of degree m < N
such that Q(A) = 0 on X, i.e. if N is a minimal degree of a polynomial
identity P(A) = 0 satisfied by A. Such a minimal polynomial P(t) is called
the characteristic polynomial of A and its roots are called the characteristic
roots of A.

LEMMA 3.1 (Hermite Interpolation Formula). There ezists a unique poly-
nomial W (t) of degree N — 1 which together with its derivatives takes given
values yi; at given different points t1,...,t,. More precisely,

WEE) =y (k=0,....rs—1;i=1,....,n; r1+... 41, =N),
where
wO .=w, w®.=dw/dt*r (k=1,2,..).
The required polynomial W (t) is

& P RS [t (t — 1)
”w‘zwmwgw{mwhﬂmiM‘

=1
where
- L gm _gm
P(t) = H (t = tm)™, {f(t)}(k:,S) = dif"(lt) ¥ ml)
m=1 m=0 t=s .

for any function f k£ times differentiable in a neighbourhood of s.
In particular, if t1, ..., t, are single knots, then the Hermite interpolation
formula yields the Lagrange interpolation formula:
n

(3.1 W =Y [

t
m=1,m=#1 v m
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LEMMA 3.2. Write
(3.2) m=1 m’“

Then

(3.3) Zpi(t) =

In the case of single knots (3.3) takes the form
n n t—t,

(3.4) Z H t— ¢t =1.
i=1 m=1,m%i ' m

THEOREM 3.1 (Przeworska-Rolewicz [44]). If A € Lo(X) then the fol-
lowing conditions are equivalent:

(a) A is an algebraic operator with a characteristic polynomial

P(t) = H(t—tm)r’” of order N=r1+...4+71,.

m=1
(b) There exist n operators Py, ..., P, € Lo(X) such that
) _ Py for j=k,
PJP’“‘{O for j # k.

ZP]-:I and (A—t;1)"P; =0 (j,k=1,...,n),

namely, P; = p;(A), where the polynomials p; are defined by (3.2).
(c) The space X is a direct sum of n principal spaces of the operator A
corresponding to the eigenvalues ty, ..., t, with multiplicities r,...,ry,, Te-

spectively, i.e.
X=X19..9X,,
where X; =ker(A—t;I1)7 (j=1,...,n).

THEOREM 3.2 (cf. [31]). Let A be an algebraic operator with characteristic
polynomzial
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tij # teu whenever (i,5) # (k,pn). Let G(t) be a polynomial with complex
coefficients satisfying
G(te,)=me (k=1,...,m; jp=1,...,n%),
G/(tkjk) =...= G(skjk)(tkjk) =0 (]{ =1,....m; jp=1,... ,nk),

G(Skjk+1)<tkjk) 7é 0.
If V = G(A), then V is an algebraic operator with characteristic polynomial

Py(t) =[] - r:)"
i=1
where
G = ; if a; is an integer,
") [ai + 1] otherwise,
o = max Bi1 Biz Bins
' sit+ 1 s+ 177 s, +1 7

and [p] is the integer part of p, i.e. the greatest integer which does not
exceed p.

Let X be an algebra with unit I (Xo C Lo(X)).
DEFINITION 3.1 (cf. [31]). An element S € Lo(X) is said to be algebraic
over X (or generalized algebraic) if there is a polynomial
P(t) =pot™ +pit™ L+ pm, po # O, D) €)~(0 (1=0,...,m),
such that
P(S)=0, Spj—pijS=0 (j=0,...,m).

THEOREM 3.3 (cf. [31]). Let Xo C Lo(X) be a commutative subalgebra

with unit and let S be an algebraic operator. Suppose that A; € )N(O, SA; =
A;S (j=1,...,m). Write

V.= i A]‘Sm_‘j.
j=1

Then V is a generalized algebraic operator.

THEOREM 3.4 (cf. [31]). Let A and B be commutative algebraic operators
with characteristic polynomials

n m

Pat) = [Jt—u)™,  Po(t)=[[(t-v)™.

i=1 j=1
Then A + B is an algebraic operator with characteristic roots belonging to
the set {u; +v; :i=1,...,n; j=1,...,m}.
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4. Singular integral operators. Let I" be a regular arc on the com-
plex plane, i.e. a set of points of the form I' = {z : z = 2(t), a <t < [},
where z(t) is one-to-one, and has a continuous non-vanishing derivative
in [o, B] and lim¢_q102'(t) # 0, limy_p_02'(t) # 0. If z(a) = 2(B) and
lim; o0 2'(t) = limy_, 410 2’ (t) # 0 then we have a regular closed arc. Let
H"(I') be the space of all bounded functions on I" satisfying the Holder
condition with exponent p, 0 < g < 1. The norm of an element x € H*(I")
is defined by

t1) — x(t
(4.1) 2| := sup |z(t)] + sup [z(ty) — 2(t2)|
tel titaer |t — ta]#

The space H*(I") with the norm (4.1) is a Banach space.

It is well-known that if x € H*(I") then the Cauchy principal value in-
tegral [.(s —t)"'a(s)ds exists. In the sequel we write briefly [.(s —t)~!
xx(s) ds instead of V.P. [,.(s —t) " a(s) ds. We call this integral a singular
integral on I

It follows from the Plemelj formulae that every function satisfying the
Hoélder condition on a regular closed arc may be represented as the difference
of two functions, z(t) = F*(t) — F~(t), where F(t) is the boundary value
of a function holomorphic in the bounded domain whose boundary is I, and
F~(t) is the boundary value of a function holomorphic outside this domain
and vanishing at infinity. This representation is unique. From the Cauchy
integral formula we obtain

(SEF)(t) =FF(t), (SF7)(t)=—F"(t),

where

(4.2) (Sa)(t) = — [ Lol

(cf., for instance, [15], [23]).

Hence, if I' is a regular closed arc then S is an involution on the space
HWI),ie. S?=1.

It is well-known that if M is the operator of multiplication by a func-

tion M (t) satisfying the Holder condition with exponent p on I', then the

commutator SM — M S is compact in H?(I") for 3 < pu/2 (cf. [44], [50]).
Write X := HA(I'), P := 1(I+5), Q := £(I — S). Then P? = P,

Q?=Q,PQ=QP=0and X = Xt @ X, where Xt := PX, X~ :=QX.
Consider the operators

(4.3) Ti=al +bS, Ty =al +SbI, abelX.
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Suppose that a(t) £ b(t) # 0 for t € I'. Denote by  the index of T7. Then
f=IndTy = L {AD T
2m La(t) —b(t) J 1

i.e. IndTj (j = 1,2) is equal to the increment of the argument of the function
(a+b)/(a —b) as t moves along I in the anti-clockwise direction.
In the sequel, we need the following properties (cf. [15], [23]):

(i) If k > 0, then 77 and T5 are right invertible and not invertible.
(ii) If K < 0, then T and T; are left invertible and not invertible.
(iii) If kK = 0, then T} and T% are invertible.

I. Characterizations of right inverses
and interpolation problems

5. Operations on Volterra right inverses. Let D € R(X), Ry, Ry €
RpNV(X). It is well-known that, in general, Ry R; # RoR;. The following
question arises: Are R Rs and Ry + Ry Volterra operators, provided that so
are Ry and R5? In general, the answer is negative. We obtain the following
conditions for R; + Rs, R1Rs to be Volterra.

THEOREM 5.1. Let D € R(X), Ry, Ry € Rp. Then RiRs is a Volterra
operator if and only if Re Ry is Volterra.

Proof. Suppose that Ry Ry € V(X). Write
€R Ry ‘= (I — tR1R2)_1, F = I+tR2€R1R2R1, teC.

Then E is well defined on X and, in a similar way to the proof of Theo-
rem 2.1, we get

(I —tRyR\)E = (I — tRyRy)(I + tRayep, p,R1) = I — tRoRy + tRoRy = 1

and E(I —tRyRy) = I. Thus I —tRsR; is invertible for all t € C, i.e. Ro Ry
is a Volterra operator.

THEOREM 5.2. Suppose that D € R(X) and Ry, Ry are Volterra right
inverses of D. Then a necessary and sufficient condition for Ry Ro to be a
Volterra operator is that
(5.1) Fo(I —tR3)™'2#0 forallt€C, 0# 2z € ker D,
where F; € Fp corresponds to R; (j =1,2).

Proof. Note that RiR; € Rp2 and R% is a Volterra right inverse

of D?2. Hence, if RjR, has an eigenvector then it must be of the form
q:= (I —tR?)71z, for some z € ker D%, z # 0, and some t € C.
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Let v € C and u := (I — vR1R2)q. We have to check that the condition
(5.2) u#0 forallt,veCandall z€kerD?, z#0

is equivalent to (5.1).
If v # ¢, then
u = (I —vRiRy)(I —tR})™'2 = [I — tR} + Ri(tRy — vRy)(I — tR})™ ']z
=2+ R (tRy, — vRy)(I —tR3)™12.
Hence D?u = (t —v)(I — tR?)"'2 # 0, in particular u # 0.
If v =t¢, then u = (I —tR1R2)q. Consider two cases: (i) 0 # z € ker D
and (ii) 0 # 2z € ker D? \ ker D.
In case (i) we get Fiu = Fy(I —tR?)"'2z = 2z # 0 and thus again u # 0.

In case (ii), let z = Ryz1 + 22, where 21, 29 € ker D, z; # 0. It is easy to
check that

u= (I —tR1Ry)q=z+tR1FoR (I — tR%)ilz'

If z9 # 0 then Fiu = F1Ry1z1 + F1292 = 29 # 0, which implies u # 0.
If 20 =0, ie. z= Ryz, then

u= Rz +tR FoRI(I —tR3) 'z
=Rz + Ry By [T — (I —tR)|(I —tR3) 'z
=Rz + R Fy(I —tR?) ™'z — RiFyzy = Ry Fo(I —tRY)™'2 #0.
Hence indeed (5.2) is equivalent to (5.1), which was to be proved.

Changing the roles of R; and Rs in Theorem 5.2 and using Theorem 5.1
we get

COROLLARY 5.1. If Ry, Ry are Volterra right inverses of a D € R(X)
and Fy, Fs are initial operators for D corresponding to Ry, Rs, respectively,
then a necessary and sufficient condition for RiRs to be Volterra operator
is that

(5.3) Fi(I —tR3)™'2#0 foralltcC, 0#zckerD.

THEOREM 5.3. Suppose that D € R(X) and R1, Ry € RpNV(X). Then
a necessary and sufficient condition for Ry + Ro to be a Volterra operator
1s that

(54) (I—tR) "2+ (I —tRy)"'2#0 forallteC, z€kerD)\ {0}.

Proof. Write R = £(Ry+R»). Then R € Rp. Hence every eigenvector
of R (if it exists) must be of the form

q:=(I—tR) 'z, 0+#z¢ckerD.
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Let v € C and u := (I —vR)q. If v # ¢ then
u=(I—vR)g=[I — v(Ri + Ro)|(I —tRy) 'z
=[I —tRy + (t — 3v)Ry — JuRs](I — tRy) "'z
=z+[(t— %’U)Rl — %’URQ](I —tRy) "1z,
This implies Du = (t — v)(I — tRy)~'z # 0.
Ifv=1teC, then
u=(—tR)g=z+ 1t(R1 — Ro)(I —tRy) 'z
z— (I —tR)(I —tRy) "2+ (I —tRe)(I — tRy) "'z
=124 11 —tRy)(I —tRy) '2.
Hence
2u=z+ (I —tRy)(I —tRy) 'z,
ie.
2(I —tRy) ‘u= (I —tR) "2+ (I —tRy) ‘2.
We conclude that u # 0 if and only if the right hand side of the last equality

is not zero, i.e. we get the condition (5.4).

ExampLE 5.1. Let X := C([0,1],F), where F = R or F = C and
D :=d/dt, Ry := fai’ Ry = f;z, x1 # To, 11,72 € [0,1]. Tt is easy to check
that

(I —tRj)re=ce!@®) force F (j=1,2).
Hence
w(x) = (I —tR))te+ (I —tRy) e+ cet™(e 11 4 e t02),

This implies that u(z) # 0 for all ¢ € R. By Theorem 5.3, Ry + Ry is
a Volterra operator in X = C([0,1],R). Note that in X := C([0,1],C),

u(x) = 0 for t = mi(xe — 1)~ 1. Hence, also by Theorem 5.3, R; + Ry is not
Volterra.

EXAMPLE 5.2. Let X := C([0,1],R) and let D, Ry, Ry be as in Exam-
ple 5.1. It is easy to check that

(I—tR?)_lc:ccos (V—-t(z —z;)) forceF (j=1,2).

Hence Fo(I — tR?)'c = ccos (v—t(z2 — 1)). If we choose tg := — (2 —
x1) " 17? then Fy(I —toR?)"tc = 0. Theorem 5.2 shows that R;Rj is not a

Volterra operator.

6. Characterization of polynomials in right inverses with alge-
braic operator coefficients. Recall the following results of Przeworska-
Rolewicz and von Trotha [46].
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THEOREM I (Przeworska-Rolewicz). Write

N
(6.1) @(t, s) = qutksN_k )
k=0
(6.2) Q(t) == Q(t,1), P(t) :=t"Q(t),
where qo, ..., qn-1 € C, gy = 1, M is a non-negative integer. If there exists

R e RpNV(X) (i.e. R is a Volterra right inverse of D) then P(D) € R(X)
and the operator

(6.3) Ry = RMHNQ(I, R))
is a Volterra right inverse of P(D).

THEOREM II (von Trotha). If Ry of the form (6.3) is a Volterra operator
then R s Volterra.

In this section we generalize Theorems I and II to the case when @(t, s)
is a polynomial with algebraic and stationary operator coefficients. The
method used here is essentially based on the properties of generalized alge-
braic operators (cf. §3).

Let D € R(X), R € Rp. Let Ag,...,Ax be mutually commutative
algebraic operators, Ay = I. Suppose that

(64) DA] :A]D on domD, RA] :A]R (]:0,,N)
Write

N
(6.5)  Qt,s):=> AN Qt)=Q(t,1), P(t):=t"Q(t).
=0

THEOREM 6.1. If R € V(X)) then Q(I, R) is invertible and
(6.6) Ry = RM*N[Q(U,R)]™" € Rpip) NV(X).

Proof. Write Xo := lin{R*} (k = 0,1,...). Then Xy C Lo(X) is a
commutative subalgebra. Hence, by Theorem 3.4, Q(I, R) is a generalized
algebraic operator with characteristic roots belonging to the set

N
(6.7) {I+ZtN_k,le . k=1,...N: I= 1,...7“N_k},
k=1
where (tj1,...,t;,,) are the characteristic roots of the operators A; (j =

0,...,N). Theorem I implies that every operator in (6.7) is invertible. It
follows that Q(I, R) is invertible.
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Now we prove that Ry := RN[Q(I,R)]™! is a right inverse of Q(D).
Indeed,

Q(D)Ry = QD)RN[Q(I,R)] ™" =) ARY*Q(ILR) " =1T.
k=0

Consequently, the operator P(D) := DM Q(D) is also right invertible and
has a right inverse of the form (6.6).
To finish the proof, we have to check that Ry € V(X). Write
N
H(R):=Y ARN"F—tRVTM  tecC.

k=0
Then I —tRy = [Q(I, R)]"'H(R). By Theorem 3.3, H(R) is a generalized
algebraic operator with characteristic roots belonging to the set

N
(6.8) {I RN Nty uRE 1=1,. ,rN_k} ,

k=0
Theorem I shows that every operator in (6.8) is invertible. Hence, so is
H(R). We conclude that I —tRy, as a superposition of invertible operators,
is invertible for all ¢t € C, i.e. Ry € V(X).

THEOREM 6.2. Suppose that R € Rp NV (X) for D € R(X). If A is
an algebraic operator such that AR = RA then AR is a Volterra operator.

Proof. By Theorem 3.4, the operator I + 3AR, for every 3 € C, is a
generalized algebraic operator over X := lin { R¥} with characteristic roots
of the form I+ ft;R (i = 1,...,n). Since I + t; R is invertible for all g € C
we conclude that I + BAR is invertible for all g € C, i.e. AR is a Volterra
operator.

A result converse to Theorem 6.1 is

THEOREM 6.3. Suppose that D € R(X), R € Rp and Ay,..., AN are
algebraic operators satisfying (6.4). Let Q(t,s), Q(t) and P(t) be defined
by (6.5). If Q(I, R) is invertible then

(6.9) Ry = RN M[Q(I,R)]™" € Rp(p) .
Moreover, if Ry € V(X) then R € V(X).

Proof. It is enough to check that R € V(X)) provided that Ry € V(X).
Fix g € C. Write A = Q(8). Then A is an algebraic operator and ARy =
RpA. By Theorem 6.2, ARy is a Volterra operator since so is Ry. Hence,
I — ARy is invertible.

On the other hand,

I — ARy = [Q(Ia R)]_l[Q(Ia R) - ARM+N] :



I. Characterizations of right inverses and interpolation problems 21

This implies

I=(I-ARy)'[QU R)] QI R)] = ARMTH]

= [Q(L, R) — ARM™M](I — ARy)"'[Q(L,R)] ",
i.e. the operator Qg := Q(I, R) — ARM*Y is invertible.
Write
Ha(t,s) :=Q(t,s) — As™TN - Hy(t) := Ha(t,1).
We have Ha(f) = Ha(B,1) = Q(8,1) — A = Q(B) — A = 0. Since
Hao(I,R) = Q(I,R) — ARM*N we conclude that H4(I, R) is invertible.
Hence
(6.10) Ha(t) = (t = B1)Qal(?),
where QA(t) := E;V;Ol B;t7, and B; (j = 0,...,N — 1) are mutually com-
mutative algebraic operators. From (6.10) we get
HA(ta S) = (t - ﬁS)QA(t7 S) )

where
N-1
Qalt,s) == Z Bitl sV Qa(t) = Qalt,1).
§=0

Thus Ha(I,R) = (I — BR)QA(I, R), i.e.
I=(I-BR)Qa(I,R)HA(I,R)] " =[Ha(I,R)] 'Qa(I,R)(I - BR).

This shows that I — SR is invertible for all 5 € C, i.e. R € V(X).
COROLLARY 6.1. Suppose that D € R(X), R€ RpNV(X) and A is an

algebraic operator commuting with R. Suppose, moreover, that A has the

characteristic polynomial of the form

n

Pat) =[Jt-t;), ti#t; fori#j.

j=1

Then every solution of the equation

(6.11) (D-—Az=y, yeX,
1s of the form

€T = Z(I — th)_le(Ry + Z) s
j=1

where z € ker D is arbitrary and

n

Pi= J] G-t (A=tI) (j=1,...,n).
k=1,k#j
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COROLLARY 6.2. Under the assumptions of Theorem 6.1, dimker Q(D)
= Ndimker D.

Indeed, we have

N
Q(D) =D" > A;RN~ = DVQ(I,R).
3=0
By Theorem 6.1, the operator Q(I, R) is invertible. Hence, dimker Q(D) =
dimker DV = N dimker D.
As a corollary, we obtain the formula

dimker DMQ(D) = (M + N)dimker D .

Remark 6.1. In general, a converse statement to Theorem 6.2 is not
true. Furthermore, for every D € R(X), R € Rp there exists an algebraic
operator A such that AR € V(X), i.e. AR € V(X) does not imply R €
V(X). Indeed, if A2 = 0 then I — BAR is invertible for all 3 € C and
(I - BAR)™! = I + BAR. This implies that AR € V(X) for every R € Rp.
However, we have the following

COROLLARY 6.3. Suppose that D € R(X), R € Rp and A is an al-
gebraic operator commuting with R. If AR is a Volterra operator and A is
tnvertible then R is a Volterra operator.

Indeed, by Theorem 6.2, the operator R = A~1(AR) is Volterra.

EXAMPLE 6.1. Let D' € R(X), dimker D’ # 0 and R’ € Rp/. Write
D = (6jD")jr=1,..ns R := (6juR)jr=1,.. n, Ai = (ag‘zk))j,kzl,...,na a;»lk) are
scalars (i = 0,...,m). Then D € R(X"), R € Rp and DA; = A,D,
If R is a Volterra operator then by Theorem 6.1, the operator

(6.12) Q= EminRi (Ao =1)
j=0

is invertible and Ry := R™t*Q~! is a Volterra operator for every s € Ny.
By Theorem 6.2, A;R (i = 1,...,m) are Volterra operators. If @ of the
form (6.12) is invertible and Ry is a Volterra operator then R’ is also a
Volterra operator.

EXAMPLE 6.2. Let 2 := [a,b] X [¢,d], X := C(§2), D := 0/0t, where
(t,s) € £2. The operator D is right invertible and has a right inverse R
defined as follows:

¢
(Rx)(t,s) := f x(u,s)du, tg € [a,b].

to
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Consider the operator
(Az)(t,s) :=x(t,c+d—s), (t,s)€ 2.

It is easy to see that A is stationary, i.e. DA = AD on dom D, RA = AR.
Moreover, A? = I, i.e. A is an algebraic operator. Hence, by Theorem 6.1
AR is a Volterra operator and I + AR is invertible.

7. Algebraic exponentials. Let D € R(X), R € Rp. Denote by Sp r
the set of all stationary operators, i.e. of all A € Lo(X) such that DA = AD
on dom D, AR = RA (cf. Tasche [57]).

DEFINITION 7.1. Let A € Sp r be an algebraic operator. If x4 €
ker(D — A) and x4 # 0 then x4 is said to be an algebraic exponential
corresponding to A.

It is easy to check that if 0 # x4 € ker(I — AR) for a stationary algebraic
operator A then x4 € ker(D — A), i.e. x4 is an algebraic exponential. Con-
versely, if x 4 is an algebraic exponential and F'z 4 = 0, where F' is an initial
operator of D corresponding to a right inverse R, then x4 € ker(I — AR).
By Theorems 6.1 and 6.2, in that case, R is not a Volterra operator.

THEOREM 7.1.  Suppose that A, € Sp.r are algebraic operators (n =
1,2,...) such that A;, A;—A; are invertible fori # j. Then for each positive
integer n any algebraic exponentials x4, ,...,x4, are linearly independent
over A = Sp.r N A, where A is the set of all algebraic operators, i.e. if

Z?zlﬂij]. :OforsomeHjEA (j=1,...,k) then Hy =...= H, =0.
Proof. By Definition 7.1, 4, # 0. Suppose that for a fixed k (k > 1)

any algebraic exponentials z4,,...,24, are linearly independent over A.
If x4,,, is linearly dependent of the set {x,,...,z4,} then there exist
operators H; € A (j=1,...,k+1), 0 # Hy1, such that Zfii Hjzy, = 0.
This implies

k+1

(7.1) OzD(ZHijj>,
=1
k:—l—l]
(7.2) 0=> HjAzya,.
j=1

The quantities (7.1) and (7.2) together imply
k+1 k+1

0= ZH](AJ - Al)xAj = ZHJ(AJ — Al)JIAj .

j=1 j=2

By our assumptions, Hj(A; — A1) =0 (j =2,...,k+ 1) and the operators
Aj— Ay (j =2,...,k+ 1) are invertible. Hence, the last equalities imply
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H;j=0 (j=2,...,k+ 1), which contradicts our assumption and finishes
the proof.

THEOREM 7.2. Suppose that D € R(X), R€ RpNV(X) and A € Sp.r
is an algebraic operator. If dimker A = 0, then the operatorea = (I—AR)™1
has no eigenvectors.

Proof. Suppose that there exist u # 0 such that for 8 € C we have
eau = Pu. This implies
(7.3) (1-=p)I+pPRA)Uu=0.
By Theorem 6.2, AR € V(X). Hence, by (7.3), u = 0 for  # 1. This
contradicts the assumption. If § = 1 then from (7.3) we get ARu = 0.

Our assumption that dimker A = 0 implies v = 0, again contradicting the
assumption.

DEFINITION 7.2. If D € R(X) and there is an R € Rp N V(X) then
every operator eq = (I — AR)™!, where A € Sp rNA, is called an algebraic
exponential operator.

THEOREM 7.3. Let D € R(X), R€ RpNV(X). Suppose F € Fp cor-
responding to R and A € Sp r is an algebraic operator. Then the algebraic
exponentials e 4(z) are uniquely determined by their initial values:

ea(z) = (I — AR) 'Fea(z), i.e. Fea(z) =2z for z€kerD.

Proof. If z € ker D then (I — AR)ea(z) = z, i.e. ea(z) = z+ ARea(z)
and Dey(z) = Aea(z). This means that e4(z) is an algebraic exponential
of D corresponding to A. Thus

Fea(z) = (I —RD)ea(z) =ea(z) — RDes(z)
=ea(2) — RAea(z) = (I — AR)ea(z),
ie. Fea(z) = z.
COROLLARY 7.1. If D € R(X), R € RpNV(X), then for every operator
0# A€ Sp,rN A there exist non-trivial exponentials.

COROLLARY 7.2. Suppose that D € R(X), {R,}ucs, € RoNV(X) and
A€ SpyR NA. Then

(F, — Fu)ea(z) = AF,Rea(z) forzekerD, v,pe Jy.
Indeed, AF, R ea(z) = F,R,Aea(z) = FyR,Des(z) = F,(I — F,)
ea(z) = (Fy, = By Fy)ea(z) = (Fy — Fuea(z).
DEFINITION 7.3. If D € R(X) and there exists an R € RpNV(X), then

the operators

1
(7.4) ca = §<eiA +e_ja), sa:= Z(em +e_ia),
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where A € Sp r N A, are called the algebraic cosine and sine operators,
respectively. The elements c4(z) and sa(z), where z € ker D, are called
algebraic cosine and sine elements, respectively.

THEOREM 7.4. The following identities hold:
(75) ca= (I +A2R)™', sp=A(I+ A’R*)7'R, 4 +5% =eiae_in,
(7.6) caSp +cpsa = 3(ejaeip — e_jae_ip),
(7.7) cace — sasp = 3(ejae;ip + e_jae_;p).

Proof. By definitions,

ca = S(ein+e_in) = 3[(I —iAR)™" + (I +iAR)™"
= (I —iAR)"Y (I +iAR)""(I +iAR+1 —iAR) = (I + A?R*)!
1
sa = gz(ein—eia) = 5[(I - iAR)™! — (I +iAR)™]

= (I —iAR) I +iAR) (I +iAR — I +iAR) = (I + A’R*) AR

The proofs of the other equalities are similar.
COROLLARY 7.3. If A € Sp Rr is an algebraic operator with character-

istic polynomial

Pat)=[[Ct-t), ti#t; fori#j,

j=1
then
n n
ca=) (I+HR)TP,  sa=) (I+6R)"t;P;,
j=1 =1
where
Pi=]]tj-t) (A=td) (=1,...,n).
k=1
k#j
COROLLARY 7.4. Dcy = —ASA, Dsy = Acy.

COROLLARY 7.5. Let F' be an initial operator for D € R(X) correspond-
ing to R € RpNV(X). Then for every A € Sp r and 0 # z € ker D,

Fsa(z) =0, ca(2)#0, Feca(z)=

Proof. (7.5) implies Fsa(z) = FRA(I + A2R*)™12 =0, 2 = (I +
AZR?)(I + A2R%) 712 = (I + A%R?)ca(2). Hence, ca(2) 7&

EXAMPLE 7.1. Let 2 :=[a,b] X [¢,d], X := C(§2), D := 9/0t, where
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(t,s) € £2. A Volterra right inverse of D is

(Rx)(t,s) := f z(u,s)du, to € la,b].

to
Let 8 < c. Write

(Ax)(t,s) == x(t,g(s)), where g¢g(s):= Bt + ab — [(a+b)

t—p
It is easy to check that A> =1, AR = RA, AD = DA on dom D and
(7.8) (I-AR) '=(I-R)'P+(I+R)'Q

where P := 1(I + A), Q := 1(I — A). Hence

(I — R) ™' Pa](t,s) = (P2)(t,s) + [ " (Px)(u,s)du,
(I + R)™'Qa](t, 5) = (Qu)(t,5) + [ " "(Qu)(u, s) du,
eax(t,s) = x(t,s) + fet_“(Px)(u,s) du — fe“_t(Q:c)(u,s) du .

to to
Similarly,
I+AR) ' =I+R)™", ca=(I+R)", sa=AI+R>)7'R,

cax(t,s) = x(t,s) + f cos(t — u)x(u, s) du,
sax(t,s) = f (Ax)(u, s) du + f f cos(u — v)(Azx) (v, s) dvdu .

to to to

EXAMPLE 7.2. Let I' = {t : |t| = 1} and X = H*(I")(0 < u < 1) (see
§4). Consider the operators

1 xz(s)ds
(S0)(t) = = [ HEBE a4y = a(err).
LSS t
g1 :=exp(2mi/n), er:=c¢7.
It is easy to check that

(7.9) SA=AS, S*=1, A"=1.
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Write

1 ] .
(7.10) P ::EZE' =k AR+L (i =1,...,n)

J

Consider the operator
(7.11) D :=al +bS

where a,b € X and a(eit) = a(t), b(e1t) = b(t).

Suppose that kK = Ind D > 0, i.e. D is right invertible. A right inverse
of D is
z(u)

(Rx)(t) = a(t)x(t) J Zww-1

where Z(t) is defined in terms of a, b and Z(slt) = Z(t) (cf. [14]). Hence,
AD = DA and AR = RA. Since Ind R = —Ind D < 0 we conclude that the
operator I — AR = Z?zl(l — ¢;R)P;j is not invertible. Thus, in this case,
there is no algebraic exponential for D corresponding to R and A.

EXAMPLE 7.3. Let D' € R(X ) and R € V(X)NRp. Write D :=
(0;&D")j k=1, ...n, R = (0;xR)j k=1, n- It is easy to see that D € R(X"),
ReV(X™)N RD

Suppose that we are given an operator

A= (aj)jpmr, ol 1= (0D)jh=1,n

Then DA = AD, AR = RA. By Theorem 6.2, AR is a Volterra operator
and I + AR is invertible. Moreover, if the characteristic polynomial of A is
Pa(t) =TIjL,(t —t;)"%, then

(7.12) ea=(I+AR)"'=Q(I + AR),

where

-----

Q(t) =t"[P(t) — P(0)], ﬁt— I+t;R))%

Also by Theorem 6.2, A%2R? is a Volterra operator and I+ A2 R? is invertible.
Theorems 3.2 and 3.4 together imply

ca=(I+A’R*)™' = Q:(I + A’R?),

where
Qi(t) =t7'[Pi(t) = P(0)], Pi(t) = H[t — (I +£5R?)%

The sine operator for D corresponding to R is
sa=AcaR = AQ(I + A’R*R.
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8. Property (c)

DEFINITION 8.1. Let D € R(X). An initial operator Fy for D has the
property ¢(R) for an R € Rp if there exist scalars ¢ such that

(8.1) FoRFz = (c;/k))z  forall z€kerD, k€N

and ¢ = 0 for all k € N if Fy = F, where F' is an initial operator for D
corresponding to R. We shall write Fj € ¢(R).

A set FY C Fp has the property (c) if for every Fy € FD there exists an
R € Rp such that Fy € ¢(R). We set ¢ = 1, since Fyz = z for all z € ker D.

The property (c) for 2 initial operators has been introduced by Przewor-
ska-Rolewicz [46]. The property (c) in the present formulation is introduced
and applied by her in the paper [48] on interpolation problems.

Recall the following

THEOREM 8.1 ([48]). Let D € R(X). The set Fp of all initial operators
has the property (c) if and only if dimker D = 1.

Clearly, if the system {Fy, ..., Fy_1} C Fp has the property (c¢(R)) for
an R € Rp with constants d;:

(8.2) FiR*z = (dix/k))z fori=0,...,N—1, k€ Ny,
and Fy, ..., Fn_1 are linearly dependent, then
(8.3) Vi :=det(dik)i,k=0,...N—1 =0

The following question was stated in [48]: Is the determinant Vi differ-
ent from zero for any system {Fp,..., Fy_1} of linearly independent initial
operators having the property (c¢(R))?

It is easy to see that the answer is positive for the case N = 1 (since, by
definition, dgp = 1). However, we shall show that in general, the answer is
negative for N > 2.

EXAMPLE 8.1. Let X := C(R), D :=d/dt, R := [, . Write (Fox)(t) :=
z(0), (Fyz)(t) := %(:c(l) +xz(-1)), (Fex)(t) := %(x(Q) + z(—2)). Obviously,
Fy, Fy, Fy are initial operators for D. Since dimker D = 1 then they have
the property (c).

Note that Fy, F1, F> are linearly independent. Indeed, let

(8.4) Bo(Fox)(t) + Bi(Fix)(t) + Be(Fox)(t) =0
where 3y, 81, 52 € C.

(i) If z(¢t) = 1 then (8.4) implies Gy + 1 + B2 = 0.
(ii) If z(t) = exp(mit/2) then (8.4) implies Fp — B2 = 0.
(iii) If z(t) = exp(mit) then (8.4) implies By — 1 + B2 = 0.
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The linear system

Bo +61 +P02=0,

/80 _52 =0 y

Bo —B1 +B2=0
has only a trivial solution. Hence, the system {Fy, Fi, F»} is linearly inde-
pendent.

On the other hand, it is easy to check that
Foz=Fiz=Fz =z,
F()RZ = FlRZ = FQRZ = 0,
FoR?2=0, F\R*2=2 F,R*2=4z.

Hence, doo = d1p = d2o = 1; do1 = di1 = d21 = do2 = 0; di2 = 2, dag = 8.
The matrix (dik); ¢ 1 » has the form

1 0 O
(dik)ik=012=|1 0 2
1 0 8

It is easy to see that Vi = det(dix )i k=0,1,2 = 0.

Observe that the vectors dy = (1,0,0), d; = (1,0,2) and ds = (1,0,8)
are linearly dependent: 3dy — 4d; + d2 = 0. Thus, in general, linearly
independent initial operators do not imply linearly independent vectors
do, e ,dN_l, where dj == (djOadjla e ,dj7N_1), j == 0, e ,N — 1.

The following question arises:

Does there exist a subspace X¢ C X such that the matrix (d;x); k=0,.... N—1
has non-zero determinant if and only if the restrictions of the initial opera-
tors Fy, ..., Fx_1 to Xo are linearly independent?

The following theorem shows that the answer to this question is positive.

THEOREM 8.2. Write
(8.5) Py(R)=1lin{R*z:z€kerD, k=0,...,N —1}.

Suppose Fy,...,Fx_1 € Fp have the property (c). Then a necessary and
sufficient condition for Viy # 0, where Vv is defined by (8.3), is that Fy, ...
..., Fn_1 are linearly independent on Py (R).

The proof is based on the following lemma.

LEMMA 8.1. Suppose Fy,...,Fx_1 € Fp have the property ¢(R) for an
ReRp. Write

(8.6) F:=(Fy, FiR,...,F;R"™YY  fori=0,...,N -1,
(87) dz = (dioadi17~~-adi,N—1> fOT‘iZO,...,N—l,
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where the d;j, are defined by (8.2). Then the vectors Fy, ..., Fy_, are linearly
independent on ker D (i.e. the equality

N-1
Z BiF!z=0 for all z € ker D,
i=0
where B; € C, implies fo = ... = Bn_1 = 0) if and only if the vectors
do,d1,...,dny_1 are linearly independent.
Proof. The vectors F{,...,F\_, are linearly independent on ker D if

and only if for each j (0 < j < N —1), the operators FoR?,..., Fy_1 R’ are
linearly independent on ker D. Now the condition

N—-1

Z BiF;Rz=0 forall z€kerD,

i=0
where (3; € C, is by (8.2), equivalent to

NoLoa
Zﬁi%z:o forall z€kerD, j€{0,...,N —1}.
° J:
1=0
By the arbitrariness of z € ker D, this can be written as

N-1
Zﬂidij =0 forevery j€{0,...,N —1},
i=0

or
N-1

Z Bi(dio, - .. di,n—1) =0,
i=0
ie. Zi]\i_ol 0B;d; = 0, which completes the proof.

COROLLARY 8.1. Let D € R(X), R € Rp and Fy,...,Fy_1 € ¢(R).
Then Vi defined by (8.3) is not zero if and only if the operators FyR*,
F\RF, ..., Fy_1R" are linearly independent on ker D for each k (0 < k <
N —-1).

Proof. By Lemma 8.1, FyR*,..., Fx_1 R are linearly independent on
ker D for each k if and only if the vectors dp,...,dy_1 given by (8.7) are
linearly independent, i.e. Vy = det(d;;) # 0.

Proof of Theorem 8.2. Suppose that Vi # 0. Then by Corol-
lary 8.1, the vectors Fy, ..., Fj_; of the form (8.6) are linearly independent
on ker D. This means that the operators FoR?,..., Fy_1 R’ are linearly
independent on ker D for each j € {0,1,...,N — 1}, i.e. Fy,...,Fn_1 are
linearly independent on the set ker D+ Rker D+...+RN"1ker D = Py(R).
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Conversely, suppose Fy,...,Fn_1 € c¢(R) are linearly independent on
Py (R). By Corollary 8.1, it is enough to show that the system of vector
operators

F/ = (F,FR,...,F;R""Y) (i=0,...,N—1)
is linearly independent on ker D. Suppose that

N—-1
> BiFjz=0 forall z € ker D,
=0
where 3; € C. This means that
N-—1
> BiFiR\z=0 forallz€kerD, j=0,...,N—1.
1=0

The arbitrariness of j € {0,..., N — 1} implies

N-1 N-1
Z o Z GiF;R7z=0 forall z€kerD, aj € C.
j=0  i=0

i.e. . o
Z ,BEF@ Z OéjRjZ =0.
1=0 7=0

This means that Zf\;_ol BiF;x =0 for every x € Py(R). Our assumption
now implies By = ... = Bny_1 = 0. The proof is complete.

EXAMPLE 8.2. Let X, D, R, F; (i = 0,1, 2) be defined as in Example 8.1.

The set P3(R) is of the form
P3(R) ={z: 2(t) = Bo + But + Bat®, Po, b1, B2 € C}.

If 2 € P3(R) and z(t) = By + Bit + Pat?, then Foz = By, Fiz = Bo + o,
Foz = Bg + 4062. It is easy to check that 3Fy — 4F, + F, = 0, i.e. Fp,
Fy, F5 are linearly dependent on P3(R). Theorem 8.2 shows that V3 =
det(dik); =10 = 0.

EXAMPLE 8.3. Let X, D, R be defined as in Example 8.1 and (Fz)(t) :=
x(0). Write

(Spx)(t) :=x(t+h) fort,heR, x€ X,
t
(Fho)(t) :=x(t), Ru:= [ .
h

Thus Fy,RFc = ch* /k! for ¢, h,t,€ R, x € X, k € N. In this case, d;, = i*
and Vi # 0. The set Py(R) is of the form

Pn(R)={z:2(t) = Bo+ Pt +... + Bn_1tV 1},
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Hence Fjz = o + Bii+ ...+ Bn_1iV"1 (i = 0,...,N —1). By The-
orem 8.2, Fy,...,Fy_1 are linearly independent on Py(R). Note that
Py (R) = ker DNV.

Now we give another characterization of the property (c).

LEMMA 8.2. Let D € R(X), dimkerD =1, R € Rp and let F € Fp
be an initial operator corresponding to R. Then F1RX = ker D for every
F 75 F, F, € Fp.

Proof. Since dimker D = 1 we have F1RFz = ¢,z for all z € ker D,
where ¢, € F (k = 1,2...). If ¢, # 0 for some £k € N we conclude
that FyRFker D = ker D. On the other hand, FyR*(ker D) C F{R*X C
FiRX c I X =ker D. Thus, F{RX = ker D.

Remark 8.1. In general, in the case dimker D > 1, we have F1RX #
ker D. Indeed, suppose that Dy € R(X), dimker Dy = 1, R; € Rp,, and
F; € Fp, corresponds to R; (j = 0,1; Ry # Ry). It is easy to check that
D := D% € R(X), RiRo, R2 € Rp and
(8.8) (Ro — R1)RoX C (Ry — R1)X, kerDy & ker D3 =ker D.
Suppose that R' = R3 and F, € Fp corresponds to Ry Rg. Then FiRy =
Ro—R;, F3R' = R2— Ry Ry. Hence, Lemma 8.2 and formulae (8.8) together
imply

FIR'X C FiRyX =ker Dy G ker D,
ie. F4R'X # ker D, which was to be proved.

In particular, if F} € ¢(R) for an R € Rp and F; # F, then F1RX =
ker D. In this case, we have Fy R(ker D) = F; RX = ker D.

9. Interpolation problems. Consider the following general interpo-
lation problem (cf. Przeworska-Rolewicz [48] and also [36]):

Given n finite sets I; of non-negative integers not greater than N — 1.
Denote by 7; the cardinality of the set I; : #I;, = r;fori=1,...,n. Let N =
r1+...+r,. We are looking for a D-polynomial u of degree N —1 satisfying
for given n different initial operators F1, ..., F, € Fp the conditions

(9.0 FiD*u=wy (k€ i=1,...,n),

where u;, € ker D are given, u = 29+ Rz1 +. .. +RN-lzy_iforan R € Rp
and zg, 21,...,2n—1 € ker D are to be determined.
Suppose that Fy,..., F, € ¢(R), i.e. there exist scalars d; satisfying

(9.0) FiRFz = (dyp/k))z forall z€kerD (k€I i=1,...,n).
In the sequel we assume that the sets I; are ordered, i.e.

Ii:{]{)ij:i:L...,Ti}, ngi1<---<kiri (2:1,,n)
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Hence, the condition (9.0”) can be written in the form

(9.1) EDMiy=wy, (i=1,....,n;j=1,...,1).
Let
N-1
u:ZRmzm, Zm €ker D (m=0,...,.N—1).
m=0
Then
N—-1 kij—1
FiD*iu=> " FDMR"z, = Y FDMi™ "z,
m=0 m=0
N—1 N-1
+ Z FiRm—kijZ — FZRm_k”Z
m=k;; m=k;;

Define the vector ng“) by

9.2) G%9) = <0,...,0
~———

ki; zeroes

dio di1 di,N—ky;—1
COU I (N — kg — 1)

Next, let (A?Z be the r; x N matrix

(93) ai = (G5k11)7 e GEkzn))T ’
and let G be the N x N matrix
(94) é = (é\l)---7én)T

(where AT denotes the matrix transposed to A).
Consider the N-vector operators
(9.5) F%9) .= (F,DFs FD*5Y, . F, FR,... F;RN1"hu)
(t=1,....,n; j=1,...,15).
LEMMA 9.1. The system of vectors {ﬁi(kij)}izl,m,n; j=1,...r 18 linearly
independent on ker D if and only if rank G = N, where G s defined by
formulae (9.2)—(9.4).

Proof. Suppose that the system {Gz‘(k“)}z’:l,...,n;j:l,...,r-

, is linearly
independent and that

n T
(9.6) Z ZﬂijFi(k”)z =0 forall z€kerD,

i=1 j=1
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where (;; € F. Then, for each m (0 <m < N — 1), from (9.6) we get

Z Zﬁz‘jFka”Rmz =0 forall z€kerD.

i=1j=1

This equality and (9.0) together imply

Zﬂmzz/@”mw% = ZZ%F Z B DM R™2

=1 j=1 =1 j=1
m—Kk; _ m—k;
= § § 51] § Bm R Iz = § § /Bzy § Bm iR Uz
=1 j=1 m= k” =1 j=1 m=k;;

=1 j=1 m=Fk;;

forall z € ker D, 8,, € F,m =0,1,..., N—1. The arbitrariness of z € ker D
and (3, € F implies

n T
S5 6 o
i=1 j=1

ie. Bij=00G=1,....,n; g=1,...,1).

Conversely, suppose that the system {ﬁi(kij)}i:17,,,7n; j=1,...,r; is linearly
independent on ker D and that

SN BuGH =0, pyeF (i=1...m5j=1,...,m).

i=1 j=1
y (9.2), this means that

ZZﬁz] lm k” —0 (777,:(),...,]\7—1>7

=1 j=1

(where we set d;, := 0 for p < 0). Since dimker D # 0 the last equalities
are equivalent to the system

ZZBW iyt z=0 forallzekerD (m=0,...,N—1).
=1 =1 m kz]

According to (9.0), these equalities can be written as follows:
n T3
Z Zﬁijﬁi(kij)z =0 forall z€kerD.
i=1 j=1

Our assumption implies 8;; =0 (i =1,...,n; j=1,...,r;), which was to
be proved.
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It is easy to see that the vectors F\i(k”) can be written in the form

(9.7) E%9) — (B, Fig Ry, Fip, RN 1),
where
(9.8) Fig,; == F,DFi  (i=1,...,n; j=1,...,1).

THEOREM 9.1. A necessary and sufficient condition for det G # 0 is that
all operators Fiy,; defined by (9.8) are linearly independent on Py (R), where
Pn(R) is defined by (8.5).

Proof. Suppose that det G # 0. By Lemma 9.1, the vectors ﬁi(k“) (i =
1,...,n; 7 =1,...,7;) are linearly independent on ker D. Hence, for each
m (0 < m < N — 1) the operators Fy,, R™ (i = 1,...,n; j = 1,...,1)
are linearly independent on ker D. This means that the system of operators
Fiy,; of the form (9.8) is linearly independent on Py(R) = ker D + ... +
RN"lker D.

Conversely, suppose that Fy,, (i = 1,...,n; j = 1,...,7r;) are lin-
early independent on Py(R). By Lemma 9.1, to prove det G # 0, it is
enough to show that the system {ﬁi(]%)}i:1
dent on ker D. Let

) is linearly indepen-
eI =1,000m Y p

ZZBijﬁi(kij)Z =0 forallze€kerD,
i=1 j=1
where (3;; € F. Hence, for every fixed m (0 <m < N —1)
n T
SN B FDM R™z,,  for all 2, € ker D.
i=1 j=1
This implies
N-—1 n T4

S 80> BiFD IR 2, =0 forall z,, € ker D, f € F,

m=0 i=1 j=1

i.e.
n T3 N—-1
ST ARDR 3 R =0 forall 2y D,y € .
i=1 j=1 m=0

This means that

n

S S ByFEDMz=0 forallae Py(R).

i=1 j=1

Thus, by our assumption, we get 8;; =0 (i =1,...,n; j=1,...,1;).
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Now we can formulate the main result for the general interpolation prob-
lem for a right invertible operator.

THEOREM 9.2. The general interpolation problem has a unique solution
for any uik,; € ker D (i =1,...,n; j=1,...,7;) if and only if the system
of operators {Fikij}1-117..,7”;]':17,,,7” is linearly independent on Py (R).

Proof. By the assumptions, for every pair (7, j) of indices (i = 1,...,n;
j=1,...,7r;) we have
N-1 N-1 )
Uik, = Fkaiju — Z Fkaij R™Z,, = Z i,m—Fk;; Zm -
(m — kij)!

m=0 m=k;;
We obtain a system of N equations with N unknowns:
N-1

(9.9) 3 n;’” 1:

13 _
m:km Z]

ij (Z:17,n,j:1,,rl)

with matrix G given by (9.2)-(9.4). Hence, the conclusion immediately
follows from Theorem 9.1.

COROLLARY 9.1. The following conditions are equivalent:

(i) Vv = det G # 0.
(ii) The operators {FiD(k”)}izl,...,n;jzl,._,m are linearly independent on
Py(R).
(iii) The general interpolation problem has a unique solution for any
Uik, €Eker D (i=1,...,n; j=1,...,1;).

THEOREM 9.3 (cf. Przeworska-Rolewicz [48]). If Viy = det G # 0 then the
unique solution of the general interpolation problem is given by the formula

(9.10) u="Un(ug,...,un-1),

where

(911) Upq+.. +7"i—1—j :uik” (]ZL s Ti s 1=1 ...,n),
UN(”O? .. uN 1 Z VNJ U] 5 ij V Z k+]k'VNjktk

and Vi ts the minor determinant obtained by cancellmg i Vi the j-th
row and k-th column.

Proof. Every solution of the general interpolation problem is of the
form u = Zi\;_ol R'z;, where the constants zg,...,zn_1 are to be deter-
mined by the system (9.9). By the assumption, the determinant V of the
system (9.9) is not zero. Thus, the unique solution of (9.9), by the Cramer
formulae, is of the form (9.10).
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As applications of Theorems 9.1-9.3, we deal with some classical inter-
polation problems for right invertible operators.

(i) Hermite interpolation problem (cf. [48, [36]). If I; = {0,1,...,r; —1},
we have the following interpolation problem: Find a D-polynomial u of
degree N — 1 which for given n < N different initial operators Fi,..., F,

admits given values together with D*u up to order rj —1, i.e. find a solution
of

(9.12) FiDlu=wu; (i=1,...,n;j=0,...,r; —1),
where r1+...+7r, = N, u;; € ker D are given, u = zo+Rz1+. . ARN-1zyv 4
for R € Rp and zg,...,zny_1 are to be determined.

THEOREM 9.4. Suppose that D € R(X) and Fi,...,F, € ¢(R) for an
R € Rp. Then the Hermite interpolation problem has a unique solution
if and only if the system of operators {F;D’}i=1, . n; j=1,.r;—1 15 linearly
independent on Py (R). If this condition is satisfied, then the unique solution
18

N-1
(913) U = Z ij(R)’U,j y
Jj=
where
N-1 _
Vnj(R) =Vt Y (-D)FHVyuRE (j=0,...,N—1),
k=0

Vi = det @, Vi jk is the minor determinant obtained by cancelling in G the
j-th row and k-th column (j,k =0,...,N — 1), and the elements ug, uy, ...
...,un_1 € ker D are defined by

Uy = Uy, for u=0,1,....m —1,
Upy 7= Uy, for p=0,1,...,72 -1,
Upy4ro4p = U3y fOTM:0717--~7T3_17
Upydoogrn adp o= Uny  for p=0,1,...,r, — 1.

(ii) Lagrange interpolation problem (cf. [48], [36]). If I; = {0} for ¢ =
1,...,n, then we obtain the following interpolation problem: Find a D-
polynomial of degree n — 1 which for given different initial operators Fi, ...
..., F, admits given values:

Fiu=wu;, wu;€kerD are given,
u=zy+ Rz +...+ R" 12, is to be determined.

Theorem 9.4 immediately implies
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THEOREM 9.5. A necessary and sufficient condition for the Lagrange
interpolation problem to have a unique solution is that systems {Fi,..., F,}
is linearly independent on P,(R). If this condition is satisfied then the
unique solution is

n—1
j=0
where
n—1 A
Vo (8) =V, ' D (=DF9RIV, P (j=0,...,n 1)
k=0
and Vy, ;1. 1is the minor determinant obtained by cancelling in V), the j-th row

and k-th column (j,k=0,...,n—1).

(iii) Newton interpolation problem (cf. [48], [36]). If I; = {j} for j =
1,...,n then we obtain the following interpolation problem: Find a
D-polynomial u of degree n — 1 which for given n initial operators Fp,...

.., F,_1 satisfies

(9.15) F,.D™"u=1u, (m=0,....n—1),
where ug, ..., u,_1 € ker D are given.

THEOREM 9.6. Suppose that D € R(X), Fy,...,F,_1 € ¢(R) for an
R e Rp:

FiR*2 = (di,/k))z  for i=0,...,n—1, k€N,
If
(9.16) Vi = det(dig)i k=0,..n—1 # 0,

then the Newton interpolation problem has a unique solution for any ug, ...
sy Un—1 € ker D, given by

(9.17) u=">Y Voi(R)u;,

n—1
an(t) = ‘/n_1 Z(_l)k+]k'Vn]ktk (] = 07 ceey = 1) ’
k=0

and Vy, ;1 is the minor determinant obtained by cancelling in V), the j-th row
and k-th column (j,k=0,...,n—1).

EXAMPLE 9.1. Let X := C(R), D := d/dt, R := [, , (Fz)(t) := (0).
Write (Fjx)(t) := z(h), = € X. Then F,R¥c = (h*/K!)c for c,h € R,
k € Ny. Hence dpj, = h*.
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It is well-known that, for the classical Lagrange, Hermite and Newton
interpolation problems with initial operators Fp,, ..., F} , the correspond-

ing determinants do not vanish. The following question arises: Is det G #0
for any general interpolation problem? (cf. Przeworska-Rolewicz [48]). In
general, the answer is negative. Indeed, if 0 ¢ (J;-_, I; then the first column

of the matrix G contains only zeros, i.e. rank G < N and det G = 0.
Now we present some new general classical interpolation problems.

EXAMPLE 9.2 (generalized Lagrange—Newton interpolation formula). Let
there be given n systems of points in R: (tg1,...,tkr), K = 1,...,m;
tgi # tgj for @ # j, ri+ ... +r, = N, and let 7o = 0. By the general-
ized Lagrange—Newton interpolation problem (or (L-N)-problem) we mean
the following problem: Find a polynomial z(t) of degree N — 1 such that

Fy Dot g =qpi 0 ag; €C (k=1,...,n; j=1,...,71),

where (F;z)(t) :== z(ty;), D := d/dt.

Obviously, if ro = r3 = ... =71, = 0 we get the Lagrange interpolation
problem and if ry = r = ... = r, = 1 we get the Newton interpolation
problem. We show that the (L-N)-problem has a unique solution. Write

Tk

t
R = f s ij = H (tk;j - tki)_l(t - tki)>
0

i=1,i#j

Tk
wi(t) =Y ajwi(t)  (k=1,....n; j=1,...,1%).
j=1

It is easy to check that Fyjwy = ag;, Frjwr = 0jia; (k=1,...,n; i,j =
1,...,7E). Suppose that z; and x2 are solutions of the (L-N)-problem. Then
To := o1 — T2 is a solution of the problem (L-N)q

DNz =0, Fy Dot =g =0 (k=1,...,n;j=1,...,1%).

Hence zy = Zi]\:)l Riz; where z; € ker D (i = 0,..., N —1). The conditions

Fy;Drot =134 = 0 imply Zf\;ui F,jRi™Foz; =0, where pig == 719 +...+
rn—1. We obtain the system

N-1

otz =) =0 (G=1,...,m).

i=po
It is easy to see that this system has only a trivial solution, so that z¢ =
zo+Rz1+.. .+R“°*12H0_1. Repeating this process n times, we find zg = 0,
i.e. (L-N)o-problem has only a trivial solution and z7 = xs.



40 Linear systems with right invertible operators

Now we construct a solution of the (L-N)-problem. Write

r.i=ro+...+r (k=0,...,n),

Tn
Yn(t) == B2 apjuwn (1),
j=1
Tn—k

Yn—k(t) = R0 (g j — Fg j D" 5 Yy )W
j=1

(k=1,....,n—1),
zp(t) = yp(t) + ... +ya(t) (k=1,...,n).
It is easy to see that every v,,_(t) is a polynomial of degree < r/ _,. Hence

D'nkyy =0 (k=0,...,n—1). We show that z1(t) is a solution of the
(L-N)-problem. Indeed, DV x; = 0 since degz; < r/, = N, and

Tn
r! _ r! r! _
Fo;D'n1xy = Fp; D1 R~ E AWy (t) = Anj
j=1

Fo_1;D™m=2x; = F, 1 ;D"=2(yp_1 + yn)
— ’I’L—l,jDTn_2y’l’L—1 + F’I’L—l,jDrn_Qyn

Tn—1

=F,_1; Z (an—1,i = Fno1,: D" —2yp)wn—1,(t) + Fr_1 ;D™ —2y,
i=1

Tn—1
=Qp_1, — Z (Fr—1,iD™m=2yn)Fy_1 jwy—1,4(t) + Fp_q1 ;D™ —2y,
i=1
= Qn—1,j
since Fn—l,jwn—l,i(t) = 6ij‘

Similarly we find Fn,kijT;l*k*le =ap_pjfork=2....n-1, j =
1,...,"n—k, so that z1(t) = y1(t) + ... 4+ yn(t) is the unique solution of the
(L-N)-problem.

EXAMPLE 9.3 (generalized Hermite interpolation formula). Let there be
given s systems of points in R: (1, .., tmn,, ), M =1,...,8; tymi 7 tm; for
i # j. By the generalized Hermite interpolation problem (or (H)-problem)

we mean the following problem: Find a polynomial x(¢) of degree N — 1
such that

No+Ni+..4+Npm_1+k, . _
szD 0 ! ! T = Amki » Amki € C

(m=1,...,8; k=0,...,rmi—1; i=1,...,np;
T+« o+ Tmnm = Nm; Ni+...+Ng=N; Ny =0),
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where (Fy,;x)(t) := x(tmi), D = d/dt. Write

t Nm k .
Ri= [ Pult)i= [T~ twm) ™, e = 3 F00 2
0

m!

Pm(t) ( — z)rm (t — tmi)k
Wongi (t) := - { ) Ko
(T‘"LZ 1-k t'rni) :

(t - tmz) (
Z amkz mki )
k=0

i
.Ms

s
Il
R

It is easy to check that

(FmiDNO‘i’n-‘i’Nmfl‘i’k)(RN0+-~~+Nm—1 m#ﬂ) _ 5ku5i,8 )

If 1 and x5 are solutions of the (H)-problem, then xy := x1 — x5 is a
solution of the (H)o-problem:

DNz =0, F,DVn1thz =0, N, | =No+...+Np_
m=1,....85i=1,....,0nm; k=0,...,7; — 1).
Hence zg = Z]gv:_ol RPzs, z5 € ker D. The conditions F,DNe-1tky — (k=
0,...,7si; 1 =1,...,ng) imply zg = Zgiﬁl_l RPz3. Repeating this process
withm=s—-1,s—2,...,1, we find zg =0, i.e. x1 = zo.

In the same way as in Example 9.2, we shall construct a solution of the
(H)-problem. Write

zs(t) = RN TW (1), Ze—m(t) = T—mi1 (t) + Ysm (L) ,

where

Ys—m

Ns—m Ts—'m,(ﬁ_]-

— RNéfm71 Z Z stmﬁ(t)(asfmuﬁ — Fs,mﬁDNéfmfl'H‘SUsfmfl)

(m=1,...,s—1).

Then 1(t) is a solution of the (H)-problem. Indeed, D¥z; = 0 since
degx; < Nl = N, and

Fy DNty (8) = Fy DNe M RN (1)
= FuD"W,(t) =agi (k=0,...,rq—1,i=1,...,n,).
Similarly,
Fs—miDN;_m_1+kxl = Qs—m,ki
(m=1,...,s =1;i=1,....,05_m; k=0,...,75_m;— 1),
so that 1 (¢) is a solution of the (H)-problem.
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Now we consider a general interpolation problem induced by left invert-
ible operators.

DEFINITION 9.1. Let A € A(X). A co-initial operator G for A defined
by (2.9) has the property c¢(A) for an L € L 4 if there exist scalars ¢j such
that

(9.18) GoA*z = (¢, /k))z  forall z € ker L, k € N.

We shall write G € ¢(A).

Let there be given n finite ordered sets I; of non-negative integers: I; =
{kily"'aki’m}7 0<kn<...< k’iri (2 = 1,...,TL). Let N:i=r1+...+r,.
We are looking for an A-polynomial v = zg + Az + ... + AN"lzn_1 of
degree N —1 satisfying for given n different co-initial operators G1,...,G, €
¢(A) the conditions

Gilfu=wuy (kel,i=1,...,n).
By our assumptions, there exist scalars d;j satisfying
GiAFz = (dix/K))z forallze€kerL (ke€l;,i=1,...,n),

and

G;LFiy = Z G;LFi A™z,,

R o ¥ g

(it=1,...,n; j=1,...,1;).

As before, denote by G the matrix given by (9.2)-(9.4). Consider the N-
vectors

GF) = (GLM9 G LR Gy Gy A, ... G AN i)
(i=1,...,n; j=1,...,r;) and let
Py(A) :=1lin{A*2:z€kerL; k=0,...,N —1}.
Theorems 9.1-9.3 together imply

THEOREM 9.7. The general interpolation problem for the left invertible
operator A has a unique solution for any w,, € ker L (i = 1,...,n; j =
1,...,7r) if and only if the system of vectors {éz(»k”)}izl,.,.,n;j:17.,,7” is lin-
early independent on Pn(A).
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ExamMpPLE 9.4. Consider now an interpolation problem for singular in-
tegral operators. Let I be a closed regular arc in the complex plane. Let
X := H¥(I") (0 < g < 1). Consider the operator

(9.19) (Ka)(t) = a(t)a(t) + 2 [ rde

i poou— t
where a,b € X, a® — b?> = 1, b(t) # 0. Denote by x the index of K, i.e.

e L fat) 4o
“‘IdK‘%{a(t)—b(t)}p

(cf. Section 4).
(a) Suppose that k = 1, i.e. K is right invertible. Let

0200 (Ro0) = ala() - U2 [T

r

where
Z(t) =112V

V(= L p Il ) = b)) + b))

(the single-valued continuous branches of t~1/2 and In ¢ are arbitrarily fixed).
It is easy to check that R € R and

ker K ={z € X : 2(t) =b(t)Z(t)c, c € C}.
Hence, dimker K = 1. Every right inverse of K belongs to the set
Rk ={R € Lo(X): R =A—-RKA+R, A€ Ly(X)}.
The set of all initial operators for K is
Fg ={F' € Ly(X):F'=I-RK, R € Rg}.
By Theorem 8.1, every initial operator F’ € Fi has the property (c). From
Theorem 9.5 we obtain

COROLLARY 9.2. A necessary and sufficient condition for the Lagrange
interpolation problem (i.e. the problem of finding v = zo + Rz1 + ... +
R" 1z, 1 (z2x = bZck, ¢ € C) which satisfies Fyu = wu; for given initial
operators Fy, ..., F,_1 and given values u; = bZe;, e; € C) to have a unique
solution is that the system {Fy, ..., F,_1} is linearly independent on P, (R),
where

(9.21) P.(R) =1lin{R*(bZ) : k=0,...,n—1}.

Similarly, we can formulate a necessary and sufficient condition for the
general interpolation problem to have a unique solution.
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(b) Consider now the case kK = —1, i.e. K is left invertible. In this
case, it is easy to see that R of the form (9.20) is a left inverse of K and
ker K = {z € X : 2(t) = b(t)Z(t)c, ¢ € C}. Hence, dimker R =1 and every
co-initial operator G has the property (c). From Theorem 9.4, we get the
following

COROLLARY 9.3. Let K be of the form (9.19) and suppose k = —1.
Suppose that G1,...,G, are co-initial operators for K. Then the Hermite
interpolation problem has a unique solution if and only if the system of
operators {G;K7}i_1,  n.j=o....r;—1 18 linearly independent on Py (K), where
Py (K) is defined by (9.21).

Similarly, we can formulate interpolation problem for singular integral
operators with a regular part.
Let M := K + T where K is of the form (9.19) and T is compact in X.

(i) If K > 0 and I + TR is invertible, then M is right invertible. Indeed,
in this case, M = K (I + RT). A right inverse of M is R’ := (I + RT)"'R.
(ii) If kK < 0 and I + TR is invertible then M is left invertible and
L' := R(I + TR)™! is its left inverse.
(iii) If K =0 and I + TR is invertible, then M is invertible.

Hence, for those cases we can give conditions for the uniqueness of solu-
tions to interpolation problems.

The following question arises: Does there exist a system of initial opera-
tors for the singular integral operator K such that all corresponding classical
interpolation problems always have a unique solution? We shall give a pos-
itive answer to this question.

It is known that K is bounded in X, dom K = dom K’/ = X and K’ (j =
1,2,...) are right invertible. Write
(9.22) Sy = EK’“ (heC), So=1I

k=0
(obviously the series is convergent in the norm).

For a given initial operator F' = I — RK we write F}, := F'S,, h € C.
Then Fj is an initial operator for K corresponding to the right inverse
Rh =R —F] hR.

It is easy to check that

ker K = {z € X :z(t) = ;ckb(t)Z(t)t’“_l , cn € c}

and
FLR¥z = (h¥/k)z forall z € ker K, k € Ny.
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If Kk = Ind K < 0 we can construct co-initial operators for K in the same
way, i.e. we set Gy, := FQp, h € C, where
Qn:=> —R' (heC), Qy=1I.
k=0
Then Q,K*z = (k¥ /k!) 2 for all z € ker R, k € No.
An immediate consequence of Theorem 9.4 is

COROLLARY 9.4. Let K be of the form (9.19) and suppose Ind K > 0.
Then there exists a unique K-polynomial

N-1
u:ZRmzm, zm Eker K (m=0,1,...,N —1)
m=0

which for given n (n < N) different initial operators Fy, ..., Fn, _, admits
given values together with K*u up to order r; — 1, i.e. the following system
has a unique solution:
(9.23) FKru=uy (GG=1,....,n; k=0,...,r; — 1),
where r1 + ...+ 1, = N and uj, € ker K are given.

Indeed, in this case, the matrix induced by the system (9.23) is the

classical Hermite matrix.
Similarly, for the case Ind K < 0 we have the following

COROLLARY 9.5. Let K be of the form (9.19) and suppose Ind K < 0.
Then there exists a unique R-polynomial
u:zo—i—Kzl%—...—i—KN*lzN_l, Zm €kerR (m=0,...,N —1)

which for given n different co-initial operators Gy, ...,Gh admits given

values together with R*u up to order r; — 1.

n—1

I1. Generalized almost invertible operators

10. Properties of generalized almost invertible operators. Let X
be a linear space over the field F of scalars (where 7 =R or F = C).

DEFINITION 10.1. (i) An operator V € L(X) is said to be generalized
almost invertible if there is an operator W € L(X) (called a generalized
almost inverse of V') such that InW C domV, ImV C dom W and

(10.1) VWV =V on domV.

(ii) An operator Vy € L(X) is said to be generalized invertible if there
is an operator Wy € L(X) (called a generalized inverse of V) such that
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Im W§ € dom V¥, Im Vi € dom W} (k € N) and
(10.2) VEWEVE =VE  on domVy (k=1,2,..))

The set of all generalized almost invertible operators in L(X) will be
denoted by W (X). For a given V € W(X) we denote by Wy the set of all
generalized almost inverses of V. Similarly, by W°(X) we denote the set
of all generalized invertible operators and by W‘O,O the set of all generalized
inverses of Vy € WY(X).

Clearly, Wy(X) C W(X).

Note. It is well-known that the axiom of choice implies W(X) = L(X).
Indeed, under the axiom of choice every linear subspace X; C X is com-
plemented in X, i.e. there is a subspace X5 C X such that X = X; & X5.
Suppose that V' € L(X). Then there is a subspace Xy C X such that
domV = kerV & Xy . Denote by Vi the restriction of V to Xy . Clearly,
ker V; = {0}. Hence, there is an operator W € L(X) such that WViz = x
forx € Xy. If x € domV then x = z1 + x5, where z1 € ker V', 25 € Xy and
so WVx =W Vxy + Vag) = WVxy = x9. Therefore

VWVe=Vrya=Vax1+Vay,=Vzx, xz&domV,

ie. V€ W(X). However, throughout this paper we need not admit the
axiom of choice.

ExAMPLE 10.1. Let X := C[0,1] be the Banach space of all complex
valued continuous functions defined on the closed interval [0,1] with the
standard sup norm, considered as a linear space over the reals or over the
complex numbers. Let D :=d/dt, R := ftto , (Fz)(t) :== x(to). Then it is
easy to check that

FIF=F, FFI*FF = FF  TFI #1, ie FeW'X),

FDRFD =FD, (FD)*=0, R(FD)R# R, ie FDcW°X).
Hence, the operators F' and F'D are generalized invertible.

EXAMPLE 10.2. Let I' := {t : |t| = 1}, X;= H*(I'), 0 < p < 1.
Consider the operator

1 Sn—k—ltk
(Sknu)(t) = — f ——u(s)ds (n,keNy, k<n).
i
r

i sn —tn

One can verify that S} = S, i.e. Sk is generalized invertible (cf. [31]).

Remark 10.1. Several authors have studied generalized inverses in
Hilbert and Banach spaces and relations between generalized inverses and
abstract splines (cf. for instance [1]-[4], [7]-[10], [25]-[26], [55], [56]).
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LEMMA 10.1. Let V € W(X) and W € Wy. Then AVB € W(X)
for any operators A € A(X) and B € R(X) such that InB C domV,
ImV C dom A.

Proof immediately follows from the equality
(10.3) (AVB)(RgWLA)(AVB) = AVEB,
where Ly € L4, R € Rp.

LEMMA 10.2. Let V € W(X) and W € Wy.. Then
(10.4) domV = WV(domV) @ ker V.

Proof. If x € domV then © = WVz + (I — WV)x, where WVzx €
WV (domV) and (I — WV)x € ker V, by (10.1).

If z € WV(domV) C ImW C domV and z € kerV, then clearly
z+z¢cdomV.

If u e WV (dom V) NkerV, then there exists w € dom V' such that u =

WVwand Vu=VWVw =Vw=0. Hence w € ker V and u = WVw = 0.
This means that the sum WV (dom V') + ker V' is direct.

THEOREM 10.1. Let V. € W(X) and Wy € Wy. Then all generalized
almost inverses of V' are given by

(10.5) W=W,+A-W VAV,

where A € L(X), ImA C domV, ImV C dom A.
Proof. Suppose that W is of the form (10.5). Since VW1V =V we get
VWV =V V + VAV — VW VAV V =V + VAV — VAV =V .

Thus, W € Wy.

Conversely, suppose that W € Wy,. Write A := W — W;. By definition,
A e L(X)and ImA C domV and ImV C domA. Since VWV = V|,
VW1V =V we find

Wi+ A-WVAVW, =W+ W — W, — W V(W — W) VIV,
=W -WVIW-W)OVW; =W - W (VWV = VW V)W, =W .
An immediate consequence of Lemma 10.2 is
THEOREM 10.2. If V € W(X) and W € Wy then
(10.6) domV ={Wzx+z:zckerV}=Wzx+kerV, zelmV.

THEOREM 10.3. Let A,B € L(X),Im A C dom B, Im B C dom A. Then
I+ AB is generalized almost invertible if and only if so is [+ BA. Moreover,
if Wap € Wriap then there exists Wpa € Wripa such that

(10.7) Wpa=1—BWagA, Wap=1— AWgsB.
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Proof. Suppose that I + AB € W(X) and Wap € Wiryag, ie.
(I+AB)(Wyp)(I+ AB)=1+ AB.

Then BW4pA is well-defined. Write Wgy := 1 — BW4pA. On dom A we
have

(I + BA)YWpa(I + BA) = (I + BA)(I — BWapA)(I + BA)
— (I + BA)? — (I + BA)BWapA(I + BA)
= (I + BA)?> = B(I + AB)Wap(I + BA)A
= (I+BA)?> - B(I+ AB)A
= (I+BA)? —(I+BA)BA=1+BA,
which proves Wpa € Wripa.
Similarly, we can prove the second formula of (10.7).

Remark 10.2. For every V € W(X) there exists W € Wy such that
WVW = W on domW. Indeed, if W; € Wy then the operator W :=
W1 VW is a generalized almost inverse of V' and

WVW = (Wi VIV) V(W VW) = W (VI V)V, VIV,
=W VW VW, = Wi (VI V)W, =W VW, =W

DEFINITION 10.2. If V e W(X), W € Wy and WVW = W on dom W,
then W is said to be an almost inverse of V. The set of all almost inverses
of V will be denoted by W{..

DEFINITION 10.3. An operator F(") € L(X) is said to be a right initial
operator for V€ W(X) corresponding to W € W}, if
Q) (F)2 =F0,  ImF") =kerV, domF(") =domV,
(ii) FOW =0 on domW.
LEMMA 10.3. Let F") be a right initial operator for V.€ W(X) corre-
sponding to W € W,.. Then

(10.8) i) FMyv=v forvekerV,
(10.9) (i) VF" =0,
(10.10) (iii) ker F™ NnkerV = {0}.

Proof. (i) By definition, F("z € ker V for every x € dom V. Hence, if
v=F"zckerV then Fy = F("g = v.

(ii) Since F"x € ker V for every x € dom V we find VF "z = 0.

(iii) By definition, F(") = (F("M)2 ie. F(") € W(X) and F(") € Wh(r).
Hence, by Lemma 10.2 we have X = F()X @ ker F(") = ker V @ ker F(7),
This implies ker V Nker F(") = {0}.
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THEOREM 10.4. Let V. € W(X) and W € W1,. Then a necessary and
sufficient condition for an operator F(") € L(X) to be a right initial operator
for V' corresponding to W is that

(10.12) FO=T—-WV  on domV .
Proof. Sufficiency. Suppose that F(") satisfies (10.12). Then
(FO2 =(I-WV?=T-WV-WV+WVWV
=] -2WV+WV=F" ondomV,

ie. F") is a projection operator. Since VF() = 0 on domV, we find
F((dom V) C ker V. Moreover, if z € ker V then F("z = (I - WV)z =
2 —WVz = z. Finally, FOW = WVW = 0 on dom W. This implies that
F() is a right initial operator for V corresponding to W.

Necessity. Suppose that F() is a right initial operator for V corre-
sponding to W € Wy. Let x € dom V. Write v = WVz. By definition,
Vu =VWVaz = Va. Hence 2 —u € kerV and so F")(z —u) = 2 — u.
On the other hand, F("y = FWVz = 0. We therefore conclude that
(I-WV)g=2-WVe=x—u=F"(z—u)=F"g,

THEOREM 10.5 (Taylor—Gontcharov formula induced by right initial op-
erators). Suppose that V € W(X) and .7-"‘(;") = {Fﬁ(r)}ﬁef‘ is a family of
right initial operators corresponding to {Wgltper C Wi, Let {8,} C T,

n € Ny, be an arbitrary sequence of indices. Then for every positive integer
N the following identity holds on dom V.

N-1
(10.13)  IT=F+ > Wy ... W FVF + W, ... W, VY.
k=1

Proof (by induction). For N = 1 we have (10.12). Suppose that (10.13)
holds for some N > 1. Then, by the induction assumption, we have on
dom VN+L:

WI@ ) -WﬂNVN_I—l = Wﬁo e WBN—l(WﬁNV)VN
= Wﬁo s W5N71 (I - Fﬂ(zT\f))VN
= WIQO R WQNJVN - Wﬁo R WBNAFB(;)VN

o *

N—-1
ST FD S Wy W FOVE - W Wy FSVY
k=1

N
=1—F) =3 Wp,...Ws,_, FVE,
k=1
which was to be proved.
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Putting in (10.13) Wg, = W and Fﬁ(:) =F" for k=0,...,N we obtain
the Taylor formula:

N—-1
(10.13") I=>Y WFFOVF L WhVY on dom VY.
k=0

Similarly, we define left initial operators for V € W (X).

DEFINITION 10.4. An operator F(!) € Lo(X) is said to be a left initial
operator for V € W(X) corresponding to W € W}, if

(i) (FO)?2=FO  FOX =ker W,
(ii) FOV =0 on domV.
Changing the roles of V' and W in Lemma 10.3 we obtain

LEMMA 10.4. Let FU be a left initial operator for V.€ W(X) corre-
sponding to a W € W{,. Then

(i) FOw=w for w € kerW,
(ii) WFW® =0,
(iii) ker FO nker W = {0}.

THEOREM 10.6. Let V € W(X) and W € W{,. Then a necessary and
sufficient condition for an operator F) € Lo(X) to be a left initial operator
for V' corresponding to W is that

(10.14) FO=T-VW on domW.

Proof. Sufficiency. Suppose that F!) satisfies (10.14). Then on dom W
(FOZ = (I-VW)? =I-VW - VWHVWVW =T -2VW+VW = F(
and WFW) =W — VW) =W — WVW = 0. Hence, F) is a projection
operator and FWX c ker W. On the other hand, if v € ker W then F()y =
(I —VW)v =wv. Thus, FOX = ker W. Moreover, FOV = (I — VW)V =
V — VWV = 0. We conclude that the operator F") of the form (10.14) is

a left initial operator for V.

Necessity. Suppose that F'(®) is a left initial operator for V corresponding
to W € W{. Let x € domW. Write v = VWz. Hence, Wo = WVWzx =
Wz, ie. 2 —v € ker W and so F)(z —v) = z —v. On the other hand,
FWy = FOYVWax = 0. Therefore

I-VW)z=2—-VWe=z—-v=FO@x—-v)=F0g,
THEOREM 10.7 (Taylor-Gontcharov formula induced by left initial op-
erators). Suppose that V € W(X) and .7-"‘(/1) = {F[gl)}ﬁep is a family of left

initial operators induced by almost inverses {Wg}ger C Wi». Let {8n} C T,
n € Ny, be an arbitrary sequence of indices. Then for every positive integer
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N the following identity holds on dom(Wg,, , ... Wp,):

N—-1
(10.15)  IT=Fp\" + S VFE O Ws, o Wag + VW W,
k=1

provided that Tm(Wps, _, ... Ws,) CdomV* (k=1,...,N).

Proof (by induction). For N — 1 we have (10.14). Suppose that (10.15)
holds for some N € N. Then, by the induction assumption, we have on
dom(WgN e Wﬁo)

VNTIW, oo W, = VY (VW )Way_, --- W
l
= VNI - FWp,_, ... W,
l
= VW, .. Wa, — VVE Wy, .. Wy,

0

N-1
l l l
=1—Fy) = S VFEYWs, . Wa, — VVE) W, ... Wp,
k=1

N
_ 0, k(D)
- I_Fﬂo _ZV FBk Wﬁkfl’
k=1
which was to be proved.
Putting in (10.15) W3, = W and F[gi) =F® (k=0,...,N) we obtain
the Taylor formula:

N—1
(10.15") I=> VFFOW* 4 v¥wN  on domW",
k=0
provided that Im(W*) C dom(V*) (k=1,...,N).
Remark 10.3. Several other fundamental properties of right and left
initial operators have recently been given by Binderman [7].

ExAMPLE 10.3. Let I" be a regular closed arc in C and X = H*(I") (0 <
i < 1). Consider the operators
Ki=a1l+b5, Ky :=axl + b8,
where a;,b; € H*(I") for j = 1,2 and
1 px(s)ds
(Sx)(t) == —

i s—t
r

Suppose that a? — b? #0forallte ' (j=1,2) and
ki=IndK; >0, ke=IndK,;<0.

Then the operator M := K5 K is generalized almost invertible.
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Indeed, by our assumptions, K7 is right invertible and K5 is left invertible
(cf. §4). Hence there exist Ry and Ry such that K1 Ry = I, RoKy = I. If
WM = R1R2 then MWMM = K2K1R1R2K2K1 = K2K1 =M. It is casy
to check that M is not one-sided invertible and Wy, & W),

ExAMPLE 10.4. Let Dy,Ds € R(X), Ry € Rp,, R2 € Rp,. Write V :=
R1D2, W .= R2D1. Then W € Wv. Indeed, VWV = R1D2R2D1R1D2 =
RiD>; = V. A right initial operator F) and a left initial operator ro
corresponding to W are

F") =] —WV =1—-RyDiRDy=1—RyDy=F,€Fp, on domV,
FO =T VW =1-R/DyRyD,=I1—RD,=F, € Fp, on domW,

where F}; corresponds to R; (j =1,2).
ExAMPLE 10.5. Let A be an n X n-matrix with complex scalar entries.

(i) If A has minimal polynomial P4 (t) = t* then there exists a matrix B
such that ABA = A. Indeed, it is well-known that there exists a matrix )
such that Q' AQ = A, where

010 ...0..0
00 1 0 0 -
(10.16) A;=]0 0 0 1 0
000 0 0
000 0 0

It is easy to see that A; AT = diag(1,...,1,0,...,0). This implies A; AT A,

k—1
= A; and A(QATQ71)A = A, i.e. A is generalized almost invertible.
(ii) In the general case, if A has minimal polynomial

Pay=t"TJ(t—t;)7, ti#t; fori#j,
j=1

then there exists a matrix )1 such that

Jo 0
1 J1
Q' AQ = § ,
0 Im

where Jy is of the form (10.16), Ji (k = 1,...,m) are invertible. Hence A
is generalized almost invertible.
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EXAMPLE 10.6. Let X be a linear space over C and let A € Ly(X) be
an algebraic operator with characteristic polynomial

Py(t) :tﬁ(t_tj)Tj7 0Ft #tjfori#j.
j=1

Write Q(t) := t"1Pa(t). Then Q(0) # 0 and Q(A4) = AQ:1(A) + qo,
where gy = Q(0) # 0. This implies
0= Pa(A) = AQ(A) = AIAQI(A) + ao], ie.
ABA=A, where B=—q'Qi(4), Qi(t)=t1[Q(t)— Q(0)].

Thus, the algebraic operator A is generalized almost invertible. Further-

more, since B commutes with A, we conclude that A is generalized invert-
ible, i.e. A¥KB¥A* = A* for all k € N.

EXAMPLE 10.7 (cf. [7]). Let C™[0,27] be the set of all complex-valued
functions defined on the closed interval [0,27] and having a continuous
derivative of order n in (0,27). By C%. [0,27] we denote the set of all
functions f € C™[0,2x] such that every fU) (j = 0,...,n) has continuous
2m-periodic extension to R, i.e. every f satisfies the boundary conditions

fO0) = fP@m) (7=0,....n).
Introduce the kth Bernoulli polynomial By by
Bo(t)= -1, Bj(t)=Br_1(t) (keN,tel0,2n]),
Bi(27) — B1(0) = =27, Bp(27r) — Br(0)=0 (k>2),
and the 27-periodic extension B, of B,, by
| By(t) forte (0,2m),
Bl(t)_{o for t =0 and t = 2,
B41(t) = Bpya(t) forte[0,2n], neN,
B, (t+2m) = B,(t) forte R, neN.
Let X := C[0,27], X,, := C"[0,27], X° := X,, N Cy=10,27], n > 2. Tt
is obvious that X2 C X,, C X. For n > 2 define
2m
Wi=D", (Va)(t):=@2r)"" [ Bu(t—s)a(s)ds, xz€X,
0
where D := d/dt. Hence, domV = X, ImV = X,, domW = X2,
dimker V # 0, dimker W # 0. Write

2m
(10.17) Fox := (2m)~* f z(s)ds, ze€X,
0
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n

(10.18) Fz:=-Y (FD*z)B,, z€X, (n>2)
k=0

It is easy to check that

(10.19) WVy=x—Fyx, ze€X,

(10.20) VWe=2z—-Fz, z€X,.

Hence, VWVx = Va — VFyx = Va, ie. V is generalized almost invertible.
Moreover,

WVWa =Wz —-WFz+ Y (FoD*z)WB, =Wa - FyWa # Wa.
k=0

From Remark 10.2, if W7 = WVW then W1, VW, = Wy, VI,V =V, ie.
W1 € Wi, so that by the definition

FO =1 -wW,V=F, FO=1-VvW, =

The Taylor formulae induced by right and left initial operators are respec-
tively

2

a(t) = <W’“F““>v’“ )(t) + (W VNz)(t),

e
Il

where

WNVNz)(t) = (2) NfB(”N)ts)()ds, telo,2r], n,N>2,

Byn(t,s) = f fB t—t)Bn(ty —ta) ... Bu(tn_1 — s)dty ... dtn_1,

0

N—-1 2

S (WEFOVE) () = (FTa)(t) = 2m) 7" [ a(s)ds,

k=0 0

and
z(t) = Z (VFFOWE @) + (VW 2)(2)
k=0
_ f By (t, 8)z™™ (s) ds — ( )*Z(]M( )ds)
j=0 0
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11. Equations with generalized almost invertible operators. Let
Ve W(X) and W € Wy. To begin with, we consider the equation

(11.1) Ve=y, yelX.
THEOREM 11.1. The equation (11.1) has solutions if and only if
(11.2) yelmV.

If the condition (11.2) is satisfied then all solutions of the equation (11.1)
are given by
(11.3) r=Wy+z, z€kerV.

Proof. If y € ImV then there is y; € dom V such that y = Vy;. Hence,
(11.1) can be written in the form Vo = Vy;. Since V. = VWV, the last
equation is equivalent to V(z — WVy;) =0, i.e. x = Wy + z, z € ker V,
which proves (11.3).

Now consider the equation
(11.4) (V-Az=y, yeX, Acly(X), VeWX).
LEMMA 11.1. Suppose A(dom V) C ImV, and let y € (V — A)(dom V).
Then there exists a z € ker V' such that
(11.5) Wy+ze (I —WA)(domV).

Proof. Suppose that y € (V — A)(dom V). Then there exists an
x € domV such that y = (V — A)x, i.e. Vo = Az +y. By Theorem 11.1,
there exists a z € ker V' such that © = W(y + Ax) + z. Since A(dom V') C
ImV, we have Ax € ImV C dom W, and we may disclose the brackets:
Wy+z=x—-—WAzx=(I—-WA)x, ie Wy+ze (I—-WA)(domV).

Note that if z € dom V' is a solution of the equation (11.4) then we have
FO(Az +y) = 0 for every left initial operator of V. Indeed, from (11.4) we
find Az +y=Vae=VW({Vz) =VW(Ax +y), i.e. FO(Ax +y) =0.

Write
(11.6) X, ={zcdomV:FY(Az4+y)=0}, yeX.

Remark 11.1. The set X, (y € X) does not depend on the choice of
F®_ Indeed, since FI(Z)FQU) = FQ(Z) for any left initial operators Fl(l) and Fz(l)
of V, we find Fl(l)(Al‘ +y) = Fl(l)FQ(l)(A:U +y)=0if FQ(l)(A$ +y)=0.

LEMMA 11.2. If A(domV) C ImV, y € (V — A)(dom V) and z € X,
then the equation (11.4) is equivalent to the equation

(11.7) (I -—WAzx=Wy+z for some z € ker V.

Proof. Write (11.4) in the form V& = Az + y. By the assumption,
FO(Az +y) =0, ie Av +y = VIWW(Az + y). Hence (11.4) takes the form
V[z — W(Ax + y)] = 0, which is equivalent to (11.7).
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DEFINITION 11.1. Let V € W(X), A € Lo(X). The operators I —
WA and I — AW, where W € Wy, are said to be resolving operators for
the equation (11.4). If either I — WA or I — AW is invertible then the
equation (11.4) is said to be well-determined. Otherwise it is ill-determined
(cf. Pogorzelec [41]).

Theorems 2.1 and 10.3 imply that it is enough to deal with the resolving
operator I — W A.

THEOREM 11.2. Suppose that V. € W(X), W € Wy, A € Lo(X),
A(domV) CImV andy € (V — A)(dom V).

(i) If I = WA € R(X) and Ry € Ri_wa, then all solutions of the
equation (11.4) are given by
(11.8) r=RsWy+2)+u, ze€kerV, wucker(I—-WA).

(i) If I-WA € A(X) and La € L1_wa then all solutions of (11.4) are
given by

(11.9) x=La(Wy+z2), z€kerV.
(iii) If I — WA is invertible then all solutions of (11.4) are given by
(11.10) r=I—-WA) ' (Wy+2), zckerV.

(iv) If I —-WA e W(X) and Wy € Wr_wa then all solutions of (11.4)
are given by
(11.11) r=WsWy+2)+u, ze€kerV, wucker(I—-WA).
Proof. By the assumption, there exists y; € domV such that y =
(V. — A)y;. Hence, Ax +y = Az + (V — A)y; = Vy, + A(z — y1). Since
A(dom V) C ImV, there is yo € domV such that A(x —y1) = Vyz. Thus
(11.4) takes the form

Ve=Vyi+Vys (=VWV(y1+y2)),
which is equivalent to
r=WV(y1 +y2)+2, z€kerV.
The last equation can be written in the form
(11.12) I -—WAzx=Wy+=z.
From 11.12 we get all formulae (11.8)—(11.11).

Note that the condition A(domV) C ImV implies that the set X,
defined by (11.6) is either empty or equal to dom V. Indeed, for every
r € domV there exists 1 € domV such that Ax = Vx;. This implies
X, ={recdomV : FO(Az +y) = 0} = {z € domV : FO(Vz, +y) =
0} = {z € domV : F(Wy = 0}, which completes the proof.
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In general, if X, # domV then not every solution of (11.7) belongs
to Xy, i.e. not every solution of (11.7) is a solution of (11.4).

LEMMA 11.3. The equation (11.4) has solutions if and only if there exists
z € ker V' such that

(11.13) Wy+ze(I-WAX,.
Proof. The necessity has been shown in the proof of Lemma 11.1 and
in the remark following that proof.
Sufficiency. Suppose that (11.13) is satisfied. Hence there exists x4 such
that FO(Azy +y) =0, Wy + 2 = (I — W A)z,. These equalities imply
Vaea=V(I—-WA) + WA)xe =V (I —WA)xy + VIV Az,
=VWy+2)+ VIWWAxy =VWy+ VW Axs
=VW(y+ Azy) = (I — FO)(y + Azs) = y + Axy,
so that 3 is a solution of (11.4).

COROLLARY 11.1. If for a given y € X, the set X, defined by (11.6) is
empty, then the equation (11.4) has no solutions.

COROLLARY 11.2. If V € W(X) and dimcokerV = 0, i.e. V is right
invertible, then X, = domV for every y € X.

Indeed, in this case F) =0 and FW(Az +y) = 0.
COROLLARY 11.3. If the condition (11.13) is satisfied, then there exists
z € ker V' such that the equation (11.4) is equivalent to the system
(11.14) (I-WA)x=Wy+ z,
(11.15) FO(Az +y) =0,
where FO =T — VW on dom W.
Therefore, if we admit the condition

(11.16) Wy+z¢ (I —-WA)(domV \ X,) forallzekerV,
then every solution of (11.14) is a solution of (11.4). Indeed, the condi-
tion (11.13) implies that the equation (11.14) has solutions. The condi-

tion (11.16) implies that these solutions do not belong to dom V' \ X,, i.e.
they satisfy (11.15). We can formulate this result as follows:

THEOREM 11.3. Suppose that V € W (X), A € Ly(X), A(dom V) C ImV
and W € Wy . Suppose, moreover, that the conditions (11.13) and (11.16)
are satisfied. If the resolving operator I —W A is generalized almost invertible
and W4 € Wr_wa then all solutions of the equation (11.4) are

(11.17) r=WsWy+2)+u,
where z € ker V', u € ker(I — W A) are arbitrary.
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Now we consider the initial value problem

(11.18) Ve=Ax+y, yeX,
(11.19) FWy =gy, xp€kerV,

where F(") is a right initial operator for V corresponding to W € Wy (we
assume dimker V' # 0). The assumption A(dom V) C ImV is still in force.
The proof of Lemma 11.1 shows that solutions of (11.18) (if they exist)
satisfy © = W (y 4+ Az) + z, where 2z € ker V. Hence F("z = z (see the
definition of F().
Lemma 11.3 now implies that the problem (11.18)—(11.19) has solutions
if and only if

(11.20) Wy+azoe (I-WAX,,
where X, is defined by (11.6).

DEFINITION 11.2. (i) The problem (11.18)—(11.19) is said to be well-
posed if it has a unique solution for every y € X, zg € ker V.

(ii) If either the problem (11.18)—(11.19) has no solutions for some y € X
and xg € ker V, or the corresponding homogeneous problem (i.e. y = 2y = 0)
has a non-trivial solution, then this problem is called ill-posed.

THEOREM 11.4. Suppose that for any y € X, x¢g € kerV the condi-
tion (11.20) is satisfied. Then the problem (11.18)—(11.19) is well-posed if
and only if the resolving operator I — W A is invertible.

Proof. If =1 is an eigenvalue of W A then the corresponding homo-
geneous problem has non-trivial solutions, i.e. the problem (11.18)—(11.19)
is ill-posed.

Suppose that 8 = 1 is not an eigenvalue of W A. It is easy to see that
I — W A maps dom V into itself. Hence, if (I — W A)(dom V') # dom V', then
there is v € dom V such that v & (I — WA)(dom V). If we take zo = F("uv,
y = Vv, then

Wy+zo=WVu+F"Dy=0v¢g (I —-WA)(domV),

which contradicts our assumption. Hence, in this case we have (I — WA)
(domV) =domV and I — W A is invertible.

As already observed, the problem (11.18)—(11.19) is equivalent to the
equation

(11.21) (I —-WA)x=Wy+uz.

In our case, the equation (11.21) has a unique solution. Thus, the unique
solution of the problem (11.18)—(11.19) is

(11.22) r=1-WA) YWy +x0).
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In the generalized almost invertible case of I — W A, the above consider-
ations give

THEOREM 11.5. If the resolving operator I — W A is generalized almost
invertible and not invertible then the problem (11.18)—(11.19) is ill-posed and
has solutions under the following necessary and sufficient condition:

(11.23) Wy+zoe (I-WAX

where X, is defined by (11.6).
In that case, all solutions are given by

(11.24) r=Ws(Wy+x0) +u,
where Wa € Wi_wa, u € ker(I — WA), and belong to X,,.
ExaMPLE 11.1. Let X be a linear space over C and let S € Ly(X) be

an algebraic operator with characteristic polynomial

(11.25) Ps(t) =

(t—t;), tiFtjfori#j.
=1

Consider the operator
(11.26) A(S) =D ApS™,

where A, € Lo(X), SA,, = 4,5 (m = 0,...,n —1). We shall prove
that A(S) is generalized almost invertible provided that so is every operator
Alt) G=1,...,n).

Indeed, suppose that A(t;) € W(X) for every j € {1,...,n}, i.e. there
exist operators Wy ,) € Wy(,) such that

Write

Was) = M;jP;,  M;:=Y PWau P (j=1,...,n),
j=1 k=1
where P; (j = 1,...,n) are projectors induced by S (cf. Theorem 3.1). Then
A(t)) M A(ty) =) A(t;) PeWag,) PeA(t;)

k=1
n

= PoA(t))Wag,)Alt; Zpk i) Pe = A(t;)

k=1
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and
n n

AS)Was)A(S) =D A(ti)P, > M;P; Y A(ty) P
=1

j=1 k=1
— zn: A(t))M; A(t;) Py = iA(tz’)Pi = A(S),

which was to be proved.
Consider the equation

(11.28) AS)x =y, yeA(S)X,

where A(S) is of the form (11.26). If SA,, = A,,S and A(t,,) (m=1,...,n)
are generalized almost invertible, then all solutions of (11.28) are given by

n
Tr = Z PjWA(tj)P]-y +z,

j=1
where z € ker A(S) is arbitrary (cf. Theorem 11.1).

EXAMPLE 11.2. Let I' = {t : |[t| = 1}, DT = {¢t : |[t| < 1} and let
X = H*(I') (0 < < 1). Consider the operators

(11.29)  (Myx)(t) : = i s _ n

(Wz)(t) : = z(ert),

nk €Ny, n>1, 0<k<n-—1, 1 :=exp(2mi/n).

In (11.26) we assume that the functions My (s, t) satisfy the Holder condition
with respect to (s,t) € I' x I.
Write

1 1 1 <
Pi=_(I = (] - Pji= =) etk
2( + S) ? Q 2( S) ’ J n I; 6] W
(g5 :E{, j=1...,n).
It is easy to check that
(11.30) SW=WS, Sp§5=5S,, SiW=WS§S, Sp=25F

(cf. [31]). Moreover, if My(s,t) admits an analytic continuation in both
variables to DT and

(11.31) Mk(&“ls,t) = Mk(s,é“lt) = Mk(s,t), Mk(t,t) = 1,
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then
(1132) My = Sk + NPy, NkP]:P]Nk (k,]zl,,n),
where
(Nez)(t) = % Nie(s, )2(s) ds
r
and

Ni(s,t) == (s —t) " [My(s,t) — 1]

is continuous in (s,t). Now (11.32) and the Cauchy integral theorem to-
gether imply N? = 0, SNy, = Ny, NS = —Nj. Hence, M? = P, M} = My,
i.e. every M, is generalized invertible.

Similarly, every operator of the form

(11.33) M=) BM,, BeC (k=1,...,n)
k=1

is generalized invertible. Indeed, M? = 2?21 ﬁfP] and for every polyno-
mial Q(u)

QUM?) =3 _Q(B})P;.

Hence, if we choose Q(u) = H?Zl(u — (%) then Q(M?) = 0, so that M is
algebraic with characteristic roots belonging to the set {£3; : j =1,...,n}.
Write

0 if 8, =0, L
]:
Then
(11.35) MWuM =Y BiM; Y b;M; > ey =Y BibifiM;
i=1

i=1 j=1 k=1
=> BiM;=M.
=1

Thus, M is generalized almost invertible. On the other hand, since Wy,
commutes with M, we conclude that M is generalized invertible.

Consequently, the equation
(11.36) Mz =y

has solutions if and only if P;y = 0 whenever 3; = 0. If this is the case, all
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solutions of (11.36) are
n n
x = Z b My + Z(l — Bjb;)Pju, u € X arbitrary.

Consider now a particular case of (11.36):
gn—1— k k

(11.37) Z i’; f cosk(s" —t")x(s)ds = y(t),

Sn_tn

where 81 = 0, O # 0 for k = 2,...,n. This equation has solutions if and
only if Pyy = 0. If this condition is satisfied, all solutions are

b P 1— ktk
2(t) = (Piu)(t +ZW’; f g Cosk(E" — 5")y(s) ds

EXAMPLE 11.3. Let X := C(R), D :=d/dt, (Pz)(t) := 1 (x(t) + z(-t)),

(Qz)(t) == 3(x(t) — z(—t)), (Az)(t) == a(t):z:( ), a € C*(R). Consider the

initial value problem

(11.38) (P+DQAQ)x =y,

(11.39) Qr=x9, x9€kerP.

It is easy to check that P? = P, Q* = Q, PQ = QP = 0. Hence P € W(X)

and P € Wp. This implies that the right initial operator F(") and the left

initial operator F') for P corresponding to P is of the form
FW=1-pPP=Q, FYU=1—-PP=qQ.

Since QDQ = 0, we find that a necessary and sufficient condition for (11.38)

to have solutions is

(11.40) QRy=0.

If (11.40) is satisfied, the problem (11.38)—(11.39) is equivalent to the equa-

tion

(11.41) (I + PDAQ)x = Py + zg .

Note that I + PDAQ is invertible and (I + PDAQ)~! = I — PDAQ. Thus,

the unique solution of the problem (11.38)—(11.39) is x = Py+xo— PD Ax.

12. Generalized almost invertibility of paired operators. Let X
be a linear space over F (where F = C or F = R) and let P € Lo(X) be a
projection in X, i.e. P2 = P. Write

Q=1-P, X":=PX, X :=QX,
i.e. X = XT @ X~. Consider the paired operators
(121) T1 = A1P—|—A2Q, T2 = PB1 + QBQ s T12 = AlpBl +A2QB2
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and the corresponding equations
(12.2) The=y, Thr=y, Tr=y, yeclX,

where we assume that Ay, As, By, By € Lo(X) are invertible. It is easy to
see that

(12.3) Ty =TT .

LEMMA 12.1. Let Ay, Ay € Lo(X) be invertible. Then an operator Ty
of the form (12.1) is generalized almost invertible if and only if so is

(12.4) T := PA;' + QAT

Moreover, if Wr, € Wr, then there exists Wy, € Wy such that
(12.5) Wr, = PAT! + [ — (A7 = A HYWr]QAT,
(12.6) Wry = Ay P + AQ[I — Wi, (Ay — Ay)].

Proof. Write By := I+ (A] Ay — Q, E} =T+ Q(A; Ay —I). Tt
is easy to check that Ty = A, Ey, T] = E}A;'. Hence, by Lemma 10.1, T}
(resp. T7) is generalized almost invertible if and only if so is Fy (resp. E}).
By Theorem 10.3, F; € W(X) if and only if Ff € W(X). Now (10.7)
implies W, = I — (A7 Ay =)Wk Q, Wy = I —QWg, (A7 ' Ay —I), which
immediately yields (12.5) and (12.6)

Lemma 12.1 and Theorem 2.1 together imply

COROLLARY 12.1.  Let Ty and T} be of the form (12.1) and (12.4),
respectively. Then Ty is right invertible (left invertible, invertible) if and
only if so is Tj.

COROLLARY 12.2.  For any A € Lo(X), the operator E := P + AQ
is right invertible (left invertible, generalized almost invertible, invertible)
if and only if so is E' := P 4+ QA. Moreover, if Rp € Rg (Lg € Lg,
Wg € WEg) then there exists Rgr € Rpr (resp. Lgp € Lp, Wg € Wg/)
such that, respectively

(12.7)
Rp=P+[(A-I)Rp]Q, Rpr = P+ Q[ — Re(A-1)],
Lg=P+[1-(A-1)Lp|Q, Lgr=P+Q[ - Lg(A-1T)],
Wg=P+[l-(A-DWg]Q, Wgr =P+ QI - WE(A— nJ,
E! +I-(A-I)(E)Q, (E)'=P+QI—-E"(A-1I)

LEMMA 12.2. Let At A~ € Lo(X) be invertible. If ATXt = X+,
A=X~ = X~ then the operator T := AT P + A=Q is invertible and

(12.8) T'=AN"'P+(A) Q.
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Proof. By the assumptions, we find [(AT)71P + (A7) 1Q)(ATP +
A=Q) = (AH)"1PA*P 4 (A)"1QA-Q = (A")TA*P 4+ (A-)1A-Q =
P+ @ = 1. Similarly, we get the other equality.

DEFINITION 12.1. Let A € Lo(X). We say that A admits a cross
factorization if it has the following representation:

A=A"CAT, ATXT=X", A X =X, C( invertible,
P :=C'PCP=P}!=PP, Qi :=C7'QCQ=0Q?=QQ,.
LEMMA 12.3 (cf. Speck [55]). Let Ty be of the form (12.1) and A :=

A;lAl. Then T1 is generalized almost invertible if and only if A admits a
cross factorization.

Proof. Suppose that 71 € W(X) and Wp, € Wp,. Write W := PAP,
V = PWrp, AsWWr, Ao P. 1t is easy to check that VWV =V, WVW = W.
If we choose A~ := [ + QAV, AT == I + VAQ — (P — VW)A~Y(P —
WV)A, C:= A—AVA+W + A(P-VW)A Y (P-WYV)A, we find a cross
factorization (12.9).

Conversely, if A admits a cross factorization (12.9) then Wp, = (I —
QAP)[(AY)"1PC'P(A™)"' + QA € W,

Lemmas 12.1 and 12.3 imply

(12.9)

COROLLARY 12.3. The operator Ty of the form (12.1) is generalized al-
most invertible if and only if B := B;lBl admits a cross factorization.

Consider now the equations (12.2).
THEOREM 12.1. (i) If A := Ay ' Ay admits a cross factorization then the

equation Tix =y has solutions if and only if Fl(l)y = 0, where Fl(l) s a left
wnatial operator for Ty. If this is the case, all solutions are

r=Wny+z  z&kerT.
(ii) If B := By ' By admits a cross factorization then the equation Tox =

y has solutions if and only if Fz(l)y = 0, where FQ(Z) is a left initial operator
for Ts. If this is the case, all solutions are

x=Wny+u, ué€kerTs.

(iii) If A := A;'A;, B := By 'By admit cross factorizations then the
equation Tisx = y has solutions if and only if there exists z; € ker Ty such
that

(12.10) Fl(l)y =0, Fé”(Wle +21)=0,

where Fl(l) and F2(l) are left initial operators of Ty and Ty, respectively,
W, € Wr,. If this is the case, all solutions are

x=Wp,(Wpny+21)+ 22,
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where z1 € ker Ty satisfies (12.10), zo € ker Ty is arbitrary.

Proof. Immediate from Theorem 11.1, Lemma 12.3 and the equal-
ity (12.3).

Now we consider the case when the given projection P commutes with
Al, AQ, i.e.
(12.11) PA; =A;P (j=1,2)
Since @) = I — P, we also have QA; = A;Q (j =1,2).

In the same way as in Example 11.1, we obtain

THEOREM 12.2. Let Ty be of the form (12.1). Suppose that the condi-

tion (12.11) is satisfied. If A1 and As are generalized almost invertible then
so is 17 and

(12.12) Wi, = PWa, P+ QWa,Q € Wy, ,
where Wy, € Wa, (j =1,2).
Proof. Suppose that W4, € Wa, (j = 1,2), ie. AjWa,A;j =A; (j =
1,2). Write U := PWy4, P+ QWa4,Q. Then
TWUTy = (A1P + A2Q)(PWa, P+ QWa,Q)(A1 P + A2Q)

= (A1 PWa, P+ A1QWa,Q)(PA1 + QAs)

= PA W, AP + QAW 4, A2Q

= PAIP+ QAQ = A P+ AQ =14,
which completes the proof.

COROLLARY 12.4. If Ay and As are one-sided invertible or invertible
then Ty is generalized almost invertible. Moreover, if both Ay and As are
left (right) invertible then Ty is left (right) invertible.

ExXAMPLE 12.1. Let I" be a regular closed arc on the complex plane.
Denote by DT the domain bounded by I" and by D~ its complement in-
cluding the point at infinity. For every function G € H*(I"), G(t) # 0 for
t e I', we write

kg =Ind G := —fdargG —f (InG(t

and we call kg the index of G. It is easy to check that k¢ is an integer and
KGF = KG + KF, KG/F = KG — KF-

Suppose that we are given two functions G and g on I' (G(t) # 0 for
all t) satisfying the Holder condition. The Riemann—Hilbert boundary value
problem is to find a pair of functions (F*, F~), where F'* is analytic in DT,
F~ is analytic in D~ and

(12.13) Fr#t)=Gt)F (t)+gt), terl,
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(12.14) F~(c0) =c.
If we write (Pz)(t) =: F(t), (Qx)(t) =: F~(t) — ¢, where
P %(H Sy, Q= %(1 ~8),  (So)) = % (s — )~ a(s) ds,
r

then (12.13) takes the form (P 4+ AQ)x =y, where (Ax)(t) := G(t)x(t), i.e.
it is of the form Tiz = y.
If G(t) = 1, we obtain from (12.13) the condition

(12.15) Frt)—F (t)=g(t).
It is well-known that all solutions of (12.15) are given by
1 d
2mi g8z

(cf. for instance, [15], [23]).

Consider the general case of (12.13). Assume 0 € D" and Ind G(t) = &.
It is easy to see that Indt* = k, Ind(t7"G(t)) = 0. Hence In(¢t""G(?)) is a
single-valued function and we get

(12.16) In(t "G(t) = G§(t) — Gy (1),
where
1 In(s™"G(s))
Write
(12.18) XH(2)=el0® | X (2) =z @)

It is easy to see that X T(2) is analytic in Dt and X+ (z) # 0 for all z €
DT uUTI, X~ (2) is analytic in D~ and X (z) # 0 for all z € D~ U I and
z # 0.

The formulae (12.16)—(12.18) imply the factorization
(12.19) Gt)=XT(t)/X(t).
Hence we may write the Riemann—Hilbert problem in the form (12.15):
FH0 _F(0) g
Xt(t) X-(t) X+
We therefore conclude that the function g(¢)/X *(¢) admits the representa-
tion

(12.20)

(12.21) 9y v,
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where
1 g(t)ds
Y(z) = 27rzlgf Xt (s)(s —2)°
By (12.21), we have from (12.20)
Jr —
(12.22) fﬁ((?) vt = f;_((?) Y.

(i) If K > 0, then F~(z)/X ™ (z) has a unique pole at infinity of order .

It follows from (12.22) that
F(t)
X+(t)

_ y+(t) =

i.e.
F(z) = X(2)[Y (2) + Px(2)],
where Py(z) is an arbitrary polynomial of degree not greater than .

(ii) If K < O then the function F'~(z)/X ~(z) has a zero of order |x| at
infinity. Hence, it follows from (12.22) that

F(t) F=(t) _
X+(t) - +():X,(t) -Y (t)zoa
(12.23) F(z) = X(2)Y(2).

It is easy to see that the right-hand side of (12.23) is an analytic function
on C\ {oo} and has a unique pole of order < —x — 1 at infinity.
By the definition, we have in a neighbourhood of infinity

Y~ (2) = dez_k ,
k=1

where
1 O
dp = —— d k=1,2,...
k 2w X"‘(s)s s %)
r
Hence F'~(z) is analytic at infinity if and only if
dpy =0 fork=12,...,—k,
ie.
9(s) k-1 _ —

(12.24) FfX+(s)8 ds=0 (k=1,2,...,—k).

If the conditions (12.24) are satisfied then the Riemann-Hilbert problem
has a unique solution given by (12.23).
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ITI. General equations with right invertible operators

In this chapter we deal with operators

N

Q(D):=>_ AD*, P(D)=DQ(D),
k=0

Q(D) = D*4;, P(D)=Q(D)D",
k=0

M N
Q[D} = Z ZDmAmnDn7
m=0n=0
where M, N € Ny, Ak, Apn € L(X) (k,n=0,...,N; m=0,...,M) and
Ay = Ayn = 1. Moreover, in the cases of Q(D), P(D), Q(D), P(D)
and @Q[D] we assume respectively that Ay Xy_r C Xy, AxXn_r C Xy,
A Xy C X, AkXM+N C X (k‘ =0,...,N — 1) and AmnXM+N—n C
Xm (m=0,....M; n=0,...,N; m+n <M+ N), where X; := dom D7.
The general solutions of the equations

(i) Q(D)z =y,
(i) QDx=y, PDz=y, PDr=y
were given by Przeworska-Rolewicz (cf. [46 and other references therein).
Initial and boundary value problems for (i) and some cases of (ii) were
introduced and applied in [46] (cf. also [47], [19], [20]).

In this chapter we present a method for finding general solutions of the
equation

(iii) QDlz=y, yeX,
and of the corresponding initial and boundary value problems. In particu-

lar, we give a method of constructing a general form of pre-resolving and
resolving operators, which permits us to find all solutions in a closed form.

13. Pre-resolving operators

PROPOSITION 13.1. Suppose that D € R(X) and R € Rp. Suppose,
moreover, that we are given B; € L(X) (j = 0,...,N) and k € Ny such
that Xny_; C dom Bj, BjXn_; C X, (j=0,...,N). Write

N N
(13.0) QD) :=> B;D’, Q,R):=>» B;RN7.
7=0 7=0

Then
(13.1) Xy € domQ(D), Q(D)Xn C Xy, [+ RV Q(D)| Xn+r C Xnti,
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(13.2) QU,R)X C Xy, [I+QU RIX\CXy.

Proof. Note that D'Xy C Xy_; (j =0,...,N). Indeed, if z € Xy
then there exist o € X, %o,...,yn—1 € ker D such that z = RNz +
25;01 RPy,. Hence Dix = RN=Izq + Zﬁ;l RF=Iy, € Xn_j. Therefore
B;DIXy C BjXn_; C X (j =0,...,N), which implies Xy C dom Q(D)
and Q(D)Xy C Xp.

Suppose that u € [I + RNQ(D)]Xn4x. Then there exists v € Xyix C
Xy such that u = [I + RNQ(D)]v. Since vy := Q(D)v € X}, we conclude
that u =v+ RNv; € XNk because v € X4 and RNwv, € XNtk

It is easy to check that R7X C X;. Hence, B;RN 77X C B;Xn_; C
X, (j=0,...,N), which implies Q(I, R)X C Xj.

Suppose that y € [I + @(I, R)| X, i.e. there exists y; € X} such that
y = [ +Q(,R)]y;. Since y2 := Q(I,R)y, € Xj, we conclude that y =
Y1 +y2 € Xk.

COROLLARY 13.1. If all conditions of Propositon 13.1 are satisfied then
[I+RNQ(D)| Xy C Xn-

DEFINITION 13.1. An operator A € L(X) is said to be right invertible
(left invertible, invertible) on X}, for a given k € Ny if X}, C dom A, AX) C
X} and there exists R4 € R4 (resp. La € La, Mg € Ra N L4) such that
RA X, C Xi (resp. LaXy C X, MpXy C Xk)7 ie. Ry € Lg(Xk) (resp.
La € Lo(Xg), Ma € Lo(X1)).

By this definition, if A is right invertible (left invertible, invertible) on X},
for k > 1 then A is right invertible (left invertible, invertible).

LEmMMA 13.1. Let D € R(X), R € Rp and k € No. Suppose that
§j € L(X), XN_]' C dOHlBj, BjXN—j C Xk (]NZ 0,,N) and Q(D),
Q(I, R) are given by (13.0). Then the operator I—{—Q({, R) is right invertible
(left invertible, invertible) on Xy, if and only if I+RN Q(D) is right invertible
(left invertible, invertible) on X .

Proof. By Proposition 13.1, I + Q(I, R) € Lo(X) and I + RNQ(D) €
Lo(Xnik)-

(i) Suppose that I + @(I, R) is right invertible on Xy, ie. there exists
Ry € RI+5(LR) such that Rz X C X} and I+ Q(I, R)]R5 = [. Write

RO .=1— RNRéé(D). It is easy to check that R9 is well defined on XNk

and RaXNJrk C XnN+k- Indeed, if x € Xy4p then there exist u € X and
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20, .-+ 2N+k—1 € ker D such that x = RNtk 4 ngg’“‘l R'z;. Hence

N N+k—1

QD) =QU,R)Rfu+> B;D’ Y  R'z
5=0 i=0
N+k—1 1

=QU,RR*u+ > Y BRIz €X,.
i=0 =0

Thus

RNRoQ(D)x = RV RoQ(I, R)R*u
N+k—-1 <
+RYRo Y Y B;R"z € RVNXy C Xy,
i=0 =0

ie. R? € Lo(Xnyr) On Xnip we have

I+ RNQ(D)|R? = [I + RN Q(D)][I — RN RoQ(D)]

=1+ RVQ(D) - [I + RNQ(D)|RN RoQ(D)
= I+ RNQ(D) - RN[I + Q(D)RN|RoQ(D)
=TI+ RNQ(D) — RN[I + Q(I, R)|RoQ(D)
=I+RYQ(D)-RYQ(D) =1,

which proves that I + RNQ(D) is right invertible on X .
If I +Q(I,R) is left invertible on Xy, i.e; there exists L@ € £I+§(I,R)
such that Lan C X, then the operator L9 := I — RNLQQ(D) is a left

inverse of I + RNQ(D) and L@ ¢ Lo(XN+k). Indeed, by the assumption,
LQQ(I, Ryx =x— Léx € Xy for all x € Xy. If y € Xy, then there exist
u€ X, 20,...,2N+k—1 € ker D such that

N+k—1
y = RNTFy + Z R'z; .
i=0
Hence
_ N N+k—1
L =y — RNLoQ(D) (RN“%L + Y Rlzi>
i=0
N4k—1 i

=y—RVLoQU, R)R*u— > > RVNLGB;R™z € Xnyu,
i=0 ;=0
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i.e. La S LO(XN+k)- On XN+k we have
LO[I + RNQ(D)] = [I = RN L5Q(D))(I + RV Q(D))
=1+ RVQ(D) - RNL5Q(D)(I + RNQ(D))
= I+ RVQ(D) - RNL5[T + Q(D)RN]Q(D)
= I+ RNQ(D) — RV Lo[T + Q(I, R)]Q(D)
=1+ RNQ(D) - RNQ(D) =
which proves that I + RNQ(D) is left invertible on X .

Thus, as a corollary, we conclude thaﬁ the invertibility of I + Q(I, R)
on X implies the invertibility of I + RN Q(D) on Xy .

(i) Conversely, suppose that I + RN Q(D) is right invertible on Xy,
i.e. there exists RY € RI+RN§(D) such thatNRQXNJrk C Xn+k- Write
Ry =1- Q(D)RYRN. Since [ + RNQ(D)]R? = I on Xy, we conclude
that RQXNHC € dom @(D), ie. R@ is defined on X} because RV X, C
Xnik. If x € Xj, then u := RNz € XNik, Y := Réu € Xn4r and Ral’ =

[[—Q(D)R2RN)z = 2~ Q(D)RRNz = 2~ Q(D)R%u = z— Q(D)y € Xy
On X, we have

I +Q(I,R)R5 = [I+QU, R)|[I - Q(D)R®R"]

— 1+ Q(I, R) - [T+ Q(I, R)Q(D)RRN
=1+ Q,R) ~ [T+ Q(D)RV)Q(D)R4RN
=1+ QU R) - QD) + RNQ(D)|RPRN
=I+Q(I,R) —Q(D)RN =1,

which proves that I + @(I , R) is right invertible on Xj.

Similarly, if 7 + RNQ(D) is left invertible on Xy and L9 is its left
inverse then I+ Q(I, R) is left invertible on X}, and has a left inverse Lq :=

I — Q(D)LPRYN with the property L5Xi C Xp.

Consequently, the invertibility of I + RY @(D) on Xpnip implies the
invertibility of I + Q(I, R) on Xj. The proof is complete.

Putting £ = 0 in Lemma 13.1, we obtain

COROLLARY 13.2. Suppose that D € R(X), R € Rp, B; € L(X) and
Xn_—; CdomB; (j =0,...,N). Suppose, moreover, that Q(D), Q(I,R)
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are given by (13.0). Then I + Q(I,R) is right invertible (left invertible,
invertible) if and only if I + RNQ(D) is right invertible (left invertible,
invertible) on Xy .

COROLLARY 13.3. Suppose that all assumptions of Corollary 13.2 are
satisfied. If I+ Q(I, R) is invertible then the unique solution of the equation

I+ RYQ(D)lw =y, yeXn,
belongs to Xy .
DEFINITION 13.2. Let D € R(X), R € Rp and let Q[D] be of the form

(13.3) QDI =>" > D"ApD".

m=0n=0

An operator K € Lo(X) is said to be a pre-resolving operator for Q[D] if

(13.4) Im(K —I)C X), DMK =Q[DIR".
PROPOSITION 13.2. All pre-resolving operators for QD] are given by
M N M—1
(13.5) QA,B)=> > RM™A,,RN"" — > R'FB,
m=0n=0 k=0

where F' € Fp is an initial operator for D corresponding to R, and By €
Lo(X) (k=0,...,M —1) are arbitrary.

Proof. Suppose that Q(A, B) is of the form (13.5). Then Q(A, B)X C
X (see Proposition 13.1) and

M N M N
DMQ(A,B)=> > D™Ap, RN =) "> " D"A,D"R" = Q[D|R"
m=0n=0 m=0n=0

Conversely, suppose that K € Lg(X) is a pre-resolving operator for
Q[D]. Write

M N
Ki=K-=Y > RM ™A, RN,

m=0n=0

By (13.4), DMK, = 0. Choosing By :== —D*K, (k=0,...,M — 1) we find

—1 M—1 M—1
- Y R'FBy=> RFFD*K,= > R¥(I-RD)D'K,

k=0 k=0 k=0

M-—1

= Z(

k=0
=K, -RMDMK, = K, .
Hence K is of the form (13.5), i.e. K = Q(A, B).

RFD* — RFIDMY K, = (I - RMDM)K,
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LEMMA 13.2. Suppose T' € Lo(X) and ImT C Xy for some M € Ny.
(i) If I4+T is right invertible and Ry is its right inverse then the operator

(13.6) Rpr:=1-T+TR;T
is a right inverse of I +T and ETXM C Xum.

(ii) If I+ T is left invertible and Lt is its left inverse then the operator
(13.7) Lp:=1-T+TLyT
is a left inverse of I +T and ETXM CcXum.

(iii) If I + T is invertible then
(13.8) (I+T) '=I-T+TUI+T)'T.

Proof. (i) Since (I + T)Ry = I, we find

(I+T)Ry=(I+T)I-T+TRyT)=1-T?+ (I +T)TRsT
=I-T*+T(I+T)RfT=1-T*+T%=1,
which proves that RZT is a right inverse of I + T'.

If z € Xy then Rpx = (I-T+TRyT)xr = x—Tu, where v := x— RpTx.
Since ImT C Xy, we have Tu € Xp;. Thus Rpr Xy, C Xy, which proves
that I + 7T is right invertible on Xy.

(ii) It is easy to see that L given by (13.7) is well-defined. Since Lo (I +
T) = I, we have

Lp(I+T)=(I-T+TLyT)YI+T)=1—-T*+TLyT(I+T)
=] -T+TLy(I+T)T=1-T>-T*=1,
which proves that Ly is a left inverse of I +T.

Ifxe Xpyrandu:=x—LyTx then Lye = (I —T+TLyT)r =x—Tu €

X since ImT € X . This shows that L Xy € X, Therefore I + T is

left invertible on X,;.
(iii) From the equality I = I — A% + A%(I + A)~'(I + A), we find

(13.9) I=1-A*+ A*(I+A) "I+ A) =T-A+AI+A) A1 +A).
Similarly, the equality I = I + A% + (I + A)(I + A)~'A? yields

(13.10) T = (I+ AT +A+(T+A) A = T+ AT -A+ AT+ A)"tA].
The formulae (13.9) and (13.10) together imply (13.8).

LEMMA 13.3. Suppose that T € Lo(X) and ImT C Xy for some M €
No. If I4+T is invertible, right invertible or left invertible then every solution
of the equation

(13.11) I+T)r=y, yeXy
belongs to X ;.
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Proof. Suppose that I +T is right invertible and Ry is its right inverse.
Then by Lemma 13.2, Ry given by (13.6) is also a right inverse if I + 7.
Hence the equation (13.11) is equivalent to # = Ryy+z, where z € ker(I+T)
is arbitrary. By Lemma 13.2, Ry € X fory € Xy Also if z € ker(I+1T)
then z = —Tz € ImT C X);. Therefore x = ﬁTy +ze€ Xuy.

_ If I+ T is left invertible and L is its left inverse then by Lemma 13.2,
Lp given by (13.7) is also a left inverse of I + T and L7 X C X)s. Hence,
the equation (13.11) is equivalent to z = ETy € Xy for y € Xy

Consequently, if I + T is invertible then (I + 7)1 X C Xyy.

COROLLARY 134. If T € Lo(X) and ImT C Xy then I + T is right
invertible (left invertible, invertible) on X s if and only if it is right invertible
(left invertible, invertible).

This corollary and Lemma 13.1 together imply

PROPOSITION 13.3. Suppose that all assumptions of Lemma 13.1 are
satisfied. Then the operator I + Q(I, R) is right invertible (left invertible,
invertible) if and only if I + RNQ(D) is right invertible (left invertible,
invertible) on Xn4k.

Proof. By Lemma 13.1, Im @(I, R) C X). Hence, by Corollary 13.4,
I + Q(I, R) is right invertible (left invertible, invertible) on X} if and only

if it is right invertible (left invertible, invertible). This and Lemma 13.1
together imply the conclusion.

Now we can prove the main result for the equation
(13.12) QDlz=y, yeX,
where Q[D] is of the form (13.3).

THEOREM 13.1. Suppose that D € R(X), R € Rp and F € Fp is an
initial operator corresponding to R. Suppose, moreover, that A, € L(X),
AvinXpgN—n C Xy (m =0,....M; n=0,...,N; m+n < M+ N),
Ay =1 and Q[D] is given by (13.3).

(1) If there exists an invertible pre-resolving operator V := Q(A, B) (see
Proposition 13.2) then all solutions of the equation (13.12) are given by

M+N-1
(13.13) z=[I+ R VIQ(A, B)] (RM+Ny + 3 szj) ,
7=0
where
_ M N M—-1
(1313)  Q(A,B):=-T+> > RM™A,,D"- Y R'FB.D"
m=0n=0 k=0

and 2o, ...,2pm+N—1 € ker D are arbitrary.
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(ii) If there exists a right invertible pre-resolving operator V,. := Q(A, B)

then all solutions of the equation (13.12) are
M+N-1
(13.14) v =[I+ RVRoQ(A, B)] (RM+Ny + 3 szj) +z,
§=0

where Rg is a right inverse of V., Q(A, B) is of the form (13.13") and
20, 2Men—1 € ker D, z € ker(I + RNQ(A, B)) are arbitrary.

(iii) If there exists a left invertible pre-resolving operator Vi :== Q(A, B),
then (13.12) is solvable if and only if there exist zg,...,zp4N—-1 € ker D
and y € X such that

M+N-1
(13.15) RM™Ny+ N Rizje[l+RVNQ(A B)Xyin .
j=0
If this condition is satisfied, then all solutions of the equation (13.12) are
M+N-1

(13.16) v =[I+ RVLoQ(A, B)] (RM+Ny + > Rjzj) ,
=0
where Lg is a left inverse of V.
Proof. We have
N M N N M—1
QA,B)=>_ > RM™mA,,D" - Y R'FB.DV,
m=0n=0 k=0

where Amn =A,pform+n< M-+ N, Ayry = 0. It is easy to see that
(13.17) I+ Q(A,B)RN =V.

Write (13.12) in the form DM+N[I + RNQ(A, B)]z = y, which is equivalent
to
N M+N-1
(13.18) I+ RVQ(A, B)lz = RNy + Y Rz,
j=0
where 2q,...,2p+N—1 € ker D are arbitrary.

(i) If V' is invertible then by Corollary 13.4, V' is invertible on X,;. On
the other hand,

[I+RNQ(A, B)] ™ =T—-RNV™'Q(A, B).

The last equality and (13.18) together imply (13.13)

(ii) If V. is right invertible then, by Corollary 13.4, V,. is also right in-
vertible on Xj;. The formula (13.17) and Proposition 13.3 together im-
ply I + RN @(A, B) is right invertible on X/ n. Moreover, if we set
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Rg =1— RNRQQV(A, B), then Rg is a right inverse of I + RN@(A,B)
and RoXa+n C Xp4n. This and (13.18) together imply (13.14).

(iii) If V; = Q(A, B) is left invertible, then V; is left invertible on Xy,
(cf. Corollary 13.4). Proposition 13.3 and (13.17) together imply that I +
RNQ(A, B) is left invertible on X4 y. Moreover, Lo := I — RN LoQ(A, B)
is a left inverse of I+ RN Q(A, B) and EQXMHV C Xp4n. This and (13.18)
imply that (13.12) has solutions if and only if the condition (13.15) is sat-
isfied. If this is the case, all solutions are of the form (13.16). The proof is
complete.

EXAMPLE 13.1. Let X be a linear space, let D € R(X), dimker D # 0,
ReRp and let A, B € Lo(X), AX C dom D. Consider the equation

(13.19) (DAD+B)z=y, yelX.

It can be written as D?[I + R(AD — RD? + RB)]z = y, which is equivalent
to

(13.20) [[ + R(AD — RD®> + RB)|xr = R*y + 2z, z¢€ ker D?.

Since I + (AD — RD?*+ RB)R=1+A—RD+ RBR = A+ RBR+ F,
where F' = I — RD, we conclude that the operator Q' := A+ RBR + F is
a pre-resolving operator for the equation (13.19).

If @' € R(X) and R € R¢ then all solutions of (13.19) are

x=[I — RRg/(AD — RD* + RB)|(R*y + 2) + u,

where z € ker D%, u € ker[I + R(AD — RD? + RB)].
If Q' is invertible then so is Q := I + R(AD — RD? + RB) (cf. Theo-
rem 2.1). Hence, (13.20) gives

z=[I-R(Q) (AR - RD* + RB)|(R*y + 2), z€kerD?.
EXAMPLE 13.2. Let I':= {¢t : |t| = 1}, DT := {t : |[¢t| < 1}, and let
X :=H"(I") (0 < p<1). Write

r

(Sz)(t) ==

1 Sn—l—ktk
M )t) = — | ————
= L

My (s, t)x(s)ds

(n,ke€Ng, n>1, 0<k<n-—1),
(Wa)(t) := 2(e1t), e1:=exp(2mi/n), ex:=eF (k=1,2,...).

We assume that the functions Mjy(s,t) satisfy the Holder condition with
respect to (s,t) € I' x I'. We have proved (cf. [31]) that SW = WS,
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SES =85Sk, SgW = W S,. Write
I~ 1o :
P; = ;Zsj el (G =1,...,n).
pn=1
Then the operator I + M, where a € C (k=1,...,n), and

M = Zak(S—l—Nk)Pk,

(13.21) =t
(Ner)(r) = [ D Z AT ) g
r

is generalized almost invertible (cf. [31]). Consider the equation
(13.22) (I+RMD)x=y, yeXi,

where D := d/dt, R € Rp. Since D(I + RMD)R =1+ M € W(X), the
operator I + RM D is also generalized almost invertible and all solutions of
the equation (13.22) are given by

(13.23) x=I—-RWynD)y+ z,
where Wy, € Wiy, 2z € ker(I + RM D) is arbitrary.

EXAMPLE 13.3. Let X := Cla,bl, D := d/dt, R := [} , B(t) > 0,
B € CMla,b], (Bx)(t) := B(t)x(t). Consider the equation
(13.24) (DMBDN +¢eDz)(t) =y(t), yeX,ceC.
Write (13.24) in the form DM+NLT 4+ RN[(B — I) DY + cRM]}2 = y, which
is equivalent to
M+N-1
(13.25)  {I+RN[(B-I)DV + cRM}z = RM™Vy 4+ Y Rz,
5=0
where z; € kerD (j = 0,...,M + N — 1) are arbitrary. Since I + [(B —
I)DN +cRMIRN = B+ c¢RM*Y is invertible, we conclude that the equation
M+4N-1
(13.26) (B + cRM+N)y = [(B — I)DN + cRM] (RM“Vy + 3 Rﬂzj)
j=0
has a unique solution given by

M+N-—1
(13.27) u:(B—l—cRM*N)’l[(B—I)DN—chM](RM+Ny+ 3 szj>.
7=0
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Hence all solutions of (13.25) (i.e. of (13.24)) are given by
M+4N-1
r=RMTNy 4 Z R’ z; — RNu.
5=0

EXAMPLE 13.4. Let I" be a regular closed arc on C' and X := H*(I)
(0 < < 1). Consider the following operators

D=djdt, (Sz)(t) ::%f ms(s_)is,
r

and the equation

> arla®)z(t) +b(t)(S2) ()] W + D b(t) [ ej(s)a(s)ds = f(t),

Jj=0

where a, € C (k=0,...,n), a, #0, f,bj,c; € X (j=0,...,m), a,b,x €
X, and x is an unknown function. Write this equation in the form

(13.28) En: (akD’“(A + BS) + i B]Cj)x =/,
§=0

k=0

where

(Az)(t) :=a(t)x(t), (Bx)(t) :=b(t)z(t), (Bjz)(t):=0b;(t)x(t),
(Ci2)(t) = [ ¢j(s)a(s) (j=0,1...,m).
r

Let R be an arbitrary Volterra right inverse of D. It is well-known that the
operator agl +a;R+ ...+ a, R™ is also a Volterra operator (cf. Theorem I
in Section 6). Write (13.28) in the form

D" [(anl n :Z::_: akR”Dk> (A+ BS) + g} R”Bjcj} z=f,

which is equivalent to

n—1 m n—1
[(anl +3 akR”Dk> (A+BS)+ > R"Bjcj]m =R"f+ > Rz,
k=0 j=0 1=0

where z; € ker D are arbitrary. Since the operator

n—1 n—1
and +Y apR" " =a,0 + ) apDFR"
k=0 k=0
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is invertible, Lemma 13.1 shows that a, I + ZZ;& arR"D¥ is also invertible
on X,. Thus, the last equation is equivalent to

n—1 - n—1
(13.29) (A+BS)z+ Kz = (anI +y akR"Dk) 1 (R”f +3 Rlzl) ,

k=0 =0
where
m n—1 _1
13.30 K = anl + ayR"D*) R"B.C.
Vi)
§j=0 k=0

is a finite-dimensional operator.
Suppose that a(t) £b(t) # 0, t € I'. Then we denote by x the index of
the operator A + BS, i.e.

. 1 fa(t) +b()
C2m a(t) = b(t) S
(i) If K = 0 then A + BS is invertible. Hence, the equation (13.28)
(or (13.29)) is equivalent to
(1331) x+ Kox = fo,

where Ko := (A + BS)™'K, K is defined by (13.30). Since K is finite-
dimensional, so is Ky, i.e. Ky can be written in the form

M
Kox = Zuj(x)a:j forallz € X,
5=0

where uy,...,up; € X' and x1,...,2) € X are linearly independent sys-
tems of linear functionals and elements of X, respectively. Without loss of
generality, we can assume that

(Cia)(t) == [ c;(x(t)dt  (j=0,...,m)

r

are linearly independent. Therefore, all elements u;,z; (j =1,...,M) are
determined by the given functions and every solution of the equation (13.31)
can be found in a closed form from the system of linear algebraic equations

M
wi(z) + Z aiui(r) = ui(fo),
=0

where a;; = u;(x;) (i, =0,..., M).
(ii) If K > 0 then A+ BS is right invertible. Hence the equation (13.29)
is equivalent to

(13.32) r+ Kix=fi+z,
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where K1 = R K, K is given by (13.30), and
R1:2I*K1+(K1*I)R1(K1*I), RleRA+BS,

_ = nk) (e = !
fl—Rl(anI+I;)akRD> <R f+kZURzl>,

where z € ker(A + BS) is arbitrary. Since K is finite-dimensional we can
solve the equation (13.32) by the same method as for the equation (13.31),
i.e. every solution of (13.31) can be found in a closed form.

(iii) If kK < 0 then A+ BS is left invertible. Hence by Theorem 13.1, the
equation (13.29) has solutions if and only if there exist zg,...,2],_; € ker D
such that

(ant + nf axR"D") - (R + ni R'z) € (A+ BS+K)X,.
k=0 =0

If this condition is satisfied then (13.28) is equivalent to
(13.33) z+ Koz = fa,

where K5 is again a finite-dimensional operator. Thus every solution of the
equation (13.33) can be found in a closed form.

14. Initial value problems. Following Przeworska-Rolewicz [46], an
initial value problem for the operator Q[D] of the form (13.3) is the following:
Find all solutions of the equation

M N
(14.0) QDlz:=> > D"Ap,D'z=y, yecX,

m=0n=0

satisfying the initial conditions
(14.1) FDix=vy;, y;€kerD (j=0,....,M+N-1).

DEFINITION 14.1 (cf. Przeworska-Rolewicz [46]). (i) The initial value
problem (14.0)—(14.1) is well-posed if it has a unique solution for every
yE€ X, vy, Ym+n—1 € ker D.

(ii) The problem (14.0)—(14.1) is well-posed if either there exist y €
X, Yo,y Ym+N—1 € ker D such that this problem has no solutions, or
the homogeneous problem induced by (14.0)-(14.1) (ie. y = yo = ... =
ym+N—1 = 0) has non-trivial solution.

DEFINITION 14.2. Suppose that Q[D] is of the form (14.0). Write
M N

(142) QV = Z Z RM_manRN_n )

m=0n=0
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where
A ifm=0
; L 10n ~ ’
(14.2") Bn = {Amn _ Z,]Y[:m FDr=™A,,, otherwise,
. ~ o 0 lfm:M,n:Na
(14.2") Apn 1= { A, otherwise,

(m=0,...,M; n=0,...,N). Then I+ Q is the resolving operator for the
problem (14.0)—(14.1).

Note that the resolving operator is also a pre-resolving operator for the
equation (14.0).

LEMMA 14.1. Write

M N
(14.3) Q:=>_ Y RM*N-mp,.D".

m=0n=0

Then
(14.3') QRN = RVQ,
where Q is defined by (14.2), and
(14.4) DM*N(I + Q) = Q[D],
(14.5) FDI(I+Q)=FD’ (j=0,...,M+N—1).
Proof. By definitions,
M N
QRN _ Z ZRM+N_manDnRN
m=0n=0

M N
_ Z ZRMJermanRan

m=0n=0

M N
:RN Z ZRMmemnRan — RN@,
m=0n=0
which proves (14.3").
Since FFR =0 and DF = 0, we find

M N
DN+ Q)= DM (14 Y0 S RN, D)

m=0n=0
= DM+N i XN: D™ B,,,D"

m=0n=0
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M N M N
=DM £ SN D (A — 3 FDP AL ) + S Aoy D"
n=0

m=1n=0 p=m

M N N
— DM+N Z Z D™A,,,D" + Z Aogn D"

m=1n=0 n=0

M N
m=0n=0
which proves (14.4).
For j =0,...,N — 1 we obtain

M N
FDI(I+Q)=FD’+FD'Q=FD'+FD’ ) Y RM*N-mB, . D"

m=0n=0
M N
=FD’+ > Y FRYRM™B,,D" = FD’.
m=0n=0
Ifj=N+4 i=0,...,M —1, then
M N
FDN+i(I+Q) — FDN+i +FDN+1' Z ZRM+N7manDn

m=0n=0

m=0n=0

M N N
=FD"*" + Y > FD'RM ™B,,,D" + > FD'RMB,D"

m=1n=0 n=0
M N N M N
= FDN* 4 3 N FDRM T (A — Y FDP" A, ) D"
m=1n=0 p=m
M N N M N
_ ppNti g Z Z Fpi+m—M <Amn _ Z FDu—mAlm>Dn
m=M —in=0 n=m
M N N
=FDV"' 4 Y > FDTmMA,, D"
m=M —1in=0

M N M
- Z Z Z FDH—m—MAMnDn
m=M—in=0 u=m
M N
— ppNti + Z ZFDH_m_MZmnDn
m=M —in=0
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N M N
->> Y FD*"MA,,D" = FDNT,
n=0pu=M—1
which proves (14.5).

LEMMA 14.2. Let Q be defined by (14.3). Then the initial value prob-
lem (14.0)—(14.1) is well-posed if and only if I + Q is invertible on Xpr4 N .

Proof. By Lemma 14.1, we can write the equation (14.0) in the form
DMAN(T + Q)x = y, which is equivalent to

M+N—1
(I+Q)x=RMNy 4 Z Rz,
j=0
where zg,...,2p4+nN-1 € ker D are arbitrary. The formulae (14.5) and the

last equation together imply that the initial value problem (14.0)—(14.1) is
equivalent to the equation

M+N-1
(14.6) (I+Qa=RM"Ny+ N Riy;.
§j=0
If A = —1 is an eigenvalue of ), then the corresponding homogeneous

equation (I + Q)x = 0 has a non-trivial solution, i.e. the problem (14.0)—
(14.1) is ill-posed and I + @ is not invertible.

If A = —1 is not an eigenvalue of ) and I+ @ is not invertible on X4 v,
ie. (I +Q)Xnmin & Xnrgn, then (14.6) is solvable if and only if
M+N-—1
(14.7) RM*Ny+ " Riy; € (14 Q) Xnn -
§=0

Fix u € Xpen \ (I + Q) Xn4n and let y := DMHNy y := FDIy (j =
0,...,M + N —1). Then by the Taylor formula,

M+N-1 ‘ M+N-1 ' '
RMIN N Riy; = RMINDMNy 4 N RIFDIu
j=0 =0

M+N-1 A
= (Y RFD + RMDMIN )u—u ¢ (T4 Q)Xar v
§=0

i.e. the initial value problem (14.0)—(14.1) is ill-posed and I 4 @ is not
invertible.
If I+Q is invertible on X ;4 n then from (14.6) we find a unique solution
of the problem (14.0)-(14.1):
M+N-1
p=(+Q 7 (RMVy+ > Ry
j=0
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The following theorem shows an important role of the resolving operator
for the problem (14.0)—(14.1).

THEOREM 14.1. The initial value problem (14.0)—(14.1) is well-posed if
and only if its resolving operator is invertible.

Proof. By Lemma 13.1, Proposition 13.3 and (14.3’), the resolving
operator I +Q = I + DNQRYN = DY (I +Q)RY is invertible if and only if
I + @ is invertible on X ;4 n. On the other hand, by Lemma 14.2, I + @ is
invertible on X4 if and only if the problem (14.0)—(14.1) is well-posed.
This immediately implies the assertion.

Now we can prove the main result for the initial value problem (14.0)-
(14.1).

THEOREM 14.2. Let D € R(X), R € Rp and let F € Fp be an initial

operator corresponding to R. Suppose that Q and Q are given by (14.2)
and (14.3), respectively.

(i) If the resolving operator I + é is invertible then the problem (14.0)—
(14.1) is well-posed and its unique solution is

M+N-1

(14.8) v =Mo(RMPVy+ 3 Riy;),
§=0
where
(14.8") Mg:=1-RN(I+Q) 'H,
M N
(14.8") H:=) > RM™B,,D"=DNQ,

m=0n=0
and By, (m=0,...,M; n=0,...,N) are defined by (14.2)—(14.2").
(ii) If I + Q is right invertible and dim ker(I + @) =% 0 then the prob-
lem (14.0)—(14.1) is ill-posed. However, this problem has solutions of the
form

M+N—1
(14.9) r = Rg (RMHVy + Z Rjyj> +z,

j=0
where
Rq=1-RYRH,
z € ker(I + Q) is arbitrary and Rz eR, 5

(iii) If I+ Q is left invertible but not invertible then the problem (14.0)-
.1) s ill-posed and has a solution under the following necessary and suf-
14.1 ll d and h l der the foll d suf-
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ficient condition:

M+N-—-1
(14.10) RN 4 N Ry e (I+Q)Xumin .
7=0

If this condition is satisfied then the unique solution is

M+4N-1
(14.11) z = Lo (RM+Ny + Y Rjyj) :
5=0
where
Lo=1- RNLaH,
Lg €L, 5 the By are given by (14.2)—(14.2").

Proof. (i) Lemma 14.1 and (14.5) together imply that the problem
(14.0)—(14.1) is equivalent to the equation

M+N-1
(14.12) (I+Qa=RM"Ny+ N Riy;.
§=0

Let H be defined by (14.8"). It is easy to see that H = DNQ, RNH = Q
and HRY = (). Hence, by Proposition 13.3, I + @ is invertible on X/ .
Moreover, if Ma is the inverse of I+ (@ then by Lemma 13.3, MaXM C Xp-
Therefore, by Lemma 13.1, Mg := I — RN MzH is the inverse of I +Q and
MoXn4n C Xpy4n. This gives (14.8).

(ii) Also by Proposition 13.3, I+ @ is right invertible on X4 n. Let ff@
be a right inverse of I—i—@. By Lemmas 13.2 and 13.3, R@ = I—@—Féﬁa@
is a right inverse of I + @ and RaX m C Xpr. Lemma 13.1 implies that
Rg =1 — RNRaH is a right inverse of I + @ and RoXy+n C Xp4n,
which proves (14.9).

(iii) If 1 +Q is left invertible but not invertible, then by Proposition 13.3,
I + @ is left invertible only. This and (14.12) together imply that the
problem (14.0)—(14.1) is solvable if and only if (14.10) is satisfied. In that

case, let L@ be a left inverse of I+@). By Lemmas 13.2 and 13.3, the operator
L@ =1 — @ + @Zaé is also a left inverse of I + C~2 and LaXM C X
Lemma 13.1 implies that Lg := 1 — RNLaH is a left inverse of I 4+ @ and
LoXnv+n C X4, which proves (14.11).

Putting Ay =0 (m=0,...,M—=1; n=0,...,N)and Ay, = 4, (n =
0,...,N) in Theorem 14.2, we obtain
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COROLLARY 14.1. Suppose that D € R(X), R € Rp and F is an initial
operator for D corresponding to R. Write

N
P(D):=DMQ(D), Q(D):=)_ A,D",
n=0

N—1 _ N—-1 N-1
Q=) RYGD*,  Qii=) GRYF, Pri=) CGiDN,
k=0 k=0 k=0

where
M—1

Cp = (I— 3 RjFDj)Ak (k=0,...,N—1).
§=0
(i) If the resolving operator I + @1 is invertible then the initial value
problem

’ FDizg=y;, wyj€kerD (j=0,....M+N-1),
1s well-posed and its unique solution is

_ M+N-1 )
z=[I= BRI+ Q) ARV + > Riy;).
7=0

(ii) IfI+@1 1s right invertible and is not invertible then the initial value
problem (14.13) is ill-posed. However, this problem has solutions of the form

M+N-1 A
v =(I- RVR5 Py) (RM+Ny + Y Rﬂyj) +2z,
7=0

where R51 = I—@l +é1§51@1’ E@l € RI+§1’ z € ker(I4+Q1) is arbitrary.

(iii) If I +Qy is left invertible but not invertible then the problem (14.13)
is ill-posed and has a solution under the following necessary and sufficient
condition:

M+N-1
(14.14) RMNy+ " Riy; € (I+Q1)Xnmen -
§j=0
If this condition is satisfied then a unique solution is
M+N-1
r=(- RNL§1Q1)<RM+Ny + Z R]yj) ,
§=0

where L51 =1—-0Q1+ QlL@N L51 € £I+§1'

Similarly, we get the following
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COROLLARY 14.2. Write
N N-1
P(D)=Q(D)DM, QD)= A,D", Q=) RVFS,
n=0 k=0

where
N—1—k
So=Ao, Sk=Ar— > FD"Apy (k=0,...,N-1).
m=0
(i) If I + Q- is invertible then the initial value problem
P<‘D>'r =Y, ye X,
FDiz=y;, yj€kerD (j=0,....M+N-1),

1s well-posed and its unique solution is

(14.15)

N N M+N-1
z=[I—-RM(I+ Q) 'Q2DM] (RMHVy + Z Rjyj> :
§=0
(i) If I + Q is left invertible but not invertible then the problem (14.15)
1s ill-posed, and has a solution under the following necessary and sufficient
condition:
M+N-1 N
RMNy 4 N Riy;e (I+ RMQ2DM) Xy
§=0
If this condition is satisfied then the problem (14.15) has a unique solution
_ M+N-1
v =(I+RMLg Q:DM)(RM*Vy+ 3 R]yj> ,
j=0
where L@vQ =1 - Q2 + Q2L52Q2; L@ € EH@-
(iii) If I 4+ Q2 is right invertible and is not invertible, then the prob-
lem (14.15) is ill-posed. However, this problem has solutions of the form

M+4N-1
z=(I+RMRg QoD)(RM Ny + > Riy;)+2,
j=0
where R@ =1- @2 + @2%52@2, ﬁ@ € RI+§2’ z € ker(I + RM@QDM) is

arbitrary.

Now we consider the initial value problem (14.0)—(14.1) in the case of
generalized almost invertible resolving operator.

DEFINITION 14.3. An operator V € L(X) is said to be generalized almost
invertible on a subspace E C X if K C domV, VE C E and there exists a
Wy € Wy such that Wy E C E.
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LEMMA 14.3. Suppose that D € R(X), R € Rp. Write

N
D):ZAij, Q:=Q(U,R) = ZARNJ

AjEL(X), A;XN_]‘CX]C (]:0,,N)

Then the operator I + Q) is generalized almost invertible on Xy, for a given
k € Ny if and only if I + RN Q(D) is generalized almost invertible on X .

Proof. By the assumptions on Aj, [I + Q(I,R)| X, C X and [I +
RNQ(D)]|Xnir C Xnik. Suppose that I + @ is generalized almost invert-
ible on Xy, i.e. there exists Wg € Wy such that WgX;, C Xj. Write

(14.16) W =T1-R"WoQ(D).

It is easy to check that W& is defined on XNk and WQXN+k C XNtk
On Xy we have

[I+ RNQ(D)WC[I + RNQ(D)]
= [T+ RNQ(D)][I — RNWqoQ(D)][I + RN Q(D)]
= [I+ RYQ(D){I + RNQ(D) — RNWoQ(D)[I + RNQ(D)]}
= [+ RNQ(D){I + RNQ(D) — RNWg[I + Q(D)RN|Q(D)}
= [I+ RYQ(D){I + RNQ(D) — RNWo[I + Q(I, R)JQ(D)}

= [[ + RNQ(D)” - [I + RNQ(D)RN W[l + Q(I, R)Q(D

[ 2= RNI+Q(D)RNWolI + Q(I, R

[ ]

[ ]

[ ]

[ " -

(D)

(D)

(D)

(D) )]Q(
=[I+RYQ(D) )]Q(D

(D)

(D)

(D)

(D)

~— ~—

(

(
= [T+ RVQ(D)]> = RN[I + Q(I, R)|Wq[I + Q(I, R)]Q(D)
= [T+ RNQ(D))> — RN[I + Q(I,R)|Q(D)
= [I+ RNQ(D))> — RN[I + Q(D)RN|Q(D)
=[I+RYQ(D)]> - [I + RNQ(D)|RYQ(D) = I + RN Q(D),

which proves that W is a generalized almost inverse of I + RNQ(D).

Conversely, if there exists W< ¢ Wi rNg(p) such that WRXnin C
XNk, then Wg := I — Q(D)WPRY is defined on Xj, WoX; C Xj and
Wq € Wiiq(,r)- Indeed, since

1+ RYNQ(D)WOI + RVNQ(D)] = I+ R¥Q(D),

we obtain Im W? C dom Q(D) and RN X), C dom W, i.e. Wy is defined
on Xj. If x € Xj, then RNz = y € XNy and u = WORNy € XNk
This implies that Q(D)WYRNz = Q(D)u € Xj. Therefore, Woz = [I —
QD)WYRNx = x — Q(D) € Xy, which proves Wo Xy C Xj. On X we
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have

(I +Q)Wo(I +Q)(I +Q)[I — QD)WRY|(I +Q)

= +Q){I+Q—-QD)WCRN[I +Q(D)R"]}

= +Q){I+Q—-QD)W®[I +R"Q(D)R"}

= +Q)° - (I+QQD)W®[I+RNQ(D)RY

= (I+Q)* = I+ QD)RNQD)W[I + RNQ(D)|R

= (I+Q)*— QD) + R¥Q(D)W®[I + RNQ(D)|RN
(I+Q)*—Q(D)I+ RYQ(D)RY
(I+Q)*—Q(D)RN[I+ Q(D)R"]
I+QP-QUI+Q) =I+Q,

which proves that Wg is a generalized almost inverse of I + (). The proof
is complete.

Now we return to the initial value problem (14.0)—(14.1).

THEOREM 14.3. Suppose that D € R(X), R € Rp and F € Fp corre-
sponding to R. Suppose, moreover, that Q, Q are given by (14.2) and (14.3),
respectively. If the resolving operator I + @ 18 generalized almost invertible
but not one-sided invertible then the initial value problem (14.0)—(14.1) is
ill-posed and has solutions under the following necessary and sufficient con-
dition:

M+4+N-—1
(14.17) RM™Ny 4+ N Riy;e (I+Q)Xyan -
§=0
If this condition is satisfied then all solutions are given by
M+N-—1
(14.18) x:WQ(RM+Ny+ Z Rjyj) + z,

Jj=0

where Wg =1 — RNW§H, W§ ew

14150 € ker(I + Q) is arbitrary.

Proof. The problem (14.0)—(14.1) is equivalent to the equation
M+N-1
(14.19) (I+Qu=RMNy+ N Riy;.
=0
Since dim coker(I+Q) # 0, also dim coker(I4Q) # 0 (cf. Theorem 14.2 (iii)).
Hence, (14.19) is solvable if and only if the condition (14.17) is satisfied. On

applying Lemma 14.2 to the equation (14.19) we get (14.18). The proof is
complete.
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EXAMPLE 14.1. Let X := C([0,1],C), D := d/dt, R := [, (Fz)(t) :=
x(0). It is well-known that R is a Volterra operator, i.e. [ + SR is invertible
for all 8 € C. Consider the equation
(14.20) (I+BR*I DMz =y, yecXp.

Since I + SR (= I + BD*R**1) is invertible, Lemma 13.1 yields that I +
BRETIDF is invertible on Xj. Therefore, (14.20) has a unique solution
x= (I - BRI - BR)'D")y € Xj.
Hence the initial value problem
D+BRDM)x =y, € Xy,
(14.21) (D+p Jr=y, y€EXi
Fr=vy1, wyi1€kerD,

has a unique solution given by
(14.22) x=[I —BR(I — BR)"'D*(Ry +v1).

Indeed, the problem (14.21) is equivalent to the equation (I+B8R*T1DF)x
= Ry + y1, i.e. it is of the form (14.20).

EXAMPLE 14.2. Let I" be a regular closed arc on the complex plane and
let X = H*(I') (0 < p < 1). Consider once again the following operators
on X:

1 ¢ a(s)ds
m’F 5s—1

(Bx)(t) := b(t)a(t), (Bjz)(t) :=b;(t)a(t), (Cjx)(t) := [ e;(s)a(s)ds,

r

D:=djdt, (Sz)(t):= (Az)(t) = a(t)z(t),

(j=0,...,m)
where a,b € X,,, bj,c; € X (j =0,...,m). Let R be an arbitrary Volterra
right inverse of D and let F:= I — RD. Consider the initial value problem

(14.23) (Zaka(A—f—BS)—I-ZBjCj):E ~f,
k=0 Jj=0
(14.24) FD*z =08, preC (k=0,...,n),

where a;, € C, (k =0,...,n), a, # 0. By Lemma 14.1, this problem is
equivalent to the equation

n—1 m n—1
(14.25) [(anl +3 akR"Dk> (A+BS)+Y R“Bjcj} e=R'"f+> Rp.
k=0 j=0 1=0
Since a, I + Zz;é apR"~* is invertible (cf. Theorem I in Section 6), Lemma
13.1 shows that (14.25) is equivalent to

(14.26) (A+BS+ K)x =y,
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where
m n—1 _1
K = Z (anI + Z akR"Dk) R"B;C},
§=0 k=0

— S nk) " pn « !
Y- (an1+;]akRD) (R f+;Rﬁl).

Thus we obtain a singular integral equation with a finite-dimensional kernel,
whose solutions can be given in a closed form (cf. Example 13.4).

15. Boundary value problems. Let D € R(X), R € Rp and let
Fo,....,Fpyin—1 € FpNe(R) (cf. Section 8). A boundary value problem for
the operator Q[D] of the form (13.3) is to find all solutions of the equation

M N
(15.0) QDlz:=> Y D"Ap,D'z=y, yeX,

m=0n=0
which satisfy the boundary conditions
(15.1) Frr=vyr, wyp€kerD (k=0,...,M+N-1).

DEFINITION 15.1. (i) The problem (15.0)—(15.1) is well-posed if it has
a unique solution for every y € X, yo,...,ym+n—1 € ker D.

(ii) The problem (15.0)—(15.1) is ill-posed if either there exist y € X,
Yo,---,Ym+N—1 € ker D such that this problem has no solutions or the
corresponding homogeneous problem has a non-trivial solution.

By the assumption, there exist scalars d;; such that
(15.2) F;Riz=(d;;/j))z forall z€kerD (i,j=0,....,M +N —1).
Write

(15.3) Gun = (dij)i,jzo ..... M4N—-1>
(154) VM+N := det GMJrN .

For the problem (15.0)—(15.1), we assume the following condition: the
given initial operators Fy, ..., Fiyyn—1 are linearly independent on the set
ker DM+N = Py v (R). Hence by Corollary 8.1, G]T/}JFN exists. Write
(15.5) G =Gyl = (d] )i=0,...M+N—1

M+N—-1M+N-1

(15.6) E:= (I— 3 Z d]kR]Fk) ZZRMJ“N‘”LA;MD”,
7=0

m=0n=0

M N M+N—-1M+4+N-1

(15.7) Eg:=» Y RM™N-maAl DrI— Y Y dRF),
j=0 k=0

m=0n=0
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M N
(158) E/ = Z Z RM_manRN_n7
m=0n=0
where
0 ifm=M, n=N,
(15.9) A 1= {Amn otherwise,
M+N—1M+N—-1 ‘
(15.10) By = AL <I+ D d;kRJ—"FkR”) .
j=n k=0

DEFINITION 15.2. Let E’ be given by (15.8)—(15.10). The operator I+E’
is called the resolving operator for the boundary value problem (15.0)—(15.1).

LEMMA 15.1. Let E and Ey be given by (15.6) and (15.7), respectively.
The operator I + E is right invertible (left invertible, generalized almost
invertible, invertible) if and only if so is I+ Ey. Moreover, if Rg, € RitE,,
LEO S £I+E07 WEO € WI-i—Eo then

(15.11) Rg:=I - E"Rg,E~ € Rryg, Ly =1—-E'LgE~ €Lk,

Wg.=1-— E+WEOE_ eEWriE,

(15.12) (I+E)y'=1-E"(I+Ey) 'E~,
where
M+N—-1M+N-1
Et=I- Y Y d,RF,
(15.13) J=0 k=0

M N
E™:=> Y RMiN-mal D"
m=0n=0
Proof. From the assumptions on the coefficients A,,,,, it is easy to check
that I+ F € LO(XM+N)7 I+ FEy € LO(XMJrN)- Since £ = ETE~ the for-
mulae (15.11) and (15.12) immediately follow from (2.10)—(2.12) and (10.7).

By the same argument we obtain

LEMMA 15.2. Let Ey and E’ be given by (15.7) and (15.8), respectively.
Then I + Ey is right invertible (left invertible, generalized almost invertible,
invertible) if and only if so is I + E'. Moreover, if Rpr € Ritp/, L €
Livrg and Wg € Wy g then

(15.14) Rg, :=I —RYRpU € Rryp,, Lp,:=1—-RNLpU€ L. g,,

Wg, :=1 - R"WgU € Wi, ,

15.15
( ) (I+E)'=I-RNI+E)'U,
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where
M+N—-1M+N-1

RM—mA;mD"(I— Y d;-kRij).
=0 k=0

M
(15.16) U:=>_
m=0 0

Lemmas 15.1 and 15.2 together imply the following

COROLLARY 15.1. Let E be defined by (15.6). The operator I + E is
right invertible (left invertible, generalized almost invertible, invertible) if
and only if so is the resolving operator I + E’. Moreover, if Rg € R, g,
Lg € £1+E, and Wg € W]+E then there exist Rg: € R[+El, Lg € EI—}—E’;
and Wgr € Wri g such that

Rp=1-S(I—-R"RpK)S, Lp=I1-S(I—-R NLpK)S,
(15.17) Wg=1-S(I-R"Wg K)S,
(I+E)'=1-S[I-RN(I+ E')'K]S,

where
M+N—-1M+N-1
(15.18) S=I- > Y d,RF,
=0 k=0
M N
(15.19) K=Y > RM™mA D"

m=0n=0
LEMMA 15.3. Let E be defined by (15.6). Then
(15.20) DM*N(I+ E) = Q[D],
(15.21) F;(I+ E)x =Fixz for allz € Xpyany (1=0,...,M +N —1).
Proof. (i) Since DF; =0 (i=0,...,M + N — 1) we find

M N
DMIN(I+E) = DMIN 4 DMINE = pMENLN "N " pmal D" = Q[D).

m=0n=0

ii) Since Fj, x € ker D for all z € dom , K is given by (15.
i) Since F RN Kz € ker D for all z € dom DM*V | K is given by (15.19
and Fy, ..., Fyen—1 € ¢(R), we have

M+N—-1M+N-1

M N
— Fa+F, (I -y X d;kRJ‘Fk) S S RMEN-mAl Dy
7=0 k=0

m=0n=0

M N
=Fao+F Y Y RMN-mAl D'a

m=0n=0
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M+N—-1M+N-1
- > Y dyFERF.R'Kz
=0 k=0
M+N—-1M+N-1
=Fa+FRVKz— > Y djyd;FyRVKx
7=0 k=0
M+N-1 M+4+N-1
= Fao+ FRV Kz - Y (Y dydy ) FRNKe

k=0 j=0
M+N-—1
= Fao+ F,RVNKx — Z S FLRN K
k=0

= Fiz+ F,RNKz — F;,RN Kz = Fyz.
which was to be proved.

LEMMA 15.4. Suppose that D € R(X), R € Rp and Fy, ..., Fyen—1 €
Fp N c(R) are linearly independent on ker DM+N . Then the boundary

value problem (15.0)—(15.1) is well-posed if and only if I + E is invertible
on XM+N-

Proof. By Lemma 15.3, the equation (15.0) is equivalent to

M+N-1

(I 4+ E)x = RMTNy 4 Z Rizj, zj€kerD (j=0,....M+N—1).
j=0

The formulae (15.21) imply y; = F;RM+Ny + Z;‘QEN*I dijzj, ie.

(15.22) Guinz =9,

where Gprin is given by (15.3), 2/ = (z0,...,2m+n-1), ¥ = (yo

—FoRMFN ynan—1 — Fareno1 RMTNy). By the assumption, the sys-

tem (15.22) has a unique solution

M+N-1
cj = Z d;’k(yk_FkRMJrNy) (G=0,.... M+ N—1).
k=0

Hence, the equation (15.0) is equivalent to
M+N—-1M+N—1
(I+E)x=RMNy4+ N >~ dy R (yp — FRMNy)

j=0 k=0

ie.
M4N—-1M+N—1
(15.23) T+E) =yuin+ >, Y. dyRy,
§=0 k=0
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where
M+4N—1 M+N-1
(15.24) YMAN = (I— >y d;kRﬂFk)RMWy.
§=0 k=0
If 3 = —1 is an eigenvalue of the operator E then the corresponding

homogeneous equation (I + E)z = 0 has a non-trivial solution, i.e. the
problem (15.0)—(15.1) is ill-posed and I 4+ E is not invertible on X/ n.

If 3 = —1 is not an eigenvalue of £ and I + E is not invertible on
Xyan, ie. I+ E)Xpin & Xaupn, then the equation (15.23) is solvable
if and only if its right hand side belongs to (I + E)Xas4+n. Let u € Xprqn\
(I + E)Xpnyn. If we set

y = DMJrNu,
M+N-—-1
yp 1= FeRMINDM Ny N gy FDFu (k=0,..., M+ N —1),
pn=0
then

M+N—1M+N-1
yen + > Y Ry
j=0 k=0

M+N—-1M+N-1
= (1= Y Y duRR)RMTY DMy

=0 k=0
M+N—1M+N-1 M+N-1
+ Y Y AR (BRMYDM Nyt YT d, FD )
=0 k=0 =0

M+N—-1M+N-1 M+N-1
eSS (U ) wEDh -
j=0 =0 k=0
Hence there exist y € Xpryn, y; €Eker D (j=0,...,M + N — 1) such that
the problem (15.0)—(15.1) has no solutions, i.e. it is ill-posed.
If B = —1 is not an eigenvalue of E and I + FE is invertible on X4
then the unique solution of the problem (15.0)—(15.1) is
M+N—1M+N—-1
x= I+ E)_l <yM+N + Z Z d;kRJyk) ,
§=0 k=0

where ypr4n is given by (15.24), i.e. the problem is well-posed. The proof
is complete.

The following theorem characterizes the important role of the resolving
operator for the boundary value problem.
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THEOREM 15.1. Let D € R(X), R € Rp and let Fy,...,Fyyan—1 €
Fp Ne(R) be linearly independent on ker DMFN . Then the boundary value
problem (15.0)—(15.1) is well-posed if and only if the resolving operator I+E’,
where E' is given by (15.8), is invertible.

Proof is immediate from Corollary 15.1 and Lemma 15.4.

Now we can prove the main result for the boundary value problem (15.0)—

(15.1).

THEOREM 15.2. Let D € R(X), R € Rp and let Fy,...,Fyyan—1 €
Fp N c(R) be linearly independent on ker DM+N . Suppose E', S, K are
given by (15.8), (15.18) and (15.19), respectively.

(1) If I+ E’ is invertible then the problem (15.0)—(15.1) is well-posed and
its unique solution is
M+N—-1M+N—1
(15.25) & = {I= SRV I+ E) KIS ynew+ > > dyRim).,
j=0 k=0
where yrr N and di; are given by (15.24) and (15.5), respectively.
(ii) If I + E’ is right invertible but not invertible, i.e. dimker(I + E') #

0, then the problem (15.0)—(15.1) is ill-posed. However, this problem has
solutions of the form

M+N—1M+N—1 '
(15.26) @ = [[-S(U - R R K)S) (yaen+ > Y. dyRip)+u,
j=0 k=0
where Rpr € Ritpr, u € ker(I + E), and E is defined by (15.6).
(iii) If I+ E’ is left invertible but not invertible, i.e. dim coker(I+ E') #
0, then the problem (15.0)—(15.1) is ill-posed and has a solution under the
following necessary and sufficient condition:

M+N—-1M+N—-1
(15.27) ymsn + > Y dyRly € (I+E)Xpqn .
j=0 k=0
If this condition is satisfied then a unique solution is
M+N—-1M+N—-1
(15.28) @ =[I — S(I — RN Ly K)S] (yM+N + Y X d;kRJyk) :
j=0 k=0
where Ly € L1y pr.
(iv) If I+ E’ is generalized almost invertible but not one-sided invertible,

then the problem (15.0)—(15.1) is ill-posed and has solutions if and only if
the condition (15.27) is satisfied. If this is the case, all solutions are given
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by
M+N—-1M+N-1 '
(15.20) @ = [[=S(I-R W K)S)(yuen+ > > djRiy)+v,
§=0 k=0
where Wy € Wi g and v € ker(I + E) is arbitrary.

Proof. (i) By Corollary 15.1, I + E is invertible. Hence the equa-
tion (15.23) has a unique solution. On the other hand, by (a suitable version
of) (15.17), I+ E)~t =1 - S[I — RN (I + E’)"'K]S. This gives us (15.25)
and the boundary value problem (15.0)—(15.1) is well-posed.

(ii) By Corollary 15.1, I 4+ E is now right invertible but not invertible.
Now (15.17) and (15.23) together imply (15.26).

(iii) By Corollary 15.1, I + E is now left invertible only. Hence from
(15.17) and the equation (15.23) we get the condition (15.27) and the for-
mula (15.28) for the solutions of the boundary problem.

(iv) By Corollary 15.1, I + E is generalized almost invertible but not
one-sided invertible. Hence, from (15.23) we conclude that the problem
(15.0)—(15.1) is ill-posed and has solutions if and only if (15.27) is satisfied,
and (15.17) gives the required formula (15.29). The proof is complete.

If we put 4y, =0 (m =0,....M —1; n =0,...,N) and Ay, =
A, (n=0,...,N) in Theorem 15.2, then we obtain

COROLLARY 15.2. Suppose that D € R(X), R € Rp and Fy,...
oo, Faryno1 € Fp Ne(R) are linearly independent on ker DM+N | Write

N—-1
(15.30) P(D):=DMQ(D), Q(D):=DN+> A;D,
j=0
N-1 M+N—-1M+N-1 ‘
(15.31) Ky:=)Y AD", Si=I- Y > dRF,
n=0 7=0 k=0
N—-1
(15.32) By :=S$K,, Ej=>» B,RV™",
n=0
where

M+N—-1M+N-—-1 ‘
anzAn(I+ > d;kRJ*"FkR") (n=0,...,N—1).

j=n k=0
(i) If I + EY is invertible then the boundary value problem
(15.33) PDyr=y, Fz=vy, (1=0,....,M+N-1)
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is well-posed and its unique solution is
M+4N—1 M+N—1
x={I—8[I—-RN(I+ E{)_lKl]Sl}(yMJrN + Y DY d;kRjyk> :
§=0 k=0

where ypr+n is defined by (15.24).

(ii) If I + E} is right invertible but not invertible then the boundary value
problem (15.33) is ill-posed. However, this problem has solutions given by

M+N—1 M+N-1
= [I = Si(I - RN Ry K1) 1] (yM+N + Y Y d;ka'yk) Y,
§=0 k=0

where Rg: € Rry gy, ur € ker(I + En) is arbitrary.

(iii) If I+ EY is left invertible but not invertible then the problem (15.33)
1s ill-posed and has a solution under the following necessary and sufficient

condition:
M+N—1 M+N—-1
(15.34) yvuen+ Y. > dyRiyy e (I+E) Xy
§j=0 k=0
If this condition is satisfied then a unique solution is
M+N-1M+N—-1
o =[I - Si(I - RN L K1)81] (yM+N + > ) d;-kRjyk> ,
§=0 k=0
where Lgr € Lryp;.

(iv) If I + EY is generalized almost invertible but not one-sided invertible
then the problem (15.33) is ill-posed and has solutions if and only if the
condition (15.34) is satisfied. If this is the case, then all solutions are given
by

M+N—1 M+N—-1
p=[[=$i(I - RNWe K)S(yuen + . > djRiy) +us,
j=0 k=0
where Wgr € Wry gy, uz € ker(I + En) is arbitrary.

Similarly, if we put A,y =0 (m =0,...,M; n=20,...,N —1) and
Apn = A, (m=0,...,M) in Theorem 15.2, then we obtain

COROLLARY 15.3. Let D € R(X), R € Rp and suppose Fy,...
oo, Fyrin—1 € Fpne(R) are linearly independent on ker DM+N | Write

M—1
P(D):=Q(D)DN, Q(D):=DM+ > D"A,,
m=0
M—1
Ky:=» RM*N-ma, DV,

m=0
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M+N—-1M+N-—1 '
B,, = A,, <I+ ]Z;V Z d, RJ—NFkRN)7

M—-1 M-1
Ey:=$K,, FEj:=>» RM™B,, Kj:=>» R ™AD",
m=0 m=0

where Sy is given by (15.31).
(i) If I + EY is invertible then the boundary value problem
(15.35) PDyx=y, Fzx=vy;, (i=0,....,M+N-1)

1s well-posed and its unique solution is
M+N—1M+N—-1
w=1{I—S[-RV(I+ Eg)—lK;]Sl}(yMW + Y ¥ d;kRjyk> ,
§=0 k=0
where yar+n 1S defined by (15.24).
(ii) If I+ EY is right invertible but not invertible then the problem (15.35)
18 ill-posed. Howewver, this problem has solutions given by
M+N—1 M+N—-1
= [I = Si(I = RN Ry, K3)S1] (yM+N + Y Y d;kayk) +u
j=0 k=0
where Rp; € Rry gy, uz € ker(I + E2) is arbitrary.

(iii) If I + EY s left invertible and is not invertible then the problem
(15.35) s ill-posed and has a solution under the following necessary and
sufficient condition:

M+N—-1M+N—-1
(15.36) YN + Z Z & Ry € (I+ E2)Xprsn -

If this condition is satzsﬁed then a unique solution is
M+N—1 M+N—1
2= = Si(I — RN L, K})S] (yM+N Y ),
§j=0 k=0
where L € £I+E;-

(iv) If I + EY is generalized almost invertible but not one-sided invertible
then the problem (15.35) is ill-posed and has solutions if and only if the
condition (15.36) is satisfied. If this is the case, all solutions of the problem
(15.35) are

M+N—1M+N—1
v=[[=$i(I - R"We,KDSil(yuin + Y. > dyRiy) +v
j=0 k=0
where Wgy € Wry gy, v € ker(I + Ez) is arbitrary.
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ExaMPLE 15.1. Let X := C(R), D := d/dt, R; := fttv, t; # t; for
i#j (4,5 =0,1,2). Let (Fjz)(t) := z(t;). Then Fy, Fi, F» are linearly
independent on ker D3. Consider the boundary value problem
(15.37) (D*+ D*AD + Bz =y,

(15.38) Fix=y;, yj€kerD (j=0,1,2),
where (Ax)(t) := a(t)x(t), a(t) # —1, § € C. Write R := Ry. The matrix
G5 is of the form

1 0 0
Go= |1 t1—to (t1 —t0)*/2 | = (dij)ij=01.2-
1 ty—ty (ta—t9)?/2

Hence V2 = det GQ = %(tl —to)(tz —to)(tz —tl) 7’5 0 and G;l = (d;j)i,jzo,l,%
where

dgo = 1, 01 =0, 02 =0,
dllO :‘/2_1<d12 - d22) dg_]_ :V2_1d227 d/12 :‘/2_1<_d12)’
d/20 :‘/2_1<d21 - d11)7 d/21 :‘/’2_1(—d21)7 d/22 :‘/é_ldll.
Write

(15.39) ( ZZ kRJFk> RAD + BR).

7=0 k=0

By Lemmas 15.3 and 15.4, the problem (15.37)-(15.38) is equivalent to the
equation

2 2
(15.40) IT+E)x=ys+ Y > dyRlyx,
7=0 k=0
where
2 2
(15.41) ys = (I -S4, RJFk)
=0 k=0

The resolving operator is
2 2 2 2
I+E =T+ A+BR*+AY Y dyR'FR+8Y > dyR*FR.
j=1k=1 j=1k=1
Since a(t) # —1, it is easy to see that I+ E’ is invertible. Hence, the problem
(15.37)—(15.38) is well-posed and its solution is

—{r-[r- 22: id;kaFk}

7j=0 k=0
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2 2
OR(I+E') N (AD + BR?) }(ys + Y D djyRy)
7=0 k=0
EXAMPLE 15.2. Let X := C(R), D := d/dt, R := [ . Consider the
boundary value problem

2"(t) =0, xz(a)=z9, x(b)=z1, z(a)+x((b)=umu,.

Since the initial operators Fy, F1 and F5 are linearly dependent, we conclude
that this problem is ill-posed. It is easy to check that the homogeneous
problem has a non-trivial solution z(t) = ab — (a + b)t + t2.

EXAMPLE 15.3 (cf. [47]). Let X be a Banach space, D € R(X), and
let F' be an initial operator for D corresponding to a Volterra inverse R.
Suppose that we are given a family of bounded R-shifts {Si}ner (see [46]
for definition).

Consider a polynomial with scalar coefficients in two variables

N n
(1542)  Q(t,s) = > at*s" F=T[t-t;9)7, Q) =Q(1),

k=0 j=1
where gy =1, 71+ ...+ 1, = N, t; # t; for ¢ # j. Since R is a Volterra
operator, Q(I, R) is invertible. Write 1/Q(1, s) in the form

n T'j*l
QU™ =) (1 —t;8)77 > Bjms™.
j=1 m=0
Then
n ’l"j—l
[Q(Ia R)]_l = Z(I - th)_Tj Z ﬁ]mRm .
j=1 m=0
Write
r;—1
n oo +r—1 J t#+m+k
0(t) = e NI —
i (*) ];#Z% r;—1 szoﬁ] (p+m+k)!’

Q" :=Q%ho, ..., hy—1) = det(qR(hi))ik=0,1,...N~1
where h; # h; for i # j and Fj,, = FSy,. If Q°(ho,...,hny_1) # 0 then the
boundary value problem
QD)x =y, Fpr=uz;, z;€kerD (i=0,1,...,N—1)

is well-posed and its unique solution is
N—-1

= (Q°)'QU,R) " Q) (Yo, -+ yn—1) + YN,
k=0
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where

yN:[Q(IaR)]ilRNy7 yz:%—thZ/ (ZZO,,N—I),
and Q¥ (vo,...,yn—1) is obtained by replacing the kth column of Q°(ho, ...
. 7hN—1) by (yg, Ceey yN—l)-

16. First mixed boundary value problems. Let D € R(X), R; €
Rp (j =0,...,M + N —1) and let F; € Fp be an initial operator cor-
responding to R;. In this section we shall consider the following problem:
Find all solutions of the equation

M N
(16.0) QDJz:=> > D"Ap,D'z=y, yecX,

m=0n=0

satisfying the mized boundary value conditions
(16.1) FiDiz=y;, wyj€kerD (j=0,...,M+N—1),

where M, N € N. Following Przeworska-Rolewicz [46], the problem (16.0)—
(16.1) is called a first mized boundary value problem. Write

M N
(16.2) T:=> Y Ry...RuyN-m-1EmnD",

m=0n=0

M N
(163) T/ = Z ZRN---RM+N7m71Eman-uRNfl ,

m=0n=0

where
Al for m =0,
(16.4) Epy = {A'/rnn _ lec\/[:m FMJerka_mA;ﬁn otherwise,
) ;o form=M,n=N,
(16.47) Apin = { Apn  otherwise

(m=0,...,M; n=0,...,N).

LEMMA 16.1. Suppose that D € R(X), Ry,...,Ry+n € Rp and Fy, ...
ooy Fyren € Fp correspond to Ry, ..., Ryry N, respectively. Write

M N
(16.5) Ti:=Y > Ry...RyiN-m-1EmnD",
m=0n=0
where the Ey,, are defined by formulae (16.4)—(16.4").
Then the operator I + T is right invertible (left invertible, generalized
almost invertible, invertible) on Xy n if and only if I+T" is right invertible
(left invertible, generalized almost invertible, invertible) on Xyr. Moreover,



II1. General equations with right invertible operators 103

if Rr € Rior, Lt € Liv7 and Wr € Wiy, then there exist Ry € Ry
(L7 € Liyr, Wrr € Wiy ) such that
Rr=I-Ry...Ry_1RpTi, Lr=1I—Ry...Ry_1LpTh,
(16.6) Wr=1-Ry...Ry_1Wp T,
(I+T)'=I—-Ry...Ry (I +T)7'Ty
and
Ry =1—-T\RrRy...Ry_1, Lp=1-TLrRy...Rn_1,
(16.7) Wp =1—-T1WrRy...Rn_1,
(I4+T)Y ' =I1-TW(I+T)'Ry...Rn_1,
respectively.
Proof. Since our assumptions A, Xpyyn—n C X;n (m = 0,...,M;

n=20,...,N; m+n < M+ N), it is easy to check that I +T" € Lo(X),
I+T€L0(XM+N)

(i) Suppose I+T" is right invertible on X, i.e. there exists Ry € Ry47
such that Rt X C Xs. Hence RT’TIXM+N CRpr Xy C Xy (Cf (165))
and RrXy4+n C Xyren. On Xpsn we have

M N
(I +T)Rp = (I +3 Y Ry... RM+N_m_1EmnD“>

m=0n=0

9] (I - RO e RN—lRT’Tl)

M N
=1+ > Ry...Ryin-m-1En, D"

m=0n=0

M N
_ (I+ Y 3 R. ..RMW,m,lEmnD”)RO o Rn_1RpT)

m=0n=0

M N
=]+ Z Z Ry... RMJermflEmnDn

m=0n=0

M N
“Ry...Rn— <I -S> Ro... Rursn-m1EmnRa ... RN,l)RT/Tl

m=0n=0

—I+T—Ry.. Ry Ty =I1+T—-T=1,

which proves the first of the formulae (16.6).

Conversely, if I + T is right invertible on X4 n, i.e. there exists Ry €
Ri4r such that Rp Xpron C Xpr4n, then the operator Ry defined by the
first of the formulae (16.7) is well-defined and Ry Xy C Xjps. Indeed, if
x € Xy then Ry...Ry_1x € Xpyen and RrRy... Ry—1 € RrXpy4n C
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Xyian. From (16.5) we get Ty Xpryn C Xps.  Therefore, T1Rr Ry . ..
...Ry_1x € TIXM+N C XM, ie. Rp Xy C X On X we have

M N
(I+T)Rp = (I +3° 3" Ro... Rargn-me1Bon B - RN,l)

m=0n=0

o (I - TlRTRQ NN RNfl)
M N

—T+T + (I+ 3 ZRO...RM+N_m_1Eman...RN_l)

m=0n=0
oTyRrRy...Rn_1
=I+T —-T1(I+Ry...Ry_1Th)RrRo... Ry 1
=I+T —Tiy(I+T)RrRy...Rn_1
=I+T -T\Ry...Ry 1 =1+T -T' =1,

which proves that I +7" is right invertible on X, and Ry defined by (16.7)
is its right inverse.

(i) Suppose that I +7" is left invertible on X and Ly € Lo(Xay) is its
left inverse. It is easy to check that the operator Ly defined by the second
of the formulae (16.6) is well-defined on X4 and Ly € Lo(Xp4n). On
Xar+n we have

Lr(I+T)=(I-Ry...Ry_1LpT))(I+T)
=I+T—Ry...Ry_1LpTy(I+T)
=I1+T—Ry...Rv_1LpTi(I+ Ry ... Ry_1T})
—I1+T—Ry...Rn_1Lr(I+TiRy ... Ry_1)Th
=I+T—Ro...Ry 1L (I +T"T4
=I+T—Ry...Rn 1Ty =1+T-T=1,

which proves that I + T is left invertible on X, n and that the second of
the formulae (16.6) is valid.

Conversely, if I + T is left invertible on Xy, i.e. there exists Ly €
L7 such that Ly Xy v C Xasyn, then Ly defined by the second of the
formulae (16.7) is well-defined and Ly Xy C Xpr. On Xy we have

Lp(I+TY=(I—-TiLrRy...Ry_1)I+T")
=I+T —T\LrRy...Ry_1(I +T")
=I+T —TiLrRy...Ry_1(I +T1Ry... Ry_1)
=I1+T —-T\Lr(I+ Ry...Rn-1T1)Ry ... Ry—1
=1+T —TLr(I+T)Ry...Rn_1
=1+T -T\Ry...Ry_1=1+T -T' =1,
which proves the second of the formulae (16.7).
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(iii) Suppose that I + T” is generalized almost invertible on Xy, i.e.
there exists W € Wiy such that Wy Xy C Xy, and that Wr is given
by (16.6). By the same argument as in (i) and (ii), we conclude that Wy is
well-defined and WXy v C Xasrn. We prove that Wr is a generalized
almost inverse of I 4+ T'. Indeed,

(I—I-T)WT(I—I-T) = (I—I-T)(I— R()...RN,1WT/T1)(I+T)
= (I+T)[I+T— R()...RN,1WT/T1(I+T)]

=({I+T)I+T—-Ry... Ry 1WpTy(I+ Ry...Ry_1T})]
=({I+T)I+T—-Ry...Ry_1Wp(I+TyRy...Ry_1)T1]
=(I+T)?~(I+T)Ry... Ry W (I+T)Ty
={I+T)*~(I+Ry... Ry \Wp(I+T")Ty
=({I+T)*~Ry...Ry (I +T"T1
=({I+T)*~Ry...Ry_1(I+TiRy...Rn_1)Th
=({I+T)?*~(I+Ry...Ry_1T\)Ry...Ry_1Th

=(I+T)?-(I+TT=I1+T,

which proves the third of the formulae (16.6).

Similarly, if I + T is generalized almost invertible on X741, i.e. there
exists Wy € Wy such that Wr Xy v € X4 n, then Wy given by (16.7)
is well-defined and Wy X); C Xjs. By the same argument as in (i) and (ii),
Wy € Wiy

If I + T is invertible then (i) and (ii) together imply the fourth of the
formulae (16.6). The proof is complete.

DEFINITION 16.1 (cf. [46]). (i) The problem (16.0)—(16.1) is well-posed

if it has a unique solution for every y € X, yo,...,ymrn—1 € ker D.
(ii) The problem (16.0)—(16.1) is ull-posed if either there exist y € X,
Yo,---,Ym+N—1 € ker D such that this problem has no solutions or the

homogeneous problem (i.e. y =y; =0, j =0,...,M + N — 1) has a non-
trivial solution.

LEMMA 16.2. Let Q[D] and T' be given by (16.0) and (16.2), respectively.
Then

(16.8) DMN(r+ Ty =Q[D],
(16.9) F,DI(I+T)=F;D’ (j=0,....,.M+N—1).

Proof. Since F;R; = 0 and DF}; = 0, we find

M N
DMHN([ 4 T) = pM+N (I +3Y Y R... RM+N_m_1EmnD”)

m=0n=0
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M N
=DM 1 3N " D" Epp D"
m=0n=0

M N M
= DMHN L 5N pr (A;m -3 FMW,mD”—mA;n)D”
pn=m

m=1n=0

N M N N
+> Ay, D" =DMIN L N N"D™AL D"+ > Af, D"
n=0 m=1n=0 n=0

M N
DN LSS D, D - QD).

m=0n=0
which proves (16.8).
For j =0,..., N — 1 we obtain

F,D)(I+T)=F;D’ + F;D’T

M N
= F;D) + F;D7 Y "> " Ro... RyiN—m—1Emn D"

m=0n=0

M N
= F;DI+ > >N FjRj... RupsN-m-1Epn D" = F;D7 .
m=0n=0

Ifj=N+14¢:i=0,...,M —1, then

M N
F,DI(I +T) = Fy, DN+ (1 +3 Y Ry... RM+N_m_1EmnD”>

m=0n=0
M N
= Fyi DY+ Y Y FviiD'Ryv ... RareN—m—1Epn D"
m=0n=0
M N
= Fyi DY+ Y Y FviiD'Ryv ... RareN—m-1Epn D"

m=1n=0

N
+ Z FnyiD'Ry ... Ryyn—1Eon D™
n=0
— FN+ZDN+’L
M N M
+ Z Z FniiD'RN ... Ry N—m—1 (A;,m - Z FM—{—N—mA,un)Dn
m=1n=0 pu=m
= Fy4 DN

m=M —in=0

M N M
+ Z Z FN+iDi+m—M <Afmn - Z FM+N7mD'u_mA,/un> D"
p=m
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M N
= FN+¢DN+i + Z Z FN+iDi+m_MA;TmDn
m=M —in=0
M N

M
- Z Z ZFN+z‘DHm_MFMJermDu_mA:mDn

m=M—in=0 p=m

M N
= Fny DV 4 Z Z Fny DMl Dn
m=M —1in=0

M N
i—M A/
- > > FyuDrtMAlL D
p=M—in=0

= Fn DM = D7
which proves (16.9).

LEMMA 16.3. The problem (16.0)—(16.1) is well-posed if and only if I +T
is invertible on XN -

Proof. By Lemma 16.2, the equation (16.0) is equivalent to

M+N-1
(I+T)$:R0...RM+N_1y—|—Zo+ Z Ro...Rj_lz,
j=1
where zg,...,z2p+n-1 € ker D are arbitrary. The formula (16.9) and the

last equation together imply that the problem (16.0)—(16.1) is equivalent to
the equation

M+N-1

(1610) (I+T)ZE:RORM+N_1y+y0+ Z RO---Rj—lyj-
7j=1

If 3 = —1 is an eigenvalue of T" then the equation (I + T)x = 0 has a
non-trivial solution, i.e. the problem (16.0)—(16.1) is ill-posed and I + T is
not invertible on X4 n.

Suppose that 3 = —1 is not an eigenvalue of T. Consider two cases:
(i) I + T is not invertible on Xyryn, ie. (I +T)Xn+nv & Xyin, and
(ii) I + T is invertible on X4 n-.
In case (i), the equation (16.10) is solvable if and only if
M+N-1
(16.11) RO - RM+N,1y + Yo + Z Ro A ijlyj S (I + T)XM+N .

j=1

Let y := DM+Ny gy, := F;Diu (j=0,...,M + N —1), where u € Xpr4n \
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(I + T)Xp4n is arbitrary. Then by the Taylor—-Gontcharov formula
M+N-1

Ro...Ryyn—1y+yo+ Z Ry...R;_1y;
j=1
M4+N—-1
=Ry... RM+N71U + Fou + Z Ry... ijleDM-i_N_]u
j=1
M+N—1
—( Y Ro. RiaFDMVT 4 Ry Rapsn 1 DM Y
=0

=ug (I +T)Xpyn,
i.e. the problem (16.0)—(16.1) is ill-posed.
In the case (ii), a unique solution of the problem (16.0)—(16.1) is

M+N-1
$:(I—{—T)il(Ro...RM_A'_N_ly—i-yo—F Z RO---Rj—lyj)a

j=1

i.e. the problem (16.0)—(16.1) is well-posed. The proof is complete.

DEFINITION 16.2. Let T" be given by (16.3). Then the operator I + 7"

is called the resolving operator for the first mixed boundary value problem
(16.0)—(16.1).

THEOREM 16.1. The first mized boundary value problem (16.0)—(16.1) is
well-posed if and only if its resolving operator I +T' is invertible.

Proof. By Lemma 16.1, I + 7" is invertible on X, if and only if I +T
is invertible on Xjp/4n. From the assumption on Q[D] we conclude that
Im7T’ C Xj;. Hence, Lemma 13.1 implies that I + 7" is invertible if and
only if I + T is invertible on X4 n. On the other hand, by Lemma 16.3,
I + T is invertible on X4y if and only if the problem (16.0)—(16.1) is
well-posed. Thus these results immediately imply the assertion.

Now we prove the main result for the first mixed boundary value prob-
lem.

THEOREM 16.2. Let D € R(X) and let F; € Fp be initial operators
corresponding to R; € Rp (j =0,...,M + N —1). Let T' and T be given
by (16.3) and (16.2), respectively.

(i) If I+ T’ is invertible then the problem (16.0)—(16.1) is well-posed and
its unique solution is

M+N-1

(1611) xr = MT(RO'--RM+N—1y+yO+ Z RO--'Rj—lyj> s
j=1
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where
Mp=1—-Ry...Ry 1(I+T)'H,

(16.12) Mo N
H=7) > Rv...Ruin-m-1En D",

m=0n=0
and the E,, are defined by (16.4)—(16.4").
(i) If I+T" is right invertible but not invertible, then the problem (16.0)—
(16.1) is ill-posed. All its solutions are given by

M+N-1
(16.13) r=Rr (Ro oo Ryyno1y+ Z Ry... Rj_lyj + yo) + z,
j=1
where Rp :=I—Ry...Ry_1RrH, Ry € Rry1, z € ker(I+7T) is arbitrary.
(iii) If I+T" is left invertible but not invertible then the problem (16.0)-
(16.1) is ill-posed and has a solution under the following necessary and suf-
ficient condition:

M+N-1

(16.14) Ry...RyeN—1Y + 1Yo + Z Ry... Rj_lyj S (I + T)XM-i-N .
j=1

If this condition is satisfied then a unique solution of the problem (16.0)—
(16.1) is
M+N-1
(16.15) xZLT<R0...RM+N—1y+y0+ 3 Ro...Rj_lyj>,
j=1

where L := I — RO - RNflLT/H, L € £]+Tf.

(iv) If I +T" € W(X) and is not one-sided invertible then the problem
(16.0)—(16.1) is ill-posed and has solutions if and only if the condition (16.14)
1s satisfied. If this is the case, all solutions are

(16.16) xr = WT<R0...RM+N_1y+y0
M+N-1
+ Z Ry... RM+N—j—1yM+N—j> + 20,
j=1

where Wpr = I — Ry...Ry_1WpH, Wpi € W[+T/, AN ker(I + T) 18
arbitrary.
Proof. By Lemma 16.2, the equation (16.0) is equivalent to

M+N-1
(I+T)$:R0...RM+N_1y+Zo+ Z Ro...Rj_lzj,
j=1
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where zq,...,zp1n—1 € ker D are arbitrary. The formulae (16.8)—(16.9)
imply that the boundary value problem (16.0)-(16.1) is equivalent to the
equation
M+N-1
(I+T>$:RORM+N_1y+y0+ Z RO---Rj—lyj-
j=1

It is easy to see that Ry...Ry_1H =T, HRy...Ry_1 =T'. Hence I +T
is invertible (right invertible, left invertible, generalized almost invertible)
on X+ n provided that I +T" is invertible (right invertible, left invertible,
generalized almost invertible) on X j,.

(i) If I+T" is invertible then by Lemma 16.1, My :=I—Ry... Ry—1(I+
T")~'H is the inverse of I +T and Mr X4 n C Xaron. This gives (16.11).

(ii) If I + T" is right invertible, then so is I + T and Rp = I —
Ry...Ry_1RprH e Rrqr for every Ry € Rivr, which proves (16.13).

(iii) If I + T" is left invertible but not invertible then by Lemma 16.1,
I + T is left invertible only. This implies that the problem (16.0)—(16.1) is
solvable if and only if the condition (16.14) is satisfied. By Lemma 16.1, if
Ly € ,C[+T/ then Lt := 1 — Ry... Ry_1L7p/H is a left inverse of I + T,
which proves (16.15).

(iv) If I +T" is generalized almost invertible but not one-sided invertible
then by Lemma 16.1, if Wy € W]+T/, then Wp =1 —Ry... Ry_1Wp/ H is
a generalized almost inverse of I +T', and I + T is not one-sided invertible.
This implies that the condition for solvability of the problem (16.0)—(16.1)
is (16.14) and all solutions are given by (16.16) (provided that the condition
(16.14) is satisfied). The proof is complete.

Putting A,y =0 (m =0,...,M—=1; n=0,...,N)and Ay, = 4, (n =
0,...,N) in Theorem 16.2, we obtain the following result for the boundary
value problem

N
P(D)z:=DMY A, D'z =y,
n=0
F,D'z =y;€kerD (i=0,...,M+N —1)
COROLLARY 16.1. Let D € R(X) and let F; be initial operators corre-
sponding to R; € Rp (j =0,...,N+ M —1). Write

(16.17)

T12

N—-1 M
> Ro...By-a (1= Rx.. Bysy 1 FniuD")A,D",
n=0 p=1

N—-1 M
=3 (1 Ry .. RNt 1 Fxu D) AyRy o Ry
n=0 1

=
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N—-1 M
H = Z (I—ZRN...RN+M,1FN+“D'M)AYLD”.
n=0 p=1

(i) If I + Ty is invertible then the problem (16.17) is well-posed and its
unique solution s

2=[—Ry...Ry_1(I+T))""H] (RO o Raren—19 + %0
M+N-1
+ Z R()...ij]_yj> .
j=1

(ii) If I+1T7 is right invertible but not invertible, then the problem (16.17)
1s ill-posed and its solutions are

xr = (I —Ry. --RNflRTl’H) <R0 . --RM+N71y+yO

M+N-1
+ > Ro---Rj—lyj) + v,
=1

where Rry € Rryry, v € ker(I +T1) is arbitrary.

(iii) If I +T7 is left invertible but not invertible then the problem (16.17)
1s ill-posed and has a solution under the following necessary and sufficient
condition:

M+N-1
(1618) Ry...Ryen—1y+ Yo+ Z RO---Rj—l S (I+T1)XM+N.
j=1
If this condition is satisfied then a unique solution is

M+N-1
Tr = (I—Ro e RNflLTl’H) (RO e RM+N,1y+yo+ Z R() N Rj,ly]) y
j=1
where Ly, € £I+T1’-
(iv) If I +T7 is generalized almost invertible but not one-sided invertible

then the problem (16.17) is ill-posed and has solutions if and only if the
condition (16.18) is satisfied. If this is the case, all solutions are given by

xr = (I —Ry.. .RN,1WT1/H) (Ro o Ryyn—1y +vo

M+N-1
+ Z Ro...Rjyj+1>+u,
j=1

where Wr; € Wryry, u € ker(I + T1) is arbitrary.
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Similarly, for the problem

M-1
P(D) := (DM+N + 3 DmALDN )z =y,

m=0

(16.19)
FiDiz=y;€kerD (j=0,...,M+N—1)

we can formulate the following result.

COROLLARY 16.2. Write

M-1
T2+ =1 — Z RN “ e RN+i,1FN+iDi,

i=1
M—-1
T{ = Z RN e RN+M—m—1Am 5
m=0
Ty:=Ry...Rn TS Ty DN, Th =Ty Ty .

(i) If the resolving operator I + Ty is invertible then problem (16.19) is
well-posed and its unique solution is of the form

w=[I—Ry...Ry_1(I+T) " 'T,D"] (Ro o Ryar-1y + ¥o

M+N-1

+ Z R()R]_ly]> .
j=1

(ii) If I +1Ty is right invertible but not invertible then the problem (16.19)
18 ill-posed and its solutions are

€T = (I —Rgy... RNflRTz/TéDN)<RO o Rniv—1y+ o

M+N-1
+ Z RO...Rj,lyj>+u,
j=1

where Rty € Rryry, u € ker(I + Tv) is arbitrary.

(iii) If I + T3 is left invertible and is not invertible then the problem
(16.19) is ill-posed and has a solution under the following necessary and
sufficient condition

M+N-1

(1620) Ry...Ry+N—1Y + Yo + Z Ro...Rj_lyj € (I+T2)XM+N
J=1

If the condition (16.20) is satisfied, a unique solution of the problem (16.19)
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18
T = (I —Ry... RN—lLTZ’DN) <R0 o Ryen—1y + vo

M+N-1
+ Z RO---ijlyj) s
j=1

where Lty € £1+T2/.

(iv) If I+T3 is generalized almost invertible and is not one-sided invert-
ible then the problem (16.19) is ill-posed and has solutions if and only if the
condition (16.20) is satisfied. If this is the case, all solutions of (16.19) are
given by

xr = (I —Ry... RN_1WT2/T2/DN)<R0 o Ry -1y + w0

M+N-1
+ Z Ro...ijly])—l-v,
j=1

where Wry; € Wryry, v € ker(I + Tv) is arbitrary.

EXAMPLE 16.1. Consider the equation

2
(16.21) %x(t) + %A(t)%z(t) + Ba(t) = y(b),

where A € C'a,b], A(t) # —1, 8 € R is a parameter, with the mixed
boundary conditions

(16.22) r(a) =z, (1+AD)2'(b) =2y, z4,75€R.

Write (16.21) in the form

(16.21") (D?* + DAD + Bz =y,

where D :=d/dt, (Ax)(t) := A(t)z(t). Set

(1623) Ra:= [, Ry:= [, (Fux)t):=a(a), (F2)(t):=ax(b).
a b

By Lemmas 16.2 and 16.3, problem (16.21)—(16.22) is equivalent to the
equation
[I+Ro(AD+ BRy — F,AD)]|z = RoRyy+ Roxy+ 2o, x, = [1—A(D)]  xs.

The resolving operator is I + T’ = I + A+ fRyR, — F,A. Since A(t) # —1
and R, Ry are Volterra operators, it is easy to check that 7+7" is invertible.
Hence, the problem (16.21)-(16.22) is well-posed and its unique solution is

x=[—R,(I+T)Y(AD + SRy — FAD)|(RoRyy + Rox) + ) .
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In particular, if 3 = 0 the unique solution is

w(t) = [[1+ A [ y(w) duds + 20+ [ [1+ A(s)] ds .
a b a

EXAMPLE 16.2. Let I" be a regular closed arc in the complex plane. Let
X = H*(I'), 0 < pu < 1. Consider the operators

(Az)(t) := a(t)z(t),  (Bx)(t) :=b(t)x(t),

1
(Sz)(t) := — f (u—t)'z(u)du, K:=A+DBS,
i
where a,b € X, b> —a? # 0, kx = Ind K = 1 (cf. Example 9.2). Then K is
right invertible and R € Rk, where

z(u) du
Z(u)(u—t)’

(Rz)(t) == a(t)a(t) - bGLZi (t) [

Z(t) :=t"2eV 0

V(t) = % mfu* (a(u) - b(%;))_(i(w +b(w) "' du
r

(cf. Example 9.2). Moreover
ker K ={z¢€ X : 2(t) =b(t)Z(t)c, c € C},
Rk ={R =T —-RKT+R:T € Ly(X)},
Fx={F =I-RK:R €Rg}.

Let Fy :=I—-RK, Fy :=1—(I-RK+R)K, (A1z)(t) := a1(t)z(t). Consider
the mixed boundary value problem

(16.24) (K2 -~ KAz =y,

(16.25) For =29y, FHKxr=x, xp,21€kerK.
The problem (16.24)—(16.25) is equivalent to the equation
(16.26) [I + R(A; — F1Ay)|x = RoR1y + Rox1 + xo,

where Ry = R, Ry = R— F1 R. The resolving operator is [ +T' = I+ A1 R—
FlAlR, i.e.

ay(t)b(t) Z(t) f x(u) du

) 5 Zu)(u—t)

(1 +T")z](t) = [1 + axr(t)a(t)]2(t) -

—-b(t)Z(t)z(ty), toel.

We assume 1+ aja + a1b # 0, i.e. we shall deal with the so-called normal
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case of the equation

(16.27) (I + T/)U = (Al — F1A1)(R0R1y + Rol‘l + l‘o) .
Write (16.27) in the form
(16.28) Muw :=[(1+aa1)ZI + a1bZS|w = y1,

where v(t) = Z(t)w(t), Z(t) # 0, y1 = (A1 — F1A1)(RoR1y + Ror1 + xo) —
b(t)Z(t)z(to)-

(i) If Ind M > 0, then M is right invertible but not invertible. We obtain
the corresponding Riemann—Hilbert problem

(16.29) FH(t) = G)F (1) + g(t).
where
a(t) = 1+ ay(t)a(t) — ay(t)b(t) o(t) = y1(t)

1+ a(ta(t) +ay (B)b(t)’ 1+ ai(ta(t) +ay (t)b(t)
This problem can be solved explicitly (cf. Example 12.1), so that all solu-
tions of (16.28) can be found in a closed form:

w(t)=FT(t)—F(t).
Hence, all solutions of (16.27) are of the form
(16.30) v(t) = ZO)[FT(t) — F~(t)].
In this case, the problem (16.24)-(16.25) is ill-posed. By Theorem 2.3, all
solutions of (16.26) (i.e. of (16.24)—(16.25)) are
(16.30") x = RoR1y + Rox1 + xo + Rv,

where v is of the form (16.30).
(ii) If Ind M < 0, then M is left invertible but not invertible. Hence, the
Riemann—Hilbert problem (16.29) is solvable if and only if

9(8) k-1
16.31 ds=0 (k=1,...,—IndM
where
1 [ In[s™
Xt(z)i=e%0 ) | Go(z) = — Mds, k1 =1Ind M.

21 s—z
r

Hence, in this case, the problem (16.24)—(16.25) is ill-posed and has solutions
if and only if the condition (16.31) is satisfied. If this is the case, all solutions
of (16.24)—(16.25) are given by (16.30").

(iii) If Ind M = 0, then M is invertible. Hence, the Riemann—Hilbert
problem (16.29) has a unique solution and the problem (16.24)—(16.25) is
well-posed.
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17. Second mixed boundary value problems. Following Przewor-
ska-Rolewicz [46], a second mized boundary value problem for the equation

M N
(17.0) QDlz:=> > D"Ap,D'z=y, yecX,

m=0n=0
is to find all solutions satisfying the following mixed boundary conditions:
(17.1) Frx=vyr, yr€kerD (k=0,...,K—-1),
(17.2) FiDiz=vy;, yj€keeD (j=K,....M+N-1),
where F; (i =0,...,M + N — 1) are initial operators for D corresponding
to R; € Rp.

In the sequel, we shall assume that Fy, ..., Fx_1 € ¢(R) for any R € Rp
and that they are linearly independent on ker D¥. Hence there exist scalars
d;; such that
(17.3) FiRiz=d;;z/j! forallz€kerD (i,j=0,...,K—1).

Also by the assumptions, the matrix

(17.4) Ak = (dij)ij=0,.. . K—1
is invertible. Write
(175) A/ = (dij)i,j:O,...,K—l = A%l

To begin with, we recall the following (cf. [46])

LEMMA 17.1. Let D € R(X), dimkerD # 0 and R; € Rp (j =
0,...,M+ N —1). Then the general solution of the equation DM+Nz =0
18

(176) Tr=2zg+ Z RQ...ijlzj,

where z; € ker D (j =0,...,M + N — 1) are arbitrary.

Putting Ry = Ry = ... = Rxk—1 = R in (17.6) we obtain the general
solution of the equation DM*+Vz = 0 in the form
K-1 M+N-1
(17.7) r=Y Rz+ Y RNRg..Rj_1z
j=0 j=K

where we write Kk...R;_1:= or j = . Write
h ite RKR R; RE f K). Wri

M+N—-1
(178) S=I- > RNRg...R,F,D"
n=K
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K-1K-1 M+N-1

=S Y auRA(1- > RSRi.. Ry FuD'),

j=0 k=0 p=K
M N
(179) H:=SH,, H,:= Z ZRKRK Ry N—mo1 A, D"

where we set
RERy .. .Ryyn—m—1 :=RM™N-" if M4+ N-m<K,

/ L O lf m = ]\47 n = N,
(17.10) A 1= {Amn otherwise.
LEMMA 17.2. The equation (17.0) is equivalent to
(17.11) DMIN(T+ Hr=y.

Proof. Since DR = I, DR; = I, DF; = 0, we have DMTNG =
DMHN j o DMAN [ = S M 5™ pm A7 Dn. This immediately implies
DMAN(T + H) = Q[D], i.e. (17.0) and (17.11) are equivalent.

It is easy to check that dom S = X4 n, dom Hy = X4y and
(17.12) SXM+N CXM+N, (I+H0)XM+N CXM+N,
ie. Se LO(XM—i-N)a I+ Hy € LO(XM+N)-

LEMMA 17.3.
F;5=0 (i=0,...,K—1),
(17.13) F,D'S=FD' (i=K,....,M+N—1),
F;(I+H)=F; (i=0,...,K—1),
(i

F;D'(I + H) = F;D’
Proof. By the assumption, Fp,...,Fx_1 € ¢(R), i.e.
FRF, =d;;Fy (i,j=0,...,K—1, k=0,..., M+ N —1),
and DF, =0, DR, =1 (k=0,...,M+ N —1). Hence fori =0,..., K —1,

M+N-1
FiS=F,— Y FRfRg...R, F,D"
n=K
K—-1K-1 M+N-1
- Y ERA(1- > RSRg... Ry F,D")
j=0 k=0 n=K
M+N-1

=F- Y FERfRg...R, F,D"
pn=K
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K—-1K-1 M+4+N-1
> dpdiFi(I= > R¥Ri... R, 1F,D")
7=0 k=0 pn=K
M+N-1
=F, - F,RXRg...R,_1F,D"
pn=K
M+N-1
—Z(ska(I— Z RERic ... Ry 1 FuD")
M+N-1

> FRNRg...R,,F,D"

M+N-1
~F(1= Y RRi...R,1F,D")=Fi—F =0.
n=K
Ifi=K,....M+ N —1 then
M4N-1
F,D'S=FD'—~ Y FDR“Rg...R, F,D"
n=K
K-1K-1 M+N-1
- Y RD'RA(T- > RSRk...
=0 k=0 p=K

Ry F,D") = F;D'.
The last two formulas are immediate consequences of the first two.

We need the following notations:

R ifj=0,....,K—1
/o ’ ) y
(17.14) Rj._{Rj I TIY
M+N-—1
(17.15) V=1 — Z AN Rl FDPFm—1=M =N

p=M+N-m—1
(m=0,...,M).

It is easy to see that the operator H given by (17.9) can be written in the
form H = H,{H,, where

R

K—

)_.

& Ry .. R\ Fy,
=0

<.
I
o

=

(17.16)

RYy... Ry N1 Vi AL, D"

M=

i

m=0

i
(e}
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LEMMA 17.4. Write

A, if m=0,...,M; n <min(N,K — 1),
(17.17) Brn '_{0 if m=0,...,M; n>min(N,K —1).

Then I + H is invertible (right invertible, left invertible, generalized almost
invertible) if and only if so is I + H{,, where

(17.18) H} := Z ZR’ N —m1Vim

m=0n=0
K—-1K-1

o<A’ D"~ Bun Y. Y dyR, .. gle)

j=n k=0

Proof. By Theorem 2.1, I + H is right invertible (left invertible, gener-
alized almost invertible, invertible) if and only if so is I + HyH;, where Hy,
H, are defined by (17.16).

Since DF}, = 0, we have
1

M N K-
DD Ro- Ry VA, D" )

K—-1
> djRpy... R Fy
k=0

m=0n=0 7=0
M min(N,K-1) K—1K—1
/ / /
- Z Z Ry Bhyren—m—1 VA Z Z jrltn - i1 F
m=0 n=0 ] =n k=0
M N K-1K-1
/ / /
= D> Bo-o RirinomaVonBon D ) diRi - Ry F.
m=0n=0 j=n k=0

This and (17.18) together imply H() = HyH;, which completes the proof.

LEMMA 17.5. Let H{ be defined by (17.18). Write

M N
(17.19) H :=> > Ry..Ryin_m BBy Ry,
m=0n=0
where
K-1K-1
(17.20) B, :=VaAl,, = Bmn > _ > dyR, ... R FxR;...R, ,
j=n k=0

and Vi, Ay, Bmn and R} are defined by (17.15), (17.10), (17.17) and
(17.14)7 respectively. Then I + H{y is right invertible (left invertible, gener-
alized almost invertible, invertible) on Xpr4n if and only if I + H' is right
invertible (left invertible, generalized almost invertible, invertible).
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Proof. Write Hy in the form Hy = Ry,... R)y_,H{, where

M N
(17.21) Hj:=Y_ ZRM..RMN_m_le(A;mDn

m=0n=0
—-1K

K -1
“Bun > S AR, ..R;_le) .
0

j=n k=
It is easy to check that H1R(, ... Ry_; = H' and dom H' = X. Hence, the
proof is an immediate consequence of Theorem 2.1.

COROLLARY 17.1. Let H and H' be defined by (17.16) and (17.19), respec-
tively. Then I 4+ H is right invertible (left invertible, invertible, generalized
almost invertible) if and only if so is I + H'. Moreover, if we denote by
Ry (resp. Ly, W) a right (left, generalized almost) inverse of I + H',
respectively, then

Ry =1 — Y()(I — R6 . R?V_lRHIH{)Yi S R[+H s
Ly =1 — Yo(I — R6 .. .Rév_lLHlH{)Yl € »CI+H ,
WH =] — Yo(I — R6 ... Rf;v_le/H{)Yl S W]+H ,
respectively, where Hj is given by (17.21), and
K-1K-1

Yor=I— Y > djRf...R; Fy,

j=0 k=0

M N
Yii=> Y Ri...Rhyin m1VimAp,D".

m=0n=0

DEFINITION 17.1. Let H' be given by (17.19). Then the operator I+ H’
is said to be the resolving operator for the second mixed boundary value
problem (17.0)—(17.2).

THEOREM 17.1. The second mized boundary value problem (17.0)—(17.2)
is well-posed if and only if the resolving operator I + H' is invertible. If this
is the case, the unique solution of the problem (17.0)—(17.2) is

(17.22)
K-1K-1

z={I-So[I-Ry... §V71(I+Hl)71Hl]Ho}< > d;‘kRjyk“‘SOyM—&-N) ;

j=0 k=0
where
K-1K—

(17.23) Soi=T—=Y_ > dRFy,

7=0 k=0

i
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R}, Hi, Hy are defined by (17.14), (17.21) and (17.9), respectively, and
M+N-1
(17.24) YM+N :RKRK...RM+N71y+ Z RKRK...ijlyj.
j=K
Proof. By Lemma 17.2, the equation (17.0) is equivalent to DM+ (T +
H)x =y, which in turn, by Lemma 17.1, is equivalent to
K—1 M+N-1

(I+H)z=R*Rk...Ryuin1y+ Y Rizj+ > RNRk...Rj1z.
Jj=0 j=K
Now (17.13) implies
K-1 M+N-1
yi=FRNRi ... Ryyn—1y+ Y dijzi+ Y FR¥Rg...Rj 1z
J=0 j=K

(i=0,....,K 1),
Yk = Zk (k‘ZK,...,M—l-N—l),

ie.
K—1
yi — Fiynryn = Y djjzy  (i=0,...,K—1).
§=0
Since Fy,...,Fg_, are linearly independent on ker DX the last algebraic

system has a unique solution
K-1
7=y dilyk — Foymon)  (G=0,...,K—1).
k=0

Thus the problem (17.0)—(17.2) is equivalent to the equation
K—1K-1 K—1K-1

(I +H)x= Z Z d;-kRjyk + (I — Z Z d;'kRij>yM+N7
j=0 k=0 j=0 k=0
i.e.
K—1K—1 ‘
(17.25) (I+Hz=> > dpRys+ Soymsw -
=0 k=0

Therefore the problem (17.0)—(17.2) is well-posed if and only if (17.25) has
a unique solution, i.e. I + H is invertible on X4 x. On the other hand, by
Corollary17.1, I+ H is invertible on X s n if and only if 74+ H’ is invertible.
Thus we conclude that the problem (17.0)—(17.2) is well-posed if and only
if the resolving operator I + H’ is invertible.

Also by Corollary 17.1, if I + H' is invertible then

(I+H) ™ =1-S[I—-R)...Ry_(I+H) " H]H,.
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This equality and (17.25) together imply (17.22). The proof is complete.
Now we consider ill-posed cases of the problem (17.0)—(17.2).

THEOREM 17.2. Suppose that D € R(X), R € Rp and Fy,...,Fx_1 €
FpNe(R) are linearly independent on ker DX, Suppose, moreover, that Hy,
H{, H, H' are given by (17.9), (17.21), (17.9) and (17.19), respectively.

(i) If I + H' is right invertible but not invertible, then the second mized
boundary value problem (17.0)—(17.2) is ill-posed and its solutions are

(17.26)
K—-1K-1 '
w=[I—So(I—R). ..Rgv_lRH,HQ)HOK SN d R +SoyM+N) 42,
7=0 k=0

where Ry € Ry, R}, So are given by (17.14) and (17.23), respectively,
z € ker(I + H) is arbitrary.

(ii) If I+ H' is left invertible but not invertible, then the problem (17.0)—
(17.2) is ill-posed and has a solution under the following necessary and suf-
ficient condition:

K—1K-1

(17.27) DN dy Ry + Soynrn € (I+ H)Xarg -
7=0 k=0

If the condition (17.27) is satisfied then a unique solution of the problem
(17.0)—(17.2) is given by

(17.28)

K—1K-1
w=[—SoI-R,... R;V,ILH,H{)HO]( SN ARy + SoyM+N) ,
j=0 k=0
where Ly € Lryp, R}, So are given by (17.14) and (17.23).
(iii) If I+ H' is generalized almost invertible but not one-sided invertible,
then the problem (17.0)—(17.2) is ill-posed and has solutions if and only if

the condition (17.27) is satisfied. If this is the case, then all solutions are
given by

(17.29)
K-1K-1 '
w=[-So(I-R)... R’N_IWH/H{)HO]( D d;»kR]yk+SoyM+N) tu,
=0 k=0

where Wy € Wryn, R, So are given by (17.14), (17.23), and u € ker(I+H)
s arbitrary.
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Proof. (i) Since I + H’ is right invertible so is I + H on X4 n. Hence
the problem (17.0)—(17.1) has solutions of the form
K-1K—1
(17.30) .CE:RH< Z Z d;kRjyk+SoyM+N> +z,
j=0 k=0
where Ry € Ry+pm and z € ker(I + H) is arbitrary.
On the other hand, by Corollary 17.1, we have
Ry=1I-SyI—-Rj...Ry_iRy Hy)Hy.
Hence, from (17.30) we obtain (17.26) and the problem (17.0)—(17.2) is ill-
posed.

(ii) By Corollary 17.1, I + H is left invertible and not invertible on
Xy+n- Hence the equation (17.25), i.e. the problem (17.0)—(17.2), has a
solution if and only if (17.27) is satisfied, i.e. the problem (17.0)—(17.2) is ill-
posed. If (17.27) is satisfied then by Corollary 17.1 we get a unique solution
of (17.25) in the form (17.28).

(iii) Also by Corollary 17.1, I + H is generalized almost invertible. This
implies that (17.25) is solvable if and only if (17.27) is satisfied, i.e. the
problem (17.0)—(17.2) is ill-posed. If (17.27) is satisfied then the solutions

are
K-1K-1

T = WH( D> duRy+ SoyM+N> +u,
=0 k=0
where Wy € Wrim, u € ker(I + H) is arbitrary. This formula and Corol-
lary 17.1 give us (17.29). The proof is complete.

Remark 17.1. It is easy to show that all the above results of Sections
13-17 are true in the case when the coefficient Ap;ny of Q[D] is not the
identity operator. This is illustrated in the following example.

EXAMPLE 17.1. Let D € R(X), R € Rp and let F' € Fp be an initial
operator corresponding to R. Consider the equation

(17.31) (DAoD + DA, + AeD + Az)z =y, yeX,

where A; € Lo(X) ( =0,1,2,3), Im Ay C dom D, Im A; C dom D. Write
(17.31) in the form

D*{I — R[(I — A)D — A} — RA;D — RA3]}x =y,
which is equivalent to
{I-R[(I-A¢)D—A,—RAyD—RA3)}x = R*y+Rz1+2, 21,23 €kerD.

Write
E=1- R((I - Ao)D - A1R - RA2 - RA?,R) s
E' :=Ay+ AiR+ RA; + RA3R.
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It is easy to check that E is right (left, generalized almost) invertible if and
only if so is E’. Moreover, if Rg:/, Lg:, Wg: are a right inverse, a left inverse
and a generalized almost inverse of E’, respectively then

Rp =1 — RRw|[(I — Ag)D — A\R — RAs — RA3R] € Ris,
Ly :=1—RLp[(I— A))D— AR~ RAy — RA3R] € Ly,
Wpg =1 — RWg[(I — Ao)D — AiR — RAy — RA3R] € Wy
Thus, E’ is a resolving operator for the equation (17.31).
EXAMPLE 17.2. Let X = C[0,1]. It is well-known that the equation
(1) = a(t)x(t) + g(t)

has solutions of the form
t

x(t) = {ft g(s) exp {— fs a(u) du} ds + xo} exp [ f a(u) du} ,

to to to
where tg € [0,1], xg = x(to) is arbitrary. In particular, the equation
(17.32) V' (t) = a(t)b(t) + a(t)
has a solution of the form

t s t
(17.33) b(t) = { f a(s) exp {— f a(u) du] ds} exp [f a(u) du} :
0 0 0

Consider the problem
(17.34) 2" (t) + a(t)z" (t) = y(t),
(17.35) z(0) =x0, (1)

(
Suppose that b(t) is given by (17.33). Hence, from (17.32) we get a(t) =
[1+b(t)] 71 (t). Write (17.34) in the form

() + ()" (t) + 0" ()" ()] = [1+ b()]y(t) ,
which is equivalent to
(17.36) (D3 + DBD*)z =y,

where (Dz)(t) = 2/(t), (Bx)(t) = b(t)z(t), y1 = (1 + b)y. The conditions
(17.35) may be written in the form

(1737) F()JZ =29, Flw =T, F()Dl' = T2,

1, 2'(0)=ux2.

where F; (j = 0,1) are initial operators for D corresponding to the right

inverses Ry = fot, Ry = flt It is easy to check that the operators Fy, Fi,
FyD are linearly independent on ker D3.
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The problem (17.34)—(17.35) is equivalent to the equation

(17.38) [I+ R3(I — 2F,R%)BD?)x
= (I — 2R(2)F1)R(2)R1y + 2R3($1 —Xg — .1'2) + Roxo + xg .

The resolving operator for the problem (17.34)—(17.35) is
(17.39) I+H =1+B-2FR3B.
We first investigate the equation
(17.40) (I+H)Yyu=v,
where
v= (I —2FR})BD?*[(I — 2R3 F1)R{ Ry + 2R3 (x1 — 20 — 12) + Roxa + o) .

By Theorem 2.3, (17.38) has solutions if and only if (17.40) has solutions.
If this is the case, the solutions of (17.38) are

(17.40") o = R3u+ (I —2R3F)R3R1y + 2R3 (21 — 9 — T2) + Roxa + 20 .

Write (17.40) in the form
[14b(t)]u(t) — 2f (1 —s)b(s)u(s)ds =v(t),
0

which is equivalent to the algebraic system
(17.41) ut) =1+ 0017 28 +o(®)], (1-260)8 =6,
where the constants Gy, (31 are defined by

Bo = [ [1+b)]~ (1 —t)b(t) dt,
(17.42) ’

Bri= | L4+b@®)] 1 —t)b(t)v(t)dt.

O%r—l

From (17.41) we conclude that
(i) If By # 1/2 then (17.40) has a unique solution
(17.43) u(t) = [1+0()] 71261/ (1 — 26) + v(1)]

where By and [, are given by (17.42), so that, in this case, the problem
(17.34)—(17.35) is well-posed and has a unique solution given by (17.40"),
where u(t) is defined by (17.43).



126 Linear systems with right invertible operators

(i) If Bp = 1/2, then (17.40) is solvable if and only if 51 = 0. If that
is the case, the general solution of (17.40) is defined by the first formula of
(17.41), where 3 is an arbitrary constant. Hence, in that case, the problem
(17.34)—(17.35) is ill-posed.

EXAMPLE 17.3. Let X = C(R), D := d/dt, R = [, (Fjz)(t) =
z(t;) (j =0,...,n), t; #t; for i # j. Consider the problem
(1744) D"z =y, Fax=a;, F,D"z=a,.
(j=0,...,n—1; k=0,...,s—1).
Note that if y = 0 we get a particular case of the Hermite interpolation

problem. Hence the operators Fy,...,Fn,_1,F,, F,D,...,F,D*! are lin-
early independent on ker D15,

Write
n—1
w(t) = [[t-1t),
§=0
ot (=t )\
i(t) == J " 1 =0,...,n—1),
wi(?) H ,ti—tj<ti—tn> (i n-1)
Jj=0,57#1

s e
wn,k(t)_{w(t)}(s_l_kytn) ol k=05

(cf. Example 9.3). It is easy to check that
(1745) wi(tj) = 5ij , w(k) (tj) =0
(i,j=0,....n—1; k=0,...,s—1),
wgf;)f(tj)z%j%k (,k=0,...,8—1; 7=0,...,n).

The unique solution of the corresponding Hermite interpolation problem is

n—1 s—1
(17.46) 21(t) =D awi(t) + Y anpkwni(t).
i=0 k=0

Hence, a solution of (17.44) is of the form x(t) = x1(t) + xo(t), where x(t)
is a solution of the problem
(1747) D""r =y, Fju=F,D"z=0

(j=0,....n—=1; k=0,...,s—1).
From (17.45) we obtain

s—1

n—1
wo(t) = =Y wi(t)Fyyo — > wn k() FuD¥yo + o,
j=0 k=0
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where 1 := R""%y. Indeed, if i = 0,...,n — 1 then

n—1 s—1

Fiwg = — Y (Fyw;)Fjyo — Y _(Fiwn k) Fo D¥yo + Fiyo
=0 k=0
n—1 s—1
=— Z i Fjyo — Z(SanDkyo + Fiyo = —Fiyo + Fiyo = 0.
=0 k=0

Similarly, if i =n and £ =0,...,s — 1 then

n—1 s—1
F,DFzy = — Z(ankwj)ijo — Z(ankwn,i)FnDiyo + E, D*yq
j=0 i=0
n—1 s—1
= - Z On;Fjyo — Z SriFn Dy + F,, D yq
7=0 =0

= —FnDkyo + FnDkyO =0.

Thus z(t) = xo(t) + x1(t), where x1, xo are of the form (17.46) and (17.47),
is a unique solution of the problem (17.44).

18. First order equations in the noncommutative case. Consider
the equation

(18.1) (D-Azx=y, yeX, Fr=yy, yoc€kerD,
where D € R(X), R € Rp, F € Fp corresponds to R, A € Lo(X).

DEFINITION 18.1. (i) The operators I — RA and I — AR are said to be
the resolving operators for the operator D — A.

(ii) If neither I — RA nor I — AR is invertible, then the equation (18.1)
is said to be ill-determined.

Note that the solvability of ill-determined equations in the cases when
the resolving operators are either left or right invertible was studied by
Pogorzelec [41]-[43] (cf. also [46]).

Theorems 2.1 and 10.3 imply that [ — RA is right invertible (left invert-
ible, generalized almost invertible, invertible) if and only if so is I — AR.
Hence, in the sequel, it is enough to deal with I — RA.

THEOREM 18.1. Suppose that D € R(X), dimker D # 0. If the resolving
operator I — RA is generalized almost invertible and W4 € Wi_ga, then the
equation (18.1) has solutions if and only if

(18.2) Ry+wyo € (I —RA)X; .
In that case, the set of all solutions of (18.1) is
(18.3) G ={x =Wa(Ry +yo) +uo : up € ker(I — RA)}.
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Proof. Since each solution of Dv = y is of the form v = Ry + z,
z € ker D, the problem (18.1) is equivalent to the equation

(18.4) (I— RA)z = Ry +yp.

Hence we get the condition (18.2). If this condition is satisfied, then (18.4)
has solutions of the form x = Wx(Ry + yo) + u, u € ker(I — RA), which
proves (18.3).

COROLLARY 18.1. (i) If I — RA € R(X) and Ra € Ri_gra then the
problem (18.1) has solutions of the form

(18.5) x=Ra(Ry+yo)+u, wucker(I—RA).

(ii) If I — RA € A(X) and La € L1_pra then the problem (18.1) has a
solution if and only if the condition (18.2) is satisfied. If this is the case, a
unique solution of (18.1) is

(18.6) x = La(Ry+yo) -

(iii) If I — RA is invertible, then a unique solution of the problem (18.1)
18

(18.7) x = (I+RA)™ Ry + o).
Now we consider the general first order problem
(18.8) (AD-B)xr=y, yeX, Fr=vyy, yo€kerD,

where D € R(X), R € Rp, F' € Fp corresponds to R, and A, B € Lo(X).

DEFINITION 18.2. The operator A — BR is said to be the resolving
operator for the problem (18.8).

Note that A — RB is not the resolving operator for the problem (18.8).

THEOREM 18.2. Suppose that D € R(X), dimker D # 0. If the resolving
operator A — BR is generalized almost invertible and Wa g € Wa_Br, then
the problem (18.8) has solutions if and only if

(18.9) Ry+yoe (I—R((I-A)D—-B)X;.

In that case, all solutions of (18.8) are given by

(18.10) z={I — RWap[(I—A)D - B]}(Ry+yo) +u,
where u € ker[(I — A)D — B] is arbitrary.

Proof. Write (18.8) in the form D{I — R[({ — A)D — B]}x = y, which
is equivalent to

(18.11) {I—R[(I - A)D - Bl}x = Ry + .
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Since I — [(I — A)D — B]|R = A — BR, then by Theorem 10.3 the operator
I — R[(I — A)D — B] is also generalized almost invertible and the operator

(18.12) W4 :=1— RWap[(I — A)D — B

is its generalized almost invertible inverse.
From (18.11) we get the condition (18.9). If it is satisfied, then by (18.12)
we obtain the general solution of (18.11) in the form (18.10).

COROLLARY 18.2. The problem (18.8) has a unique solution if and only if
the resolving operator A— BR is invertible. In that case, the unique solution
18
(18.13) x={I - R(A—BR) (I —-A)D — B]}(Ry + o).

Consider now the special case when the operators A and B are stationary
(cf. Section 7) and algebraic with characteristic polynomials

(1814) PA(t) :ﬁ(t—ti)” (ti #tj %Olfl#j, Z,]: 1,...,n),

i=1

(18.15) Py(t)=[J(t—v))* (vi#v;ifi#j; i,j=1,...,m).
j=1
THEOREM 18.3. Let D € R(X), and let R € Rp be a Volterra operator.
Suppose that A, B € Sp r are commuting algebraic operators with character-
istic polynomials (18.14) and (18.15), respectively. Then the problem (18.8)
has a unique solution

(18.16) = (A—-BR)" (Ry+yo).
Proof. Write

(18.17) = f[ ﬁ —tl + v R) T

(18.18) Q1(t) :==t71[Q(0) — Q(1)].

By Theorem 3.3, A — BR is a generalized algebraic operator and Q(A —
BR) = 0. From this and (18.17) we get

(18.19) (A— BR)Q,(A— BR) HH til —uv;R)"Ts L

By the assumptions, R is a Volterra operator. Hence the right hand side of
(18.19) is invertible. Thus, A — BR is invertible and

(A— BR)™' = Q:(A - BR) ﬁ ﬁ(til —v;R)' TS

i=1j=1
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ExXAMPLE 18.1. Let X be the space (s) of all sequences {x,} where
zn, € R, n € N. Let D{z,} := {xn11}, R{zn} := {@n_1} where we set
xg := 0 for all z = {z,} € X. Let A{z,} = {y,} where y; = w2,
Yn ‘= Tpt1 — Tn + Tp—1 for n > 2. It is easy to see that

(I + RA){zn} = {un}, (I —AR){zn} = {vn},
where uy := x1, ug := 0, Uy, 1= Tp41+Tpye forn > 3, and vy := 0, vo 1= x1,
VUp i= Tp_1 + Tp_o for n > 3.
Write Ma{z,} := {w,}, where wy := x1, wy := x5 — T2, Wy, 1= Tpy1 —
T,—1 for n > 3. Then
(18.20) (I—AR)DM4sR(I—AR){z,} = (I—AR){z,} forall {z,} € X,

i.e. I —AR and I — RA are generalized almost invertible. Since (I —RA)X &
X, I — RA is not invertible.
Consider the problem

(18.21) D—-Azxz=y, Fr=y, yeX, yockerD.
It is equivalent to the equation
(18.22) (I —RA)x =Ry +yo.

Since dom D = X and Im(I — RA) = {x1,0,22 — z1,23 — x2,...}, the
equation (18.22) has solutions if and only if y = {y, }, where y; = 0. In that
case all solutions of the problem (18.21) are given by

(18.23) x=DMuR*y+ DMARy,.
EXAMPLE 18.2. Let I' = {t: |[t| = 1} and let X = H*(I"), (0 < p < 1).
Write

z(s)ds s 1k tkx(s) ds
(S2)(t) = 1 (s)d 1 thx(s)d

— | ——, S t) == —
m’F s—t (k) (t) L s™ —tn

(n,keNg, n>1, 0<k<n-1),
(Wz)(t) := z(e1t), €1 :=exp(2mi/n), ep :=¢ef,

1~ o1 ,
PJ‘ZEZ% TEEREL (G =1,...,n).
p=1

Then Pin = (51‘ij, PO = Pn, and
Wh=>"ekp, (k=0,1,...)
j=1

(cf. [31]). Since S} = Sk, we conclude that Sy is generalized almost invertible
and S € Wsk.
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Consider an operator

(18.24) M=) (arSk+aW*), apc€C (k=1,...,n).
k=1
Write M in the form

n

M = Z(de + akS)Pk, dy = ZCj&?.

k=1 j=1
Since 52 = I, we find
(18.25) (diI + apS)(dpl — axS) = (dy — a?)I.
Write
0 if d7 = a3,
3= { (d2 —a2)~' if d? # a.

Hence, from (18.25) we obtain

(18.26) M(Zn:rk(dkl—akS)Pk)M =M,
k=1

i.e. M is generalized almost invertible. The equation
(18.27) Mz =y

has solutions if and only if Pyy = 0 for all k such that di — ai = 0. In that
case, all solutions of (18.27) are of the form

n
m:Zrk(de—akS)Pky+z, z €ker M .
k=1

ExaMpPLE 18.3. Suppose that {2 C R™ is an arbitrary domain and let
X = C(£2). Consider the operator

- d
D := g g where t = (t1,...,t,) € 2,
j=1 /

and ai,...,a, € R do not vanish simultaneously. Put wq; = a; (j =
1,...,n) and uy := (ui1,...,u1n). Let u; = (uj1,...,un) (j = 2,...,n
be vectors which are orthogonal to u; and such that the set {uq,...,u,} is

linearly independent. Write

n

tj::Zukjvk (G=1,...,n), v:=(v1,...,0,).
k=1

We get z(t) = y(v), (Dx)(t) = 9/0v;. Hence the operator D has a right
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inverse of the form
U~lU(t)
(Ro)(t)= [ 2U'U(),..., U UL(t)) ds,
U~tU, (#°)
where t' = (s,ta,...,t,) € 2,t% € 2, U = det(ujx)jr=1...n and Uy is the
determinant obtained from U by replacing the kth column by (t1,...,%,).
Consider the equation

(18.28) (I+AR)Dx — Az =y, yeX,
where A € Lo(X). Write it in the form
(18.29) DI - RAF)z =y, F:=I-RD.

It is easy to see that I — (AF)R = I. Hence, by Theorem 2.1, the resolving
operator I — RAF is invertible. Thus (18.28) has solutions of the form
x = (I + RA)(Ry + z), where z € ker D is arbitrary.

ExAaMPLE 18.4. Let f € L(0,1), I > 0. The operator

x

(D) @) =[I(s)] 7 [(w =) f(t)dt, s>0, xe(0,1),

0

is said to be the fractional integral of order s. It is well-known (cf. [13]) that

(i) (D7*f)(z) € L(0,1),
(ii) limy—o (D" f)(x) = f(),
(ili) D=52(D~*1f) = D~51D~%: f = D—(s1+s2) £
(iv) if f € L(0,1), s3 > s1 then (D¥1 D=5 f)(x) = D~ (s2751) f,
The operator
(D*f)(x) == (DD~ f))(=), D :=d/dt,

is called the fractional differentiation of order s.

From (i)—(iv) we conclude that D°D~5f = f, 0 < s <1, i.e. D® is right
invertible and D™% € Rps.

For 0 < a < 1 we write 57! := 1 — o and define

DYPf.=D(D~%f), DYPf.=DVS(D"V/Bf) (n=23..).

In X = L(0,1) (0 <l < o0) we consider the initial value problem
(18.30) DYPy+ry=g, (D°y(0) (B '=1-a)
Setting R := [ and (F f)(z) := f(0), we can write (18.30) in the form
(18.31) (DD~ +A)y=g, FD %y=0.
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This problem is well-posed and has a unique solution
(18.32) y(x) = [ eslax—t,\)g(t)dt,
0

where

es(x,\) i= Eg(—Aa'/P,1/8)z1/A =1

Bp(zom) = 3 2% /T(u+ k/B).
k=0

Similarly, we find a unique solution of the problem
DYyt xy=g, (D y(0)=aeR (7' =1-a)

in the form (cf. [13]) y1(x) = y(z)+aoes(z, X), where y(x) is given by (18.32).

19. Remarks on general boundary value problems. Suppose that
we are given (3 finite ordered sets I; of non-negative integers not greater than
M+ N-1 (M,N eNg,M + N > 1) I = {kilaki2a"'akiTi}a kin <...<
ki, i =1,...,8). Let 11 +...4+173 = M + N, ro = 0. Suppose that
D e R(X), Fr,...,Fg € FpNe(R) for a given R € Rp.

The general boundary value problem for the operator Q[D] is to find all
solutions of the equation

M N
(19.0) QDlz:=> > D"Ap,D'z=y, yecX,

m=0n=0

satisfying the conditions
(19.1)  FEDFiz=w;, wxjc€kerD (i=1,....06; j=1,...,m).
By the assumption, there exist scalars d;; such that
(19.2)  F;R*z = (d;;/j")z for all z € ker D
(i=1,....,0;, j=1,...,15).

It is easy to see that for every j € {1,..., M + N} there exists s (1 < s < f3)
such that ro + ...+ 7151 <j <71 +...4+ 7. Write

(19.3) zji=m5, fro+...+re1<j<ri+...4+7rg,

p=j—ro—...—rs_1, s=1,...,0,
(194)  Fl:=FD"» ifro+...+r 1 <j<ri+...+rg,
p=j—r0—...—rs—1, s=1,...,0.

From (19.2), for every j,k € {1,..., M + N} we find scalars g;; such that
(19.5) F]{Rk_lz =gjrz forall z€kerD.
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Write

(19.6) G = (gjk)j k=1, .M+N, A=detG.
If A # 0 then set

(19.7) G!= (g;k)j,kzl,...,M+N-

As in Sections 13-18, we have

DEFINITION 19.1. The problem (19.0)—(19.1) is said to be well-posed
if it has a unique solution for every y € X, x1,...,zpm4n € ker D, where
zj (j=1,...,M + N) are defined by (19.3). It is ill-posed if either there
exist y € X, z1,...,xp4+n € ker D such that the problem has no solutions
or the corresponding homogeneous equation has a non-trivial solution.

For the problem (19.0)—(19.1) we assume that the operators Fj,...
..., Fyy oy defined by (19.4) are linearly independent on ker DM+N  Hence,
by Theorem 9.1, A = det G # 0.

Write
M+N M+N
(19.8) Efi=I= 3 > gl F,
j=1 k=1
M N
(19.9) BT =) ) RMHTTALDY
m=0n=0
(19.10) E:=EYE~, Ey=E ET,
M N
(19.11) Bli=) ) RM "B RV
m=0n=0
where
, o0 ifm=M, n=N,
(19.12) A = {Amn otherwise,
M+N M+N
(19.13) Byn = A, (]_|_ Z Z g}kRj—l—”F,éRn>.
k=0 j=n+1

DEFINITION 19.2. Let E’ be of the form (19.11)-(19.13). Then the
operator I + E’ is called the resolving operator for the general boundary
value problem (19.0)-(19.1).

LEMMA 19.1. Let F} (j =1,...,M + N) and E be defined by (19.4) and
(19.10), respectively. Then

(19.14) DMN(T + E) = Q[D],
(19.15) F/(I+ E)x=F/z  for all x € dom DM,

(2
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Proof. Since DF/ =0 (i=1,...,M + N) we have

M N
DMIN(1+E) = DMIN 4 DMINE = pMINLN "N " pma; D" = Q[D).

m=0n=0

Since FJE~x € kerD for all z € dom DM+N " where E~ is defined
by (19.9), we get

M+N M+N M N
— Flo 4+ F! (I -y ¥ g;kRj—lF,;) SN RMEN-mAl Dy
j=1 k=1 m=0n=0
M N M+N M+N
=Flz+F > Y RMNmA Do > N gy F/RIFE
m=0n=0 j=1 k=1
M+N M+N
=Fx+ FE z— Z Z g;-kgijF,gE_:B
j=1 k=1

M+N M+N
=F +FE x— Z ( Z gijg}k>F,2E_x

k=1 = j=1
M+N

=Flz+FE z— Z oiwF|E~x=Fla+ FE x—FE z=Fx,
k=0

which was to be proved.

LEMMA 19.2. Let E and Ey be given by (19.10). Then I + E is right
invertible (left invertible, generalized almost invertible, invertible) if and
only if so is I + Ey. Moreover, if we denote by Rg,, Lg, and WEg, a right
inverse, a left inverse and a generalized almost inverse of I+ Ey, respectively,
then

Rp:=1—-FE"Rp,E- €Riyvp, Lp=I-E'LpE” €Ll g,
(19.16) Wg:=I1-E"Wg,E~ € Wi, g,
(I+E)y'=I-E*(I+E)'E™.
Proof. It is easy to check that I + Fy € Lo(Xpyn) and [ + E €

Lo(Xa4+n). Hence Lemma 19.2 immediately follows from Theorems 2.1
and 10.3.

By the same arguments we obtain

LEMMA 19.3. Let Ey and E’ be given by (19.10) and (19.11), respectively.
Then I+ E' is right invertible (left invertible, generalized almost invertible,
invertible) if and only if so is I + Ey. Moreover, if we denote by Rg:, Lg:
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and Wgr a right inverse, a left inverse and a generalized almost inverse of
I + E’, respectively, then

Rg,:=I1—-R RpUcRiyp,, Lg,=I-RLpUcLip,,
(19.17) Wg, =1 - R"WgU € Wi, ,
(I+E)t'=I-RVNI+E)'U,

where
M N M+N M+N 4
(19.18) Ui=Y ZRM—mA;mD"(I— > 3 g;kRJF,;).
m=0n=0 =1 k=1

Proof. Since Eg = RNU (cf. (19.10) and (19.18)) we can apply Theo-
rems 2.1 and 10.3.

Lemmas 19.2 and 19.3 together imply

COROLLARY 19.1. The operator I + E, where E is given by (19.10), is
right invertible (left invertible, generalized almost invertible, invertible) if
and only if so is the resolving operator I + E’. Moreover, if Rg:, Lg: and
Wgr are a right inverse, a left inverse and a generalized almost inverse of
I + E', respectively, then

(19.19) Rp=1—-E"(I-R"RpK)E* € Riyp,
(19.20) Lp=1-FE"(I-R"LpK)ET €L\,
(19.21) Wg=I-E"(I-RYWpK)Et e Wik,
where EY is defined by (19.8), and
M N
(19.23) K:=>» Y RM™™A, D" e E =RVK.
m=0n=0

LEMMA 194. Let D € R(X), R € Rp and suppose Fj (j = 1,...

..., M + N), (defined by (19.4)) are linearly independent on ker DM+N
Then the general boundary value problem (19.0)—(19.1) is well-posed if and
only if I + E, where E is defined by (19.10), is invertible on Xpr4n -

Proof. By (19.14), the equation (19.0) is equivalent to

M+N

(I+E)x = RMTNy 4 Zijlzj, zi€kerD (j=1,...,M+N).
j=1

The formulae (19.15) imply x; = F/RM+Ny + Z]]VQ{N 9ijZj, i.e.

(19.24) Gz=17,

where G is defined by (19.6), Z = (21,..., 2m4n), T = (21 — F{RM TNy .
o anmen — Fi yRMTNy). By the assumption, the system (19.24) has a
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unique solution
M+N

5= 3 glen —FLRM™Ny)  (j=1,...,M +N).
k=1

Hence, the problem (19.0)—(19.1) is equivalent to the equation
M+N M+N

(19.25) (I+ E)x =ym+n + Z Z g R
j=1 k=1
where
(19.25") ymin = EYRMTNy - BT defined by (19.8).
If 3 = —1 is an eigenvalue of E then the corresponding homogeneous

equation (I + F)xz = 0 has a non-trivial solution, i.e. the problem (19.0)-
(19.1) is ill-posed and I + E is not invertible on X4 n.

Suppose that 8 = —1 is not an eigenvalue of E. Consider two cases:
(i) I + E is not invertible on X4 n, ie. (I + E)Xpyinv # Xaen, and
(ii) I + F is invertible on X a4 n.

In case (i), (19.25) has solutions if and only if the right hand side of
(19.25) belongs to (I + E) X p4n. If we choose u € Xpran \ (I + E)Xpryn,
y := DM+Nqy and

M+N
op = FRMINDMNy 4 N g FD* s (k=1,...,M + N),
pn=1
we find
M+N M+N
YM+N+ Z Z g Ry = ETRMTN DMANy,
j=1 k=1
M+N M+N M+N
+ 2 2 gl (RN N 3 DM
j=1 k=1 p=1

M+N M+N M+N
= RMEVDM Ny 3 S (N ghgnu ) R TFDE
j=1 p=1 k=1
M+N
= RMINDMINy 4 N RIFVFD u=u ¢ (I+ E)Xyin -
j=1
Hence, the problem (19.0)—(19.1) is ill-posed.
In case (ii), a unique solution of the problem (19.0)—(19.1) is
M+N M+N

T = (I+E)71(yM+N +> D g;kijle )

j=1 k=1
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i.e. the problem (19.0)—(19.1) is well-posed.
The following theorem characterizes the role of the resolving operator.

THEOREM 19.1. Let D € R(X), R € Rp and suppose F (j =1,..., M+
N) are linearly independent on ker DM+N | Then the general boundary value

problem (19.0)—(19.1) is well-posed if and only if the resolving operator I+E’
defined by (19.11)—(19.13) is invertible.

Proof. Immediate from Corollary 19.1 and Lemma 19.4.

THEOREM 19.2. Suppose that all assumptions of Theorem (19.1) are sat-
1sfied.

(i) If I+ E’ is invertible then the problem (19.0)—(19.1) is well-posed and
its unique solution is

(19.26)
M+N M+N _
x={I—-ET[I - RN+ E’)—lK]E+}(yM+N + 3> g;.kRJ—lm) ;
j=1 k=1

where yrrn and gy, are defined by (19.25") and (19.7), respectively.
(i) If I+ E’ is right invertible but not invertible, then the problem (19.0)—
(19.1) is ill-posed and its solutions are given by

M+N M+N
(19.27) = = [1—E+(I—RNRE,K)E+](yM+N+ >y g;kRj—lxk)+u,
j=1 k=1

where Ry € Riypr, u € ker(I + E) is arbitrary.

(iii) If I+ E’ is left invertible but not invertible, then the problem (19.0)—
(19.1) is ill-posed and has a solution under the following necessary and suf-
ficient condition:

M+N M+N
(19.28) yman + > > gk e € I+ E)Xyaw,
j=1 k=1

If (19.28) is satisfied then a unique solution of the problem (19.0)—(19.1) is
M+N M+N
(19.29) = [ - ET(I - RNLg K)E™) (yM+N + > > g;kRj—lxk) ;
j=1 k=1
where Ly € L1ypr.
(iv) If I+ E' is generalized almost invertible but not one-sided invertible,

then the problem (19.0)—(19.1) is ill-posed and has solutions if and only if
the condition (19.28) is satisfied. If this is the case, the general solution of
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the problem (19.0)—(19.1) s
M+N M+N

(19.30) o = [I—E+(I—RNWE/K)E+](yM+N+ >y g;kaflxk)Jrv,
j=1 k=1

where Wgr € Wiy pr, v € ker(I + E) is arbitrary.

Proof. (i) By Corollary 19.1, I + E is invertible on X4y and,
by (19.22), I+ E)~' =I—E*[I—-RY(I+ E')"'K]|E™. This gives (19.26).

(ii) Since I + E’ is right invertible but not invertible, Corollary 19.1
shows that I + E is also right invertible on X, x but not left invertible
on Xpr4+n. Then (19.19) and (19.25) together imply (19.27).

(iii) By Corollary 19.1, I+ FE is left invertible on X /4y but not invertible
on Xpr4+n. Hence, from (19.25) we get (19.28) and (19.29).

(iv) Also by Corollary 19.1, I 4+ E is generalized almost invertible but
not one-sided invertible. Hence, from (19.25) we conclude that the problem
(19.0)—(19.1) has solutions if and only if (19.28) is satisfied. Then (19.21)
and (19.25) together imply (19.30). The proof is complete.

ExaMPLE 19.1. Suppose that all assumptions of Theorem 19.1 are sat-
isfied. Consider the boundary value problem
(19.31) DMINg—y,  yeX,
(19.32) FiD*z =23, x4 €kerD (k=0,...,73—1;i=0,...,8—1).
Here we have I; = {0,...,7;—1} fori =0,...,3—1. Since the determinant
A of this problem is the same as for the classical Hermite interpolation

problem with multiple knots which has a unique solution, we conclude that
the problem (19.31)—(19.32) is well-posed.

EXAMPLE 19.2. Let X := C[~1,1], D := d/dt, Ry := [,, Ri := [/.
Consider the operator of reflection (Sz)(t) := z(—t). Write P := (I + 5),
Q:=1(I-09). Since DS = —SD we find

(19.32) DP=QD, DQ=PD ondomD.
Consider the problem
(19.33) (D*+DPD)z =y, yeX,

(1934) Fo.’E =29, F()DLL‘ =T, F1D$ = T2,

zj€kerD (j=0,1,2).
It is easy to check that the system of operators Fy, FoD, F1D, where Fjy
and Fj are initial operators for D corresponding to Ry and Ry, respectively,

is linearly independent on ker D3. Indeed, the corresponding interpolation
problem with the condition (19.34) has a unique solution

(19.35) z(t) = 3 (w2 — )2 + 21t + 0.
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The problem (19.33)—(19.34) is equivalent to the equation
(19.36) [ + R3(I — FyRy)PDl]x =y, ,

where y; = R2(I — FiRo)R1y + R3(w2 — 71) + Row1 + mo. The resolving
operator for this problem is

(19.37) I+FE =1+ (I—-FRy)PRy=1+ (I —FiRy)RoQ.
By Theorem 2.3, solutions of (19.36) (if any) are of the form
(19.38) r =1y — Riu,

where v is a solution of

(19.39) (I +E'Yu= (I - FiRy)PDy .

Put 3 := [, (1 —t)(Qu)(t) dt and write (19.39) in the form

(19.40) (I + RoQ)u = (I — F1Ry)PDy; — Sy .

Note that I + RoQ is invertible and its inverse is (I + RoQ)™ ! = I — RoQ
(cf. Section 12). Hence, (19.40) is equivalent to the system

u= (I —-RoQ)(I — FARy)PDy, — (3,
B=FR{Q(I — FiRy)PDy ,

so that the problem (19.33)—(19.34) is well-posed and has a unique solution
(19.38), where u is defined by (19.41).

(19.41)

ExaMPLE 19.3. Let X := C(R), D := d/d fo Suppose we
are given s systems of points in R: (tm1,...,tm ) (m =1,...,8),tmi #
tmj for i # j, and let (Fix)(t) = x(tmi) (m 1,...,8 1= 1,...,nm).
Consider the problem
(19.42) DNz =y, FE,DNottNmoathy — g 1,

m=1,...;8;i=1,...0npm; k=0,...,7p; — 1),

where 1 + ...+ T, = Ny N1 +...+ Ny =N, Ng = 0. We shall write
N/, :=No+...+Np, (m=0,...,N).

Note that if y = 0 we get the generalized Hermite interpolation problem

(or (H)-problem, cf. Example 9.3). Hence, from Example 9.3 we conclude
that the system

{FmiDN:nfl'*'k:m:l,...,s; i=1,...,nm; k=0,...,7pm — 1}

is linearly independent on ker DV, so that the problem (19.42) is well-posed.
Write

Nom Tmi—

Zzamkl mkz (m:L...,S),

=1 k=0
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(t —tms)*

where
P, (t) (t — tmi)™™
Wnka(t) i= _ { ,
(t = timi) " Pin(t) (Tmi_l k,tmi) k!
Pm(t) = H(t_tmp,)’rm“ ) }(k v) ¢ Zf(]) t—’U /]'
pn=1
Set
ys(t) = xs(t) = RN‘:HIWS 3 Ts m(t) = xs—m—i—l(t) + ys—m(t) )

Ns—m Ts—m,3— 1

Ys— m-—RNémlz Z W,_ m,@as m,uf3

(19.43)
(m=1,...,s—1).

FS m,BD s—m—1+ﬂxs_m+1)
+ 15 is a solution of the

By Example 9.3, the polynomial xy = y; +
corresponding interpolation problem. So the unique solution of (19.42) is

T = 1 + u1, where u is a solution of the problem
Fi DNtk = 0

(m=1,....8,i=1,...,
We reduce this problem to another interpolation problem. Put u := z— RNy,
—F, -DN*/%*I‘H“RNy = bmki- We get the problem

1),

DNJ::y,
Nm; K=0,...,7m;

!
Fri DNty = by
m=1,....8;i=1,...,nmp; k=0,...,
. N, %% -
s = R Wy, ug_ 1=

Tmi — 1)

DNu=0,

Thus uq(t) = v1(t) + ... + vs(t), where v, := u

Us—m+1 — Us—m and
Ns—m Ts—m,ﬁ_l
(1944) Vg—mm ‘= RNs—m-1 Z Z Ws—m,ﬁ(bs—m,uﬁ
B=1 n=0

—F, mBDNQ*M*l‘“‘us,erl) (m=1,...,s—1).
ot Ys + U1+ .+ Vs,

Therefore a unique solution of (19.42) is = y; +
where y,,, and v, are defined by (19.43) and (19.44), respectively.

IV. Controllability of linear systems

20. Controllability of first order linear systems with right in-
vertible operators. Let X, Y and U be linear spaces (all over the same
field F, where F = R or F = C). Suppose that D € R(X), dimker D # 0,
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F € Fp corresponds to an R € Rp, A € Lo(X), A1 € Lo(X — Y),
Be Ly(U — X), By € Lo(U = Y) (cf. Section 1).
By a first order linear system (shortly: (LS)) we mean the system

(20.1) Dz =Azx+ Bu, RBU®{zo}C (I —-RA)(domD),
(20.2) Fx =uz9, x€ckerD,
(20.3) y = Az + Bu.

The spaces X and U are called the space of states and the space of
controls, respectively. The element xy € ker D is called an initial state. A
pair (zo,u) € (ker D) x U is called an input. The space (ker D) x U is called
the input space, and the corresponding set of y’s in Y the output space. Very
often there are considered linear systems with A; = I and By = 0, i.e. with
Y = X and the output y = x. We shall denote such systems by (LS).

The properties of linear systems depend on the properties of the resolving
operators I — RA and I — AR, respectively. In a series of papers (cf. [27-29])
Nguyen Dinh Quyet studied some properties of linear systems in the case
of I — RA invertible. His results concerning controllability were generalized
by Pogorzelec [41-43] to the case of I — RA and I — AR either left or
right invertible, and to the case of I — AR invertible. Hence, there are six
cases to deal with: (i) I — RA € R(X), (ii) I — RA € A(X), (ili) I — RA is
invertible, (iv) I —AR € R(X), (v) I—AR € A(X), (vi) I — AR is invertible.
Theorem 2.1 implies that I —RA is right invertible (left invertible, invertible)
if and only if so is I — AR, i.e. it is sufficient to consider the first three
cases. On the other hand, since every one-sided invertible operator and
every invertible operator are generalized almost invertible, we can reduce
those cases to the case of I — RA being generalized almost invertible.

Suppose that we are given a linear system (LS)g. The initial value prob-
lem (20.1)-(20.2) is equivalent to the equation

(20.4) (I — RA)x = RBu+ xy.
Hence, the inclusion
(20.5) RBU @& {xo} C (I — RA)(dom D)

is a necessary and sufficient condition for the problem (20.1)—(20.2) to have
solutions for every u € U.

Denote by G; (i = 1,2,3,4) the following sets defined for every zy €
ker D, u € U:

(i) If I — RA € R(X) and T\ € R;_pa, then

(20.6) Gi(zg,u) :={x =T1(RBu+x9) + 2z : 2z € ker(I — RA)}.
(ii)) If I — RA € A(X) and T € L1_ga, then

(20.7) Go(zg,u) := {x =Ta(RBu+x0)} .
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(iii) If I — RA is invertible, then

(208) G3(CIIO,U) = {IL‘ = T3(RBU + .T[))} , T3 = (I — RA)_l .
(iv) If I — RA € W(X) and Ty € W;_ga, then
(20.9) Gy(zo,u) = {z = Ty(RBu+ x¢) + z : z € ker(I — RA)}.

Note that the G; are the sets of all solutions of the problem (20.1)-
(20.2) in the corresponding cases. Therefore, to every fixed input (zo,u)
there corresponds an output x € G;(xg,u) for each case.

DEFINITION 20.1. Suppose that we are given a system (LS)( and the sets
G;(xo,u) of the forms (20.6)—(20.9). A state z € X is said to be (i)-reachable
(i =1,2,3,4) from an initial state xo € ker D if for every T; (71 € Ri_Rra,
Ty € L1_ga, Ts = (I — RA)™Y, Ty € Wi_ga) there exists a control u € U
such that z € G;(zo,u).

Write
Rangy; ., Gi = U Gi(xo,u), x9g€kerD (i=1,2,3,4).
uelU

It is easy to see that Rang;, G is (i)-reachable from xo € ker D by
means of controls v € U, and it is contained in dom D.

LEMMA 20.1. Suppose that T; (i = 1,2,3,4) are as defined in (20.6)—
(20.9). Then
(20.10) T;(RBU @ {xo}) +ker(I — RA) = T;RBU & {T;x¢} ®ker(I — RA),

Proof. It is sufficient to deal with the case i = 4, i.e. with I — RA €
W(X), Ty € Wr_gra. Formula (2.3) implies

X =Ty(I — RA)X @ker(I — RA) for dom(I — RA) = X .
By our assumption, RBU @& {z¢} C (I — RA)(dom D), and so there exists
E C dom D such that RBU @&{zo} = (I —RA)E C (I-RA)X. This implies
(cf. Lemma 10.2) that
T4(RBU D {$0}) + ker(] — RA)
= Ty(I — RA)E @ ker(I — RA) = Ty(RBU @ {20}) ® ker(I — RA).

Now we prove that

Let x € (T4RBU) N {Tyxo}, i.e. there exists u € U such that T,(RBu —
xo) = 0. Our assumption that RBU & {xo} C (I — RA)(dom D) implies
that there exists v € dom D such that RBu — z9p = (I — RA)v. Hence
0 = Ty(RBu — o) = Ty(I — RA)v, and so 0 = (I — RA)T4(I — RA)v =
(I — RA)v = RBu — xg, i.e. RBu = xy and xg = Bu = 0.
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Remark 20.1. If either I — RA € A(X) or I — RA is invertible then
ker(I — RA) = {0}, and (20.10) takes the form T;(RBU & {x¢}) = T,RBU @
{Tizo}-

The formulae (20.5)—(20.9) imply

COROLLARY 20.1.

(20.11) Rang;; . Gi = T;RBU © {Tizo} @ ker(I — RA).

COROLLARY 20.2. A state x is (i)-reachable from a given initial state
xg € ker D if and only if
(20.12) z € T,RBU & {Tizo} @ ker(I — RA) (i =1,2,3,4).

LEMMA 20.2. Write
Then the operator E; maps U into X;.

Proof. By our assumption, RBU & {zo} C (I — RA)(dom D), thus
for every u € U there exist v € X and x1 € ker D such that RBu + x¢ =
(I — RA)(R’U + ZL‘1), ile. T;RBu = Tl[(I — RA)(RU + i’l) — IL‘Q].

THEOREM 20.1. Suppose that B € Lo(U — X, X' - U’"), D € L(X, X’),
R e Lo(X,X") and T; € Lo(X,X') (1 = 1,2,3,4). Then the generalized
Kalman condition
(20.13) ker B*R*T; = {0}
holds if and only if for every initial state xo € ker D, every state x € RX &
{zo} + ker(I — RA) is (i)-reachable from x.

Proof. By Lemma 20.2, the condition (20.13) holds if and only if for
every x1 € ker D and v € X there exists u € U such that RBu + x¢ =
(I — RA)(Rv + x1). This means that for every z; € kerD, v € X and
z € ker(I — RA) there exists u € U such that

(20.14) T;,(RBu+xo)+2z=T;(I — RA)(Rv+x1)+ 2.

It is sufficient to consider ¢ = 4, i.e. the case when (I — RA) is generalized
almost invertible. Write F’ := I — Ty(I — RA). It is easy to check that
(I — RA)F' =0, F'? = F' and F'X = ker(I — RA). Choosing z; := o,
z:= F'(Rv+ z1) € ker(I — RA), we get from (20.14) the equalities

Ty(RBu+x9) + 2= (I — F')(Rv + z0) + F'(Rv + z9) = Rv + x9 .
This means that for every v € X, z; € ker(I — RA) there exist 2/ = z; +
F'(Rv + xg) € ker(I — RA) and u € U such that

Ty(RBu + ) + 2" € RX ® {xo} + ker(I — RA),
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ie.
Rangy; .. Gy = RX @ {xo} +ker(l — RA).

Note that the generalized Kalman condition (20.13) in the case of (I —
RA) invertible was introduced and applied by Nguyen Dinh Quyet [27-28].
Theorem 20.1 in the case of I — RA one-sided invertible was obtained by
Pogorzelec [43].

Now we give another condition for every state z € RX +{T;xo}+ker(I —
RA) to be (i)-reachable from any z¢ € ker D. To begin with, note that

(20.15) T,RX C RX (i=1,2,3,4).

Indeed, by Theorems 2.1 and 10.3, there exist 77 (i = 1,2,3,4) such that
T; = I + RT!A. Thus

T;,RX = (I + RT/A)RX = R(I + T, AR)X C RX .
Therefore, T; RB maps U into RX. Corollary 2.1 gives the following

THEOREM 20.2. A necessary and sufficient condition for every element
x € RX + {Tizo} + ker(I — RA) to be (i)-reachable from any initial state
xog € ker D is that T; RBU = RX.

DEFINITION 20.2. Let there be given a linear system (LS)q of the form
(20.1)—(20.2). Let F; € Fp (i = 1,2,3,4) be arbitrary initial operators (not
necessarily different).

(i) A state 1 € ker D is said to be Fj-reachable from an initial state
xo € ker D if there exists a control u € U such that x; € F;G;(xg,u). The
state x1 is then called a finite state.

(ii) The system (LS)o is said to be F;-controllable if for every initial state
xo € ker D,

(20.16) F;(Rang; , G;) = ker D.
(iii) The system (LS)q is said to be Fj-controllable to x1 € ker D if
(2017) xr1 € Fi(RangU,zo Gl)

for every initial state xg € ker D.

LEMMA 20.3. Let there be given a linear system (LS), and an initial
operator F; € Fp. Suppose that the system (LS), is Fj-controllable to zero
and that

(20.18) F;(T;ker D + ker(I — RA)) =ker D.
Then every final state x1 € ker D is Fj-reachable from zero.

Proof. Since both one-sided invertible and invertible operators are gen-
eralized almost invertible, it is sufficient to consider the case when I — RA is
generalized almost invertible. Let 1 € ker D. Since, by the assumption, the
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system (LS)g is Fy-controllable to zero, 0 € Fy(Rangy; ., G4) for every z¢ €
ker D. Therefore, there exists a control ug € U such that 0 € FyG4(z0, ug),
i.e. there is zg € ker(I — RA) such that Fy[Ty(RBug + xo) + z0] = 0, or
equivalently

(2019) F4(T4RBUO + Zo) =—FTyxq.

The condition (20.18) implies that for every x; € ker D there exist x4 €
ker D and z; € ker(I — RA) such that

(2020) F4(T4SC2 + Zl) =x.

For the element x5 € ker D, by (20.19), there exist u{, € U and z| €
ker(I — RA) such that

Fy(TyRBuy + 2z, + 21) = Fy(Tyza + 21) .
This equality and (20.20) together imply
Fy(TyRBuy + 21) = x1, 27 =24+ 21 € ker(I — RA).
This proves that every final state x; is F;-reachable from zero.

THEOREM 20.3. Suppose that all assumptions of Lemma 20.3 are satis-
fied. Then the system (LS)o is F;-controllable.

Proof. Suppose that I — RA € W(X). By our assumption, there exist
ug € U and 2y € ker(I — RA) such that

(20.21) F4[T4(RBU() + 370) + Zo] =0.

By Lemma 20.3, for every =1 € ker D there exist uy € U and z; € ker(I —
RA) such that

(20.22) Fy(TyRBuy + z1) = 1 .
Add (20.21) and (20.22) to find

Fi{T4[RB(ug + uj) + zo] + (20 + 21)} = 21,
i.e. x1 is Fy-reachable from xg, which was to be proved.

COROLLARY 20.4 (cf. Pogorzelec [43]). Let T] € Rr—_ar, T € L1_ AR,
T, = (I — AR)™" and T, € Wi_ag for I — AR € R(X), I — AR € A(X),
I — AR invertible and I — AR € W(X), respectively. If the system (LS)g is
F;-controllable to zero and
(20.23) F;(I + RT]A)(ker D) =ker D,
then (LS)q is F;-controllable.

Indeed, by (2.10)—(2.12), I + RT/A = T;. Therefore (20.23) takes the

form F;T;(ker D) = ker D and we get a sufficient condition for Fj-control-
lability.
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COROLLARY 20.5 (cf. Pogorzelec [41-43]). If the system (LS)o is F;-
controllable to zero and F;T;(ker D) = ker D, then (LS)o is F;-controllable.

So the conditions F;T;(ker D) = ker D and F;(I + RT}A)(ker D) = ker D
found by Pogorzelec for the one-sided invertible resolving operators are iden-
tical.

THEOREM 20.4. Let a linear system (LS)o of the form (20.1)—(20.2) and
an initial operator F; € Fp be given. Let Ty € Ri_ra if I — RA € R(X),
Ty € L1 _ra if I — RA is left invertible, Ts = (I — RA)~! if I — RA is
invertible, Ty € Wy_gra if I — RA is generalized almost invertible. Suppose
that B € Loy(U — X, X' - U"), D € L(X,X'), A R € Lo(X,X'). Then
the system (LS)g is F;-controllable if and only if

(20.24) ker B*R*T} F* = {0}.

Proof. It is sufficient to consider the case of I — RA being generalized
almost invertible. Note that in all cases under consideration, F;T; RB maps
U into ker D. Fix xg,z; € ker D. The condition (20.24) is equivalent to

(20.25) FT;RBU = ker D
The assumption RBU @ {zo} C (I — RA)(dom D) implies
FyTyRBU = FyTy(RBU & {x0}) — {FyTyzo)
C Fy;T,(I — RA)(dom D) — { FyTyxo}
C Fy[T4(I — RA)(dom D) & ker(I — RA)]
—{FyTyxo} — Fylker(I — RA)]
= Fy(dom D) — {FyTyxo} — Fylker(I — RA)] C ker D.
The condition (20.25) implies
F,TyRBU = F,(dom D) — {FyTyxo} — Fylker(I — RA)] =ker D.

This means that for every x;1 € ker D there exist v € dom D, v € U and
2o € ker(I — RA) such that

T = Fyv = F4(T4(RB’LL + iL‘Q) + Zo) ,

i.e. 1 is Fy-reachable from zg. The arbitrariness of xg,z1 € ker D implies
Fy(Rangy; , G4) = ker D.

Conversely, suppose that Fy(Rang , Gi) = ker D. Choosing o = 0
and zp = 0, we get FyTyRBU = kerD. This means that the operator
F,TyRB maps U onto ker D. The proof is complete.

THEOREM 20.5. Let there be given a linear system (LS)o and an initial
operator F; € Fp. Then the system (LS)g is F;-controllable if and only if it
is F;-controllable to every element v' € F;T;RX.
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Proof. To begin with, we prove that
(20.26) Fy(Ty(RX @ ker D) + ker(I — RA)) = ker D.
Indeed, since (I — RA)(dom D) C dom D = RX @ ker D, there exist a set
E C X and a set Z' C ker D such that
RE® Z' = (I — RA)(dom D).
This implies
Ty(RE® Z') +ker(I — RA) = Ty(I — RA)(dom D) ® (I — RA) = dom D
Thus
ker D = Fy(dom D) = Fy(Ty(RE & Z') + ker(I — RA))
C Fy(Ty(RX @ ker D) + ker(I — RA)) Cker D.

This means that the formula (20.26) holds.

Suppose that the system (LS)q is Fj-controllable to every element v =
FyTyRv, v € X, i.e. there exist a control ug € U and a zy € ker(I — RA)
such that

F4(T4(RBU0 + xo) + Zo) = F,T,Rv.
This equality implies
(2027) F4(T4(RBUO + .To) + 2o + Zl) = F4(T4(RU + 56‘2) + Zl) — FyTyxs,

where z; € ker(I — RA), x5 € ker D are arbitrary.
By the formula (20.26), for every x; € ker D there exist a 2] € ker( —
RA),av" € X and a 4, € ker D such that

xr1 = F4[T4(RU/ + 1'/2) + Zi] .
This equality and (20.27) together imply
(20.28) Fy|[Ty(RBuj + xo + x5) + 20 + 21] = 21 .

On the other hand, the condition 0 € F,TyRX and our assumption imply
that (LS)o is Fi-controllable to zero, i.e. 0 € Fy(Rang , Ga). Therefore,
there exist u; € U and zy € ker(I — RA) such that

(2029) F4[T4(RBU1 — .732) + 2’2] =0.
If we add (20.28) and (20.29), we obtain
F4[T4(RBU3 + 1’0) -+ Z3] =21,

where ug := u{, + ui, 23 1= 29 + 2] + z2. This means that every final
state x1 € ker D is Fj-reachable from zy. The arbitrariness of zg, x1 gives
Fy(Rangy; , G4) = ker D. The proof is complete.

COROLLARY 20.6. The system (LS)g is F;-controllable if and only if it is
F;-controllable to every element vy € F;RX.

Indeed, it is easy to check that T;RX C RX. Thus F;T;RX C F;RX.
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THEOREM 20.6. Suppose that the system (LS)q is F;-controllable. Then
it is F}-controllable for every initial operator F} € Fp.

Proof. Let R; € Rp be the right inverse of D corresponding to Fj, i.e.
F;R; = 0. For every ;1 € ker D and v € X there exists xo € ker D such that
x1 = x2 + F/R;v. By the assumption, the system (LS)q is F;-controllable.
Hence for every xg, xo € ker D there exist u € U and z € ker(I — RA) such
that F;[T;(RBu + x¢) + z] = x2, or equivalently

E(RBU + .CC()) +z2=x9+ RZ"U
for some v € X. Thus
F/|T;(RBu+ z0) + 2] =z + F{Rjv = a1 .
The arbitrariness of xg, z1 € ker D implies the assertion.

ExXAMPLE 20.1. Let X = (s) be the space of all real sequences. Write

{en} ={1,1,1,...}, {on}=1{0,0,0,...},
D{iz,} ={xpnt1 —xn}, Flz,}:=z1{en},

n—1
Rizn} ={yn}t, v1:=0, yn 3:ZIJ’ (n=2,3,...),
j=1

Azn} ={z}, z1:=2w0—121, zZp:i=pp1—x, (N=2,3,...),
B:=p(31, wherepeR,
U:={{un}:u,=0forn=23,...}.

It is easy to check that D € R(X), dom D = X, R € Rp and F is an initial
operator for D corresponding to R. Moreover, ker D = {{ce,, } : ¢ € R}.

Consider the following linear system (LS):

(20.30) Dz = Az + Bu, Fx=uxy, x,€kerD.

Since (I — RA){z,} = {1 + x2,x3,x3,...} we conclude that ker(I — RA) #
{0}, (I = RA)X # X. Therefore, I — RA is not one-sided invertible. Write
Ty{zn} :={x1,0,25,0,0,...}. Then

T4(I — RA){(L'H} = T4{.I1 + Z2,23,%3, .. } = {331 + x5,0,23,0,0,.. } R

(I — RA)T4(I — RA){xn} = {xl + 22,23,23, .. } ,

ie. (I — RA)Ty(I — RA) = I — RA. Hence, the resolving operator is gener-
alized almost invertible, but it is neither invertible nor one-sided invertible.

Let z(, = {be,,} € ker D. Then
(20.31) RBU @ {xp} ={{zn} 21 =0, xp=b+c(k>2), ceR}.

Hence RBU &{z} C (I—RA)(dom D), i.e. the system (20.30) has solutions
for every control u € U.



150 Linear systems with right invertible operators

If 2} = {se,}, v ={v1,v9,...} € X then
(20.32) (I — RA)(Rv+1))={2s,s+vi +v2,8+v1 +v2,...}.

Now (20.31) and (20.32) together imply ker B*R*T; # {0}, i.e. not every
state = in (RX @ x(,) + ker(I — RA) is reachable from x,.
By an easy calculation, we also have

TyRBU = {{0,0,¢,0,0,...} : ¢€R},
RX +ker(I — RA) = {{B,z1 — 8,21 + 22 — B,ya,Ys,-- -} :
0 €R, x:{xn}GX, Y =1+ ...+ Tkp-1 (k24)}

Hence TyRBU # RX + ker(I — RA). By Theorem 20.2, there is ¢ € RX +
{z(} + ker(I — RA) which is not reachable from z,.
Let Fy{x,} = z3{e,}. Then FyTy(ker D) = {3,0,...}, i.e. FyTy(ker D)
= ker D. Corollary 20.5 implies that the system (20.30) is Fy-controllable.
If we put Fi{x,} = x2{en}, then F;Ty(ker D) = {0}. Hence F;T,(ker D)
# ker D. However, Fj(ker(I — RA)) = ker D, so that F;T,(ker D) + ker(I —
RA) =ker D. By Theorem 20.3, the system (20.30) is Fj-controllable.

ExXaMPLE 20.2. Suppose that X, D, R, F' are defined as in Example 20.1
and that A{x,} :={0,23,24 — 3,25 —x4,...}, U:= X, B:=1. It is easy
to check that

(20.33) (I — RA){ap} = {21, 25,0,0,...}.

Hence I — RA is a projection, and so it is not one-sided invertible, but it is
generalized almost invertible.
The kernel of I — RA is

(20.34) ker(I — RA) = {{0,0,z3,z4,25,...} 1z, E R (n >3)}.
Fix z(, = {be,, } € ker D. Then

(20.35) RBU @ {2} = RX & {a} .

Since (I — RA)?> =1 — RA we get Ty = I € Wr_gpa and

(20.36) T\RBU = RX .

Now (20.34) and (20.36) yield
TyRBU = RX + ker(I — RA).

Theorem 20.2 implies that every state © € RX + {Tyx(} + ker(I — RA) is
(4)-reachable from xy € ker D.

Let Fy € Fp, Fu{x,} := z3{e,}. Then F;Ty(ker D) = ker D. Hence, by
Corollary 20.5, the system (20.30) is Fj-controllable.

Suppose now that Tj = [—RA. Then [—RA € W;_ga since (I—RA)3 =
I — RA. In this case, we obtain T,RBU = {0,4,0,0,...}, Ty(ker D) =
{{8,5,0,0,...} : B € R}, FyTy(ker D) = {{5,3,0,0,...} : B € R} and
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Fy(Ty(ker D) +ker(I — RA)) = {{ce,} : ¢ € R}. Thus FyTy(ker D) # ker D.
However,

Fy(Ty(ker D) + ker(I — RA)) = ker D.
Theorem 20.3 implies that the system (20.30) is Fy-controllable for the given
generalized almost inverse Ty = I — RA.

21. Controllability of general systems with right invertible op-
erators. Let X, Y and U be linear spaces (all over the same field F, where
F=Cor F=R). Let D € R(X), R € Rp and let F be an initial operator
corresponding to R. Write

(21.0) X :=domDF, Z,:=kerD* (keN),
Suppose that we are given A; € Lo(X — Y), B € Ly(U — X), By €
Lo(U — Y).
DEFINITION 21.1. A linear system (shortly (LS)) is any system
(21.1) Q[D)]zr = Bu, FDir=ux;,
zj€Z (j=0,....M+N—-1),

(21.2) y= A1z + Bu,
where
M N
(21.3) QD] :==>" > D"Apn,D",
m=0n=0

Apn € LX), Apin XppaN—n C Xy (m=0,...,M; n=0,...,N; m+n<
M+ N), Ayn = 1.

In the sequel, we assume that

(21.4) RMINBU @ {2}y C (I + Q) Xnran
where
MN-1
(215) 20 = Z RJZL']' S ZM+N7
j=0

Q is of the form (14.3), i.e.

M N
(21.6) Q:=)>_ Y RM*N-mp,.D",

m=0n=0

where
A ifm=0
; L Oon ’
(21.6") Bmn = {A;m _ nyzm FD“_mA:m otherwise,
. ;o if m=M and n =N,
(21.6") A = {Amn otherwise
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(m=0,...,M; n=0,N).

By Theorem 14.2, the assumption (21.4) is a necessary and sufficient
condition for the initial value problem (21.1) to have solutions for every
ueU.

If Ay =1 and B; = 0 then we shall denote the system (21.1)-(21.2) by
(LS)s.

DEFINITION 21.2. The linear system (21.1)—(21.2) is said to be well-
defined if for every fixed u € U the corresponding initial value problem
(21.1) is well-posed. If there is u € U such that the initial value problem
(21.1) is ill-posed, then the linear system is said to be ill-defined.

Theorem 14.2 immediately yields

THEOREM 21.1. Suppose that the condition (21.4) is satisfied. Then the
system (21.1)—(21.2) is well-defined if and only if the corresponding resolving
operator I + Q', where

M N

(217) Q/ = Z Z RMimanRN7n7

m=0n=0
1s either invertible or left invertible.
Indeed, if T + Q' is either invertible or left invertible, then for every

u € U, the initial value problem (21.1) has a unique solution of the form
x = G(2°,u), where

(21.8) G(2°,u) = Eq(R™™ Bu + %),

__JI-RNEQQ, ifI+@Q isinvertible,
(21.9) Eq = {I — RNLgQy if I+ Q' is left invertible,
Eqg =+ Q/)_l ., Lg € Lryqr,
M N
(21.10) Q1:=)_ > R ™B,,D".
m=0 n=0

So, according to (21.2), the output y is uniquely determined by any u € U
and 29 € Zy n and is of the form y = A;G (2%, u) + Byu. If we consider a

linear system (LS)g then y = z = G(2°, u).

DEFINITION 21.3. Write
(2111) GO = AlEQ y Gl = GoRM+NB + Bl s

where Eq is defined by (21.9). The matrix operator G = (Gg, G1) defined
on the input space Zy;yn x U is said to be the transfer operator for the
linear system with the resolving operator I + Q' invertible.
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Therefore, to every input (2°,u) there corresponds a uniquely deter-
mined output y, which can be written as

y=G°x2°u) = Goa® + Gyu.

Consider now the linear system (LS)o, i.e. the system (21.1)—(21.2) with
Al == I, B =0:

(21.12) Q[D]x = Bu, FD’z==x;, z;€7Z, (j=0,....M+N —1),

(21.13) RMINBU @ {2} ¢ (I + Q)X 4w -
Write this system in an equivalent form
(21.14) (I +Q)x = RN Bu+2°.

Denote by H; (i = 1,2,3,4) the following sets defined for any 2° € Zy/ v,
u € U:
(1) f I + Q" € R(X) then

(21.15) Hy (2% u) == {TW(R™™ N Bu+2°) + 2: 2 € ker(I + Q)},

where

(21.16) Ty :=1 - RY"RpQ1, Rg € Rriqr, Qi is given by (21.10).
(2) I+ Q € A(X) and Ly € L11¢ then

(21.17) Ho (2% u) := {To(RM N Bu + 2°)},

where

(21.18) Ty:=1-RNLo/Q1, @ is defined by (21.10).
(3) If I + @' is invertible, then

(21.19) Hs(2°,u) == {T3(RM N Bu + 2°)},

where

(21.20) T3:=1—-RN(I+Q) Q.
(4) I I+Q € W(X) and Wy € Wiy then

(21.21) Hy(2%u) == {Ty(RM™ ™V Bu+2°) + 2 : 2z € ker(I + Q)},

where

(21.22) Ty:=1—-R"WgQ;.

Note that H; (i = 1,2,3,4) are the sets of all solutions of the system
(LS)o in the respective cases.
As in Section 20, we need the following

DEFINITION 21.5. A state x € X is said to be (i)-reachable (i = 1,2, 3,4)
from an initial state 2° € Zyan if for every T; (Th € Ritq, Te € Li+q,
Ty = (I + Q)™ Ty € Wriq) there exists a control u € U such that z €
Hi(.Z'O, ’LL)
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In the sequel, we only deal with the above four cases. Write
(21.23) Rang .0 H; = | ) Hi(2°,u), 2°€ Zyyw.
uelU

It is easy to see that Rang .o H; is (i)-reachable from 2% by means of
controls v € U and it is contained in X4 n.

LEMMA 21.1. Suppose that T; (i = 1,2,3,4) are given by (21.16), (21.18),
(21.20) and (21.22), respectively. Then

(21.24)  T;(RMT™NBU @ {2°}) + ker(I + Q)
= T,RM™NBU & {T;2°} @ ker(I + Q).

Proof. It is sufficient to deal with the case i = 4. (10.4) implies
Xven =T4(I + Q) Xnr+n @ ker(I + Q). By the assumption (21.13), there
exists E C Xpr4n such that RMTN BU @ {2°} = (I + Q)E. This implies

Ty(RM™NBU @ {2°}) + ker(I + Q) = T4(I + Q)F @ ker(I + Q)
= Ty(RM™NBU @ {2°}) @ ker(I + Q).
We now prove that
Ty(RM*NBU @ {z°}) = TuRM N BU @ {Ty2"} .

Let € TyRM*NBU N {T42°}. Then there exists u € U such that
Ty(RM+N By — 2%) = 0. (21.13) implies that there is v € Xj;4 v such that
RMANBy — 20 = (I + Q)v. Thus, 0 = Ty(RM*N Bu — 2°) = Ty(I + Q)v
and 0 = (I + Q)Tu(I + Q)v = (I + Q)v = RM+*NBy — 2. This implies
20 = RM*NBy =0, i.e. 2° = 0 and Bu = 0.

Remark 21.1. If I+@Q’ is either invertible or left invertible, the formula
(21.24) is of the form

T;(RM*NBU @ {2°}) = T,RM N BU @ {T;2°} .

COROLLARY 21.1.
(21.25) Rangy; .0 H; = T,RY N BU @ {T;2°} ker(I + Q).

COROLLARY 21.2. The state x € Xpryn is (i)-reachable from z° €
Zyan if and only if

x € Ty(RMTNBU) @ {Tj2°} ker(I + Q).
LEMMA 21.2. Write
E;:=T,R"VB,

Xoi = Ti(RN(I + QVRMX + (I + Q) Zumyn — {2°}).
Then the operator E; maps the space U into Xy;.

(21.26)
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Proof. By the assumption (21.13), there exist a v € X and a 2! €
Zy+nN such that
(21.27) RMINBy + 2% = (I + Q)(RM™Nv + '),

On the other hand, (I + Q)RM*N = RN(I + Q")RM. This and (21.27)
together imply

T,RM*N By = T;(RN (I + Q)RMv + (I + Q)z' — 2P),
which was to be proved.

THEOREM 21.3. Let there be given a system (LS)o described by (21.12)—
(21.13). Suppose that B € Loy(U — X, X' — U'), D € L(X,X'), T; €
Lo(Xnan, Xhon) @ = 1,2,3,4; R € Lo(X,X'). Then the generalized
Kalman condition
(21.28) ker B*(R*)MTNTr = {0}

holds if and only if for every initial state 2° € Zyrin, every state x €

RMANX 4+ 29 4+ ker(I + Q) is reachable from a°.

Proof. By Lemma 21.2, (21.28) holds if and only if for every z! €
Zyan, v € X, there exists w € U such that RM+*VN By + 20 = (I +
Q)(RM+Ny + z1). This means that for every 2! € Zyyn, v € X and
z € ker(I + Q) there exists u € U such that
(21.29) T;(RM*N By 4+ 2%) + 2 = T,(I + Q)(RM™Nv + 21) + 2.

To end the proof, it is sufficient to consider the case of I + @’ generalized
almost invertible. Suppose that I + Q' € W(X), ie. I+ Q € W(Xn4n)-
Write F' := I — Ty(I + Q), Ty € Wrig. It is easy to check that F'? =
F', (I+Q)F =0and F' Xy .y = ker(I + Q). Putting 2! := 20, 2 :=
F'(RM+Ny 4+ 29) € ker(I + Q), we get from (21.29)
Ty(RM TN Bu 4 2%) + 2

_ (I—F’)(RM+NU+£L'0) +F/(RM+NU+ZEO)

= RMt Ny 4+ 20,
This means that for every v € X, z; € ker(I + @) there exist 2z’ = z; +
F'(RM*Ny 4+ 29) € ker(I + Q) and u € U such that

Ty(RBu + 2% + 2/ € RM™VX + {2°} + ker(I + Q),
i.e. Rangy .0 Hy = RMTV X 4 {2°} + ker(I + Q). The proof is complete.
DEFINITION 21.6. Let there be given a linear system (LS)g of the form

(21.12)-(21.13) and let F/ € Fparin.

(i) The state xl e Zy+n is said to be Fi-reachable from an initial state
2° € Zpr4y if there exists a control u € U such that z' € F/H;(2° u). The
state 2! is then called a final state.
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(ii) The system (LS)y is said to be F;-controllable if for every initial state
‘TO S ZM+N7
21.30 F{(RangU@o H,) = ZM+N .

)
(iii) The system (LS)g is said to be Fj-controllable to x' € Zy;y v if
(21.31) z' € F;(Rangy 40 H;)
for every initial state 2° € Zyr4 .

LEMMA 21.3. Let there be given a linear system (LS)q of the form (21.12)—
(21.13) and an initial operator F! € Fpmin. Suppose that (LS)o is F-
controllable to zero and that
Then every final state x* € Zyryn is F]-reachable from zero.

Proof. It is sufficient to deal with the case i = 4. Since the system is F}-
controllable to zero, there exists a control v/ € U such that 0 € FjHy (2%, u'),

i.e. there exists 2o € ker(I + Q) such that Fj(Ty(RM+N Bu/ 4+ 2°) + ) = 0,
or equivalently
Fj(TyRM TN Bu/ 4 2y) = —FTya® .
By the assumption (21.32), for every given state ' € Zj1n we find
x? € Zar+nN such that —F4T4x2 = z!. Hence, there are u € U and 2y €
ker(I + @) such that
FjTy(RM TN Bu) + 2] = —FjTya? = 2.

This proves that an arbitrary final state x! is reachable from the initial
state 0.

1

THEOREM 21.4. Suppose that all assumptions of Lemma (21.3) are sat-
isfied. Then the linear system (LS)o is F-controllable.

Proof. It is sufficient to deal with the case of a generalized almost
invertible resolving operator. By the assumption, there exist uy € U and
2 € ker(I + Q) such that
(21.33) FyTy(RMTN Bug 4 2%) + 20) = 0.

On the other hand, by Lemma 21.3, for every given x! € Z;, n there exist
ug € U, 25 € ker(I + Q) such that

(21.34) FTy(RMTN Buy +0) + 2] = 2* .

If we add (21.33) and (21.34), we obtain Fj[Ty(RM+N Buy +2°) + 2] = 2,
where u; :=ug+ug € U, 21 := 29 + 22 € ker(I + Q). Thus every final state
e Zn+n is Fy-reachable from the initial state 20 e ZMAN-

Note that Theorem 21.4 was given by Nguyen Dinh Quyet [27-29] and
Pogorzelec [43] for first order systems with invertible and one-sided invertible
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resolving operators (cf. Section 20). Theorem 21.4 can be generalized as
follows.

THEOREM 21.5. Let there be given a system (LS)o of the form (21.12)-
(21.13) and an initial operator F! € Fpui+n. Suppose that (LS)g is F;-
controllable to zero and that

(21.35) F/[T,Zyvsn +ker(I 4+ Q)] = Zygn -
Then (LS)q is F}-controllable.

Proof. Since (LS)g is F/-controllable to zero, there exist ug € U, zg €
ker(I + @) such that

(21.36) F/[Ti(RMTN Bug + 2%) + 20] = 0.

Fix ! € Zyn. Then (21.35) implies that there exist 22 € Zp 4 and
z1 € ker(I + Q) such that

(21.37) F/(Tix® 4+ z1) = a*.

By (21.36) for the element z?> € Zp; y, there exist u; € U and 2z €
ker(I + Q) such that F/(T,RM*N Buy + z3) = F/T;2?, i.e.

F/(T,RMN Buy + 21 + 29) = F/(Tia® + 21) .
The last equality and (21.37) together imply
(21.38) F/(TiRM™NBuy + 23) =21, 23: =2 +2 €ker(I +Q).
If we add (21.36) and (21.38), we find
F/(T;[R™™N B(ug +uy) + 2°] + 20 + 23) = 21,
which was to be proved.

Note that the conditions of Theorems 21.4 and 21.5 are sufficient but
not necessary.

THEOREM 21.6. Let there be given a system (LS)o of the form (21.12)-
(21.13) and an initial operator F] € Fpu+n. Then (LS)g is F]-controllable
if and only if it is F!-controllable to every element v° € F/T,RMTN X\ v

Proof. It is easy to see that
(21.39) FIT;(RM™N X pyin + Zyan)] = Zara N -
Suppose that (LS)g is F/-controllable to every element v° = F/T; RM+Ny,
v € Xpyn. Hence, there exist ug € U and zp € ker(I + Q) such that
F![T;(RM*N Bug + 2°) + 20] = F/T,RM*Nvy, i.e.
(21.40) F/[Ty(RM*N Bug + 2°) + 29 + 21]
= F/[Ti}(RMNv + 2?) + 2] — F/Tia?
where 21 € ker(I + Q), 2% € Zy4 n are arbitrary.
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By (21.39), for every ' € Zjry n there exist 25 € ker(I+Q), v1 € Xaryn
and 23 € Zpry n such that 2! = F/[T;(RMTNy+23)+ 2], and (21.40) implies
(21.41) F/[Ty(R™™N Buy + 2% + 2%) + 2 + 20] = 2.

On the other hand, our assumption implies that (LS)g is F/-controllable to

zero, i.e. 0 € Fj(Rangy .0 H;). Hence, if we set 2 := —z? then there exist
ug € U and z3 € ker(I + Q) such that

F/[T;(RM™N Buy — 23) + 23] = 0.

Adding this to (21.41), we get F/[T;(RM*N Buy + 2%) + z4] = 2!, where
Ug = U + U2, 24 = 2o + 22 + 23, i.e. every state x1 € Zpr4n is F;-reachable
from 2°. The proof is complete.

Note that the operator Fi’TiRM+NB maps U into Zyr4n. The follow-
ing theorem shows that this operator determines the properties of the sys-
tem (LS)O

THEOREM 21.7. Let a linear system (LS)o of the form (21.12)-(21.13)
and an nitial operator F! € Fpu+n be given. Suppose that B € Lo(U —
X,X/ — U/), D e L(X,X/), R € Lo(X,X/) and T; € LO(XM+N’XM+N)~
Then (LS)q is F!-controllable if and only if

(21.42) ker B* (R MTNT*F!* = {0} .
Proof. Note that (21.42) is equivalent to F/T;RM+*NBU = Zy;, n. By
the assumption (21.13), we find
F/T,RM™NBU = F/T;(RM*NBU @ {2°}) — {F/T;z"}
C F/T{(I+Q)Xnin — {F/Tia"}
C FIT( + Q)X arsn & ker(I + Q)] — {FIT;a®} — F ker(I + Q)
= F/Xpyn —{F/Tiz"} — Fker(I + Q) C Zpryn -
This means that for every ' € Zy;4n there exist v € Xp;1n, u € U and
2z € ker(I + Q) such that
2t = Flv = F/[T;(RM ™ Bu 4 2°) + 2] .
The arbitrariness of 2°, z' € Zys 4y implies F(Rangy 0 Hi) = Zyy N
Conversely, suppose that Fj(Rang .o H;) = Zyyn. In particular, if

20 =0, 20 = 0 we get F/T,RM*NBU = Zpy. This means that
F!T;RM*N B maps U onto Zyr4n. The proof is complete.

THEOREM 21.7. Suppose that the system (LS)g is F}-controllable. Then
it is F’-controllable for every initial operator F' € Fpmin.

Proof. Let R, € Rpm+n be a right inverse of DM+ corresponding to
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F! ie. F/R.=0. Fix 2! € Xj, n. For every v € Xy y we write
(21.43) v =a' -~ F'Rlve Zy,n.

Since (LS)g is F/-controllable, for every 2% € Zy4n there exist u € U and
z € ker(I + Q) such that F/[T;(RM*N Bu + 2°) + 2] = 22, or equivalently

(21.44) T;(RM™N By + 2% + 2 = 2 + Rjw
for some v € X/ . From (21.44) we find
(21.45) F'[Ty(R™™NBu+ 1) + 2] =2 + F'Rjv.

Now (21.43) and (21.45) together imply
F'[T;(RMN By + 20) + 2] = 2.

The arbitrariness of 2%, 2' € Zy/4n shows that (LS)q is F’-controllable.
The proof is complete.

EXAMPLE 21.1. Let X := C[0,1] over C. Let D := d/dt, R = [},
(Fz)(t) := x(to) for a tyg € [0,1] and =z € X. Consider the system

(21.46) [DN + Py(D,I)+ Py(D,I)F' + RFPy(D,I)]z = Bu,
(21.47) FDix=x;, 2,€C (j=0,...,N—1),
where F' € Fpn, U =X, B € Lo(X), k € Ny,

N—-1
(21.48) Pu(t,s) =Y aut's" ' a,u €C (p=0,1,2).
1=0

As before, we write
Q1:= PO(D’I) +P1(D7])F/+RkPZ(DaI)a
Q:=RNQ,, Q :=Py(I,R)+ R"P(I,R).

Since R € V(X), the resolving operator I + Q' is invertible (Theorem I in
Section 6). On the other hand, it is easy to check that Q' = Q;R", so that,
by Theorem 2.1, I 4+ @ is also invertible and

(21.49) I+Q) ' =1-RN(I+Q)Q:.
Write the system (21.46)—(21.47) in the following equivalent form:

N—-1
(21.50) (I+Qz=R"Bu+a", 2°=> Ria;.
j=0

From (21.49) we conclude that I + Q € Lo(Xy) and (I + Q) ' Xy C Xn.
Hence, (21.50) has solutions for every u € X. This means that the condition
(21.13) is satisfied. A unique solution of the system (21.46)—(21.47) is

(21.51) r=[-RN(I+Q) 'Qi)(R"Bu+2% € Xy.
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Thus, every state x € [[ — RN(I + Q')~1Q1](RNBU @ {z°}) is reachable
from z° € Zy.
Let F|, Fy € Fpn~ be initial operators for DV given by

F:=TI-RNVDY, Fj:=1-RR"'DY on domD",
where R; := fttl, ty # to, t1 € [0,1]. Let T3 := (I + Q). Tt is easy to check
that F{RNX = Zy, FsRN X # Zy, so that for every B € Lo(X), we find
Fy(I—RY(I+ Q) 'Q)RNBU = F4RN(I — (I+ Q') 'Q,R")BX # Zn,
i.e. ker B*(R*)NT; Fy* # {0}. This means that the system (21.46)—(21.47)
is not Fj-controllable.

Let B=1. Since I — (I +Q’)~'Q:R" is invertible because I — RY (I +
Q")71Q; is (Theorem 2.1), we conclude that [I — (I + Q") "'Q:RN]X = X,
This implies

F{TsRNBU = F/TsRYX = F{(I - RN(I + Q") 'Q1)R" X
= F{RNI - (I+Q) 'QiRV]X = F{RNX = Zy .
Hence ker B*(R*)NT;F{* = {0}. Thus, by Theorem 21.7, the system
(21.46)—(21.47) is F{-controllable.

EXAMPLE 21.2. Let X = (s) be the space of all real sequences. Write
{en} :={1,1,...}, {on} :={0,0,...}. Define the following operators:

D{z,} :={xp+1 —xn}, Flz,}:=x1{en},
Ri{z,} ={yn}, v1:=0, yp:=z1+...+z5_1 (n>2),
A{zn} = {22,253 — 22,0,0,...}, Bfz,}={x2, —x2, —122,0,0,...},
C{zn} ={x2 —21,0,0,...}.
Consider the system
(D> — AD — DB — C)z = Bu,
Fx=uay, FDr=u\, xpx) €kerD,
where u e U, U C X, B € Lo(U, X). Write
(21.53) Q1 :=RAD+B+RC, Q:=RQ,, Q :=RA+BR+RCR.
The system (21.52) is equivalent to the equation
(21.54) (I -Q)x=R*Bu+2", 2°:=ux0+Rr.

(21.52)

It is easy to see that I — @’ is the resolving operator for the system (21.52)
and I — Q' = I — Q1 R. By easy calculations we find

RA{x,} ={0,22,23,23,...}, BR{zx,}={x1,—z1,—21,0,0,...},
RCR{z,} ={0,z1,21,21,0,0,...},
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so that
I_ ! nf = 070707 ) yc S
(2155) (I = QNzn} =A{ Ya,Ys - -}
yp =z —x1 —x3  (k=4,5,...),
(21.56) ker(I — Q') = {z = x1,72, 23,21 + 23,71 + Z3,...},
(21.57) Im(I -Q") #X.

The formulae (21.55)—(21.57) imply that the resolving operator I — Q' is not
one-sided invertible. However, since (I — Q')(I — Q') = I — @', we conclude
that I — Q' is generalized almost invertible and I is its generalized almost
inverse.

By straightforward calculations, we find

(2158) (I - RQI){xn} = (I - Q){xn} = {xla 07 0,1'1,?/5, Ye, - - '}a
where yi, 1=z — (K — 3)xp—1 + (k — 4)(z3 — 22 + 1) (K > 5).
Let z( := 0, 2} := 0, i.e. let the initial conditions of the problem (LS)g
be Fx =0, FDx =0. Let U = X and
(21.59) B{z,} ={0,0,0,0,21,x2,z3,...}.
It is easy to check that
BU@{s}=BXCc(I-Q)X,=(-Q)X.

Hence, the system (21.52) is solvable for every u € U. From (21.54) we
find x = (I + RQ1)R?Bu = (I + Q)R?>Bu. Therefore, every state z €
(I + Q)R?BU is reachable from zero.

22. Controllability of linear systems described by generalized
almost invertible operators. Let X, Y, U be linear spaces over the same
field F (where F = C or F = R). Suppose that V € W(X), W € W,
and F(") F() are right and left initial operators for V corresponding to W;
A€ Ly(X), Ay € Lo(X = Y), B€ Ly(U — X), By € Lo(U = Y).

By a linear system (LS) we now mean the following system:

(22.1) Ve=Ax+Bu, weU, BUC((V—-A)(domV),
(22.2) FNg=xy, zg€kerV,
(22.3) y=A1xz+ Biu.

If Ay =1, B =0,ie. Y = X and y = z, then we denote the system
(22.1)-(22.3) by (LS)o.

Note that the properties of linear systems depend on the properties of
the resolving operators I — W A and I — AW. There are eight cases to deal
with: (i) I-WA € R(X), (ii)) -WA € A(X), (iii) -WA € R(X)NA(X),
(iv) [ -WAeW(X), (v) I — AW € R(X), (vi) I — AW € A(X), (vii) I —
AW € R(X)N A(X), (viii)) I — AW € W(X). By Theorem 2.1 and 10.3,
it is sufficient to consider the first four cases (i)—(iv). Since both one-sided
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invertible and invertible operators are generalized almost invertible, we can
reduce those cases to the case of I —W A being generalized almost invertible.
Suppose that we are given a linear system (LS)g. The initial value prob-
lem (22.1)—(22.2) has solutions if and only if
(22.4) WBu+xye (I -WA)X, C(I—-WA)(domV),
where
(22.5) X, ={zedomV: FY(Az + Bu) =0}, wel,
and zg = 0 if dimker V = 0.
So that the condition
(22.5%) WBU + {zo} C (I —WA)X,
is a necessary and sufficient condition for the initial value problem (22.1)-
(22.2) to have solutions for every u € U.
It is easy to check that the condition (22.5") is equivalent to condition:
BU Cc (V—-A)domV.
Suppose that I — W A is generalized almost invertible. Write
(22.6) G(zo,u) ={z=T+WWLA)(WBu+x0)+2z: Wag€Wr_aw,
z € ker(I —WA)}.
Note that G is the set of all solutions of the problem (22.1)-(22.2).
Therefore, to every fixed input (zg,u) there corresponds an output = =
G(zg,u).
Write
(22.7) Rangy; . G = U G(zo,u), xo€kerV.
uelU

DEFINITION 22.1. Suppose that we are given a linear system (LS)q and
the set G(x,u) of the form (22.6). A state x € X is said to be reachable
from the initial state zg € ker V if for every Wa € Wj_aw there exists a
control u € U such that x € G(zg, u).

It is easy to see that Rang, , G is the set reachable from the initial state
xg € ker V' by means of controls « € U and this set is contained in dom V.

LEMMA 22.1. Write
(22.8) T=I+WWasA, WisecWiaw, WeW).
Then the following equality holds:
(22.9) T(WBU 4+{xo}) +ker(I —WA) =TWBU ®&{Tz} ®ker(I-WA).

Proof. (10.4) implies X = T(I — WA)X & ker(I — WA). By the
assumption (22.5"), there exists E C dom V such that

WBU + {xo} = (I —-WAE C (I - WAX .
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This implies
T(WBU + {x¢}) + ker(I = WA) =TI —WA)E + ker(I — WA)
=TI —-WA)E @ ker(l —WA)=T(WBU + {z¢}) ®ker(I — WA).
We now prove that
T(WBU + {x¢}) =TWBU @® {Txo}.

Let 2 € (TWBU)N{Txz}. Then there exists u € U such that TW Bu =
Tz, i.e. T(WBu—x0) = 0. Our assumption (22.5") implies that there exists
v € dom V such that WBu — xg = (I — WA)v. Then 0 = T(W Bu — z¢) =
T(I-WA)v. Hence, 0 = (I —WAT(I-WA)=(I-WA)v=WDBu—ux,
i.e. 1o = WBu. Since FWW = 0 for W € W‘l/, we find g = FMay =
F"W By = 0. The proof is complete.

COROLLARY 22.1. If V. € W(X) and W € WY, then
(22.10) Rangy; ,, G =TWBU @ {Two} @ ker(I — WA).

COROLLARY 22.2. A state x € domV is reachable from a given initial
state xg € ker V' if and only if
(22.11) x € TWBU & {Txzo} & ker(I — WA).

THEOREM 22.1. Suppose that B € Ly(U — X, X' - U’), V € L(X, X')N
W(X), W € Lo(X,X")N W), and T € Lo(X,X'), where T is defined
by (22.8). Then the generalized Kalman condition
(22.12) ker B*W*T* = {0}
holds if and only if for every initial state xo € kerV, every state x €
WV (dom V) + {zo} + ker(I — W A) is reachable from x.

Proof. Note that TW B maps U into T[(I — WA)(dom V) — {xo}].
Indeed, by the assumption (22.5") for every u € U there exists v € dom V'
such that WBu + z9g = (I — WA)v, i.e. TWBu = T[(I — WA)v — )]
Hence, (22.12) holds if and only if for every x; € kerV, v € domV there
exists u € U such that

WBu=(I-WA)WVv+x1)—xg.
This means that for every 1 € kerV, v € domV and z € ker(I — WA)
there exists u € U such that
(22.13) TWBu+zo)+2z2=TI—-WAWVv+z1)+ 2.

Write F\") := I-T(I—-WA). By Lemma 10.3, (I-WA)F") = 0, (F{")? =
Fl(r) and Fl(T)X = ker(I — WA). Choosing 1 = xg, z = Fl(r)(WVv + x0),
from (22.13) we get

T(WBu+x0)+2 = (I— F)Y(WVv+a0)+ F (WVv+a) = WVo+xq.
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This means that for every v € domV, 21 € ker(I — W A) there exist 2z’ =
21+ Fl(r)(WVv + ) € ker(I — WA) and u € U such that

T(WBu+ o) + 2 € WV(dom V) = {zg} + ker(I — WA),
i.e. Rangy , G = WV (dom V) +{xo} +ker(/ —W A). The proof is complete.

Now we give another condition for every state z € WX +{T'zo} +ker(l—
W A) to be reachable from any initial state xo € ker V.

LEMMA 22.2. Let V € W(X), W € Lo(X) N W}, and let T be given by
(22.8). Then T € Wi_wa and

(22.14) TWX c WX.

Proof. Indeed, by (22.8), T € Wi_wa and TWX = (I + WW,A)WX
=W{I+WsAW)X C WX.
Lemma 22.2 implies that TW B maps U into W X. Corollary 22.1 yields

THEOREM 22.2. Consider a linear system (LS)q described by a gener-
alized almost invertible operator V. Suppose that W € Lo(X) N Wy and
T is defined by (22.8). Then a necessary and sufficient condition for every
element © € WX + {Txo} + ker(I — WA) to be reachable from any initial
state xg € ker V' is that

(22.15) TWBU =WX .

DEFINITION 22.2. Let there be given a linear system (LS)g of the form

(22.1)—(22.2). Let Fl(r) be any right initial operator for V' corresponding to
Wy € Wy.

(i) A state x; € ker V' is said to be Fl(r)-reachable from an initial state

xo € ker V' if there exists a control w € U such that x; € FI(T)G(.%Q, u). The
state x1 is then called a finite state.

(ii) The system (LS)g is said to be Fl(r)—controllable if for every initial
state zg € ker V', we have

(22.16) F{")(Rangy;,, G) = ker V.

(iii) The system (LS)g is said to be Fl(r)-controllable to x1 € ker V' if
(22.17) x] € Fl(r) (Rangy; ., G)
for every initial state xg € ker V.

LEMMA 22.3. Suppose that the system (LS)g is Fl(r)—controllable to zero
and that

(22.18) F [T (ker V) + ker(I — WA)] = ker V.

Then every final state x1 € ker V' is Fl(r)—reachable from zero.
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Proof. Since, by the assumption, the system (LS), is Fl(r)-controllable
to zero, we conclude that 0 € Fl(r) (Rangy; ,, G) for every xq € ker V. There-

fore, there exists a control ug € U such that 0 € Fl(T)G(xo,uo), i.e. there is
a zg € ker(I — W A) such that

(22.19) F(TWBug + 20) = —F ' Txq .

The condition (22.18) implies that for every given z; € ker V' there exist
xo € ker V and z; € ker(I — W A) such that

(22.20) F (Tag+ 21) = 21 .

By (22.19) for the element x5 € ker V, there exist uy € U and 2|, € ker(I —
W A) such that

Fl(r) (TW Bugy + 2z, + 21) = Fl(T) (Txg 4 21) .
This equality and (22.20) together imply
FIN TWBU, + ) =21, 2 =2,+2 €ker(I — WA).
This proves that every final state xy is Fl(r)—reachable from zero.

THEOREM 22.3.  Suppose that all assumptions of Lemma (22.3) are
satisfied. Then the linear system (LS)q is Fl(r)—controllable.

Proof. By our assumption, there exist ug € U and zy € ker(I — WA)
such that

(22.21) FIOIT(W Bug + x0) + 20] = 0.

By Lemma 22.3, for every z; € ker V' there exist uy, € U and z; € ker(I —
W A) such that

(22.22) F(TWBU, + ) = 21 .
Now (22.21) and (22.22) imply F\"[T(W B(ug + uly + z0) + (20 + 21)] = 21,

i.e. xq1is Fl(r) -reachable from zg, which was to be proved.

COROLLARY 22.4. If the system (LS)q is Fl(r)—controllable to zero and
Fl(T)T(ker V) =kerV, then it is Fl(T)—contmllable.

THEOREM 22.4. Let a linear system (LS)o of the form (22.1)—(22.2) and

an initial operator Fl(T) for V' be given. Let T be defined by (22.8) and let
BeLyU— X, X' -U"),VeLX,X"), AW € Ly(X,X"). Then (LS)o
i Fl(T)—contmlla,ble if and only if

(22.23) ker B*W*T*(F\")* = {0}.
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Proof. It is easy to see that Fl(T)TWB maps U into ker V. Fix xg,x1 €
ker V. The condition (22.23) is equivalent to

(22.24) FTWBU =ker V.
The assumption (22.5") implies
FOTWBU = FVT(WBU + {x0}) — {F\" Txo}
c FVT(I = WA)(dom D) — {F" Ty}
c FVT(I — WA)(dom D) & ker(I — W A)]
— (F"Tao} — F (ker(I — W A))
= F"(dom D) — {F" Tz} — F") (ker(I — WA)) C ker V.
The condition (22.24) implies
FTWBU = F" (dom V) — {F{"Txo} — F") (ker(I — W A)) = ker V.
This means that for every 1 € ker V there exist v € domV, v € U and
20 € ker(I — WA) such that 21 = F\"v = FOT(WBu + z0) + 2], ie.
T 1S Fl(T)—reachable from zg. The arbitrariness of xg,z; € ker V implies
Fl(r) (Rangy; ,, G) = ker V.

Conversely, suppose that Fl(r) (Rangy; ,, G) = ker V. Choosing zp = 0
and zg = 0, we get Fl(r)TWBU = ker V. This means that FI(T)TWB maps
U onto ker V. The proof is complete.

THEOREM 22.5. Let there be given a linear system (LS)o and an initial
operator Fl(r) for V.e W(X). Then the system (LS)g is Fl(T)—controllable if
and only if it is Fl(r)—controllable to every x’ € Fl(T)TWV(dom V).

Proof. Since (I —WA)(domV) C domV = WV (dom V) @ ker V there
exist £ C domV and Z’ C ker V such that WVE® Z' = (I —-WA)(dom V).
This implies
TWVE®Z)+ker(I-WA) =T(I—-WA)(dom D)®ker(I—WA) =domV .
Hence

kerV = F" domV = FO[T(WVE @ Z') + ker(I — W A)]
c FI(T[WV (dom D) & ker V] + ker(I — WA)) C ker V.,
ie.

(22.25) F"(T[WV (dom D) @ ker V] + ker(I — WA)) =ker V.

Suppose that (LS)p is Fl(r)—controllable to every element z' =
Fl(T)TI/VVfu7 v € domV, ie. there exist ug € U and zy € ker(I — WA)
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such that
FOT(W Bug + x0) + 20] = FOTW V.
This implies

(22.26)
Fl(r) [T(W Bug + x0) + 20 + 21] = Fl(r) [T(WVv+x2) + 21] — Fl(r)Tacz ,

where z; € ker(I — WA), x5 € ker V' are arbitrary.
By (22.25), for every 1 € ker V there exist 2] € ker(I-WA), v € domV
and xf, € ker V such that

z1 = FOT(WVV + )] + 20 + 2} -
This equality and (22.26) together imply
(22.27) FOUT(W Bl + 2o + 24)] + 20 + 2, = @1 .
On the other hand, 0 € Fl(T)TWV(dom V). This and our assumption

together imply that (LS)q is Fl(r)—controllable to zero, which means that

0¢e Fl(r)(Ranga% G). Therefore, there exist u; € U and 25 € ker(I — W A)
such that

(22.28) FT(WBuy — a2) + 23] = 0.
If we add (22.27) and (22.28) we find Fl(r) [T (W Bus — x3) + 23] = 1, where
us = uf + u1, 23 := 2o + 2§ + z2. This means that z; is Fl(r)—reachable

from xo. The arbitrariness of xp, ; implies that F' 1(T) (Rangy; ., G) = ker V.
The proof is complete.

COROLLARY 22.3. The system (LS)q is Fl(r)—controllable if and only if is
Fl(r)—controllable to every element vy € Fl(T)WV(dom V).

Indeed, by (22.14), we have TWV (domV) C WV(domV). Thus
FOTWV (dom V) € FOWV (dom V).

THEOREM 22.6. Suppose that the system (LS)g is Fl(r)—contmllable. Then
for an arbitrary right initial operator FQ(T) for V., this system is FQ(T)-contml-
lable.

Proof. Let Wi € Wy be a generalized almost inverse of V' correspond-
ing to Fl(r). For every x1 € ker V and w € dom W3 there exists xo € ker V'

such that 21 = 2o + FQ(T)Wlw. Since (LS)o is Fl(r)—controllable, for ev-
ery xo,x2 € kerV there exist v € U and z € ker(I — WA) such that

Fl(r) [T(W Bu + xg) + z] = 2, or equivalently
T(WBu+ xg) + 2z =22+ Wiw, w € domW; arbitrary.
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Thus FQ(T) [T(WBu+ xg) + 2] = 2 + F2(T)W1w = x1. The arbitrariness of
xo,x1 € ker V implies that (LS)q is FQ(T)—controllable.

EXAMPLE 22.1. Let X := C[~1,1], D := d/dt, R := [}, (Fz)(t) := (0).
Define (Pz)(t) := 3(z(t) +z(-t)), Q :=I1—P, X T := PX, X~ := QX, i.e.
X = X* @ X~. Consider the linear system
(22.29) P(D+ BNz =Au, uelU=X",

(22.30) (I — RPD)x =z, x0= RQyo+ 20 € ker PD,
g EkerD, yo€ X,
where A € Lo(X ™), B € R.
Putting V= PD, W = RP we find VWV =V, WVW = W. The right

initial operator F(") for V corresponding to W is F(") = [ — RPD. Hence,
we can write the system (22.29)—(22.30) in the form

(22.31) (V+ 6Pz =Au, Fz=uz.
This system is equivalent to the equation
(22.32) (I + BRP)x = RPAu+ xy .

Since (I +3RP)(I —BRP)=1—[(3?RPRP = I —3?R?QP = I, we conclude
that every state x € dom D is reachable from the initial state z¢, i.e. there
exists u € U such that

x= (I — BRP)(RPAu+ x) .

Hence

(22.33) G(zg,u) ={z = (I — BRP)(RPAu+ x¢)}

and since RPRP = (0 we get

(22.34) (I — BRP)(RPAU + xy) = RPAU & {({ — BRP)x¢} .
From (22.33)—(22.34) we obtain

(22.35) Rangy; ., G = RPAU @ {(I — BRP)zo} .

Thus the system (22.29)-(22.30) is Fl(r)—controllable for a right initial oper-
ator Fl(r) of V if and only if
FI(T) (Rangy; ., G) = ker(PD).

It is easy to check that ker(PD) consists all even differentiable functions
defined on [—1, 1].
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