
P O L S K A A K A D E MI A N A U K, I N S TY TU T MA TE MA TY CZ N Y

D I S S E R T A T I O N E S
M A T H E M A T I C A E
(ROZPRAWY MATEMATYCZNE)

KOMITET REDAKCYJNY

BOGDAN BOJARSKI redaktor
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JERZY L  OŚ, ZBIGNIEW SEMADENI

CCCXVI

NGUYEN VAN MAU

Boundary value problems and controllability

of linear systems with right invertible operators

W A R S Z A W A 1992



Published by the Institute of Mathematics, Polish Academy of Sciences

Typeset in TEX at the Institute

Printed and bound by

P R I N T E D I N P O L A N D

c© Copyright by Instytut Matematyczny PAN, Warszawa 1992

ISBN 83-85116-27-3 ISSN 0012-3862



C O N T E N T S

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1. Linear spaces and linear operators . . . . . . . . . . . . . . . . . . . . . . . 7
2. Right and left invertible operators . . . . . . . . . . . . . . . . . . . . . . . 8
3. Algebraic operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
4. Singular integral operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

I. Characterizations of right inverses and interpolation problems . . . . . . . . . . 16
5. Operations on Volterra right inverses . . . . . . . . . . . . . . . . . . . . . 16
6. Characterization of polynomials in right inverses with algebraic operator

coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
7. Algebraic exponentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
8. Property (c) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
9. Interpolation problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

II. Generalized almost invertible operators . . . . . . . . . . . . . . . . . . . . . . . 45
10. Properties of generalized almost invertible operators . . . . . . . . . . . . . 45
11. Equations with generalized almost invertible operators . . . . . . . . . . . . 54
12. Generalized almost invertibility of paired operators . . . . . . . . . . . . . . 62

III. General equations with right invertible operators . . . . . . . . . . . . . . . . . 68
13. Pre-resolving operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
14. Initial value problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
15. Boundary value problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
16. First mixed boundary value problems . . . . . . . . . . . . . . . . . . . . . 102
17. Second mixed boundary value problems . . . . . . . . . . . . . . . . . . . . 116
18. First order equations in the noncommutative case . . . . . . . . . . . . . . 127
19. Remarks on general boundary value problems . . . . . . . . . . . . . . . . . 133

IV. Controllability of linear systems . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
20. Controllability of first order linear systems with right invertible operators . 141
21. Controllability of general systems with right invertible operators . . . . . . 151
22. Controllability of linear systems described by generalized almost invertible

operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

1991 Mathematics Subject Classification: Primary 34Gxx, 45A05, 45Exx, 47E05.



Introduction

The main subject of this work is the study of a general class of linear
equations with right invertible operators and corresponding initial, bound-
ary and mixed boundary value problems. Moreover, we investigate control-
lability of linear systems with right invertible operators and with generalized
almost invertible operators.

The theory of right invertible operators started in 1972 with works of
Przeworska-Rolewicz and has been developed by her and many other math-
ematicians (cf. Przeworska-Rolewicz [46]). In particular, [46] gives the fun-
damental properties of right invertible operators and their applications to
solving a wide class of equations of the form

(0.1) Q(D)x :=
n∑
j=0

AjD
jx = y, Q〈D〉x :=

n∑
j=0

DjAjx = y .

In the present work we give some other important properties of right
invertible operators. A natural generalization of (0.1) is to deal with initial,
boundary and mixed boundary value problems for a general equation of the
form

(0.2) Q[D]x :=
M∑
m=0

N∑
n=0

DmAmnD
nx = y .

Here we do not assume that the right invertible operator D commutes with
all operator coefficients Amn. An important result of the paper is a necessary
and sufficient condition for initial, boundary and mixed boundary value
problems to have a unique solution. Moreover, we also investigate the cases
when the corresponding resolving operators for (0.2) are not invertible but
one-sided or generalized almost invertible.

This work consists of four chapters.
In the first chapter we deal with some new characterizations of right

inverses and investigate a general interpolation problem induced by right
and left invertible operators. In Section 5, we give the answer to the follow-
ing question: Are R1R2 and R1 + R2 Volterra operators provided that the



6 Linear systems with right invertible operators

right inverses R1 and R2 are Volterra (cf. Theorems 5.2 and 5.3)? Theo-
rems 6.1–6.3 generalize the results of Przeworska-Rolewicz and von Trotha
(cf. [46], p. 114) for polynomials in right inverses with algebraic coefficients.
In Section 7 we introduce the notion of algebraic exponentials and prove
some trigonometric identities for algebraic cosine and sine operators. The-
orem 8.2 gives a necessary and sufficient condition for the determinant in-
duced by a system of initial operators with the property (c) to be different
from zero. This also gives a necessary and sufficient condition for a general
interpolation problem to have a unique solution. Recall that the prop-
erty (c) and the general interpolation problem are introduced and applied
by Przeworska-Rolewicz in [48]. Moreover, also in Section 9, we consider
a general interpolation problem induced by left invertible operators and by
singular integral operators.

In Chapter 2, we deal with generalized invertible and generalized al-
most invertible operators. The theory of generalized almost invertible op-
erators has been developed by many authors (cf. [1]–[4], [7]–[10], [25]–[26],
[55], . . . ). Theorem 10.1 gives a general form of all generalized almost in-
verses of a given generalized almost invertible operator. We introduce and
apply the notion of right and left initial operators for generalized almost
invertible operators and prove the corresponding Taylor–Gontcharov for-
mulae (Theorems 10.5–10.7). In Section 11, we investigate equations with
generalized almost invertible operators and the corresponding initial value
problem. Theorem 11.4 gives a necessary and sufficient condition for an
initial value problem with generalized almost invertible operator to be well-
posed. Moreover, in Section 12 we consider the generalized almost invertible
case of paired operators. Theorem 12.1 gives a condition for equations in-
duced by a paired operator to have solutions and Theorem 12.2 gives a
sufficient condition for a paired operator to be generalized almost invertible.
Lemma 12.3 is due to Speck [55].

In Chapter 3 we deal with the equation (0.2). In Section 13 we construct
a general form of pre-resolving operators (cf. Definition 13.2) for (0.2).
Theorem 13.1 shows that every solution of (0.2) may be found in a closed
form provided that there exists a pre-resolving operator, which is either
right or left, or generalized almost invertible or invertible. A necessary and
sufficient condition for the initial value problem to be well-posed is given
in Theorem 14.1. Ill-posed cases of the initial value problem are studied in
Theorems 14.2 and 14.3. Similar results for boundary and mixed boundary
value problems are given in Sections 15–17. In particular, in Section 18 we
discuss in detail first order equations and generalize some results of Pogo-
rzelec [41]–[43] about ill-determined equations. The general boundary value
problem is discussed in Section 19. This problem for (0.1) was recently
investigated by Karwowski and Przeworska-Rolewicz [20] by means of Green
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operators. Some particular cases have been considered in [5]–[6], [57]–[58]
(cf. also other results in [11]–[12], [16], [21], [24], . . . ).

Chapter 4 deals with controllability of linear systems described by right
invertible operators and by generalized almost invertible operators. In Sec-
tion 20 we consider first order systems. The case of an invertible resolving
operator I − RA (cf. Section 20) was considered by Nguyen Dinh Quyet
[27]–[29]. His results were generalized by Pogorzelec [41]–[43] to resolving
operators I − RA and I − AR which are either left or right invertible. We
generalize these results to the case when the resolving operator is merely gen-
eralized almost invertible. Section 21 deals with controllability of general
systems. It is proved that if a system is F ′i -controllable for an initial opera-
tor F ′i then it is F ′i -controllable for any initial operator F ′. In Section 22 we
investigate controllability of linear systems described by generalized almost
invertible operators.

The main results of this work are contained in [30]–[39].

I wish to express my deep gratitude to Professor Danuta Przeworska-
Rolewicz (Institute of Mathematics, Polish Academy of Sciences) for all her
help which led to improvement of this work. I would also like to express
my thanks to the institute of Mathematics of the Technical University of
Warsaw for very good conditions of work during my stay in Warsaw.

Preliminaries

1. Linear spaces and linear operators. Let X and Y be linear spaces
over the same field F of scalars. The set of all linear operators with domains
contained in X and ranges contained in Y will be denoted by L(X → Y ).
Write

L0(X → Y ) := {A ∈ L(X → Y ) : domA = X} ,
L(X) := L(X → X), L0(X) = L0(X → X) .

For A ∈ L(X → Y ) we write

kerA := {x ∈ domA : Ax = 0} .

The dimension of kerA is called the nullity of A and is denoted by αA.
The cokernel of A is the quotient space Y/ ImA. The deficiency βA of A is
defined by

βA := dim(Y/ ImA) = codim ImA .

The ordered pair (αA, βA) is called the dimensional characteristic of A. If
at least one of the numbers αA, βA is finite we define the index κA of A in
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the following way:

κA :=

{
βA − αA if αA <∞, βA <∞,
+∞ if αA <∞, βA =∞,
−∞ if αA =∞, βA <∞.

Let A ∈ L0(X). If the operator I − βA is invertible for all β ∈ F (i.e.
the equation (I − βA)x = y has a unique solution for every y ∈ X) then A
is said to be a Volterra operator. The set of all Volterra operators acting
in X will be denoted by V (X).

Let X be a linear space over a field F (where F = C or F = R). By
X ′ we denote the space of all linear functionals defined on X. A subspace
U ⊂ X ′ is said to be total if ξ(x) = 0 for all ξ ∈ U implies x = 0, where
x ∈ X. In the sequel, any total subspace of X ′ will be called a conjugate
space to X. Let X and Y be two linear spaces, both over the same field F .
Then to every operator A ∈ L(X → Y ) there corresponds an operator βA,
defined by means of the equality

(βA)x = β(Ax), x ∈ domA, β ∈ H ⊂ Y ′ .
The operator βA is said to be a conjugate operator for A and will be denoted
by A∗.

Let U ⊂ X ′ be an arbitrary conjugate space to X. View an operator A as
defined for all those β ∈ H for which A∗β = βA. In that way to every op-
erator A ∈ L(X → Y ) there corresponds an operator A∗ ∈ L(X → U).
Since, by this definition, there are conjugate operators defined on the set {∅}
only, we consider only such operators A ∈ L0(X → Y ) for which A∗ ∈
L0(H → U). The set of all those operators will be denoted by L0(X → Y ,
H → U). If Y = X and H = U we write L0(X,U) := L0(X → X,U → U).

For operators belonging to L(X) we admit the following convention. We
shall consider only such conjugate spaces U ⊂ X ′ that β(Ax) = (A∗β)x
for x ∈ domA, β ∈ U and β has a unique extension to a ξ ∈ U . This
means that every functional ξ ∈ U is uniquely determined by its restriction
to dom A, i.e. A∗β = ξ|domA and we can identify ξ and ξ|domA. The set of
all operators satisfying these conditions will be denoted by L(X,U).

2. Right and left invertible operators. Suppose that X is a linear
space over a field F of scalars. An operator D ∈ L(X) is said to be right
invertible if there is an operator R ∈ L0(X) such that RX ⊂ domD and
DR = I.

The operator R is called a right inverse of D. The set of all right
invertible operators will be denoted by R(X). The set of all right inverses
of an operator D ∈ R(X) will be denoted by RD. In the sequel, we shall
denote by Xk the set dom Dk for a D ∈ R(X) and k = 1, 2, . . . ; i.e.

(2.1) Xk := domDk, k ∈ N0, X0 := X .
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An operator F ∈ L0(X) is said to be an initial operator for an operator
D ∈ R(X) corresponding to a right inverse R of D if

(2.2) F 2 = F, FX = kerD, FR = 0 .

Denote by FD the set of all initial operators for D ∈ R(X).
The following properties of right invertible operators were given by Prze-

worska-Rolewicz [46]:

(i) If D ∈ R(X) then for every R ∈ RD
(2.3) domD = RX ⊕ kerD .

(ii) A necessary and sufficient condition for an operator F ∈ L0(X) to
be an initial operator for D ∈ R(X) corresponding to an R ∈ RD is that

(2.4) F = I −RD on domD .

(iii) Taylor–Gontcharov Formula: Suppose that D ∈ R(X) and FD =
{Fβ}β∈Γ denotes the family of initial operators induced by RD = {Rβ}β∈Γ .
Let {βn} ⊂ Γ be an arbitrary sequence of indices. Then for every positive
integer N

(2.5) I = Fβ0 +
N−1∑
k=1

Rβ0 . . . Rβk−1FβkD
k +Rβ0 . . . RβN−1D

N on domDN .

(iv) Taylor Formula: If D ∈ R(X) and F is an initial operator for D
corresponding to an R ∈ RD then

I =
N−1∑
k=0

RkFDk +RNDN on domDN (N = 1, 2, . . .) .

(v) Suppose that D ∈ R(X), Rj ∈ RD (j = 0, 1, . . .). Then for every
positive integer N

(2.6) kerDN =
{
z = z0 +

N−1∑
k=1

R0 . . . Rk−1zk : z0, . . . , zN−1 ∈ kerD
}
.

(vi) If D ∈ R(X), R ∈ RD, then

(2.7) kerDN =
{
z =

N−1∑
k=0

Rkzk : z0, . . . , zN−1 ∈ kerD
}

(N = 1, 2, . . .) .

R e m a r k 2.1. Other properties of right invertible operators can be found
in the book of Przeworska-Rolewicz [46].

An operator V ∈ L0(X) is said to be left invertible if there is an operator
L ∈ L(X) such that

(2.8) ImV ⊂ domL, LV = I .
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Denote by Λ(X) the set of all left invertible operators belonging to L0(X)
and LV the set of all left inverses of V ∈ Λ(X).

If V ∈ Λ(X) and L ∈ LV then the operator

(2.9) G := I − V L on domL

is called the co-initial operator for V corresponding to L ∈ LV .

Theorem 2.1. Let A,B ∈ L(X), ImA ⊂ domB and ImB ⊂ domA.
Then I − AB is right invertible (left invertible, invertible) if and only if so
is I − BA. Moreover , if we denote by RAB (LAB) a right (left) inverse
of I − AB, then there exists RBA ∈ RI−BA (LBA ∈ LI−BA) such that ,
respectively ,

RAB = I +ARBAB , RBA = I +BRABA ,(2.10)
LAB = I +ALBAB , LBA = I +BLABA ,(2.11)

(I −AB)−1 = I +A(I −BA)−1B ,

(I −BA)−1 = I +B(I −AB)−1A .
(2.12)

P r o o f. (i) Suppose that I − AB ∈ R(X) and RAB ∈ RI−AB , i.e.
(I − AB)RAB = I. Write RBA := I + BRABA. It is easy to see that RBA
is well-defined on domA and
(I −BA)RBA = (I −BA)(I +BRABA) = (I −BA) + (I −BA)BRABA

= I −BA+B(I −AB)RABA = I −BA+BA = I ,

which proves that I − BA ∈ R(X) and RBA ∈ RI−BA. Changing the role
of A and B we get the first equality of (2.10).

(ii) Suppose that I − AB ∈ Λ(X) and LAB ∈ LI−AB . We then write
LBA := I +BLABA. Then LBA is well-defined and on domA we find

LBA(I −BA) = (I +BLABA)(I −BA) = I −BA+BLABA(I −BA)
= I −BA+BLAB(I −AB)A = I −BA+BA = I ,

which proves that I −BA ∈ Λ(X) and LBA ∈ LI−BA.
(iii) If I−AB is invertible, then, by (i) and (ii), I−BA is also invertible,

and (2.12) immediately follows from (2.10) and (2.11).

Note that Theorem 2.1 gives a positive answer to the following question
(cf. [46], Open Question on p. 140).

Let D ∈ R(X), R ∈ RD and A ∈ L0(X). Does the left invertibility
(right invertibility, invertibility) of I −AR imply the left invertibility (right
invertibility, invertibility) of the operator I −RA?

Theorem 2.2. Let A,B ∈ L(X), ImA ⊂ domB and ImB ⊂ domA. If
B is left invertible then

(2.13) ker(I −BA) = B(ker(I −AB)) .
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P r o o f. Suppose that z ∈ ker(I − AB), i.e. (I − AB)z = 0. Then
B(I −AB)z = (I −BA)Bz = 0 and Bz ∈ ker(I −BA).

Conversely, if Bz ∈ ker(I − BA) then (I − BA)Bz = 0. This implies
B(I − AB)z = 0. Since B is left invertible, the last equality implies (I −
AB)z = 0, i.e. z ∈ ker(I −AB) .

Example 2.1. Let X := C(R), t0 ∈ R, a, b ∈ X. Consider the equation

(2.14) x(t)−
t∫

t0

a(s)x′(s) ds = b(t) .

If a(t) 6= 1 for all t then the operator (1− a(t))I is invertible. Hence, in
that case, by Theorem 2.1, the equation (2.14) has a unique solution

x(t) = b(t) +
t∫

t0

a(s)[1− a(s)]−1b′(s) ds .

The following theorem shows that there is a canonical one-to-one corre-
spondence between the set of all solutions of the equations

(2.15) (I −AB)x = y

and

(2.16) (I −BA)u = By .

Theorem 2.3. Let A,B ∈ L(X), ImA ⊂ domB, ImB ⊂ domA. Then
the equation (2.15) has solutions if and only if (2.16) does, and there is
one-to-one correspondence between the two sets of solutions, given by

(2.17) u = Bx↔ x = y +Au .

P r o o f. Suppose that (2.15) is solvable and x0 is its solution, i.e. (I −
AB)x0 = y. Then, y ∈ domB and B(I − AB)x0 = By, which implies
(I −BA)Bx0 = By, so that u0 = Bx0 is a solution of (2.16).

Conversely, if (2.16) is solvable and u1 is its solution, then u1 ∈ domA
and (I −BA)u1 = By. Write x1 = y +Au1. Then

(I −AB)x1 = (I −AB)(y +Au1) = (I −AB)y +A(I −BA)u1

= (I −AB)y +ABy = y ,

which proves that x1 is a solution of (2.15).

Example 2.2. Let D ∈ R(X), dim kerD 6= 0, R ∈ RD. Let A := RN ,
B :=

∑N−1
j=0 AjD

j , where Aj ∈ L0(X) (j = 0, . . . , N − 1). Consider the
equations

(2.18) (I +AB)x = y, i.e.
(
I +

N−1∑
j=0

RNAjD
j
)
x = y ,
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(2.19) (I +BA)u = By, i.e.
(
I +

N−1∑
j=0

AjR
N−j

)
u =

N−1∑
j=0

AjD
jy .

By Theorem 2.3, all solutions of (2.18) are given by

x = y −RNu ,

where u is a solution of (2.19). If (2.19) has no solutions then (2.18) is not
solvable either.

3. Algebraic operators. Suppose that X is a linear space over C.
We say that an operator A ∈ L0(X) is algebraic if there exists a non-zero
polynomial P (t) = p0 + p1t + . . . + pN t

N with p0, . . . , pN ∈ C such that
P (A) = 0 on X. Without loss of generality we can assume that P (t) is
normed, i.e. pN = 1. We say that an algebraic operator A ∈ L0(X) is of
order N if there does not exist a normed polynomial Q(t) of degree m < N
such that Q(A) = 0 on X, i.e. if N is a minimal degree of a polynomial
identity P (A) = 0 satisfied by A. Such a minimal polynomial P (t) is called
the characteristic polynomial of A and its roots are called the characteristic
roots of A.

Lemma 3.1 (Hermite Interpolation Formula). There exists a unique poly-
nomial W (t) of degree N − 1 which together with its derivatives takes given
values yki at given different points t1, . . . , tn. More precisely,

W (k)(ti) = yki (k = 0, . . . , ri − 1; i = 1, . . . , n; r1 + . . .+ rn = N) ,

where

W (0) := W, W (k) := dkW/dtk (k = 1, 2, . . .) .

The required polynomial W (t) is

W (t) =
n∑
i=1

P (t)
(t− ti)ri

ri−1∑
k=0

yki

{
(t− ti)ri
P (t)

}
ri−1−k,ti

(t− ti)k

k!
,

where

P (t) :=
n∏

m=1

(t− tm)rm , {f(t)}(k,s) :=
k∑

m=0

dmf(t)
dtm

∣∣∣∣
t=s

(t− s)m

m!

for any function f k times differentiable in a neighbourhood of s.
In particular, if t1, . . . , tn are single knots, then the Hermite interpolation

formula yields the Lagrange interpolation formula:

(3.1) W (t) =
n∑
i=1

y0i

n∏
m=1,m 6=i

t− tm
ti − tm

.
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Lemma 3.2. Write

(3.2)

pi(t) := qi(t)
n∏

m=1,m6=i

(t− tm)rm ,

qi(t) :=
{

(t− ti)ri
P (t)

}
(ri−1,ti)

(i = 1, . . . , n) .

Then

(3.3)
n∑
i=1

pi(t) = 1 .

In the case of single knots (3.3) takes the form

(3.4)
n∑
i=1

n∏
m=1,m 6=i

t− tm
ti − tm

= 1 .

Theorem 3.1 (Przeworska-Rolewicz [44]). If A ∈ L0(X) then the fol-
lowing conditions are equivalent:

(a) A is an algebraic operator with a characteristic polynomial

P (t) =
n∏

m=1

(t− tm)rm of order N = r1 + . . .+ rn .

(b) There exist n operators P1, . . . , Pn ∈ L0(X) such that

PjPk =
{
Pk for j = k,
0 for j 6= k,

n∑
j=1

Pj = I and (A− tjI)rjPj = 0 (j, k = 1, . . . , n) ,

namely, Pj = pj(A), where the polynomials pj are defined by (3.2).
(c) The space X is a direct sum of n principal spaces of the operator A

corresponding to the eigenvalues t1, . . . , tn with multiplicities r1, . . . , rn, re-
spectively, i.e.

X = X1 ⊕ . . .⊕Xn ,

where Xj = ker(A− tjI)rj (j = 1, . . . , n) .

Theorem 3.2 (cf. [31]). Let A be an algebraic operator with characteristic
polynomial

PA(t) =
m∏
i=1

ni∏
ji=1

(t− tiji)βiji ,
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tij 6= tkµ whenever (i, j) 6= (k, µ). Let G(t) be a polynomial with complex
coefficients satisfying

G(tkjk) = rk (k = 1, . . . ,m; jk = 1, . . . , nk) ,

G′(tkjk) = . . . = G(skjk )(tkjk) = 0 (k = 1, . . . ,m; jk = 1, . . . , nk) ,

G(skjk+1)(tkjk) 6= 0 .
If V = G(A), then V is an algebraic operator with characteristic polynomial

PV (t) =
m∏
i=1

(t− ri)βi

where

βi =
{
αi if αi is an integer,
[αi + 1] otherwise,

αi = max
{

βi1
si1 + 1

,
βi2

si2 + 1
, . . . ,

βini
sini + 1

}
,

and [p] is the integer part of p, i.e. the greatest integer which does not
exceed p.

Let X̃0 be an algebra with unit I (X̃0 ⊂ L0(X)).

Definition 3.1 (cf. [31]). An element S ∈ L0(X) is said to be algebraic
over X̃0 (or generalized algebraic) if there is a polynomial

P (t) = p0t
m + p1t

m−1 + . . .+ pm, p0 6= 0, pj ∈ X̃0 (j = 0, . . . ,m) ,

such that
P (S) = 0, Spj − pjS = 0 (j = 0, . . . ,m).

Theorem 3.3 (cf. [31]). Let X̃0 ⊂ L0(X) be a commutative subalgebra
with unit and let S be an algebraic operator. Suppose that Aj ∈ X̃0, SAj =
AjS (j = 1, . . . ,m). Write

V :=
m∑
j=1

AjS
m−j .

Then V is a generalized algebraic operator.

Theorem 3.4 (cf. [31]). Let A and B be commutative algebraic operators
with characteristic polynomials

PA(t) =
n∏
i=1

(t− ui)ri , PB(t) =
m∏
j=1

(t− vj)sj .

Then A + B is an algebraic operator with characteristic roots belonging to
the set {ui + vj : i = 1, . . . , n; j = 1, . . . ,m}.
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4. Singular integral operators. Let Γ be a regular arc on the com-
plex plane, i.e. a set of points of the form Γ = {z : z = z(t), α ≤ t ≤ β},
where z(t) is one-to-one, and has a continuous non-vanishing derivative
in [α, β] and limt→α+0 z

′(t) 6= 0, limt→β−0 z
′(t) 6= 0. If z(α) = z(β) and

limt→α−0 z
′(t) = limt→α+0 z

′(t) 6= 0 then we have a regular closed arc. Let
Hµ(Γ ) be the space of all bounded functions on Γ satisfying the Hölder
condition with exponent µ, 0 < µ ≤ 1. The norm of an element x ∈ Hµ(Γ )
is defined by

(4.1) ‖x‖ := sup
t∈Γ
|x(t)|+ sup

t1,t2∈Γ

|x(t1)− x(t2)|
|t1 − t2|µ

.

The space Hµ(Γ ) with the norm (4.1) is a Banach space.
It is well-known that if x ∈ Hµ(Γ ) then the Cauchy principal value in-

tegral
∫
Γ

(s − t)−1x(s) ds exists. In the sequel we write briefly
∫
Γ

(s − t)−1

×x(s) ds instead of V.P.
∫
Γ

(s− t)−1x(s) ds. We call this integral a singular
integral on Γ .

It follows from the Plemelj formulae that every function satisfying the
Hölder condition on a regular closed arc may be represented as the difference
of two functions, x(t) = F+(t)− F−(t), where F+(t) is the boundary value
of a function holomorphic in the bounded domain whose boundary is Γ , and
F−(t) is the boundary value of a function holomorphic outside this domain
and vanishing at infinity. This representation is unique. From the Cauchy
integral formula we obtain

(SF+)(t) = F+(t), (SF−)(t) = −F−(t),

where

(4.2) (Sx)(t) :=
1
πi

∫
Γ

x(s) ds
s− t

(cf., for instance, [15], [23]).
Hence, if Γ is a regular closed arc then S is an involution on the space

Hµ(Γ ), i.e. S2 = I.
It is well-known that if M is the operator of multiplication by a func-

tion M(t) satisfying the Hölder condition with exponent µ on Γ , then the
commutator SM −MS is compact in Hβ(Γ ) for β < µ/2 (cf. [44], [50]).

Write X := Hµ(Γ ), P := 1
2 (I + S), Q := 1

2 (I − S). Then P 2 = P ,
Q2 = Q, PQ = QP = 0 and X = X+⊕X−, where X+ := PX, X− := QX.

Consider the operators

(4.3) T1 = aI + bS, T2 = aI + SbI, a, b ∈ X .
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Suppose that a(t)± b(t) 6= 0 for t ∈ Γ . Denote by κ the index of T1. Then

κ = IndT2 =
1

2π

{
a(t) + b(t)
a(t)− b(t)

}
Γ

,

i.e. IndTj (j = 1, 2) is equal to the increment of the argument of the function
(a+ b)/(a− b) as t moves along Γ in the anti-clockwise direction.

In the sequel, we need the following properties (cf. [15], [23]):

(i) If κ > 0, then T1 and T2 are right invertible and not invertible.
(ii) If κ < 0, then T1 and T2 are left invertible and not invertible.
(iii) If κ = 0, then T1 and T2 are invertible.

I. Characterizations of right inverses
and interpolation problems

5. Operations on Volterra right inverses. Let D ∈ R(X), R1, R2 ∈
RD ∩V (X). It is well-known that, in general, R1R1 6= R2R1. The following
question arises: Are R1R2 and R1 +R2 Volterra operators, provided that so
are R1 and R2? In general, the answer is negative. We obtain the following
conditions for R1 +R2, R1R2 to be Volterra.

Theorem 5.1. Let D ∈ R(X), R1, R2 ∈ RD. Then R1R2 is a Volterra
operator if and only if R2R1 is Volterra.

P r o o f. Suppose that R1R2 ∈ V (X). Write

eR1R2 := (I − tR1R2)−1, E := I + tR2eR1R2R1, t ∈ C .
Then E is well defined on X and, in a similar way to the proof of Theo-
rem 2.1, we get

(I − tR2R1)E = (I − tR2R1)(I + tR2eR1R2R1) = I − tR2R1 + tR2R1 = I

and E(I − tR2R1) = I. Thus I − tR2R1 is invertible for all t ∈ C, i.e. R2R1

is a Volterra operator.

Theorem 5.2. Suppose that D ∈ R(X) and R1, R1 are Volterra right
inverses of D. Then a necessary and sufficient condition for R1R2 to be a
Volterra operator is that

(5.1) F2(I − tR2
1)−1z 6= 0 for all t ∈ C, 0 6= z ∈ kerD,

where Fj ∈ FD corresponds to Rj (j = 1, 2).

P r o o f. Note that R1R2 ∈ RD2 and R2
1 is a Volterra right inverse

of D2. Hence, if R1R2 has an eigenvector then it must be of the form
q := (I − tR2

1)−1z, for some z ∈ kerD2, z 6= 0, and some t ∈ C.
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Let v ∈ C and u := (I − vR1R2)q. We have to check that the condition

(5.2) u 6= 0 for all t, v ∈ C and all z ∈ kerD2 , z 6= 0

is equivalent to (5.1).
If v 6= t, then

u = (I − vR1R2)(I − tR2
1)−1z = [I − tR2

1 +R1(tR1 − vR2)(I − tR2
1)−1]z

= z +R1(tR1 − vR2)(I − tR2
1)−1z .

Hence D2u = (t− v)(I − tR2
1)−1z 6= 0, in particular u 6= 0.

If v = t, then u = (I − tR1R2)q. Consider two cases: (i) 0 6= z ∈ kerD
and (ii) 0 6= z ∈ kerD2 \ kerD.

In case (i) we get F1u = F1(I − tR2
1)−1z = z 6= 0 and thus again u 6= 0.

In case (ii), let z = R1z1 + z2, where z1, z2 ∈ kerD, z1 6= 0. It is easy to
check that

u = (I − tR1R2)q = z + tR1F2R1(I − tR2
1)−1z .

If z2 6= 0 then F1u = F1R1z1 + F1z2 = z2 6= 0, which implies u 6= 0.
If z2 = 0, i.e. z = R1z1, then

u = R1z1 + tR1F2R
2
1(I − tR2

1)−1z

= R1z1 +R1F2[I − (I − tR2
1)](I − tR2

1)−1z

= R1z1 +R1F2(I − tR2
1)−1z −R1F2z1 = R1F2(I − tR2

1)−1z 6= 0 .

Hence indeed (5.2) is equivalent to (5.1), which was to be proved.

Changing the roles of R1 and R2 in Theorem 5.2 and using Theorem 5.1
we get

Corollary 5.1. If R1, R2 are Volterra right inverses of a D ∈ R(X)
and F1, F2 are initial operators for D corresponding to R1, R2, respectively ,
then a necessary and sufficient condition for R1R2 to be Volterra operator
is that

(5.3) F1(I − tR2
2)−1z 6= 0 for all t ∈ C, 0 6= z ∈ kerD .

Theorem 5.3. Suppose that D ∈ R(X) and R1, R2 ∈ RD ∩V (X). Then
a necessary and sufficient condition for R1 + R2 to be a Volterra operator
is that

(5.4) (I − tR1)−1z + (I − tR2)−1z 6= 0 for all t ∈ C, z ∈ kerD \ {0} .

P r o o f. Write R = 1
2 (R1 +R2). Then R ∈ RD. Hence every eigenvector

of R (if it exists) must be of the form

q := (I − tR1)−1z, 0 6= z ∈ kerD.
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Let v ∈ C and u := (I − vR)q. If v 6= t then

u = (I − vR)q = [I − 1
2v(R1 +R2)](I − tR1)−1z

= [I − tR1 + (t− 1
2v)R1 − 1

2vR2](I − tR1)−1z

= z + [(t− 1
2v)R1 − 1

2vR2](I − tR1)−1z .

This implies Du = (t− v)(I − tR1)−1z 6= 0.
If v = t ∈ C, then

u = (I − tR)q = z + 1
2 t(R1 −R2)(I − tR1)−1z

= z − 1
2 (I − tR1)(I − tR1)−1z + 1

2 (I − tR2)(I − tR1)−1z

= 1
2z + 1

2 (I − tR2)(I − tR1)−1z .

Hence

2u = z + (I − tR2)(I − tR1)−1z ,

i.e.

2(I − tR2)−1u = (I − tR1)−1z + (I − tR2)−1z .

We conclude that u 6= 0 if and only if the right hand side of the last equality
is not zero, i.e. we get the condition (5.4).

Example 5.1. Let X := C([0, 1],F), where F = R or F = C and
D := d/dt, R1 :=

∫ x
x1

, R2 :=
∫ x
x2

, x1 6= x2, x1, x2 ∈ [0, 1]. It is easy to check
that

(I − tRj)−1c = cet(x−xj) for c ∈ F (j = 1, 2) .

Hence

u(x) = (I − tR1)−1c+ (I − tR2)−1c+ cetx(e−tx1 + e−tx2).

This implies that u(x) 6= 0 for all t ∈ R. By Theorem 5.3, R1 + R2 is
a Volterra operator in X = C([0, 1],R). Note that in X := C([0, 1],C),
u(x) = 0 for t = πi(x2−x1)−1. Hence, also by Theorem 5.3, R1 +R2 is not
Volterra.

Example 5.2. Let X := C([0, 1],R) and let D, R1, R2 be as in Exam-
ple 5.1. It is easy to check that

(I − tR2
j )
−1c = c cos

(√
−t(x− xj)

)
for c ∈ F (j = 1, 2).

Hence F2(I − tR2
1)−1c = c cos

(√
−t(x2 − x1)

)
. If we choose t0 := − 1

4 (x2 −
x1)−1π2 then F2(I − t0R2

1)−1c = 0. Theorem 5.2 shows that R1R2 is not a
Volterra operator.

6. Characterization of polynomials in right inverses with alge-
braic operator coefficients. Recall the following results of Przeworska-
Rolewicz and von Trotha [46].
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Theorem I (Przeworska-Rolewicz). Write

Q̃(t, s) :=
N∑
k=0

qkt
ksN−k ,(6.1)

Q̃(t) := Q̃(t, 1) , P̃ (t) := tMQ(t) ,(6.2)

where q0, . . . , qN−1 ∈ C, qN = 1, M is a non-negative integer. If there exists
R ∈ RD∩V (X) (i.e. R is a Volterra right inverse of D) then P̃ (D) ∈ R(X)
and the operator

(6.3) R0 := RM+N [Q̃(I,R))]−1

is a Volterra right inverse of P (D).

Theorem II (von Trotha). If R0 of the form (6.3) is a Volterra operator
then R is Volterra.

In this section we generalize Theorems I and II to the case when Q̃(t, s)
is a polynomial with algebraic and stationary operator coefficients. The
method used here is essentially based on the properties of generalized alge-
braic operators (cf. §3).

Let D ∈ R(X), R ∈ RD. Let A0, . . . , AN be mutually commutative
algebraic operators, AN = I. Suppose that

(6.4) DAj = AjD on domD, RAj = AjR (j = 0, . . . , N) .

Write

(6.5) Q(t, s) :=
N∑
j=0

Ajt
jsN−j , Q(t) := Q(t, 1) , P (t) := tMQ(t) .

Theorem 6.1. If R ∈ V (X) then Q(I,R) is invertible and

(6.6) R0 := RM+N [Q(I,R)]−1 ∈ RP (D) ∩ V (X) .

P r o o f. Write X̃0 := lin{Rk} (k = 0, 1, . . .). Then X̃0 ⊂ L0(X) is a
commutative subalgebra. Hence, by Theorem 3.4, Q(I,R) is a generalized
algebraic operator with characteristic roots belonging to the set

(6.7)
{
I +

N∑
k=1

tN−k,lR
k : k = 1, . . . , N ; l = 1, . . . rN−k

}
,

where (tj,1, . . . , tj,rj ) are the characteristic roots of the operators Aj (j =
0, . . . , N). Theorem I implies that every operator in (6.7) is invertible. It
follows that Q(I,R) is invertible.
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Now we prove that R1 := RN [Q(I,R)]−1 is a right inverse of Q(D).
Indeed,

Q(D)R1 = Q(D)RN [Q(I,R)]−1 =
N∑
k=0

AkR
N−k[Q(I,R)]−1 = I .

Consequently, the operator P (D) := DMQ(D) is also right invertible and
has a right inverse of the form (6.6).

To finish the proof, we have to check that R0 ∈ V (X). Write

H(R) :=
N∑
k=0

AkR
N−k − tRN+M , t ∈ C .

Then I − tR0 = [Q(I,R)]−1H(R). By Theorem 3.3, H(R) is a generalized
algebraic operator with characteristic roots belonging to the set

(6.8)
{
I − tRN+M +

N∑
k=0

tN−k,lR
k ; l = 1, . . . , rN−k

}
,

Theorem I shows that every operator in (6.8) is invertible. Hence, so is
H(R). We conclude that I − tR0, as a superposition of invertible operators,
is invertible for all t ∈ C, i.e. R0 ∈ V (X).

Theorem 6.2. Suppose that R ∈ RD ∩ V (X) for D ∈ R(X). If A is
an algebraic operator such that AR = RA then AR is a Volterra operator.

P r o o f. By Theorem 3.4, the operator I + βAR, for every β ∈ C, is a
generalized algebraic operator over X̃0 := lin {Rk} with characteristic roots
of the form I+βtiR (i = 1, . . . , n). Since I+βtiR is invertible for all β ∈ C
we conclude that I + βAR is invertible for all β ∈ C, i.e. AR is a Volterra
operator.

A result converse to Theorem 6.1 is

Theorem 6.3. Suppose that D ∈ R(X), R ∈ RD and A0, . . . , AN are
algebraic operators satisfying (6.4). Let Q(t, s), Q(t) and P (t) be defined
by (6.5). If Q(I,R) is invertible then

(6.9) R0 := RN+M [Q(I,R)]−1 ∈ RP (D) .

Moreover , if R0 ∈ V (X) then R ∈ V (X).

P r o o f. It is enough to check that R ∈ V (X) provided that R0 ∈ V (X).
Fix β ∈ C. Write A = Q(β). Then A is an algebraic operator and AR0 =
R0A. By Theorem 6.2, AR0 is a Volterra operator since so is R0. Hence,
I −AR0 is invertible.

On the other hand,

I −AR0 = [Q(I,R)]−1[Q(I,R)−ARM+N ] .
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This implies

I = (I −AR0)−1[Q(I,R)]−1[Q(I,R)]−ARM+N ]

= [Q(I,R)−ARM+N ](I −AR0)−1[Q(I,R)]−1 ,

i.e. the operator Q0 := Q(I,R)−ARM+N is invertible.
Write

HA(t, s) := Q(t, s)−AsM+N , HA(t) := HA(t, 1) .

We have HA(β) = HA(β, 1) = Q(β, 1) − A = Q(β) − A = 0. Since
HA(I,R) = Q(I,R) − ARM+N we conclude that HA(I,R) is invertible.
Hence

(6.10) HA(t) = (t− βI)QA(t) ,

where QA(t) :=
∑N−1
j=0 Bjt

j , and Bj (j = 0, . . . , N − 1) are mutually com-
mutative algebraic operators. From (6.10) we get

HA(t, s) = (t− βs)QA(t, s) ,

where

QA(t, s) :=
N−1∑
j=0

Bjt
jsN−1−j , QA(t) = QA(t, 1) .

Thus HA(I,R) = (I − βR)QA(I,R), i.e.

I = (I − βR)QA(I,R)[HA(I,R)]−1 = [HA(I,R)]−1QA(I,R)(I − βR) .

This shows that I − βR is invertible for all β ∈ C, i.e. R ∈ V (X).

Corollary 6.1. Suppose that D ∈ R(X), R ∈ RD ∩ V (X) and A is an
algebraic operator commuting with R. Suppose, moreover , that A has the
characteristic polynomial of the form

PA(t) =
n∏
j=1

(t− tj) , ti 6= tj for i 6= j .

Then every solution of the equation

(6.11) (D −A)x = y, y ∈ X ,

is of the form

x =
n∑
j=1

(I − tjR)−1Pj(Ry + z) ,

where z ∈ kerD is arbitrary and

Pj =
n∏

k=1,k 6=j

(tj − tk)−1(A− tkI) (j = 1, . . . , n) .
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Corollary 6.2. Under the assumptions of Theorem 6.1, dim kerQ(D)
= N dim kerD.

Indeed, we have

Q(D) = DN
N∑
j=0

AjR
N−j = DNQ(I,R) .

By Theorem 6.1, the operator Q(I,R) is invertible. Hence, dim kerQ(D) =
dim kerDN = N dim kerD.

As a corollary, we obtain the formula

dim kerDMQ(D) = (M +N) dim kerD .

R e m a r k 6.1. In general, a converse statement to Theorem 6.2 is not
true. Furthermore, for every D ∈ R(X), R ∈ RD there exists an algebraic
operator A such that AR ∈ V (X), i.e. AR ∈ V (X) does not imply R ∈
V (X). Indeed, if A2 = 0 then I − βAR is invertible for all β ∈ C and
(I − βAR)−1 = I + βAR. This implies that AR ∈ V (X) for every R ∈ RD.
However, we have the following

Corollary 6.3. Suppose that D ∈ R(X), R ∈ RD and A is an al-
gebraic operator commuting with R. If AR is a Volterra operator and A is
invertible then R is a Volterra operator.

Indeed, by Theorem 6.2, the operator R = A−1(AR) is Volterra.

Example 6.1. Let D′ ∈ R(X), dim kerD′ 6= 0 and R′ ∈ RD′ . Write
D := (δjkD′)j,k=1,...,n, R := (δjkR′)j,k=1,...,n, Ai := (a(i)

jk )j,k=1,...,n, a(i)
jk are

scalars (i = 0, . . . ,m). Then D ∈ R(Xn), R ∈ RD and DAi = AiD,
RAi = AiR (i = 0, . . . ,m).

If R′ is a Volterra operator then by Theorem 6.1, the operator

(6.12) Q :=
m∑
j=0

AiR
i (A0 = I)

is invertible and R0 := Rm+sQ−1 is a Volterra operator for every s ∈ N0.
By Theorem 6.2, AiR (i = 1, . . . ,m) are Volterra operators. If Q of the
form (6.12) is invertible and R0 is a Volterra operator then R′ is also a
Volterra operator.

Example 6.2. Let Ω := [a, b] × [c, d], X := C(Ω), D := ∂/∂t, where
(t, s) ∈ Ω. The operator D is right invertible and has a right inverse R
defined as follows:

(Rx)(t, s) :=
t∫

t0

x(u, s) du, t0 ∈ [a, b] .
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Consider the operator

(Ax)(t, s) := x(t, c+ d− s) , (t, s) ∈ Ω .

It is easy to see that A is stationary, i.e. DA = AD on domD, RA = AR.
Moreover, A2 = I, i.e. A is an algebraic operator. Hence, by Theorem 6.1
AR is a Volterra operator and I +AR is invertible.

7. Algebraic exponentials. Let D ∈ R(X), R ∈ RD. Denote by SD,R
the set of all stationary operators, i.e. of all A ∈ L0(X) such that DA = AD
on domD, AR = RA (cf. Tasche [57]).

Definition 7.1. Let A ∈ SD,R be an algebraic operator. If xA ∈
ker(D − A) and xA 6= 0 then xA is said to be an algebraic exponential
corresponding to A.

It is easy to check that if 0 6= xA ∈ ker(I−AR) for a stationary algebraic
operator A then xA ∈ ker(D−A), i.e. xA is an algebraic exponential. Con-
versely, if xA is an algebraic exponential and FxA = 0, where F is an initial
operator of D corresponding to a right inverse R, then xA ∈ ker(I − AR).
By Theorems 6.1 and 6.2, in that case, R is not a Volterra operator.

Theorem 7.1. Suppose that An ∈ SD,R are algebraic operators (n =
1, 2, . . .) such that Aj , Ai−Aj are invertible for i 6= j. Then for each positive
integer n any algebraic exponentials xA1 , . . . , xAn are linearly independent
over Ä := SD,R ∩ A, where A is the set of all algebraic operators, i.e. if∑k
j=1HjxAj = 0 for some Hj ∈ Ä (j = 1, . . . , k) then H1 = . . . = Hn = 0.

P r o o f. By Definition 7.1, xA1 6= 0. Suppose that for a fixed k (k ≥ 1)
any algebraic exponentials xA1 , . . . , xAk are linearly independent over Ä.
If xAk+1 is linearly dependent of the set {xA1 , . . . , xAk} then there exist
operators Hj ∈ Ä (j = 1, . . . , k+ 1), 0 6= Hk+1, such that

∑k+1
j=1 HjxAj = 0.

This implies

0 = D
( k+1∑
j=1

HjxAj

)
,(7.1)

0 =
k+1∑
j=1

HjA1xAj .(7.2)

The quantities (7.1) and (7.2) together imply

0 =
k+1∑
j=1

Hj(Aj −A1)xAj =
k+1∑
j=2

Hj(Aj −A1)xAj .

By our assumptions, Hj(Aj −A1) = 0 (j = 2, . . . , k + 1) and the operators
Aj − A1 (j = 2, . . . , k + 1) are invertible. Hence, the last equalities imply
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Hj = 0 (j = 2, . . . , k + 1), which contradicts our assumption and finishes
the proof.

Theorem 7.2. Suppose that D ∈ R(X), R ∈ RD∩V (X) and A ∈ SD,R
is an algebraic operator. If dim kerA = 0, then the operator eA = (I−AR)−1

has no eigenvectors.

P r o o f. Suppose that there exist u 6= 0 such that for β ∈ C we have
eAu = βu. This implies

(7.3) ((1− β)I + βRA)u = 0 .

By Theorem 6.2, AR ∈ V (X). Hence, by (7.3), u = 0 for β 6= 1. This
contradicts the assumption. If β = 1 then from (7.3) we get ARu = 0.
Our assumption that dim kerA = 0 implies u = 0, again contradicting the
assumption.

Definition 7.2. If D ∈ R(X) and there is an R ∈ RD ∩ V (X) then
every operator eA = (I−AR)−1, where A ∈ SD,R∩A, is called an algebraic
exponential operator.

Theorem 7.3. Let D ∈ R(X), R ∈ RD ∩ V (X). Suppose F ∈ FD cor-
responding to R and A ∈ SD,R is an algebraic operator. Then the algebraic
exponentials eA(z) are uniquely determined by their initial values:

eA(z) = (I −AR)−1FeA(z) , i .e. F eA(z) = z for z ∈ kerD .

P r o o f. If z ∈ kerD then (I −AR)eA(z) = z, i.e. eA(z) = z +AReA(z)
and DeA(z) = AeA(z). This means that eA(z) is an algebraic exponential
of D corresponding to A. Thus

FeA(z) = (I −RD)eA(z) = eA(z)−RDeA(z)
= eA(z)−RAeA(z) = (I −AR)eA(z) ,

i.e. FeA(z) = z.

Corollary 7.1. If D ∈ R(X), R ∈ RD∩V (X), then for every operator
0 6= A ∈ SD,R ∩ A there exist non-trivial exponentials.

Corollary 7.2. Suppose that D ∈ R(X), {Rµ}µ∈J0 ∈ RD ∩V (X) and
A ∈ SD,R ∩ A. Then

(Fν − Fµ)eA(z) = AFνRµeA(z) for z ∈ kerD , ν, µ ∈ J0 .

Indeed, AFνRµeA(z) = FνRµAeA(z) = FνRµDeA(z) = Fν(I − Fµ)
eA(z) = (Fν − FνFµ)eA(z) = (Fν − Fµ)eA(z).

Definition 7.3. If D ∈ R(X) and there exists an R ∈ RD∩V (X), then
the operators

(7.4) cA :=
1
2

(eiA + e−iA) , sA :=
1
2i

(eiA + e−iA) ,
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where A ∈ SD,R ∩ A, are called the algebraic cosine and sine operators,
respectively. The elements cA(z) and sA(z), where z ∈ kerD, are called
algebraic cosine and sine elements, respectively.

Theorem 7.4. The following identities hold :

cA = (I +A2R2)−1, sA = A(I +A2R2)−1R, c2A + s2A = eiAe−iA ,(7.5)
cAsB + cBsA = 1

2 (eiAeiB − e−iAe−iB) ,(7.6)
cAcB − sAsB = 1

2 (eiAeiB + e−iAe−iB) .(7.7)

P r o o f. By definitions,

cA = 1
2 (eiA + e−iA) = 1

2 [(I − iAR)−1 + (I + iAR)−1]
= 1

2 (I − iAR)−1(I + iAR)−1(I + iAR+ I − iAR) = (I +A2R2)−1 ,

sA =
1
2i

(eiA − e−iA) =
1
2i

[(I − iAR)−1 − (I + iAR)−1]

=
1
2i

(I − iAR)−1(I + iAR)−1(I + iAR− I + iAR) = (I +A2R2)−1AR

The proofs of the other equalities are similar.

Corollary 7.3. If A ∈ SD,R is an algebraic operator with character-
istic polynomial

PA(t) =
n∏
j=1

(t− tj), ti 6= tj for i 6= j ,

then

cA =
n∑
j=1

(I + t2jR
2)−1Pj , sA =

n∑
j=1

(I + t2jR
2)−1tjPj ,

where

Pj =
n∏
k=1
k 6=j

(tj − tk)−1(A− tkI) (j = 1, . . . , n) .

Corollary 7.4. DcA = −AsA, DsA = AcA.

Corollary 7.5. Let F be an initial operator for D ∈ R(X) correspond-
ing to R ∈ RD ∩ V (X). Then for every A ∈ SD,R and 0 6= z ∈ kerD,

FsA(z) = 0 , cA(z) 6= 0 , F cA(z) = z .

P r o o f. (7.5) implies FsA(z) = FRA(I + A2R2)−1z = 0, z = (I +
A2R2)(I +A2R2)−1z = (I +A2R2)cA(z). Hence, cA(z) 6= 0.

Example 7.1. Let Ω := [a, b] × [c, d], X := C(Ω), D := ∂/∂t, where
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(t, s) ∈ Ω. A Volterra right inverse of D is

(Rx)(t, s) :=
t∫

t0

x(u, s) du , t0 ∈ [a, b] .

Let β < c. Write

(Ax)(t, s) := x(t, g(s)) , where g(s) :=
βt+ ab− β(a+ b)

t− β
.

It is easy to check that A2 = I, AR = RA, AD = DA on domD and

(7.8) (I −AR)−1 = (I −R)−1P + (I +R)−1Q

where P := 1
2 (I +A), Q := 1

2 (I −A). Hence

[(I −R)−1Px](t, s) = (Px)(t, s) +
t∫

t0

et−u(Px)(u, s) du ,

[(I +R)−1Qx](t, s) = (Qx)(t, s) +
t∫

t0

eu−t(Qx)(u, s) du ,

eAx(t, s) = x(t, s) +
t∫

t0

et−u(Px)(u, s) du−
t∫

t0

eu−t(Qx)(u, s) du .

Similarly,

(I +A2R2)−1 = (I +R2)−1 , cA = (I +R2)−1 , sA = A(I +R2)−1R ,

cAx(t, s) = x(t, s) +
t∫

t0

cos(t− u)x(u, s) du ,

sAx(t, s) =
t∫

t0

(Ax)(u, s) du+
t∫

t0

u∫
t0

cos(u− v)(Ax)(v, s) dv du .

Example 7.2. Let Γ = {t : |t| = 1} and X = Hµ(Γ )(0 < µ < 1) (see
§4). Consider the operators

(Sx)(t) :=
1
πi

∫
Γ

x(s) ds
s− t

, (Ax)(t) := x(ε1t) ,

ε1 := exp(2πi/n), εk := εk1 .

It is easy to check that

(7.9) SA = AS , S2 = I , An = I .
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Write

(7.10) Pj :=
1
n

n∑
k=1

εn−1−k
j Ak+1 (j = 1, . . . , n)

Consider the operator

(7.11) D := aI + bS

where a, b ∈ X and a(ε1t) = a(t), b(ε1t) = b(t).
Suppose that κ = IndD > 0, i.e. D is right invertible. A right inverse

of D is

(Rx)(t) := a(t)x(t)− b(t)Z(t)
πi

∫
Γ

x(u) du
Z(u)(u− t)

,

where Z(t) is defined in terms of a, b and Z(ε1t) = Z(t) (cf. [14]). Hence,
AD = DA and AR = RA. Since IndR = − IndD < 0 we conclude that the
operator I − AR =

∑n
j=1(I − εjR)Pj is not invertible. Thus, in this case,

there is no algebraic exponential for D corresponding to R and A.

Example 7.3. Let D′ ∈ R(X) and R′ ∈ V (X) ∩ RD′ . Write D :=
(δjkD′)j,k=1,...,n, R := (δjkR′)j,k=1,...,n. It is easy to see that D ∈ R(Xn),
R ∈ V (Xn) ∩RD.

Suppose that we are given an operator

A = (ajk)j,k=1,...,nÎ , Î = (δjkI)j,k=1,...,n .

Then DA = AD, AR = RA. By Theorem 6.2, AR is a Volterra operator
and I +AR is invertible. Moreover, if the characteristic polynomial of A is
PA(t) =

∏m
j=1(t− tj)βj , then

(7.12) eA = (I +AR)−1 = Q(I +AR) ,

where

Q(t) = t−1[P (t)− P (0)] , P (t) =
m∏
j=1

[t− (I + tjR)]βj .

Also by Theorem 6.2, A2R2 is a Volterra operator and I+A2R2 is invertible.
Theorems 3.2 and 3.4 together imply

cA = (I +A2R2)−1 = Q1(I +A2R2) ,

where

Q1(t) = t−1[P1(t)− P (0)] , P1(t) =
m∏
j=1

[t− (I + t2jR
2)]βj .

The sine operator for D corresponding to R is

sA = AcAR = AQ1(I +A2R2)R .
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8. Property (c)

Definition 8.1. Let D ∈ R(X). An initial operator F0 for D has the
property c(R) for an R ∈ RD if there exist scalars ck such that

(8.1) F0R
kz = (ck/k!)z for all z ∈ kerD , k ∈ N

and ck = 0 for all k ∈ N if F0 = F , where F is an initial operator for D
corresponding to R. We shall write F0 ∈ c(R).

A set F0
D ⊂ FD has the property (c) if for every F0 ∈ F0

D there exists an
R ∈ RD such that F0 ∈ c(R). We set c0 = 1, since F0z = z for all z ∈ kerD.

The property (c) for 2 initial operators has been introduced by Przewor-
ska-Rolewicz [46]. The property (c) in the present formulation is introduced
and applied by her in the paper [48] on interpolation problems.

Recall the following

Theorem 8.1 ([48]). Let D ∈ R(X). The set FD of all initial operators
has the property (c) if and only if dim kerD = 1.

Clearly, if the system {F0, . . . , FN−1} ⊂ FD has the property (c(R)) for
an R ∈ RD with constants dik:

(8.2) FiR
kz = (dik/k!)z for i = 0, . . . , N − 1 , k ∈ N0 ,

and F0, . . . , FN−1 are linearly dependent, then

(8.3) VN := det(dik)i,k=0,...,N−1 = 0

The following question was stated in [48]: Is the determinant VN differ-
ent from zero for any system {F0, . . . , FN−1} of linearly independent initial
operators having the property (c(R))?

It is easy to see that the answer is positive for the case N = 1 (since, by
definition, d00 = 1). However, we shall show that in general, the answer is
negative for N ≥ 2.

Example 8.1. Let X := C(R), D := d/dt, R :=
∫ t
0

. Write (F0x)(t) :=
x(0), (F1x)(t) := 1

2 (x(1) + x(−1)), (F2x)(t) := 1
2 (x(2) + x(−2)). Obviously,

F0, F1, F2 are initial operators for D. Since dim kerD = 1 then they have
the property (c).

Note that F0, F1, F2 are linearly independent. Indeed, let

(8.4) β0(F0x)(t) + β1(F1x)(t) + β2(F2x)(t) = 0

where β0, β1, β2 ∈ C.

(i) If x(t) = 1 then (8.4) implies β0 + β1 + β2 = 0.
(ii) If x(t) = exp(πit/2) then (8.4) implies β0 − β2 = 0.
(iii) If x(t) = exp(πit) then (8.4) implies β0 − β1 + β2 = 0.
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The linear system β0 +β1 +β2 = 0 ,
β0 −β2 = 0 ,
β0 −β1 +β2 = 0

has only a trivial solution. Hence, the system {F0, F1, F2} is linearly inde-
pendent.

On the other hand, it is easy to check that

F0z = F1z = F2z = z ,

F0Rz = F1Rz = F2Rz = 0 ,
F0R

2z = 0, F1R
2z = z, F2R

2z = 4z .

Hence, d00 = d10 = d20 = 1; d01 = d11 = d21 = d02 = 0; d12 = 2, d22 = 8.
The matrix (dik)i,k=0,1,2 has the form

(dik)i,k=0,1,2 =

 1 0 0
1 0 2
1 0 8

 .

It is easy to see that V3 = det(dik)i,k=0,1,2 = 0.
Observe that the vectors d0 = (1, 0, 0), d1 = (1, 0, 2) and d2 = (1, 0, 8)

are linearly dependent: 3d0 − 4d1 + d2 = 0. Thus, in general, linearly
independent initial operators do not imply linearly independent vectors
d0, . . . , dN−1, where dj = (dj0, dj1, . . . , dj,N−1), j = 0, . . . , N − 1.

The following question arises:
Does there exist a subspaceX0 ⊂ X such that the matrix (dik)i,k=0,...,N−1

has non-zero determinant if and only if the restrictions of the initial opera-
tors F0, . . . , FN−1 to X0 are linearly independent?

The following theorem shows that the answer to this question is positive.

Theorem 8.2. Write

(8.5) PN (R) = lin{Rkz : z ∈ kerD , k = 0, . . . , N − 1} .

Suppose F0, . . . , FN−1 ∈ FD have the property (c). Then a necessary and
sufficient condition for VN 6= 0, where VN is defined by (8.3), is that F0, . . .
. . . , FN−1 are linearly independent on PN (R).

The proof is based on the following lemma.

Lemma 8.1. Suppose F0, . . . , FN−1 ∈ FD have the property c(R) for an
R ∈ RD. Write

F ′i := (Fi, FiR, . . . , FiRN−1) for i = 0, . . . , N − 1 ,(8.6)
di := (di0, di1, . . . , di,N−1) for i = 0, . . . , N − 1 ,(8.7)



30 Linear systems with right invertible operators

where the dik are defined by (8.2). Then the vectors F ′0, . . . , F
′
N−1 are linearly

independent on kerD (i.e. the equality
N−1∑
i=0

βiF
′
iz = 0 for all z ∈ kerD ,

where βi ∈ C, implies β0 = . . . = βN−1 = 0) if and only if the vectors
d0, d1, . . . , dN−1 are linearly independent.

P r o o f. The vectors F ′0, . . . , F
′
N−1 are linearly independent on kerD if

and only if for each j (0 ≤ j ≤ N − 1), the operators F0R
j , . . . , FN−1R

j are
linearly independent on kerD. Now the condition

N−1∑
i=0

βiFiR
jz = 0 for all z ∈ kerD ,

where βi ∈ C, is by (8.2), equivalent to
N−1∑
i=0

βi
dij
j!
z = 0 for all z ∈ kerD , j ∈ {0, . . . , N − 1} .

By the arbitrariness of z ∈ kerD, this can be written as
N−1∑
i=0

βidij = 0 for every j ∈ {0, . . . , N − 1} ,

or
N−1∑
i=0

βi(di0, . . . , di,N−1) = 0 ,

i.e.
∑N−1
i=0 βidi = 0, which completes the proof.

Corollary 8.1. Let D ∈ R(X), R ∈ RD and F0, . . . , FN−1 ∈ c(R).
Then VN defined by (8.3) is not zero if and only if the operators F0R

k,
F1R

k, . . . , FN−1R
k are linearly independent on kerD for each k (0 ≤ k ≤

N − 1).

P r o o f. By Lemma 8.1, F0R
k, . . . , FN−1R

k are linearly independent on
kerD for each k if and only if the vectors d0, . . . , dN−1 given by (8.7) are
linearly independent, i.e. VN = det(dik) 6= 0.

P r o o f o f T h e o r e m 8.2. Suppose that VN 6= 0. Then by Corol-
lary 8.1, the vectors F ′0, . . . , F

′
N−1 of the form (8.6) are linearly independent

on kerD. This means that the operators F0R
j , . . . , FN−1R

j are linearly
independent on kerD for each j ∈ {0, 1, . . . , N − 1}, i.e. F0, . . . , FN−1 are
linearly independent on the set kerD+R kerD+. . .+RN−1 kerD = PN (R).
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Conversely, suppose F0, . . . , FN−1 ∈ c(R) are linearly independent on
PN (R). By Corollary 8.1, it is enough to show that the system of vector
operators

F ′i = (Fi, FiR, . . . , FiRN−1) (i = 0, . . . , N − 1)

is linearly independent on kerD. Suppose that
N−1∑
i=0

βiF
′
iz = 0 for all z ∈ kerD ,

where βi ∈ C. This means that
N−1∑
i=0

βiFiR
jz = 0 for all z ∈ kerD , j = 0, . . . , N − 1 .

The arbitrariness of j ∈ {0, . . . , N − 1} implies
N−1∑
j=0

αj

N−1∑
i=0

βiFiR
jz = 0 for all z ∈ kerD , αj ∈ C .

i.e.
N−1∑
i=0

βiFi

N−1∑
j=0

αjR
jz = 0 .

This means that
∑N−1
i=0 βiFix = 0 for every x ∈ PN (R). Our assumption

now implies β0 = . . . = βN−1 = 0. The proof is complete.

Example 8.2. Let X, D, R, Fi (i = 0, 1, 2) be defined as in Example 8.1.
The set P3(R) is of the form

P3(R) = {z : z(t) = β0 + β1t+ β2t
2 , β0, β1, β2 ∈ C} .

If z ∈ P3(R) and z(t) = β0 + β1t + β2t
2, then F0z = β0, F1z = β0 + β2,

F2z = β0 + 4β2. It is easy to check that 3F0 − 4F1 + F2 = 0, i.e. F0,
F1, F2 are linearly dependent on P3(R). Theorem 8.2 shows that V3 =
det(dik)i,k=0,1,2 = 0.

Example 8.3. Let X, D, R be defined as in Example 8.1 and (Fx)(t) :=
x(0). Write

(Shx)(t) := x(t+ h) for t, h ∈ R, x ∈ X ,

(Fhx)(t) := x(t) , Rh :=
t∫

h

.

Thus FhRkc = chk/k! for c, h, t,∈ R, x ∈ X, k ∈ N. In this case, dik = ik

and VN 6= 0. The set PN (R) is of the form

PN (R) = {z : z(t) = β0 + β1t+ . . .+ βN−1t
N−1} .
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Hence Fiz = β0 + β1i + . . . + βN−1i
N−1 (i = 0, . . . , N − 1). By The-

orem 8.2, F0, . . . , FN−1 are linearly independent on PN (R). Note that
PN (R) = kerDN .

Now we give another characterization of the property (c).

Lemma 8.2. Let D ∈ R(X), dim kerD = 1, R ∈ RD and let F ∈ FD
be an initial operator corresponding to R. Then F1RX = kerD for every
F1 6= F , F1 ∈ FD.

P r o o f. Since dim kerD = 1 we have F1R
kz = ckz for all z ∈ kerD,

where ck ∈ F (k = 1, 2 . . .). If ck 6= 0 for some k ∈ N we conclude
that F1R

k kerD = kerD. On the other hand, F1R
k(kerD) ⊂ F1R

kX ⊂
F1RX ⊂ F1X = kerD. Thus, F1RX = kerD.

R e m a r k 8.1. In general, in the case dim kerD > 1, we have F1RX 6=
kerD. Indeed, suppose that D0 ∈ R(X), dim kerD0 = 1, Rj ∈ RD0 , and
Fj ∈ FD0 corresponds to Rj (j = 0, 1; R0 6= R1). It is easy to check that
D := D2

0 ∈ R(X), R1R0, R
2
0 ∈ RD and

(8.8) (R0 −R1)R0X ⊂ (R0 −R1)X , kerD0  kerD2
0 = kerD .

Suppose that R′ = R2
0 and F ′2 ∈ FD corresponds to R1R0. Then F1R0 =

R0−R1, F ′2R
′ = R2

0−R1R0. Hence, Lemma 8.2 and formulae (8.8) together
imply

F ′2R
′X ⊂ F1R0X = kerD0  kerD ,

i.e. F ′2R
′X 6= kerD, which was to be proved.

In particular, if F1 ∈ c(R) for an R ∈ RD and F1 6= F , then F1RX =
kerD. In this case, we have F1R(kerD) = F1RX = kerD.

9. Interpolation problems. Consider the following general interpo-
lation problem (cf. Przeworska-Rolewicz [48] and also [36]):

Given n finite sets Ii of non-negative integers not greater than N − 1.
Denote by ri the cardinality of the set Ii : #Ii = ri for i = 1, . . . , n. Let N =
r1 + . . .+rn. We are looking for a D-polynomial u of degree N−1 satisfying
for given n different initial operators F1, . . . , Fn ∈ FD the conditions

(9.0′) FiD
ku = uik (k ∈ Ii, i = 1, . . . , n) ,

where uik ∈ kerD are given, u = z0 +Rz1 + . . .+RN−1zN−1 for an R ∈ RD
and z0, z1, . . . , zN−1 ∈ kerD are to be determined.

Suppose that F1, . . . , Fn ∈ c(R), i.e. there exist scalars dik satisfying

(9.0) FiR
kz = (dik/k!)z for all z ∈ kerD (k ∈ Ii, i = 1, . . . , n) .

In the sequel we assume that the sets Ii are ordered, i.e.

Ii = {kij : i = 1, . . . , ri}, 0 ≤ ki1 < . . . < kiri (i = 1, . . . , n) .
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Hence, the condition (9.0′) can be written in the form

(9.1) FiD
kiju = uikj (i = 1, . . . , n ; j = 1, . . . , ri) .

Let

u =
N−1∑
m=0

Rmzm, zm ∈ kerD (m = 0, . . . , N − 1) .

Then

FiD
kiju =

N−1∑
m=0

FiD
kijRmzm =

kij−1∑
m=0

FiD
kij−mzm

+
N−1∑
m=kij

FiR
m−kijzm =

N−1∑
m=kij

FiR
m−kijzm

=
N−1∑
m=kij

di,m−kij
(m− kij)!

zm (i = 1, . . . , n ; j = 1, . . . , ri) .

Define the vector G(kij)
i by

(9.2) G
(kij)
i :=

(
0, . . . , 0︸ ︷︷ ︸
kij zeroes

,
di0
0!
,
d11

1!
, . . . ,

di,N−kij−1

(N − kij − 1)!

)
(i = 1, . . . , n ; j = 1, . . . , ri) .

Next, let Ĝi be the ri ×N matrix

(9.3) Ĝi := (G(ki1)
i , . . . , G

(kiri )

i )T ,

and let Ĝ be the N ×N matrix

(9.4) Ĝ := (Ĝ1, . . . , Ĝn)T

(where AT denotes the matrix transposed to A).
Consider the N -vector operators

(9.5) F̂
(kij)
i := (FiDkij , FiD

kij−1, . . . , Fi, FiR, . . . , FiR
N−1−kij )

(i = 1, . . . , n ; j = 1, . . . , ri) .

Lemma 9.1. The system of vectors {F̂ (kij)
i }i=1,...,n; j=1,...,ri is linearly

independent on kerD if and only if rank Ĝ = N , where Ĝ is defined by
formulae (9.2)–(9.4).

P r o o f. Suppose that the system {Gi(kij)}i=1,...,n;j=1,...,ri is linearly
independent and that

(9.6)
n∑
i=1

ri∑
j=1

βijF̂
(kij)
i z = 0 for all z ∈ kerD ,
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where βik ∈ F . Then, for each m (0 ≤ m ≤ N − 1), from (9.6) we get
n∑
i=1

ri∑
j=1

βijFiD
kijRmz = 0 for all z ∈ kerD .

This equality and (9.0) together imply
N−1∑
m=0

βm

n∑
i=1

ri∑
j=1

βijFiD
kijRmz =

n∑
i=1

ri∑
j=1

βijFi

N−1∑
m=0

βmD
kijRmz

=
n∑
i=1

ri∑
j=1

βijFi

N−1∑
m=kij

βmR
m−kijz =

n∑
i=1

ri∑
j=1

βij

N−1∑
m=kij

βmFiR
m−kijz

=
n∑
i=1

ri∑
j=1

βij

N−1∑
m=kij

βm
di,m−kij

(m− kij)!
z = 0

for all z ∈ kerD, βm ∈ F , m = 0, 1, . . . , N−1. The arbitrariness of z ∈ kerD
and βm ∈ F implies

n∑
i=1

ri∑
j=1

βijG
(kij)
i = 0 ,

i.e. βij = 0 (i = 1, . . . , n; j = 1, . . . , ri).
Conversely, suppose that the system {F̂ (kij)

i }i=1,...,n; j=1,...,ri is linearly
independent on kerD and that

n∑
i=1

ri∑
j=1

βijG
(kij)
i = 0 , βij ∈ F (i = 1, . . . , n ; j = 1, . . . , ri) .

By (9.2), this means that
n∑
i=1

ri∑
j=1

βij
di,m−kij

(m− kij)!
= 0 (m = 0, . . . , N − 1) ,

(where we set diµ := 0 for µ < 0). Since dim kerD 6= 0 the last equalities
are equivalent to the system

n∑
i=1

ri∑
j=1

βij
di,m−kij

(m− kij)!
z = 0 for all z ∈ kerD (m = 0, . . . , N − 1) .

According to (9.0), these equalities can be written as follows:
n∑
i=1

ri∑
j=1

βijF̂
(kij)
i z = 0 for all z ∈ kerD .

Our assumption implies βij = 0 (i = 1, . . . , n; j = 1, . . . , ri), which was to
be proved.
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It is easy to see that the vectors F̂ (kij)
i can be written in the form

(9.7) F̂
(kij)
i = (Fikij , FikijR, . . . , FikijR

N−1) ,

where

(9.8) Fikij := FiD
kij (i = 1, . . . , n ; j = 1, . . . , ri) .

Theorem 9.1. A necessary and sufficient condition for det Ĝ 6= 0 is that
all operators Fikij defined by (9.8) are linearly independent on PN (R), where
PN (R) is defined by (8.5).

P r o o f. Suppose that det Ĝ 6= 0. By Lemma 9.1, the vectors F̂ (kij)
i (i =

1, . . . , n; j = 1, . . . , ri) are linearly independent on kerD. Hence, for each
m (0 ≤ m ≤ N − 1) the operators FikijR

m (i = 1, . . . , n; j = 1, . . . , ri)
are linearly independent on kerD. This means that the system of operators
Fikij of the form (9.8) is linearly independent on PN (R) = kerD + . . . +
RN−1 kerD.

Conversely, suppose that Fikij (i = 1, . . . , n; j = 1, . . . , ri) are lin-
early independent on PN (R). By Lemma 9.1, to prove det Ĝ 6= 0, it is
enough to show that the system {F̂ (kij)

i }i=1,...,n;j=1,...,ri
is linearly indepen-

dent on kerD. Let
n∑
i=1

ri∑
j=1

βijF̂
(kij)
i z = 0 for all z ∈ kerD ,

where βij ∈ F . Hence, for every fixed m (0 ≤ m ≤ N − 1)
n∑
i=1

ri∑
j=1

βijFiD
kijRmzm for all zm ∈ kerD .

This implies
N−1∑
m=0

βm

n∑
i=1

ri∑
j=1

βijFiD
kijRmzm = 0 for all zm ∈ kerD , βm ∈ F ,

i.e.
n∑
i=1

ri∑
j=1

βijFiD
kij

N−1∑
m=0

βmR
mzm = 0 for all zm ∈ kerD , βm ∈ F .

This means that
n∑
i=1

ri∑
j=1

βijFiD
kijx = 0 for all x ∈ PN (R) .

Thus, by our assumption, we get βij = 0 (i = 1, . . . , n; j = 1, . . . , ri).
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Now we can formulate the main result for the general interpolation prob-
lem for a right invertible operator.

Theorem 9.2. The general interpolation problem has a unique solution
for any uikij ∈ kerD (i = 1, . . . , n; j = 1, . . . , ri) if and only if the system
of operators {F kiji }i=1,...,n;j=1,...,ri is linearly independent on PN (R).

P r o o f. By the assumptions, for every pair (i, j) of indices (i = 1, . . . , n;
j = 1, . . . , ri) we have

uikij = FiD
kiju =

N−1∑
m=0

FiD
kijRmZm =

N−1∑
m=kij

di,m−kij
(m− kij)!

zm .

We obtain a system of N equations with N unknowns:

(9.9)
N−1∑
m=kij

di,m−kij
(m− kij)!

zm = uikij (i = 1, . . . , n ; j = 1, . . . , ri)

with matrix Ĝ given by (9.2)–(9.4). Hence, the conclusion immediately
follows from Theorem 9.1.

Corollary 9.1. The following conditions are equivalent :

(i) VN = det Ĝ 6= 0.
(ii) The operators {FiD(kij)}i=1,...,n;j=1,...,ri are linearly independent on

PN (R).
(iii) The general interpolation problem has a unique solution for any

uikij ∈ kerD (i = 1, . . . , n; j = 1, . . . , ri).

Theorem 9.3 (cf. Przeworska-Rolewicz [48]). If VN = det Ĝ 6= 0 then the
unique solution of the general interpolation problem is given by the formula

(9.10) u = UN (u0, . . . , uN−1) ,

where

(9.11) ur1+...+ri−1−j = uikij (j = 1, . . . , ri ; i = 1, . . . , n) ,

UN (u0, . . . , uN−1) :=
N−1∑
j=0

VNj(R)uj , VNj(t) := V −1
N

N−1∑
k=0

(−1)k+jk!VNjktk

and VNjk is the minor determinant obtained by cancelling in VN the j-th
row and k-th column.

P r o o f. Every solution of the general interpolation problem is of the
form u =

∑N−1
i=0 Rizi, where the constants z0, . . . , zN−1 are to be deter-

mined by the system (9.9). By the assumption, the determinant VN of the
system (9.9) is not zero. Thus, the unique solution of (9.9), by the Cramer
formulae, is of the form (9.10).
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As applications of Theorems 9.1–9.3, we deal with some classical inter-
polation problems for right invertible operators.

(i) Hermite interpolation problem (cf. [48, [36]). If Ii = {0, 1, . . . , ri−1},
we have the following interpolation problem: Find a D-polynomial u of
degree N − 1 which for given n ≤ N different initial operators F1, . . . , Fn
admits given values together with Dku up to order rj−1, i.e. find a solution
of

(9.12) FiD
ju = uij (i = 1, . . . , n ; j = 0, . . . , ri − 1) ,

where r1+. . .+rn = N, uij ∈ kerD are given, u = z0+Rz1+. . .+RN−1zN−1

for R ∈ RD and z0, . . . , zN−1 are to be determined.

Theorem 9.4. Suppose that D ∈ R(X) and F1, . . . , Fn ∈ c(R) for an
R ∈ RD. Then the Hermite interpolation problem has a unique solution
if and only if the system of operators {FiDj}i=1,...,n; j=1,...,ri−1 is linearly
independent on PN (R). If this condition is satisfied , then the unique solution
is

(9.13) u =
N−1∑
j=0

VNj(R)uj ,

where

VNj(R) := V −1
N

N−1∑
k=0

(−1)k+jVNjkRk (j = 0, . . . , N − 1) ,

VN := det Ĝ, VNjk is the minor determinant obtained by cancelling in Ĝ the
j-th row and k-th column (j, k = 0, . . . , N − 1), and the elements u0, u1, . . .
. . . , uN−1 ∈ kerD are defined by

uµ := u1µ

ur1+µ := u2µ

ur1+r2+µ := u3µ

...
ur1+...+rn−1+µ := unµ

for µ = 0, 1, . . . , r1 − 1 ,
for µ = 0, 1, . . . , r2 − 1 ,
for µ = 0, 1, . . . , r3 − 1 ,

for µ = 0, 1, . . . , rn − 1 .

(ii) Lagrange interpolation problem (cf. [48], [36]). If Ii = {0} for i =
1, . . . , n, then we obtain the following interpolation problem: Find a D-
polynomial of degree n−1 which for given different initial operators F1, . . .
. . . , Fn admits given values:

Fiu = ui , ui ∈ kerD are given,

u = z0 +Rz1 + . . .+Rn−1zn−1 is to be determined.

Theorem 9.4 immediately implies
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Theorem 9.5. A necessary and sufficient condition for the Lagrange
interpolation problem to have a unique solution is that systems {F1, . . . , Fn}
is linearly independent on Pn(R). If this condition is satisfied then the
unique solution is

(9.14) u =
n−1∑
j=0

Vnj(R)uj ,

where

Vnj(t) := V −1
n

n−1∑
k=0

(−1)k+jk!Vnjktk (j = 0, . . . , n− 1)

and Vnjk is the minor determinant obtained by cancelling in Vn the j-th row
and k-th column (j, k = 0, . . . , n− 1).

(iii) Newton interpolation problem (cf. [48], [36]). If Ij = {j} for j =
1, . . . , n then we obtain the following interpolation problem: Find a
D-polynomial u of degree n − 1 which for given n initial operators F0, . . .
. . . , Fn−1 satisfies

(9.15) FmD
mu = um (m = 0, . . . , n− 1) ,

where u0, . . . , un−1 ∈ kerD are given.

Theorem 9.6. Suppose that D ∈ R(X), F0, . . . , Fn−1 ∈ c(R) for an
R ∈ RD:

FiR
kz = (dik/k!)z for i = 0, . . . , n− 1 , k ∈ N .

If

(9.16) Vn = det(dik)i,k=0,...,n−1 6= 0 ,

then the Newton interpolation problem has a unique solution for any u0, . . .
. . . , un−1 ∈ kerD, given by

(9.17) u =
n−1∑
j=0

Vnj(R)uj ,

Vnj(t) := V −1
n

n−1∑
k=0

(−1)k+jk!Vnjktk (j = 0, . . . , n− 1) ,

and Vnjk is the minor determinant obtained by cancelling in Vn the j-th row
and k-th column (j, k = 0, . . . , n− 1).

Example 9.1. Let X := C(R), D := d/dt, R :=
∫ t
0

, (Fx)(t) := x(0).
Write (Fhx)(t) := x(h), x ∈ X. Then FhR

kc = (hk/k!)c for c, h ∈ R,
k ∈ N0. Hence dhk = hk.
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It is well-known that, for the classical Lagrange, Hermite and Newton
interpolation problems with initial operators Fh1 , . . . , Fhn , the correspond-
ing determinants do not vanish. The following question arises: Is det Ĝ 6= 0
for any general interpolation problem? (cf. Przeworska-Rolewicz [48]). In
general, the answer is negative. Indeed, if 0 6∈

⋃n
i=1 Ii then the first column

of the matrix Ĝ contains only zeros, i.e. rank Ĝ < N and det Ĝ = 0.
Now we present some new general classical interpolation problems.

Example 9.2 (generalized Lagrange–Newton interpolation formula). Let
there be given n systems of points in R: (tk1, . . . , tkrk), k = 1, . . . , n;
tki 6= tkj for i 6= j, r1 + . . . + rn = N , and let r0 = 0. By the general-
ized Lagrange–Newton interpolation problem (or (L–N)-problem) we mean
the following problem: Find a polynomial x(t) of degree N − 1 such that

FkjD
r0+...+rk−1x = akj , akj ∈ C (k = 1, . . . , n ; j = 1, . . . , rk) ,

where (Fkjx)(t) := x(tkj), D := d/dt.
Obviously, if r2 = r3 = . . . = rn = 0 we get the Lagrange interpolation

problem and if r1 = r2 = . . . = rn = 1 we get the Newton interpolation
problem. We show that the (L–N)-problem has a unique solution. Write

R :=
t∫

0

, Wkj :=
rk∏

i=1,i6=j

(tkj − tki)−1(t− tki) ,

wk(t) :=
rk∑
j=1

akjwkj(t) (k = 1, . . . , n ; j = 1, . . . , rk) .

It is easy to check that Fkjwk = akj , Fkjwki = δjiakj (k = 1, . . . , n; i, j =
1, . . . , rk). Suppose that x1 and x2 are solutions of the (L–N)-problem. Then
x0 := x1 − x2 is a solution of the problem (L–N)0

DNx = 0 , FkjD
r0+...+rk−1x = 0 (k = 1, . . . , n ; j = 1, . . . , rk) .

Hence x0 =
∑N−1
i=0 Rizi where zi ∈ kerD (i = 0, . . . , N −1). The conditions

FnjD
r0+...+rn−1x0 = 0 imply

∑N−1
i=µ0

FnjR
i−µ0zi = 0, where µ0 := r0 + . . .+

rn−1. We obtain the system

N−1∑
i=µ0

ti−µ0
nj zi/(i− µ0)! = 0 (j = 1, . . . , rn) .

It is easy to see that this system has only a trivial solution, so that x0 =
z0 +Rz1 + . . .+Rµ0−1zµ0−1. Repeating this process n times, we find x0 = 0,
i.e. (L–N)0-problem has only a trivial solution and x1 = x2.
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Now we construct a solution of the (L–N)-problem. Write

r′k := r0 + . . .+ rk (k = 0, . . . , n) ,

yn(t) := Rr
′
n−1

rn∑
j=1

anjwnj(t) ,

yn−k(t) := Rr
′
n−k−1

rn−k∑
j=1

(an−k,j − Fn−k,jDr′n−k−1yn−k+1)wn−k,j ,

(k = 1, . . . , n− 1) ,
xk(t) := yk(t) + . . .+ yn(t) (k = 1, . . . , n) .

It is easy to see that every yn−k(t) is a polynomial of degree < r′n−k. Hence
Dr′n−kyn−k = 0 (k = 0, . . . , n − 1). We show that x1(t) is a solution of the
(L–N)-problem. Indeed, DNx1 = 0 since deg x1 < r′n = N , and

FnjD
r′n−1x1 = FnjD

r′n−1Rr
′
n−1

rn∑
j=1

aniwni(t) = anj ,

Fn−1,jD
r′n−2x1 = Fn−1,jD

r′n−2(yn−1 + yn)

= Fn−1,jD
r′n−2yn−1 + Fn−1,jD

r′n−2yn

= Fn−1,j

rn−1∑
i=1

(an−1,i − Fn−1,iD
r′n−2yn)wn−1,i(t) + Fn−1,jD

r′n−2yn

= an−1,j −
rn−1∑
i=1

(Fn−1,iD
r′n−2yn)Fn−1,jwn−1,i(t) + Fn−1,jD

r′n−2yn

= an−1,j

since Fn−1,jwn−1,i(t) = δij .
Similarly we find Fn−k,jD

r′n−k−1x1 = an−k,j for k = 2, . . . , n − 1, j =
1, . . . , rn−k, so that x1(t) = y1(t) + . . .+ yn(t) is the unique solution of the
(L–N)-problem.

Example 9.3 (generalized Hermite interpolation formula). Let there be
given s systems of points in R: (tm1, . . . , tmnm), m = 1, . . . , s; tmi 6= tmj for
i 6= j. By the generalized Hermite interpolation problem (or (H)-problem)
we mean the following problem: Find a polynomial x(t) of degree N − 1
such that

FmiD
N0+N1+...+Nm−1+kx = amki , amki ∈ C

(m = 1, . . . , s ; k = 0, . . . , rmi − 1 ; i = 1, . . . , nm ;
rm1 + . . .+ rmnm = Nm ; N1 + . . .+Ns = N ; N0 = 0) ,
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where (Fmix)(t) := x(tmi), D := d/dt. Write

R :=
t∫

0

, Pm(t) :=
nm∏
µ=1

(t− tmµ)rmµ , {f(t)}(k,v) :=
k∑

m=0

f (m)(v)
(t− v)m

m!
,

Wmki(t) :=
Pm(t)

(t− tmi)rmi

{
(t− tmi)rmi
Pm(t)

}
(rmi−1−k,tmi)

(t− tmi)k

k!
,

Wm(t) :=
nm∑
i=1

rmi−1∑
k=0

amkiWmki(t) .

It is easy to check that

(FmiDN0+...+Nm−1+k)(RN0+...+Nm−1Wmµβ) = δkµδiβ .

If x1 and x2 are solutions of the (H)-problem, then x0 := x1 − x2 is a
solution of the (H)0-problem:

DNx = 0 , FmiD
N ′m−1+kx = 0 , N ′m−1 = N0 + . . .+Nm−1

(m = 1, . . . , s ; i = 1, . . . , nm ; k = 0, . . . , rmi − 1) .

Hence x0 =
∑N−1
β=0 R

βzβ , zβ ∈ kerD. The conditions FsiDN ′s−1+kx = 0 (k =

0, . . . , rsi; i = 1, . . . , ns) imply x0 =
∑N ′s−1−1

β=0 Rβzβ . Repeating this process
with m = s− 1, s− 2, . . . , 1, we find x0 = 0, i.e. x1 = x2.

In the same way as in Example 9.2, we shall construct a solution of the
(H)-problem. Write

xs(t) := RN
′s−1Ws(t) , xs−m(t) := xs−m+1(t) + ys−m(t) ,

where

ys−m

= RN
′
s−m−1

ns−m∑
β=1

rs−mβ−1∑
µ=0

Ws−mβ(t)(as−mµβ − Fs−mβDN ′s−m−1+µxs−m−1)

(m = 1, . . . , s− 1) .

Then x1(t) is a solution of the (H)-problem. Indeed, DNx1 = 0 since
deg x1 < N ′s = N , and

FsiD
N ′s−1+kx1(t) = FsiD

N ′s−1+kRN
′
s−1Ws(t)

= FsiD
kWs(t) = aski (k = 0, . . . , rsi − 1 , i = 1, . . . , ns) .

Similarly,

Fs−miD
N ′s−m−1+kx1 = as−m,ki

(m = 1, . . . , s− 1 ; i = 1, . . . , ns−m ; k = 0, . . . , rs−m,i − 1) ,

so that x1(t) is a solution of the (H)-problem.
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Now we consider a general interpolation problem induced by left invert-
ible operators.

Definition 9.1. Let A ∈ Λ(X). A co-initial operator G0 for A defined
by (2.9) has the property c(A) for an L ∈ LA if there exist scalars ck such
that

(9.18) G0A
kz = (ck/k!)z for all z ∈ kerL, k ∈ N .

We shall write G0 ∈ c(A).
Let there be given n finite ordered sets Ii of non-negative integers: Ii =

{ki1, . . . , kiri}, 0 ≤ ki1 < . . . < kiri (i = 1, . . . , n). Let N := r1 + . . . + rn.
We are looking for an A-polynomial u = z0 + Az1 + . . . + AN−1zN−1 of
degree N−1 satisfying for given n different co-initial operators G1, . . . , Gn ∈
c(A) the conditions

GiL
ku = uki (k ∈ Ii, i = 1, . . . , n) .

By our assumptions, there exist scalars dik satisfying

GiA
kz = (dik/k!)z for all z ∈ kerL (k ∈ Ii , i = 1, . . . , n) ,

and

GiL
kiju =

N−1∑
m=0

GiL
kijAmzm

=
kij−1∑
m=0

GiL
kij−mzm +

N−1∑
m=kj

GiA
m−kijzm

=
N−1∑
m−kij

GiA
m−kijzm =

N−1∑
m=kij

di,m−kij
(m− kij)!

zm

(i = 1, . . . , n ; j = 1, . . . , ri) .

As before, denote by Ĝ the matrix given by (9.2)–(9.4). Consider the N -
vectors

G̃
(kij)
i := (GiLkij , GiLkij−1, . . . , Gi, GiA, . . . , GiA

N−1−kij )

(i = 1, . . . , n; j = 1, . . . , ri) and let

PN (A) := lin{Akz : z ∈ kerL ; k = 0, . . . , N − 1} .
Theorems 9.1–9.3 together imply

Theorem 9.7. The general interpolation problem for the left invertible
operator A has a unique solution for any uikij ∈ kerL (i = 1, . . . , n; j =
1, . . . , ri) if and only if the system of vectors {G̃(kij)

i }i=1,...,n;j=1,...,ri is lin-
early independent on PN (A).
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Example 9.4. Consider now an interpolation problem for singular in-
tegral operators. Let Γ be a closed regular arc in the complex plane. Let
X := Hµ(Γ ) (0 < µ < 1). Consider the operator

(9.19) (Kx)(t) := a(t)x(t) +
b(t)
πi

∫
Γ

x(u) du
u− t

,

where a, b ∈ X, a2 − b2 = 1, b(t) 6= 0. Denote by κ the index of K, i.e.

κ = IndK =
1

2π

{
a(t) + b(t)
a(t)− b(t)

}
Γ

(cf. Section 4).

(a) Suppose that κ = 1, i.e. K is right invertible. Let

(9.20) (Rx)(t) := a(t)x(t)− b(t)Z(t)
πi

∫
Γ

x(u) du
(u− t)Z(u)

,

where
Z(t) := t−1/2eV (t) ,

V (t) :=
1
πi

∫
Γ

ln[u−1(a(u)− b(u))(a(u) + b(u))−1] du
u− t

(the single-valued continuous branches of t−1/2 and ln t are arbitrarily fixed).
It is easy to check that R ∈ RK and

kerK = {z ∈ X : z(t) = b(t)Z(t)c , c ∈ C} .
Hence, dim kerK = 1. Every right inverse of K belongs to the set

RK = {R′ ∈ L0(X) : R′ = A−RKA+R, A ∈ L0(X)} .
The set of all initial operators for K is

FK = {F ′ ∈ L0(X) : F ′ = I −R′K , R′ ∈ RK} .
By Theorem 8.1, every initial operator F ′ ∈ FK has the property (c). From
Theorem 9.5 we obtain

Corollary 9.2. A necessary and sufficient condition for the Lagrange
interpolation problem (i.e. the problem of finding u = z0 + Rz1 + . . . +
Rn−1zn−1 (zk = bZck, ck ∈ C) which satisfies Fiu = ui for given initial
operators F0, . . . , Fn−1 and given values ui = bZei, ei ∈ C) to have a unique
solution is that the system {F0, . . . , Fn−1} is linearly independent on Pn(R),
where

(9.21) Pn(R) = lin{Rk(bZ) : k = 0, . . . , n− 1} .
Similarly, we can formulate a necessary and sufficient condition for the

general interpolation problem to have a unique solution.
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(b) Consider now the case κ = −1, i.e. K is left invertible. In this
case, it is easy to see that R of the form (9.20) is a left inverse of K and
kerK = {z ∈ X : z(t) = b(t)Z(t)c, c ∈ C}. Hence, dim kerR = 1 and every
co-initial operator G has the property (c). From Theorem 9.4, we get the
following

Corollary 9.3. Let K be of the form (9.19) and suppose κ = −1.
Suppose that G1, . . . , Gn are co-initial operators for K. Then the Hermite
interpolation problem has a unique solution if and only if the system of
operators {GiKj}i=1,...,n;j=0,...,ri−1 is linearly independent on PN (K), where
PN (K) is defined by (9.21).

Similarly, we can formulate interpolation problem for singular integral
operators with a regular part.

Let M := K + T where K is of the form (9.19) and T is compact in X.

(i) If κ > 0 and I+TR is invertible, then M is right invertible. Indeed,
in this case, M = K(I +RT ). A right inverse of M is R′ := (I +RT )−1R.

(ii) If κ < 0 and I + TR is invertible then M is left invertible and
L′ := R(I + TR)−1 is its left inverse.

(iii) If κ = 0 and I + TR is invertible, then M is invertible.

Hence, for those cases we can give conditions for the uniqueness of solu-
tions to interpolation problems.

The following question arises: Does there exist a system of initial opera-
tors for the singular integral operator K such that all corresponding classical
interpolation problems always have a unique solution? We shall give a pos-
itive answer to this question.

It is known that K is bounded in X, domK = domKj = X and Kj (j =
1, 2, . . .) are right invertible. Write

(9.22) Sh :=
∞∑
k=0

hk

k!
Kk (h ∈ C), S0 = I

(obviously the series is convergent in the norm).
For a given initial operator F = I − RK we write Fh := FSh, h ∈ C.

Then Fh is an initial operator for K corresponding to the right inverse
Rh := R− FhR.

It is easy to check that

kerK =
{
z ∈ X : z(t) =

∞∑
k=1

ckb(t)Z(t)tk−1 , ck ∈ C
}

and

FhR
kz = (hk/k!)z for all z ∈ kerK, k ∈ N0 .
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If κ = IndK < 0 we can construct co-initial operators for K in the same
way, i.e. we set Gh := FQh, h ∈ C, where

Qh :=
∞∑
k=0

hk

k!
Rk (h ∈ C) , Q0 = I .

Then QhK
kz = (hk/k!) z for all z ∈ kerR, k ∈ N0.

An immediate consequence of Theorem 9.4 is

Corollary 9.4. Let K be of the form (9.19) and suppose IndK > 0.
Then there exists a unique K-polynomial

u =
N−1∑
m=0

Rmzm , zm ∈ kerK (m = 0, 1, . . . , N − 1)

which for given n (n ≤ N) different initial operators Fh0 , . . . , Fhn−1 admits
given values together with Kku up to order rj − 1, i.e. the following system
has a unique solution:

(9.23) FhjK
ku = ujk (j = 1, . . . , n ; k = 0, . . . , rj − 1) ,

where r1 + . . .+ rn = N and ujk ∈ kerK are given.

Indeed, in this case, the matrix induced by the system (9.23) is the
classical Hermite matrix.

Similarly, for the case IndK < 0 we have the following

Corollary 9.5. Let K be of the form (9.19) and suppose IndK < 0.
Then there exists a unique R-polynomial

u = z0 +Kz1 + . . .+KN−1zN−1 , zm ∈ kerR (m = 0, . . . , N − 1)

which for given n different co-initial operators Gh0 , . . . , Ghn−1 admits given
values together with Rku up to order rj − 1.

II. Generalized almost invertible operators

10. Properties of generalized almost invertible operators. Let X
be a linear space over the field F of scalars (where F = R or F = C).

Definition 10.1. (i) An operator V ∈ L(X) is said to be generalized
almost invertible if there is an operator W ∈ L(X) (called a generalized
almost inverse of V ) such that ImW ⊂ domV , ImV ⊂ domW and

(10.1) VWV = V on domV .

(ii) An operator V0 ∈ L(X) is said to be generalized invertible if there
is an operator W0 ∈ L(X) (called a generalized inverse of V0) such that
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ImW k
0 ⊂ domV k0 , ImV k0 ⊂ domW k

0 (k ∈ N) and

(10.2) V k0 W
k
0 V

k
0 = V k0 on domV k0 (k = 1, 2, . . .)

The set of all generalized almost invertible operators in L(X) will be
denoted by W (X). For a given V ∈ W (X) we denote by WV the set of all
generalized almost inverses of V . Similarly, by W 0(X) we denote the set
of all generalized invertible operators and by W0

V0
the set of all generalized

inverses of V0 ∈W 0(X).
Clearly, W0(X) ⊂W (X).

N o t e. It is well-known that the axiom of choice implies W (X) = L(X).
Indeed, under the axiom of choice every linear subspace X1 ⊂ X is com-
plemented in X, i.e. there is a subspace X2 ⊂ X such that X = X1 ⊕X2.
Suppose that V ∈ L(X). Then there is a subspace XV ⊂ X such that
domV = kerV ⊕ XV . Denote by V1 the restriction of V to XV . Clearly,
kerV1 = {0}. Hence, there is an operator W ∈ L(X) such that WV1x = x
for x ∈ XV . If x ∈ domV then x = x1 +x2, where x1 ∈ kerV , x2 ∈ XV and
so WV x = W (V x1 + V x2) = WV x2 = x2. Therefore

VWV x = V x2 = V x1 + V x2 = V x , x ∈ domV ,

i.e. V ∈ W (X). However, throughout this paper we need not admit the
axiom of choice.

Example 10.1. Let X := C[0, 1] be the Banach space of all complex
valued continuous functions defined on the closed interval [0, 1] with the
standard sup norm, considered as a linear space over the reals or over the
complex numbers. Let D := d/dt, R :=

∫ t
t0
, (Fx)(t) := x(t0). Then it is

easy to check that

FIF = F , F kIkF k = F k , IFI 6= I , i.e. F ∈W 0(X) ,
FDRFD = FD , (FD)2 = 0 , R(FD)R 6= R , i.e. FD ∈W 0(X) .

Hence, the operators F and FD are generalized invertible.

Example 10.2. Let Γ := {t : |t| = 1}, X; = Hµ(Γ ), 0 < µ < 1.
Consider the operator

(Sk,nu)(t) :=
1
πi

∫
Γ

sn−k−1tk

sn − tn
u(s) ds (n, k ∈ N0 , k < n) .

One can verify that S3
k,n = Sk,n, i.e. Sk,n is generalized invertible (cf. [31]).

R e m a r k 10.1. Several authors have studied generalized inverses in
Hilbert and Banach spaces and relations between generalized inverses and
abstract splines (cf. for instance [1]–[4], [7]–[10], [25]–[26], [55], [56]).
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Lemma 10.1. Let V ∈ W (X) and W ∈ WV . Then AV B ∈ W (X)
for any operators A ∈ Λ(X) and B ∈ R(X) such that ImB ⊂ domV ,
ImV ⊂ domA.

P r o o f immediately follows from the equality

(10.3) (AV B)(RBWLA)(AV B) = AV B ,

where LA ∈ LA, RB ∈ RB .

Lemma 10.2. Let V ∈W (X) and W ∈ WV . Then

(10.4) domV = WV (domV )⊕ kerV .

P r o o f. If x ∈ domV then x = WV x + (I − WV )x, where WV x ∈
WV (domV ) and (I −WV )x ∈ kerV , by (10.1).

If x ∈ WV (domV ) ⊂ ImW ⊂ domV and z ∈ kerV , then clearly
x+ z ∈ domV .

If u ∈ WV (domV ) ∩ kerV , then there exists w ∈ domV such that u =
WV w and V u = VWV w = V w = 0. Hence w ∈ kerV and u = WV w = 0.
This means that the sum WV (domV ) + kerV is direct.

Theorem 10.1. Let V ∈ W (X) and W1 ∈ WV . Then all generalized
almost inverses of V are given by

(10.5) W = W1 +A−W1V AVW1 ,

where A ∈ L(X), ImA ⊂ domV , ImV ⊂ domA.

P r o o f. Suppose that W is of the form (10.5). Since VW1V = V we get

VWV = VW1V + V AV − VW1V AVW1V = V + V AV − V AV = V .

Thus, W ∈ WV .
Conversely, suppose that W ∈ WV . Write A := W −W1. By definition,

A ∈ L(X) and ImA ⊂ domV and ImV ⊂ domA. Since VWV = V ,
VW1V = V we find

W1 +A−W1V AVW1 = W1 +W −W1 −W1V (W −W1)VW1

= W −W1V (W −W1)VW1 = W −W1(VWV − VW1V )W1 = W .

An immediate consequence of Lemma 10.2 is

Theorem 10.2. If V ∈W (X) and W ∈ WV then

(10.6) domV = {Wx+ z : z ∈ kerV } = Wx+ kerV , x ∈ ImV .

Theorem 10.3. Let A,B ∈ L(X), ImA ⊂ domB, ImB ⊂ domA. Then
I+AB is generalized almost invertible if and only if so is I+BA. Moreover ,
if WAB ∈ WI+AB then there exists WBA ∈ WI+BA such that

(10.7) WBA = I −BWABA , WAB = I −AWBAB .
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P r o o f. Suppose that I +AB ∈W (X) and WAB ∈ WI+AB , i.e.

(I +AB)(WAB)(I +AB) = I +AB .

Then BWABA is well-defined. Write WBA := I − BWABA. On domA we
have

(I +BA)WBA(I +BA) = (I +BA)(I −BWABA)(I +BA)

= (I +BA)2 − (I +BA)BWABA(I +BA)

= (I +BA)2 −B(I +AB)WAB(I +BA)A

= (I +BA)2 −B(I +AB)A

= (I +BA)2 − (I +BA)BA = I +BA ,

which proves WBA ∈ WI+BA.

Similarly, we can prove the second formula of (10.7).

R e m a r k 10.2. For every V ∈ W (X) there exists W ∈ WV such that
WVW = W on domW . Indeed, if W1 ∈ WV then the operator W :=
W1VW1 is a generalized almost inverse of V and

WVW = (W1VW1)V (W1VW1) = W1(VW1V )W1VW1

= W1VW1VW1 = W1(VW1V )W1 = W1VW1 = W .

Definition 10.2. If V ∈W (X), W ∈ WV and WVW = W on domW ,
then W is said to be an almost inverse of V . The set of all almost inverses
of V will be denoted by W1

V .

Definition 10.3. An operator F (r) ∈ L(X) is said to be a right initial
operator for V ∈W (X) corresponding to W ∈ W1

V if

(i) (F (r))2 = F (r), ImF (r) = kerV , domF (r) = domV ,
(ii) F (r)W = 0 on domW .

Lemma 10.3. Let F (r) be a right initial operator for V ∈ W (X) corre-
sponding to W ∈ W1

V . Then

(i) F (r)v = v for v ∈ kerV ,(10.8)
(ii) V F (r) = 0 ,(10.9)

(iii) kerF (r) ∩ kerV = {0} .(10.10)

P r o o f. (i) By definition, F (r)x ∈ kerV for every x ∈ domV . Hence, if
v = F (r)x ∈ kerV then F (r)v = F (r)x = v.

(ii) Since F (r)x ∈ kerV for every x ∈ domV we find V F (r)x = 0.
(iii) By definition, F (r) = (F (r))2, i.e. F (r) ∈ W (X) and F (r) ∈ W1

F (r).
Hence, by Lemma 10.2 we have X = F (r)X ⊕ kerF (r) = kerV ⊕ kerF (r).
This implies kerV ∩ kerF (r) = {0}.
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Theorem 10.4. Let V ∈ W (X) and W ∈ W1
V . Then a necessary and

sufficient condition for an operator F (r) ∈ L(X) to be a right initial operator
for V corresponding to W is that

(10.12) F (r) = I −WV on domV .

P r o o f. Sufficiency. Suppose that F (r) satisfies (10.12). Then

(F (r))2 = (I −WV )2 = I −WV −WV +WVWV

= I − 2WV +WV = F (r) on domV ,

i.e. F (r) is a projection operator. Since V F (r) = 0 on domV , we find
F (r)(domV ) ⊂ kerV . Moreover, if z ∈ kerV then F (r)z = (I −WV )z =
z −WV z = z. Finally, F (r)W = WVW = 0 on domW . This implies that
F (r) is a right initial operator for V corresponding to W .

Necessity. Suppose that F (r) is a right initial operator for V corre-
sponding to W ∈ WV . Let x ∈ domV . Write u = WV x. By definition,
V u = VWV x = V x. Hence x − u ∈ kerV and so F (r)(x − u) = x − u.
On the other hand, F (r)u = F (r)WV x = 0. We therefore conclude that
(I −WV )x = x−WV x = x− u = F (r)(x− u) = F (r)x.

Theorem 10.5 (Taylor–Gontcharov formula induced by right initial op-
erators). Suppose that V ∈ W (X) and F (r)

V = {F (r)
β }β∈Γ is a family of

right initial operators corresponding to {Wβ}β∈Γ ⊂ W1
V . Let {βn} ⊂ Γ ,

n ∈ N0, be an arbitrary sequence of indices. Then for every positive integer
N the following identity holds on domV N :

(10.13) I = F
(r)
β0

+
N−1∑
k=1

Wβ0 . . .Wβk−1F
(r)
βk
V k +Wβ0 . . .WβN−1V

N .

P r o o f (by induction). For N = 1 we have (10.12). Suppose that (10.13)
holds for some N ≥ 1. Then, by the induction assumption, we have on
domV N+1:
Wβ0 . . .WβNV

N+1 = Wβ0 . . .WβN−1(WβNV )V N

= Wβ0 . . .WβN−1(I − F (r)
βN

)V N

= Wβ0 . . .WβN−1V
N −Wβ0 . . .WβN−1F

(r)
βN
V N

= I − F (r)
β0
−
N−1∑
k=1

Wβ0 . . .Wβk−1F
(r)
βk
V k −Wβ0 . . .WβN−1F

(r)
βN
V N

= I − F (r)
β0
−

N∑
k=1

Wβ0 . . .Wβk−1F
(r)
βk
V k ,

which was to be proved.
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Putting in (10.13) Wβk = W and F (r)
βk

= F (r) for k = 0, . . . , N we obtain
the Taylor formula:

(10.13′) I =
N−1∑
k=0

W kF (r)V k +WNV N on domV N .

Similarly, we define left initial operators for V ∈W (X).

Definition 10.4. An operator F (l) ∈ L0(X) is said to be a left initial
operator for V ∈W (X) corresponding to W ∈ W1

V if

(i) (F (l))2 = F (l), F (l)X = kerW ,
(ii) F (l)V = 0 on domV .
Changing the roles of V and W in Lemma 10.3 we obtain

Lemma 10.4. Let F (l) be a left initial operator for V ∈ W (X) corre-
sponding to a W ∈ W1

V . Then

(i) F (l)w = w for w ∈ kerW ,
(ii) WF (l) = 0,
(iii) kerF (l) ∩ kerW = {0}.

Theorem 10.6. Let V ∈ W (X) and W ∈ W1
V . Then a necessary and

sufficient condition for an operator F (l) ∈ L0(X) to be a left initial operator
for V corresponding to W is that

(10.14) F (l) = I − VW on domW .

P r o o f. Sufficiency . Suppose that F (l) satisfies (10.14). Then on domW

(F (l))2 = (I−VW )2 = I−VW −VW +VWVW = I−2VW +VW = F (l)

and WF (l) = W (I − VW ) = W −WVW = 0. Hence, F (l) is a projection
operator and F (l)X ⊂ kerW . On the other hand, if v ∈ kerW then F (l)v =
(I − VW )v = v. Thus, F (l)X = kerW . Moreover, F (l)V = (I − VW )V =
V − VWV = 0. We conclude that the operator F (l) of the form (10.14) is
a left initial operator for V .

Necessity . Suppose that F (l) is a left initial operator for V corresponding
to W ∈ W1

V . Let x ∈ domW . Write v = VWx. Hence, Wv = WVWx =
Wx, i.e. x − v ∈ kerW and so F (l)(x − v) = x − v. On the other hand,
F (l)v = F (l)VWx = 0. Therefore

(I − VW )x = x− VWx = x− v = F (l)(x− v) = F (l)x .

Theorem 10.7 (Taylor–Gontcharov formula induced by left initial op-
erators). Suppose that V ∈ W (X) and F (l)

V = {F (l)
β }β∈Γ is a family of left

initial operators induced by almost inverses {Wβ}β∈Γ ⊂ W1
V . Let {βn} ⊂ Γ ,

n ∈ N0, be an arbitrary sequence of indices. Then for every positive integer
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N the following identity holds on dom(WβN−1 . . .Wβ0):

(10.15) I = Fβ
(l)
0 +

N−1∑
k=1

V kFβ
(l)
k Wβk−1 . . .Wβ0 + V NWβN−1 . . .Wβ0 ,

provided that Im(Wβk−1 . . .Wβ0) ⊂ domV k (k = 1, . . . , N).

P r o o f (by induction). For N − 1 we have (10.14). Suppose that (10.15)
holds for some N ∈ N. Then, by the induction assumption, we have on
dom(WβN . . .Wβ0)

V N+1WβN . . .Wβ0 = V N (VWβN )WβN−1 . . .Wβ0

= V N (I − F (l)
βN
WβN−1 . . .Wβ0

= V NWβN−1 . . .Wβ0 − V NF
(l)
βN
WβN−1 . . .Wβ0

= I − F (l)
β0
−
N−1∑
k=1

V kF
(l)
βk
Wβk−1 . . .Wβ0 − V NF

(l)
βN
WβN−1 . . .Wβ0

= I − F (l)
β0
−

N∑
k=1

V kF
(l)
βk
Wβk−1 ,

which was to be proved.

Putting in (10.15) Wβk = W and F
(l)
βk

= F (l) (k = 0, . . . , N) we obtain
the Taylor formula:

(10.15′) I =
N−1∑
k=0

V kF (l)W k + V NWN on domWN ,

provided that Im(W k) ⊂ dom(V k) (k = 1, . . . , N).

R e m a r k 10.3. Several other fundamental properties of right and left
initial operators have recently been given by Binderman [7].

Example 10.3. Let Γ be a regular closed arc in C and X = Hµ(Γ ) (0 <
µ < 1). Consider the operators

K1 := a1I + b1S , K2 := a2I + b2S ,

where aj , bj ∈ Hµ(Γ ) for j = 1, 2 and

(Sx)(t) :=
1
πi

∫
Γ

x(s) ds
s− t

.

Suppose that a2
j − b2j 6= 0 for all t ∈ Γ (j = 1, 2) and

κ1 = IndK1 > 0 , κ2 = IndK2 < 0 .

Then the operator M := K2K1 is generalized almost invertible.
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Indeed, by our assumptions, K1 is right invertible andK2 is left invertible
(cf. §4). Hence there exist R1 and R2 such that K1R1 = I, R2K2 = I. If
WM := R1R2 then MWMM = K2K1R1R2K2K1 = K2K1 = M . It is easy
to check that M is not one-sided invertible and WM 6∈ W1

M .

Example 10.4. Let D1, D2 ∈ R(X), R1 ∈ RD1 , R2 ∈ RD2 . Write V :=
R1D2, W := R2D1. Then W ∈ WV . Indeed, VWV = R1D2R2D1R1D2 =
R1D2 = V . A right initial operator F (r) and a left initial operator F (l)

corresponding to W are

F (r) = I −WV = I −R2D1R1D2 = I −R2D2 = F2 ∈ FD2 on domV ,

F (l) = I − VW = I −R1D2R2D1 = I −R1D1 = F1 ∈ FD1 on domW ,

where Fj corresponds to Rj (j = 1, 2).

Example 10.5. Let A be an n× n-matrix with complex scalar entries.

(i) If A has minimal polynomial PA(t) = tk then there exists a matrix B
such that ABA = A. Indeed, it is well-known that there exists a matrix Q
such that Q−1AQ = A1, where

(10.16) A1 =



0 1 0 . . . 0 . . . 0
0 0 1 . . . 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 . . . 0
0 0 0 . . . 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 . . . 0



 k−1

.

It is easy to see that A1A
T
1 = diag(1, . . . , 1︸ ︷︷ ︸

k−1

, 0, . . . , 0). This implies A1A
T
1 A1

= A1 and A(QATQ−1)A = A, i.e. A is generalized almost invertible.
(ii) In the general case, if A has minimal polynomial

PA(t) = tk
m∏
j=1

(t− tj)rj , ti 6= tj for i 6= j ,

then there exists a matrix Q1 such that

Q−1
1 AQ =


J0 0

J1

. . .
0 Jm

 ,

where J0 is of the form (10.16), Jk (k = 1, . . . ,m) are invertible. Hence A
is generalized almost invertible.
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Example 10.6. Let X be a linear space over C and let A ∈ L0(X) be
an algebraic operator with characteristic polynomial

PA(t) = t

n∏
j=1

(t− tj)rj , 0 6= ti 6= tj for i 6= j .

Write Q(t) := t−1PA(t). Then Q(0) 6= 0 and Q(A) = AQ1(A) + q0,
where q0 = Q(0) 6= 0. This implies

0 = PA(A) = AQ(A) = A[AQ1(A) + q0] , i.e.
ABA = A , where B = −q−1

0 Q1(A) , Q1(t) = t−1[Q(t)−Q(0)] .

Thus, the algebraic operator A is generalized almost invertible. Further-
more, since B commutes with A, we conclude that A is generalized invert-
ible, i.e. AkBkAk = Ak for all k ∈ N.

Example 10.7 (cf. [7]). Let Cn[0, 2π] be the set of all complex-valued
functions defined on the closed interval [0, 2π] and having a continuous
derivative of order n in (0, 2π). By Cn2π[0, 2π] we denote the set of all
functions f ∈ Cn[0, 2π] such that every f (j) (j = 0, . . . , n) has continuous
2π-periodic extension to R, i.e. every f satisfies the boundary conditions

f (j)(0) = f (j)(2π) (j = 0, . . . , n) .

Introduce the kth Bernoulli polynomial Bk by

B0(t) = −1 , B′k(t) = Bk−1(t) (k ∈ N , t ∈ [0, 2π]) ,
B1(2π)−B1(0) = −2π , Bk(2π)−Bk(0) = 0 (k ≥ 2) ,

and the 2π-periodic extension B̂n of Bn by

B̂1(t) =
{
B1(t) for t ∈ (0, 2π),
0 for t = 0 and t = 2π,

B̂n+1(t) = Bn+1(t) for t ∈ [0, 2π], n ∈ N ,
B̂n(t+ 2π) = B̂n(t) for t ∈ R , n ∈ N .

Let X := C[0, 2π], Xn := Cn[0, 2π], X0
n := Xn ∩ Cn−1

2π [0, 2π], n ≥ 2. It
is obvious that X0

n ⊂ Xn ⊂ X. For n ≥ 2 define

W := Dn , (V x)(t) := (2π)−1
2π∫

0

B̂n(t− s)x(s) ds , x ∈ X ,

where D := d/dt. Hence, domV = X, ImV = Xn, domW = X0
n,

dim kerV 6= 0, dim kerW 6= 0. Write

F0x := (2π)−1
2π∫

0

x(s) ds , x ∈ X ,(10.17)
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Fx := −
n∑
k=0

(F0D
kx)Bk , x ∈ Xn (n ≥ 2)(10.18)

It is easy to check that

WV x = x− F0x , x ∈ X ,(10.19)
VWx = x− Fx , x ∈ Xn .(10.20)

Hence, VWV x = V x− V F0x = V x, i.e. V is generalized almost invertible.
Moreover,

WVWx = Wx−WFx+
n∑
k=0

(F0D
kx)WBk = Wx− F0Wx 6= Wx .

From Remark 10.2, if W1 = WVW then W1VW1 = W1, VW1V = V , i.e.
W1 ∈ W1

V , so that by the definition

F (r) = I −W1V = F0 , F (l) = I − VW1 = F .

The Taylor formulae induced by right and left initial operators are respec-
tively

x(t) =
N−1∑
k=0

(W k
1 F

(r)V kx)(t) + (WN
1 V Nx)(t) ,

where

(WN
1 V Nx)(t) = (2π)−N

2π∫
0

B
(nN)
N,n (t, s)x(s) ds , t ∈ [0, 2π] , n,N ≥ 2 ,

BN,n(t, s) =
2π∫

0

. . .
2π∫

0

B̂n(t− t1)B̂n(t1 − t2) . . . B̂n(tN−1 − s) dt1 . . . dtN−1 ,

N−1∑
k=0

(W k
1 F

(r)V kx)(t) = (F (r)x)(t) = (2π)−1
2π∫

0

x(s) ds ,

and

x(t) =
N−1∑
k=0

(V kF (l)W k
1 )(t) + (V NWNx)(t)

= (2π)−1
2π∫

0

BN,n(t, s)x(nN)(s) ds− (2π)−1
n∑
j=0

( 2π∫
0

x(j)(s) ds
)

×
(
Bj(t) +

N−1∑
k=1

(2π)−k
2π∫

0

Bk,n(t, s)Bj(s) ds
)
.
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11. Equations with generalized almost invertible operators. Let
V ∈W (X) and W ∈ WV . To begin with, we consider the equation

(11.1) V x = y , y ∈ X .

Theorem 11.1. The equation (11.1) has solutions if and only if

(11.2) y ∈ ImV .

If the condition (11.2) is satisfied then all solutions of the equation (11.1)
are given by

(11.3) x = Wy + z, z ∈ kerV .

P r o o f. If y ∈ ImV then there is y1 ∈ domV such that y = V y1. Hence,
(11.1) can be written in the form V x = V y1. Since V = VWV , the last
equation is equivalent to V (x −WV y1) = 0, i.e. x = Wy + z, z ∈ kerV ,
which proves (11.3).

Now consider the equation

(11.4) (V −A)x = y , y ∈ X , A ∈ L0(X) , V ∈W (X) .

Lemma 11.1. Suppose A(domV ) ⊂ ImV , and let y ∈ (V − A)(domV ).
Then there exists a z ∈ kerV such that

(11.5) Wy + z ∈ (I −WA)(domV ) .

P r o o f. Suppose that y ∈ (V − A)(domV ). Then there exists an
x ∈ domV such that y = (V − A)x, i.e. V x = Ax + y. By Theorem 11.1,
there exists a z ∈ kerV such that x = W (y + Ax) + z. Since A(domV ) ⊂
ImV , we have Ax ∈ ImV ⊂ domW , and we may disclose the brackets:
Wy + z = x−WAx = (I −WA)x, i.e. Wy + z ∈ (I −WA)(domV ).

Note that if x ∈ domV is a solution of the equation (11.4) then we have
F (l)(Ax+ y) = 0 for every left initial operator of V . Indeed, from (11.4) we
find Ax+ y = V x = VW (V x) = VW (Ax+ y), i.e. F (l)(Ax+ y) = 0.

Write

(11.6) Xy := {x ∈ domV : F (l)(Ax+ y) = 0} , y ∈ X .

R e m a r k 11.1. The set Xy (y ∈ X) does not depend on the choice of
F (l). Indeed, since F (l)

1 F
(l)
2 = F

(l)
2 for any left initial operators F (l)

1 and F (l)
2

of V , we find F
(l)
1 (Ax+ y) = F

(l)
1 F

(l)
2 (Ax+ y) = 0 if F (l)

2 (Ax+ y) = 0.

Lemma 11.2. If A(domV ) ⊂ ImV , y ∈ (V − A)(domV ) and x ∈ Xy

then the equation (11.4) is equivalent to the equation

(11.7) (I −WA)x = Wy + z for some z ∈ kerV .

P r o o f. Write (11.4) in the form V x = Ax + y. By the assumption,
F (l)(Ax + y) = 0, i.e Ax + y = VW (Ax + y). Hence (11.4) takes the form
V [x−W (Ax+ y)] = 0, which is equivalent to (11.7).
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Definition 11.1. Let V ∈ W (X), A ∈ L0(X). The operators I −
WA and I − AW , where W ∈ WV , are said to be resolving operators for
the equation (11.4). If either I − WA or I − AW is invertible then the
equation (11.4) is said to be well-determined. Otherwise it is ill-determined
(cf. Pogorzelec [41]).

Theorems 2.1 and 10.3 imply that it is enough to deal with the resolving
operator I −WA.

Theorem 11.2. Suppose that V ∈ W (X), W ∈ WV , A ∈ L0(X),
A(domV ) ⊂ ImV and y ∈ (V −A)(domV ).

(i) If I − WA ∈ R(X) and RA ∈ RI−WA, then all solutions of the
equation (11.4) are given by

(11.8) x = RA(Wy + z) + u , z ∈ kerV , u ∈ ker(I −WA) .

(ii) If I−WA ∈ Λ(X) and LA ∈ LI−WA then all solutions of (11.4) are
given by

(11.9) x = LA(Wy + z) , z ∈ kerV .

(iii) If I −WA is invertible then all solutions of (11.4) are given by

(11.10) x = (I −WA)−1(Wy + z) , z ∈ kerV .

(iv) If I −WA ∈W (X) and WA ∈ WI−WA then all solutions of (11.4)
are given by

(11.11) x = WA(Wy + z) + u , z ∈ kerV , u ∈ ker(I −WA) .

P r o o f. By the assumption, there exists y1 ∈ domV such that y =
(V − A)y1. Hence, Ax + y = Ax + (V − A)y1 = V y1 + A(x − y1). Since
A(domV ) ⊂ ImV , there is y2 ∈ domV such that A(x − y1) = V y2. Thus
(11.4) takes the form

V x = V y1 + V y2 (= VWV (y1 + y2)) ,

which is equivalent to

x = WV (y1 + y2) + z , z ∈ kerV .

The last equation can be written in the form

(11.12) (I −WA)x = Wy + z .

From 11.12 we get all formulae (11.8)–(11.11).

Note that the condition A(domV ) ⊂ ImV implies that the set Xy

defined by (11.6) is either empty or equal to domV . Indeed, for every
x ∈ domV there exists x1 ∈ domV such that Ax = V x1. This implies
Xy = {x ∈ domV : F (l)(Ax + y) = 0} = {x ∈ domV : F (l)(V x1 + y) =
0} = {x ∈ domV : F (l)y = 0}, which completes the proof.
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In general, if Xy 6= domV then not every solution of (11.7) belongs
to Xy, i.e. not every solution of (11.7) is a solution of (11.4).

Lemma 11.3. The equation (11.4) has solutions if and only if there exists
z ∈ kerV such that

(11.13) Wy + z ∈ (I −WA)Xy .

P r o o f. The necessity has been shown in the proof of Lemma 11.1 and
in the remark following that proof.

Sufficiency . Suppose that (11.13) is satisfied. Hence there exists x2 such
that F (l)(Ax2 + y) = 0, Wy + z = (I −WA)x2. These equalities imply

V x2 = V ((I −WA) +WA)x2 = V (I −WA)x2 + VWAx2

= V (Wy + z) + VWAx2 = VWy + VWAx2

= VW (y +Ax2) = (I − F (l))(y +Ax2) = y +Ax2 ,

so that x2 is a solution of (11.4).

Corollary 11.1. If for a given y ∈ X, the set Xy defined by (11.6) is
empty , then the equation (11.4) has no solutions.

Corollary 11.2. If V ∈ W (X) and dim cokerV = 0, i.e. V is right
invertible, then Xy = domV for every y ∈ X.

Indeed, in this case F (l) = 0 and F (l)(Ax+ y) = 0.

Corollary 11.3. If the condition (11.13) is satisfied , then there exists
z ∈ kerV such that the equation (11.4) is equivalent to the system

(11.14) (I −WA)x = Wy + z ,

(11.15) F (l)(Ax+ y) = 0 ,

where F (l) = I − VW on domW .

Therefore, if we admit the condition

(11.16) Wy + z 6∈ (I −WA)(domV \Xy) for all z ∈ kerV ,

then every solution of (11.14) is a solution of (11.4). Indeed, the condi-
tion (11.13) implies that the equation (11.14) has solutions. The condi-
tion (11.16) implies that these solutions do not belong to domV \ Xy, i.e.
they satisfy (11.15). We can formulate this result as follows:

Theorem 11.3. Suppose that V ∈W (X), A ∈ L0(X), A(domV ) ⊂ ImV
and W ∈ WV . Suppose, moreover , that the conditions (11.13) and (11.16)
are satisfied. If the resolving operator I−WA is generalized almost invertible
and WA ∈ WI−WA then all solutions of the equation (11.4) are

(11.17) x = WA(Wy + z) + u ,

where z ∈ kerV , u ∈ ker(I −WA) are arbitrary.
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Now we consider the initial value problem

(11.18) V x = Ax+ y , y ∈ X ,

(11.19) F (r)x = x0 , x0 ∈ kerV ,

where F (r) is a right initial operator for V corresponding to W ∈ WV (we
assume dim kerV 6= 0). The assumption A(domV ) ⊂ ImV is still in force.

The proof of Lemma 11.1 shows that solutions of (11.18) (if they exist)
satisfy x = W (y + Ax) + z, where z ∈ kerV . Hence F (r)x = z (see the
definition of F (r)).

Lemma 11.3 now implies that the problem (11.18)–(11.19) has solutions
if and only if

(11.20) Wy + x0 ∈ (I −WA)Xy ,

where Xy is defined by (11.6).

Definition 11.2. (i) The problem (11.18)–(11.19) is said to be well-
posed if it has a unique solution for every y ∈ X, x0 ∈ kerV .

(ii) If either the problem (11.18)–(11.19) has no solutions for some y ∈ X
and x0 ∈ kerV , or the corresponding homogeneous problem (i.e. y = x0 = 0)
has a non-trivial solution, then this problem is called ill-posed.

Theorem 11.4. Suppose that for any y ∈ X, x0 ∈ kerV the condi-
tion (11.20) is satisfied. Then the problem (11.18)–(11.19) is well-posed if
and only if the resolving operator I −WA is invertible.

P r o o f. If β = 1 is an eigenvalue of WA then the corresponding homo-
geneous problem has non-trivial solutions, i.e. the problem (11.18)–(11.19)
is ill-posed.

Suppose that β = 1 is not an eigenvalue of WA. It is easy to see that
I−WA maps domV into itself. Hence, if (I−WA)(domV ) 6= domV , then
there is v ∈ domV such that v 6∈ (I −WA)(domV ). If we take x0 = F (r)v,
y = V v, then

Wy + x0 = WV v + F (r)v = v 6∈ (I −WA)(domV ) ,

which contradicts our assumption. Hence, in this case we have (I −WA)
(domV ) = domV and I −WA is invertible.

As already observed, the problem (11.18)–(11.19) is equivalent to the
equation

(11.21) (I −WA)x = Wy + x0 .

In our case, the equation (11.21) has a unique solution. Thus, the unique
solution of the problem (11.18)–(11.19) is

(11.22) x = (I −WA)−1(Wy + x0) .
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In the generalized almost invertible case of I −WA, the above consider-
ations give

Theorem 11.5. If the resolving operator I −WA is generalized almost
invertible and not invertible then the problem (11.18)–(11.19) is ill-posed and
has solutions under the following necessary and sufficient condition:

(11.23) Wy + x0 ∈ (I −WA)Xy ,

where Xy is defined by (11.6).
In that case, all solutions are given by

(11.24) x = WA(Wy + x0) + u ,

where WA ∈ WI−WA, u ∈ ker(I −WA), and belong to Xy.

Example 11.1. Let X be a linear space over C and let S ∈ L0(X) be
an algebraic operator with characteristic polynomial

(11.25) PS(t) =
n∏
j=1

(t− tj) , ti 6= tj for i 6= j .

Consider the operator

(11.26) A(S) :=
n−1∑
m=0

AmS
m ,

where Am ∈ L0(X), SAm = AmS (m = 0, . . . , n − 1). We shall prove
that A(S) is generalized almost invertible provided that so is every operator
A(tj) (j = 1, . . . , n).

Indeed, suppose that A(tj) ∈ W (X) for every j ∈ {1, . . . , n}, i.e. there
exist operators WA(tj) ∈ WA(tj) such that

(11.27) A(tj)WA(tj)A(tj) = A(tj) (j = 1, . . . , n) .

Write

WA(S) :=
n∑
j=1

MjPj , Mj :=
n∑
k=1

PkWA(tj)Pk (j = 1, . . . , n) ,

where Pj (j = 1, . . . , n) are projectors induced by S (cf. Theorem 3.1). Then

A(tj)MjA(tj) =
n∑
k=1

A(tj)PkWA(tj)PkA(tj)

=
n∑
k=1

PkA(tj)WA(tj)A(tj)Pk =
n∑
k=1

PkA(tj)Pk = A(tj)
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and

A(S)WA(S)A(S) =
n∑
i=1

A(ti)Pi
n∑
j=1

MjPj

n∑
k=1

A(tk)Pk

=
n∑
i=1

A(ti)MiA(ti)Pi =
n∑
i=1

A(ti)Pi = A(S) ,

which was to be proved.
Consider the equation

(11.28) A(S)x = y , y ∈ A(S)X ,

where A(S) is of the form (11.26). If SAm = AmS and A(tm) (m = 1, . . . , n)
are generalized almost invertible, then all solutions of (11.28) are given by

x =
n∑
j=1

PjWA(tj)Pjy + z ,

where z ∈ kerA(S) is arbitrary (cf. Theorem 11.1).

Example 11.2. Let Γ = {t : |t| = 1}, D+ = {t : |t| < 1} and let
X = Hµ(Γ ) (0 < µ < 1). Consider the operators

(Sx)(t) : =
1
πi

∫
Γ

x(s) ds
s− t

, (Skx)(t) :=
1
πi

∫
Γ

sn−1−ktkx(s) ds
sn − tn

,

(11.29) (Mkx)(t) : =
1
πi

∫
Γ

sn−1−ktkMk(s, t)
sn − tn

x(s) ds ,

(Wx)(t) : = x(ε1t) ,

n, k ∈ N0, n > 1, 0 ≤ k ≤ n− 1, ε1 := exp(2πi/n) .

In (11.26) we assume that the functions Mk(s, t) satisfy the Hölder condition
with respect to (s, t) ∈ Γ × Γ .

Write

P :=
1
2

(I + S) , Q :=
1
2

(I − S) , Pj :=
1
n

n∑
k=1

εn−1−k
j W k+1

(εj = εj1 , j = 1, . . . , n) .

It is easy to check that

(11.30) SW = WS, SkS = SSk , SkW = WSk , Sk = SPk

(cf. [31]). Moreover, if Mk(s, t) admits an analytic continuation in both
variables to D+ and

(11.31) Mk(ε1s, t) = Mk(s, ε1t) = Mk(s, t) , Mk(t, t) = 1 ,
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then

(11.32) Mk = Sk +NkPk , NkPj = PjNk (k, j = 1, . . . , n) ,

where

(Nkx)(t) :=
1
πi

∫
Γ

Nk(s, t)x(s) ds ,

and

Nk(s, t) := (s− t)−1[Mk(s, t)− 1]

is continuous in (s, t). Now (11.32) and the Cauchy integral theorem to-
gether implyN2

k = 0, SNk = Nk, NkS = −Nk. Hence, M2
k = Pk, M3

k = Mk,
i.e. every Mk is generalized invertible.

Similarly, every operator of the form

(11.33) M :=
n∑
k=1

βkMk , βk ∈ C (k = 1, . . . , n)

is generalized invertible. Indeed, M2 =
∑n
j=1 β

2
jPj and for every polyno-

mial Q(u)

Q(M2) =
n∑
j=1

Q(β2
j )Pj .

Hence, if we choose Q(u) =
∏n
j=1(u − β2

j ) then Q(M2) = 0, so that M is
algebraic with characteristic roots belonging to the set {±βj : j = 1, . . . , n}.
Write

(11.34) bj =
{

0 if βj = 0,
β−1
j if βj 6= 0, WM :=

n∑
j=1

bjMj .

Then

MWMM =
n∑
i=1

βiMi

n∑
j=1

bjMj

n∑
k=1

βkMk =
n∑
i=1

βibiβiMi(11.35)

=
n∑
i=1

βiMi = M .

Thus, M is generalized almost invertible. On the other hand, since WM

commutes with M , we conclude that M is generalized invertible.
Consequently, the equation

(11.36) Mx = y

has solutions if and only if Pjy = 0 whenever βj = 0. If this is the case, all



62 Linear systems with right invertible operators

solutions of (11.36) are

x =
n∑
k=1

bkMky +
n∑
j=1

(1− βjbj)Pju , u ∈ X arbitrary.

Consider now a particular case of (11.36):

(11.37)
n∑
k=1

βk
πi

∫
Γ

sn−1−ktk

sn − tn
cos k(sn − tn)x(s) ds = y(t) ,

where β1 = 0, βk 6= 0 for k = 2, . . . , n. This equation has solutions if and
only if P1y = 0. If this condition is satisfied, all solutions are

x(t) = (P1u)(t) +
n∑
k=2

bk
πi

∫
Γ

sn−1−ktk

sn − tn
cos k(tn − sn)y(s) ds .

Example 11.3. Let X := C(R), D := d/dt, (Px)(t) := 1
2 (x(t) + x(−t)),

(Qx)(t) := 1
2 (x(t) − x(−t)), (Ax)(t) := a(t)x(t), a ∈ C1(R). Consider the

initial value problem

(11.38) (P +DQAQ)x = y ,

(11.39) Qx = x0 , x0 ∈ kerP .

It is easy to check that P 2 = P , Q2 = Q, PQ = QP = 0. Hence P ∈W (X)
and P ∈ WP . This implies that the right initial operator F (r) and the left
initial operator F (l) for P corresponding to P is of the form

F (r) = I − PP = Q , F (l) = I − PP = Q .

Since QDQ = 0, we find that a necessary and sufficient condition for (11.38)
to have solutions is

(11.40) Qy = 0 .

If (11.40) is satisfied, the problem (11.38)–(11.39) is equivalent to the equa-
tion

(11.41) (I + PDAQ)x = Py + x0 .

Note that I +PDAQ is invertible and (I +PDAQ)−1 = I −PDAQ. Thus,
the unique solution of the problem (11.38)–(11.39) is x = Py+x0−PDAx0.

12. Generalized almost invertibility of paired operators. Let X
be a linear space over F (where F = C or F = R) and let P ∈ L0(X) be a
projection in X, i.e. P 2 = P . Write

Q := I − P , X+ := PX , X− := QX ,

i.e. X = X+ ⊕X−. Consider the paired operators

(12.1) T1 := A1P +A2Q , T2 := PB1 +QB2 , T12 := A1PB1 +A2QB2
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and the corresponding equations

(12.2) T1x = y , T2x = y , T12x = y , y ∈ X ,

where we assume that A1, A2, B1, B2 ∈ L0(X) are invertible. It is easy to
see that

(12.3) T12 = T1T2 .

Lemma 12.1. Let A1, A2 ∈ L0(X) be invertible. Then an operator T1

of the form (12.1) is generalized almost invertible if and only if so is

(12.4) T ′1 := PA−1
2 +QA−1

1 .

Moreover , if WT1 ∈ WT1 then there exists WT ′1
∈ WT ′1

such that

WT1 = PA−1
1 + [I − (A−1

1 −A
−1
2 )WT ′1

]QA−1
1 ,(12.5)

WT ′1
= A2P +A2Q[I −WT1(A2 −A1)] .(12.6)

P r o o f. Write E1 := I + (A−1
1 A2 − I)Q, E′1 := I + Q(A−1

1 A2 − I). It
is easy to check that T1 = A1E1, T ′1 = E′1A

−1
2 . Hence, by Lemma 10.1, T1

(resp. T ′1) is generalized almost invertible if and only if so is E1 (resp. E′1).
By Theorem 10.3, E1 ∈ W (X) if and only if E′1 ∈ W (X). Now (10.7)
implies WE1 = I−(A−1

1 A2−I)WE′1
Q, WE′1

= I−QWE1(A−1
1 A2−I), which

immediately yields (12.5) and (12.6)

Lemma 12.1 and Theorem 2.1 together imply

Corollary 12.1. Let T1 and T ′1 be of the form (12.1) and (12.4),
respectively. Then T1 is right invertible (left invertible, invertible) if and
only if so is T ′1.

Corollary 12.2. For any A ∈ L0(X), the operator E := P + AQ
is right invertible (left invertible, generalized almost invertible, invertible)
if and only if so is E′ := P + QA. Moreover , if RE ∈ RE (LE ∈ LE ,
WE ∈ WE) then there exists RE′ ∈ RE′ (resp. LE′ ∈ LE′ , WE′ ∈ WE′)
such that , respectively
(12.7)
RE = P + [(A− I)RE′ ]Q ,
LE = P + [I − (A− I)LE′ ]Q ,
WE = P + [I − (A− I)WE′ ]Q ,

E−1 = P + [I − (A− I)(E′)−1]Q ,

RE′ = P +Q[I −RE(A− I)] ,
LE′ = P +Q[I − LE(A− I)] ,
WE′ = P +Q[I −WE(A− I)] ,

(E′)−1 = P +Q[I − E−1(A− I)] .

Lemma 12.2. Let A+, A− ∈ L0(X) be invertible. If A+X+ = X+,
A−X− = X− then the operator T := A+P +A−Q is invertible and

(12.8) T−1 = (A+)−1P + (A−)−1Q .
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P r o o f. By the assumptions, we find [(A+)−1P + (A−)−1Q](A+P +
A−Q) = (A+)−1PA+P + (A−)−1QA−Q = (A+)−1A+P + (A−)−1A−Q =
P +Q = I. Similarly, we get the other equality.

Definition 12.1. Let A ∈ L0(X). We say that A admits a cross
factorization if it has the following representation:

(12.9)
A = A−CA+ , A+X+ = X+ , A−X− = X− , C invertible,

P1 := C−1PCP = P 2
1 = PP1 , Q1 := C−1QCQ = Q2

1 = QQ1 .

Lemma 12.3 (cf. Speck [55]). Let T1 be of the form (12.1) and A :=
A−1

2 A1. Then T1 is generalized almost invertible if and only if A admits a
cross factorization.

P r o o f. Suppose that T1 ∈ W (X) and WT1 ∈ WT1 . Write W := PAP ,
V := PWT1A2WWT1A2P . It is easy to check that VWV = V , WVW = W .
If we choose A− := I + QAV , A+ := I + V AQ − (P − VW )A−1(P −
WV )A, C := A−AV A+W +A(P −VW )A−1(P −WV )A, we find a cross
factorization (12.9).

Conversely, if A admits a cross factorization (12.9) then WT1 = (I −
QAP )[(A+)−1PC−1P (A−)−1 +Q]A−1

2 ∈ WT1 .

Lemmas 12.1 and 12.3 imply

Corollary 12.3. The operator T2 of the form (12.1) is generalized al-
most invertible if and only if B := B−1

2 B1 admits a cross factorization.

Consider now the equations (12.2).

Theorem 12.1. (i) If A := A−1
2 A1 admits a cross factorization then the

equation T1x = y has solutions if and only if F (l)
1 y = 0, where F (l)

1 is a left
initial operator for T1. If this is the case, all solutions are

x = WT1y + z, z ∈ kerT1 .

(ii) If B := B−1
2 B1 admits a cross factorization then the equation T2x =

y has solutions if and only if F (l)
2 y = 0, where F (l)

2 is a left initial operator
for T2. If this is the case, all solutions are

x = WT2y + u, u ∈ kerT2 .

(iii) If A := A−1
2 A1, B := B−1

2 B1 admit cross factorizations then the
equation T12x = y has solutions if and only if there exists z1 ∈ kerT1 such
that

(12.10) F
(l)
1 y = 0 , F

(l)
2 (WT1y + z1) = 0 ,

where F
(l)
1 and F

(l)
2 are left initial operators of T1 and T2, respectively,

WT1 ∈ WT1 . If this is the case, all solutions are

x = WT2(WT1y + z1) + z2 ,
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where z1 ∈ kerT1 satisfies (12.10), z2 ∈ kerT2 is arbitrary.

P r o o f. Immediate from Theorem 11.1, Lemma 12.3 and the equal-
ity (12.3).

Now we consider the case when the given projection P commutes with
A1, A2, i.e.

(12.11) PAj = AjP (j = 1, 2)

Since Q = I − P , we also have QAj = AjQ (j = 1, 2).
In the same way as in Example 11.1, we obtain

Theorem 12.2. Let T1 be of the form (12.1). Suppose that the condi-
tion (12.11) is satisfied. If A1 and A2 are generalized almost invertible then
so is T1 and

(12.12) WT1 := PWA1P +QWA2Q ∈ WT1 ,

where WAj ∈ WAj (j = 1, 2).

P r o o f. Suppose that WAj ∈ WAj (j = 1, 2), i.e. AjWAjAj = Aj (j =
1, 2). Write U := PWA1P +QWA2Q. Then

T1UT1 = (A1P +A2Q)(PWA1P +QWA2Q)(A1P +A2Q)
= (A1PWA1P +A1QWA2Q)(PA1 +QA2)
= PA1WA1A1P +QA2WA2A2Q

= PA1P +QA2Q = A1P +A2Q = T1 ,

which completes the proof.

Corollary 12.4. If A1 and A2 are one-sided invertible or invertible
then T1 is generalized almost invertible. Moreover , if both A1 and A2 are
left (right) invertible then T1 is left (right) invertible.

Example 12.1. Let Γ be a regular closed arc on the complex plane.
Denote by D+ the domain bounded by Γ and by D− its complement in-
cluding the point at infinity. For every function G ∈ Hµ(Γ ), G(t) 6= 0 for
t ∈ Γ , we write

κG = IndG :=
1

2π

∫
Γ

d(argG(t)) =
1

2πi

∫
Γ

d(lnG(t))

and we call κG the index of G. It is easy to check that κG is an integer and
κGF = κG + κF , κG/F = κG − κF .

Suppose that we are given two functions G and g on Γ (G(t) 6= 0 for
all t) satisfying the Hölder condition. The Riemann–Hilbert boundary value
problem is to find a pair of functions (F+, F−), where F+ is analytic in D+,
F− is analytic in D− and

(12.13) F+(t) = G(t)F−(t) + g(t) , t ∈ Γ ,
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(12.14) F−(∞) = c .

If we write (Px)(t) =: F+(t), (Qx)(t) =: F−(t)− c, where

P :=
1
2

(I + S) , Q :=
1
2

(I − S) , (Sx)(t) :=
1
πi

∫
Γ

(s− t)−1x(s) ds ,

then (12.13) takes the form (P +AQ)x = y, where (Ax)(t) := G(t)x(t), i.e.
it is of the form T1x = y.

If G(t) = 1, we obtain from (12.13) the condition

(12.15) F+(t)− F−(t) = g(t) .

It is well-known that all solutions of (12.15) are given by

F (z) =
1

2πi

∫
Γ

g(s) ds
s− z

+ c

(cf. for instance, [15], [23]).
Consider the general case of (12.13). Assume 0 ∈ D+ and IndG(t) = κ.

It is easy to see that Ind tκ = κ, Ind(t−κG(t)) = 0. Hence ln(t−κG(t)) is a
single-valued function and we get

(12.16) ln(t−κG(t)) = G+
0 (t)−G−0 (t) ,

where

(12.17) G0(z) =
1

2πi

∫
Γ

ln(s−κG(s))
s− z

ds .

Write

(12.18) X+(z) = eG
+
0 (z) , X−(z) = z−κeG

−
0 (z) .

It is easy to see that X+(z) is analytic in D+ and X+(z) 6= 0 for all z ∈
D+ ∪ Γ , X−(z) is analytic in D− and X−(z) 6= 0 for all z ∈ D− ∪ Γ and
z 6=∞.

The formulae (12.16)–(12.18) imply the factorization

(12.19) G(t) = X+(t)/X−(t) .

Hence we may write the Riemann–Hilbert problem in the form (12.15):

(12.20)
F+(t)
X+(t)

=
F−(t)
X−(t)

+
g(t)
X+(t)

We therefore conclude that the function g(t)/X+(t) admits the representa-
tion

(12.21)
g(t)
X+(t)

= Y +(t)− Y −(t) ,
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where

Y (z) =
1

2πi

∫
Γ

g(t) ds
X+(s)(s− z)

.

By (12.21), we have from (12.20)

(12.22)
F+(t)
X+(t)

− Y +(t) =
F−(t)
X−(t)

− Y −(t) .

(i) If κ ≥ 0, then F−(z)/X−(z) has a unique pole at infinity of order κ.
It follows from (12.22) that

F+(t)
X+(t)

− Y +(t) =
F−(t)
X−(t)

− Y −(t) = Pκ(t) ,

i.e.
F (z) = X(z)[Y (z) + Pκ(z)] ,

where Pκ(z) is an arbitrary polynomial of degree not greater than κ.
(ii) If κ < 0 then the function F−(z)/X−(z) has a zero of order |κ| at

infinity. Hence, it follows from (12.22) that

F+(t)
X+(t)

− Y +(t) =
F−(t)
X−(t)

− Y −(t) = 0 ,

i.e.

(12.23) F (z) = X(z)Y (z) .

It is easy to see that the right-hand side of (12.23) is an analytic function
on C \ {∞} and has a unique pole of order ≤ −κ− 1 at infinity.

By the definition, we have in a neighbourhood of infinity

Y −(z) =
∞∑
k=1

dkz
−k ,

where

dk = − 1
2πi

∫
Γ

g(s)
X+(s)

sk−1 ds (k = 1, 2, . . .)

Hence F−(z) is analytic at infinity if and only if

dk = 0 for k = 1, 2, . . . ,−κ ,
i.e.

(12.24)
∫
Γ

g(s)
X+(s)

sk−1 ds = 0 (k = 1, 2, . . . ,−κ) .

If the conditions (12.24) are satisfied then the Riemann–Hilbert problem
has a unique solution given by (12.23).
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III. General equations with right invertible operators

In this chapter we deal with operators

Q(D) :=
N∑
k=0

AkD
k , P (D) = DMQ(D) ,

Q〈D〉 :=
N∑
k=0

DkAk , P 〈D〉 = Q〈D〉DM ,

Q[D] :=
M∑
m=0

N∑
n=0

DmAmnD
n ,

where M,N ∈ N0, Ak, Amn ∈ L(X) (k, n = 0, . . . , N ; m = 0, . . . ,M) and
AN = AMN = I. Moreover, in the cases of Q(D), P (D), Q〈D〉, P 〈D〉
and Q[D] we assume respectively that AkXN−k ⊂ XN , AkXN−k ⊂ XM ,
AkXN ⊂ Xk, AkXM+N ⊂ Xk (k = 0, . . . , N − 1) and AmnXM+N−n ⊂
Xm (m = 0, . . . ,M ; n = 0, . . . , N ; m+ n < M +N), where Xj := domDj .

The general solutions of the equations

(i) Q(D)x = y ,

(ii) Q〈D〉x = y , P (D)x = y , P 〈D〉x = y

were given by Przeworska-Rolewicz (cf. [46 and other references therein).
Initial and boundary value problems for (i) and some cases of (ii) were
introduced and applied in [46] (cf. also [47], [19], [20]).

In this chapter we present a method for finding general solutions of the
equation

(iii) Q[D]x = y , y ∈ X ,

and of the corresponding initial and boundary value problems. In particu-
lar, we give a method of constructing a general form of pre-resolving and
resolving operators, which permits us to find all solutions in a closed form.

13. Pre-resolving operators

Proposition 13.1. Suppose that D ∈ R(X) and R ∈ RD. Suppose,
moreover , that we are given Bj ∈ L(X) (j = 0, . . . , N) and k ∈ N0 such
that XN−j ⊂ domBj , BjXN−j ⊂ Xk (j = 0, . . . , N). Write

(13.0) Q̃(D) :=
N∑
j=0

BjD
j , Q̃(I,R) :=

N∑
j=0

BjR
N−j .

Then

XN ⊂ dom Q̃(D) , Q̃(D)XN ⊂ Xk , [I +RN Q̃(D)]XN+k ⊂ XN+k ,(13.1)
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Q̃(I,R)X ⊂ Xk , [I + Q̃(I,R)]Xk ⊂ Xk .(13.2)

P r o o f. Note that DjXN ⊂ XN−j (j = 0, . . . , N). Indeed, if x ∈ XN

then there exist x0 ∈ X, y0, . . . , yN−1 ∈ kerD such that x = RNx0 +∑N−1
µ=0 R

µyµ. Hence Djx = RN−jx0 +
∑N−1
µ=j R

µ−jyµ ∈ XN−j . Therefore
BjD

jXN ⊂ BjXN−j ⊂ Xk (j = 0, . . . , N), which implies XN ⊂ dom Q̃(D)
and Q̃(D)XN ⊂ Xk.

Suppose that u ∈ [I + RN Q̃(D)]XN+k. Then there exists v ∈ XN+k ⊂
XN such that u = [I + RN Q̃(D)]v. Since v1 := Q̃(D)v ∈ Xk, we conclude
that u = v +RNv1 ∈ XN+k because v ∈ XN+k and RNv1 ∈ XN+k.

It is easy to check that RjX ⊂ Xj . Hence, BjRN−jX ⊂ BjXN−j ⊂
Xk (j = 0, . . . , N), which implies Q̃(I,R)X ⊂ Xk.

Suppose that y ∈ [I + Q̃(I,R)]Xk, i.e. there exists y1 ∈ Xk such that
y = [I + Q̃(I,R)]y1. Since y2 := Q̃(I,R)y1 ∈ Xk, we conclude that y =
y1 + y2 ∈ Xk.

Corollary 13.1. If all conditions of Propositon 13.1 are satisfied then
[I +RNQ(D)]XN ⊂ XN .

Definition 13.1. An operator A ∈ L(X) is said to be right invertible
(left invertible, invertible) on Xk for a given k ∈ N0 if Xk ⊂ domA, AXk ⊂
Xk and there exists RA ∈ RA (resp. LA ∈ LA, MA ∈ RA ∩ LA) such that
RAXk ⊂ Xk (resp. LAXk ⊂ Xk, MAXk ⊂ Xk), i.e. RA ∈ L0(Xk) (resp.
LA ∈ L0(Xk), MA ∈ L0(Xk)).

By this definition, if A is right invertible (left invertible, invertible) on Xk

for k ≥ 1 then A is right invertible (left invertible, invertible).

Lemma 13.1. Let D ∈ R(X), R ∈ RD and k ∈ N0. Suppose that
Bj ∈ L(X), XN−j ⊂ domBj , BjXN−j ⊂ Xk (j = 0, . . . , N) and Q̃(D),
Q̃(I,R) are given by (13.0). Then the operator I+Q̃(I,R) is right invertible
(left invertible, invertible) on Xk if and only if I+RN Q̃(D) is right invertible
(left invertible, invertible) on XN+k.

P r o o f. By Proposition 13.1, I + Q̃(I,R) ∈ L0(Xk) and I +RN Q̃(D) ∈
L0(XN+k).

(i) Suppose that I + Q̃(I,R) is right invertible on Xk, i.e. there exists
R
Q̃
∈ R

I+Q̃(I,R)
such that R

Q̃
Xk ⊂ Xk and [I + Q̃(I,R)]R

Q̃
= I. Write

RQ̃ := I−RNR
Q̃
Q̃(D). It is easy to check that RQ̃ is well defined on XN+k

and RQ̃XN+k ⊂ XN+k. Indeed, if x ∈ XN+k then there exist u ∈ X and
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z0, . . . , zN+k−1 ∈ kerD such that x = RN+ku+
∑N+k−1
i=0 Rizi. Hence

Q̃(D)x = Q̃(I,R)Rku+
N∑
j=0

BjD
j
N+k−1∑
i=0

Rizi

= Q̃(I,R)Rku+
N+k−1∑
i=0

i∑
j=0

BjR
i−jzi ∈ Xk .

Thus

RNRQQ̃(D)x = RNRQQ̃(I,R)Rku

+RNRQ

N+k−1∑
i=0

i∑
j=0

BjR
i−jzi ∈ RNXk ⊂ XN+k ,

i.e. RQ ∈ L0(XN+k). On XN+k we have

[I +RN Q̃(D)]RQ = [I +RN Q̃(D)][I −RNRQQ̃(D)]

= I +RN Q̃(D)− [I +RN Q̃(D)]RNRQQ̃(D)

= I +RN Q̃(D)−RN [I + Q̃(D)RN ]RQQ̃(D)

= I +RN Q̃(D)−RN [I + Q̃(I,R)]RQQ̃(D)

= I +RN Q̃(D)−RN Q̃(D) = I ,

which proves that I +RN Q̃(D) is right invertible on XN+k.

If I + Q̃(I,R) is left invertible on Xk, i.e. there exists L
Q̃
∈ L

I+Q̃(I,R)

such that L
Q̃
Xk ⊂ Xk, then the operator LQ̃ := I − RNLQQ̃(D) is a left

inverse of I + RN Q̃(D) and LQ̃ ∈ L0(XN+k). Indeed, by the assumption,
L
Q̃
Q̃(I,R)x = x− L

Q̃
x ∈ Xk for all x ∈ Xk. If y ∈ XN+k then there exist

u ∈ X, z0, . . . , zN+k−1 ∈ kerD such that

y = RN+ku+
N+k−1∑
i=0

Rizi .

Hence

LQ̃y = y −RNLQQ̃(D)
(
RN+ku+

N+k−1∑
i=0

Rizi

)
= y −RNLQQ̃(I,R)Rku−

N+k−1∑
i=0

i∑
j=0

RNLQBjR
i−jzi ∈ XN+k ,
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i.e. LQ̃ ∈ L0(XN+k). On XN+k we have

LQ̃[I +RN Q̃(D)] = [I −RNL
Q̃
Q̃(D)](I +RN Q̃(D))

= I +RN Q̃(D)−RNL
Q̃
Q̃(D)(I +RN Q̃(D))

= I +RN Q̃(D)−RNL
Q̃

[I + Q̃(D)RN ]Q̃(D)

= I +RN Q̃(D)−RNLQ[I + Q̃(I,R)]Q̃(D)

= I +RN Q̃(D)−RN Q̃(D) = I ,

which proves that I +RN Q̃(D) is left invertible on XN+k.
Thus, as a corollary, we conclude that the invertibility of I + Q̃(I,R)

on Xk implies the invertibility of I +RN Q̃(D) on XN+k.
(ii) Conversely, suppose that I + RN Q̃(D) is right invertible on XN+k,

i.e. there exists RQ̃ ∈ R
I+RN Q̃(D)

such that RQ̃XN+k ⊂ XN+k. Write

R
Q̃

:= I− Q̃(D)RQRN . Since [I+RN Q̃(D)]RQ̃ = I on XN+k, we conclude

that RQ̃XN+k ∈ dom Q̃(D), i.e. R
Q̃

is defined on Xk because RNXk ⊂

XN+k. If x ∈ Xk then u := RNx ∈ XN+k, y := RQ̃u ∈ XN+k and R
Q̃
x =

[I−Q̃(D)RQ̃RN ]x = x−Q̃(D)RQ̃RNx = x−Q̃(D)RQ̃u = x−Q̃(D)y ∈ Xk.
On Xk we have

[I + Q̃(I,R)]R
Q̃

= [I + Q̃(I,R)][I − Q̃(D)RQRN ]

= I + Q̃(I,R)− [I + Q̃(I,R)]Q̃(D)RQ̃RN

= I + Q̃(I,R)− [I + Q̃(D)RN ]Q̃(D)RQ̃RN

= I + Q̃(I,R)− Q̃(D)[I +RN Q̃(D)]RQ̃RN

= I + Q̃(I,R)− Q̃(D)RN = I ,

which proves that I + Q̃(I,R) is right invertible on Xk.

Similarly, if I + RN Q̃(D) is left invertible on XN+k and LQ̃ is its left
inverse then I+ Q̃(I,R) is left invertible on Xk and has a left inverse LQ :=
I − Q̃(D)LQ̃RN with the property L

Q̃
Xk ⊂ Xk.

Consequently, the invertibility of I + RN Q̃(D) on XN+k implies the
invertibility of I + Q̃(I,R) on Xk. The proof is complete.

Putting k = 0 in Lemma 13.1, we obtain

Corollary 13.2. Suppose that D ∈ R(X), R ∈ RD, Bj ∈ L(X) and
XN−j ⊂ domBj (j = 0, . . . , N). Suppose, moreover , that Q̃(D), Q̃(I,R)
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are given by (13.0). Then I + Q̃(I,R) is right invertible (left invertible,
invertible) if and only if I + RN Q̃(D) is right invertible (left invertible,
invertible) on XN .

Corollary 13.3. Suppose that all assumptions of Corollary 13.2 are
satisfied. If I+ Q̃(I,R) is invertible then the unique solution of the equation

[I +RN Q̃(D)]x = y , y ∈ XN ,

belongs to XN .

Definition 13.2. Let D ∈ R(X), R ∈ RD and let Q[D] be of the form

(13.3) Q[D] =
M∑
m=0

N∑
n=0

DmAmnD
n .

An operator K ∈ L0(X) is said to be a pre-resolving operator for Q[D] if

(13.4) Im(K − I) ⊂ XM , DMK = Q[D]RN .

Proposition 13.2. All pre-resolving operators for Q[D] are given by

(13.5) Q(A,B) =
M∑
m=0

N∑
n=0

RM−mAmnR
N−n −

M−1∑
k=0

RkFBk ,

where F ∈ FD is an initial operator for D corresponding to R, and Bk ∈
L0(X) (k = 0, . . . ,M − 1) are arbitrary.

P r o o f. Suppose that Q(A,B) is of the form (13.5). Then Q(A,B)X ⊂
XM (see Proposition 13.1) and

DMQ(A,B) =
M∑
m=0

N∑
n=0

DmAmnR
N−n =

M∑
m=0

N∑
n=0

DmAmnD
nRN = Q[D]RN.

Conversely, suppose that K ∈ L0(X) is a pre-resolving operator for
Q[D]. Write

K1 := K −
M∑
m=0

N∑
n=0

RM−mAmnR
N−n .

By (13.4), DMK1 = 0. Choosing Bk := −DkK1 (k = 0, . . . ,M − 1) we find

−
M−1∑
k=0

RkFBk =
M−1∑
k=0

RkFDkK1 =
M−1∑
k=0

Rk(I −RD)DkK1

=
M−1∑
k=0

(RkDk −Rk+1Dk+1)K1 = (I −RMDM )K1

= K1 −RMDMK1 = K1 .

Hence K is of the form (13.5), i.e. K = Q(A,B).
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Lemma 13.2. Suppose T ∈ L0(X) and ImT ⊂ XM for some M ∈ N0.

(i) If I+T is right invertible and RT is its right inverse then the operator

(13.6) R̃T := I − T + TRTT

is a right inverse of I + T and R̃TXM ⊂ XM .
(ii) If I + T is left invertible and LT is its left inverse then the operator

(13.7) L̃T := I − T + TLTT

is a left inverse of I + T and L̃TXM ⊂ XM .
(iii) If I + T is invertible then

(13.8) (I + T )−1 = I − T + T (I + T )−1T .

P r o o f. (i) Since (I + T )RT = I, we find

(I + T )R̃T = (I + T )(I − T + TRTT ) = I − T 2 + (I + T )TRTT

= I − T 2 + T (I + T )RTT = I − T 2 + T 2 = I ,

which proves that R̃T is a right inverse of I + T .
If x ∈ XM then R̃Tx = (I−T+TRTT )x = x−Tu, where u := x−RTTx.

Since ImT ⊂ XM , we have Tu ∈ XM . Thus R̃TXM ⊂ XM , which proves
that I + T is right invertible on XM .

(ii) It is easy to see that L̃T given by (13.7) is well-defined. Since LT (I+
T ) = I, we have

L̃T (I + T ) = (I − T + TLTT )(I + T ) = I − T 2 + TLTT (I + T )

= I − T + TLT (I + T )T = I − T 2 − T 2 = I ,

which proves that L̃T is a left inverse of I + T .
If x ∈ XM and u := x−LTTx then L̃Tx = (I−T +TLTT )x = x−Tu ∈

XM since ImT ⊂ XM . This shows that L̃TXM ⊂ XM . Therefore I + T is
left invertible on XM .

(iii) From the equality I = I −A2 +A2(I +A)−1(I +A), we find

(13.9) I = I −A2 +A2(I +A)−1(I +A) = [I −A+A(I +A)−1A](I +A) .

Similarly, the equality I = I +A2 + (I +A)(I +A)−1A2 yields

(13.10) I = (I+A)[I+A+ (I+A)−1A2] = (I+A)[I−A+A(I+A)−1A] .

The formulae (13.9) and (13.10) together imply (13.8).

Lemma 13.3. Suppose that T ∈ L0(X) and ImT ⊂ XM for some M ∈
N0. If I+T is invertible, right invertible or left invertible then every solution
of the equation

(13.11) (I + T )x = y , y ∈ XM

belongs to XM .
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P r o o f. Suppose that I+T is right invertible and RT is its right inverse.
Then by Lemma 13.2, R̃T given by (13.6) is also a right inverse if I + T .
Hence the equation (13.11) is equivalent to x = R̃T y+z, where z ∈ ker(I+T )
is arbitrary. By Lemma 13.2, R̃T y ∈ XM for y ∈ XM . Also if z ∈ ker(I+T )
then z = −Tz ∈ ImT ⊂ XM . Therefore x = R̃T y + z ∈ XM .

If I + T is left invertible and LT is its left inverse then by Lemma 13.2,
L̃T given by (13.7) is also a left inverse of I + T and L̃TXM ⊂ XM . Hence,
the equation (13.11) is equivalent to x = L̃T y ∈ XM for y ∈ XM .

Consequently, if I + T is invertible then (I + T )−1XM ⊂ XM .

Corollary 13.4. If T ∈ L0(X) and ImT ⊂ XM then I + T is right
invertible (left invertible, invertible) on XM if and only if it is right invertible
(left invertible, invertible).

This corollary and Lemma 13.1 together imply

Proposition 13.3. Suppose that all assumptions of Lemma 13.1 are
satisfied. Then the operator I + Q̃(I,R) is right invertible (left invertible,
invertible) if and only if I + RN Q̃(D) is right invertible (left invertible,
invertible) on XN+k.

P r o o f. By Lemma 13.1, Im Q̃(I,R) ⊂ Xk. Hence, by Corollary 13.4,
I + Q̃(I,R) is right invertible (left invertible, invertible) on Xk if and only
if it is right invertible (left invertible, invertible). This and Lemma 13.1
together imply the conclusion.

Now we can prove the main result for the equation

(13.12) Q[D]x = y , y ∈ X ,

where Q[D] is of the form (13.3).

Theorem 13.1. Suppose that D ∈ R(X), R ∈ RD and F ∈ FD is an
initial operator corresponding to R. Suppose, moreover , that Amn ∈ L(X),
AmnXM+N−n ⊂ Xm (m = 0, . . . ,M ; n = 0, . . . , N ; m + n < M + N),
AMN = I and Q[D] is given by (13.3).

(i) If there exists an invertible pre-resolving operator V := Q(A,B) (see
Proposition 13.2) then all solutions of the equation (13.12) are given by

(13.13) x = [I +RNV −1Q̃(A,B)]
(
RM+Ny +

M+N−1∑
j=0

Rjzj

)
,

where

(13.13′) Q̃(A,B) := −I +
M∑
m=0

N∑
n=0

RM−mAmnD
n −

M−1∑
k=0

RkFBkD
n

and z0, . . . , zM+N−1 ∈ kerD are arbitrary.
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(ii) If there exists a right invertible pre-resolving operator Vr := Q(A,B)
then all solutions of the equation (13.12) are

(13.14) x = [I +RNRQQ̃(A,B)]
(
RM+Ny +

M+N−1∑
j=0

Rjzj

)
+ z ,

where RQ is a right inverse of Vr, Q̃(A,B) is of the form (13.13′) and
z0, . . . , zM+N−1 ∈ kerD, z ∈ ker(I +RN Q̃(A,B)) are arbitrary.

(iii) If there exists a left invertible pre-resolving operator Vl := Q(A,B),
then (13.12) is solvable if and only if there exist z0, . . . , zM+N−1 ∈ kerD
and y ∈ X such that

(13.15) RM+Ny +
M+N−1∑
j=0

Rjzj ∈ [I +RN Q̃(A,B)]XM+N .

If this condition is satisfied, then all solutions of the equation (13.12) are

(13.16) x = [I +RNLQQ(A,B)]
(
RM+Ny +

M+N−1∑
j=0

Rjzj

)
,

where LQ is a left inverse of Vl.

P r o o f. We have

Q̃(A,B) =
M∑
m=0

N∑
n=0

RM−mÃmnD
n −

M−1∑
k=0

RkFBkD
N ,

where Ãmn = Amn for m+ n < M +N , AMN = 0. It is easy to see that

(13.17) I + Q̃(A,B)RN = V .

Write (13.12) in the form DM+N [I +RN Q̃(A,B)]x = y, which is equivalent
to

(13.18) [I +RN Q̃(A,B)]x = RM+Ny +
M+N−1∑
j=0

Rjzj ,

where z0, . . . , zM+N−1 ∈ kerD are arbitrary.

(i) If V is invertible then by Corollary 13.4, V is invertible on XM . On
the other hand,

[I +RN Q̃(A,B)]−1 = I −RNV −1Q̃(A,B) .

The last equality and (13.18) together imply (13.13)
(ii) If Vr is right invertible then, by Corollary 13.4, Vr is also right in-

vertible on XM . The formula (13.17) and Proposition 13.3 together im-
ply I + RN Q̃(A,B) is right invertible on XM+N . Moreover, if we set
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RQ := I − RNRQQ̃(A,B), then RQ is a right inverse of I + RN Q̃(A,B)
and RQXM+N ⊂ XM+N . This and (13.18) together imply (13.14).

(iii) If Vl = Q(A,B) is left invertible, then Vl is left invertible on XM

(cf. Corollary 13.4). Proposition 13.3 and (13.17) together imply that I +
RN Q̃(A,B) is left invertible on XM+N . Moreover, L̃Q := I−RNLQQ̃(A,B)
is a left inverse of I+RN Q̃(A,B) and L̃QXM+N ⊂ XM+N . This and (13.18)
imply that (13.12) has solutions if and only if the condition (13.15) is sat-
isfied. If this is the case, all solutions are of the form (13.16). The proof is
complete.

Example 13.1. Let X be a linear space, let D ∈ R(X), dim kerD 6= 0,
R ∈ RD and let A,B ∈ L0(X), AX ⊂ domD. Consider the equation

(13.19) (DAD +B)x = y , y ∈ X .

It can be written as D2[I +R(AD−RD2 +RB)]x = y, which is equivalent
to

(13.20) [I +R(AD −RD2 +RB)]x = R2y + z , z ∈ kerD2 .

Since I + (AD − RD2 + RB)R = I + A − RD + RBR = A + RBR + F ,
where F = I − RD, we conclude that the operator Q′ := A + RBR + F is
a pre-resolving operator for the equation (13.19).

If Q′ ∈ R(X) and RQ′ ∈ RQ′ then all solutions of (13.19) are

x = [I −RRQ′(AD −RD2 +RB)](R2y + z) + u ,

where z ∈ kerD2, u ∈ ker[I +R(AD −RD2 +RB)].
If Q′ is invertible then so is Q := I + R(AD − RD2 + RB) (cf. Theo-

rem 2.1). Hence, (13.20) gives

x = [I −R(Q′)−1(AR−RD2 +RB)](R2y + z) , z ∈ kerD2 .

Example 13.2. Let Γ := {t : |t| = 1}, D+ := {t : |t| < 1}, and let
X := Hµ(Γ ) (0 < µ < 1). Write

(Sx)(t) :=
1
πi

∫
Γ

x(s) ds
s− t

, (Skx)(t) :=
1
πi

∫
Γ

sn−1−ktkx(s) ds
sn − tn

,

(Mk)(t) :=
1
πi

∫
Γ

sn−1−ktk

sn − tn
Mk(s, t)x(s) ds

(n, k ∈ N0, n > 1, 0 ≤ k ≤ n− 1),
(Wx)(t) := x(ε1t), ε1 := exp(2πi/n), εk := εk1 (k = 1, 2, . . .).

We assume that the functions Mk(s, t) satisfy the Hölder condition with
respect to (s, t) ∈ Γ × Γ . We have proved (cf. [31]) that SW = WS,
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SkS = SSk, SkW = WSk. Write

Pj :=
1
n

n∑
µ=1

εn−1−µ
j Wµ+1 (j = 1, . . . , n) .

Then the operator I +M , where ak ∈ C (k = 1, . . . , n), and

(13.21)

M :=
n∑
k=1

ak(S +Nk)Pk ,

(Nkx)(t) :=
∫
Γ

Mk(s, t)−Mk(t, t)
s− t

x(s) ds ,

is generalized almost invertible (cf. [31]). Consider the equation

(13.22) (I +RMD)x = y , y ∈ X1 ,

where D := d/dt, R ∈ RD. Since D(I + RMD)R = I + M ∈ W (X), the
operator I +RMD is also generalized almost invertible and all solutions of
the equation (13.22) are given by

(13.23) x = (I −RWMD)y + z ,

where WM ∈ WI+M , z ∈ ker(I +RMD) is arbitrary.

Example 13.3. Let X := C[a, b], D := d/dt, R :=
∫ t
t0

, β(t) > 0,
β ∈ CM [a, b], (Bx)(t) := β(t)x(t). Consider the equation

(13.24) ((DMBDN + cI)x)(t) = y(t) , y ∈ X , c ∈ C .

Write (13.24) in the form DM+N{I +RN [(B − I)DN + cRM ]}x = y, which
is equivalent to

(13.25) {I +RN [(B − I)DN + cRM ]}x = RM+Ny +
M+N−1∑
j=0

Rjzj ,

where zj ∈ kerD (j = 0, . . . ,M + N − 1) are arbitrary. Since I + [(B −
I)DN +cRM ]RN = B+cRM+N is invertible, we conclude that the equation

(13.26) (B + cRM+N )u = [(B − I)DN + cRM ]
(
RM+Ny +

M+N−1∑
j=0

Rjzj

)
has a unique solution given by

(13.27) u = (B+cRM+N )−1[(B−I)DN +cRM ]
(
RM+Ny+

M+N−1∑
j=0

Rjzj

)
.
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Hence all solutions of (13.25) (i.e. of (13.24)) are given by

x = RM+Ny +
M+N−1∑
j=0

Rjzj −RNu .

Example 13.4. Let Γ be a regular closed arc on C and X := Hµ(Γ )
(0 < µ < 1). Consider the following operators

D := d/dt , (Sx)(t) :=
1
πi

∫
Γ

x(s) ds
s− t

,

and the equation
n∑
k=0

ak[a(t)x(t) + b(t)(Sx)(t)](k) +
m∑
j=0

bj(t)
∫
Γ

cj(s)x(s) ds = f(t) ,

where ak ∈ C (k = 0, . . . , n), an 6= 0, f, bj , cj ∈ X (j = 0, . . . ,m), a, b, x ∈
Xn and x is an unknown function. Write this equation in the form

(13.28)
n∑
k=0

(
akD

k(A+BS) +
m∑
j=0

BjCj

)
x = f ,

where

(Ax)(t) := a(t)x(t) , (Bx)(t) := b(t)x(t) , (Bjx)(t) := bj(t)x(t) ,

(Cjx)(t) :=
∫
Γ

cj(s)x(s) (j = 0, 1 . . . ,m) .

Let R be an arbitrary Volterra right inverse of D. It is well-known that the
operator a0I + a1R+ . . .+ anR

n is also a Volterra operator (cf. Theorem I
in Section 6). Write (13.28) in the form

Dn
[(
anI +

n−1∑
k=0

akR
nDk

)
(A+BS) +

m∑
j=0

RnBjCj

]
x = f ,

which is equivalent to[(
anI +

n−1∑
k=0

akR
nDk

)
(A+BS) +

m∑
j=0

RnBjCj

]
x = Rnf +

n−1∑
l=0

Rlzl ,

where z1 ∈ kerD are arbitrary. Since the operator

anI +
n−1∑
k=0

akR
n−k = anI +

n−1∑
k=0

akD
kRn
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is invertible, Lemma 13.1 shows that anI +
∑n−1
k=0 akR

nDk is also invertible
on Xn. Thus, the last equation is equivalent to

(13.29) (A+BS)x+Kx =
(
anI +

n−1∑
k=0

akR
nDk

)−1(
Rnf +

n−1∑
l=0

Rlzl

)
,

where

(13.30) K :=
m∑
j=0

(
anI +

n−1∑
k=0

akR
nDk

)−1

RnBjCj

is a finite-dimensional operator.
Suppose that a(t) ± b(t) 6= 0, t ∈ Γ . Then we denote by κ the index of

the operator A+BS, i.e.

κ =
1

2π

{
a(t) + b(t)
a(t)− b(t)

}
Γ

.

(i) If κ = 0 then A + BS is invertible. Hence, the equation (13.28)
(or (13.29)) is equivalent to

(13.31) x+K0x = f0 ,

where K0 := (A + BS)−1K, K is defined by (13.30). Since K is finite-
dimensional, so is K0, i.e. K0 can be written in the form

K0x =
M∑
j=0

uj(x)xj for all x ∈ X ,

where u1, . . . , uM ∈ X ′ and x1, . . . , xM ∈ X are linearly independent sys-
tems of linear functionals and elements of X, respectively. Without loss of
generality, we can assume that

(Cjx)(t) :=
∫
Γ

cj(t)x(t) dt (j = 0, . . . ,m)

are linearly independent. Therefore, all elements uj , xj (j = 1, . . . ,M) are
determined by the given functions and every solution of the equation (13.31)
can be found in a closed form from the system of linear algebraic equations

ui(x) +
M∑
j=0

aijuj(x) = ui(f0) ,

where aij = ui(xj) (i, j = 0, . . . ,M).
(ii) If κ > 0 then A+BS is right invertible. Hence the equation (13.29)

is equivalent to

(13.32) x+K1x = f1 + z ,
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where K1 = R1K, K is given by (13.30), and

R1 = 2I −K1 + (K1 − I)R1(K1 − I) , R1 ∈ RA+BS ,

f1 = R1

(
anI +

n−1∑
k=0

akR
nDk

)−1(
Rnf +

n−1∑
k=0

Rlzl

)
,

where z ∈ ker(A + BS) is arbitrary. Since K1 is finite-dimensional we can
solve the equation (13.32) by the same method as for the equation (13.31),
i.e. every solution of (13.31) can be found in a closed form.

(iii) If κ < 0 then A+BS is left invertible. Hence by Theorem 13.1, the
equation (13.29) has solutions if and only if there exist z′0, . . . , z

′
n−1 ∈ kerD

such that(
anI +

n−1∑
k=0

akR
nDk

)−1(
Rnf +

n−1∑
l=0

Rlzl

)
∈ (A+BS +K)Xn .

If this condition is satisfied then (13.28) is equivalent to

(13.33) x+K2x = f2 ,

where K2 is again a finite-dimensional operator. Thus every solution of the
equation (13.33) can be found in a closed form.

14. Initial value problems. Following Przeworska-Rolewicz [46], an
initial value problem for the operatorQ[D] of the form (13.3) is the following:
Find all solutions of the equation

(14.0) Q[D]x :=
M∑
m=0

N∑
n=0

DmAmnD
nx = y , y ∈ X ,

satisfying the initial conditions

(14.1) FDjx = yj , yj ∈ kerD (j = 0, . . . ,M +N − 1) .

Definition 14.1 (cf. Przeworska-Rolewicz [46]). (i) The initial value
problem (14.0)–(14.1) is well-posed if it has a unique solution for every
y ∈ X, y0, . . . , yM+N−1 ∈ kerD.

(ii) The problem (14.0)–(14.1) is well-posed if either there exist y ∈
X, y0, . . . , yM+N−1 ∈ kerD such that this problem has no solutions, or
the homogeneous problem induced by (14.0)–(14.1) (i.e. y = y0 = . . . =
yM+N−1 = 0) has non-trivial solution.

Definition 14.2. Suppose that Q[D] is of the form (14.0). Write

(14.2) Q̃ :=
M∑
m=0

N∑
n=0

RM−mBmnR
N−n ,
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where

(14.2′) Bmn :=
{
Ã0n if m = 0,
Ãmn −

∑M
µ=m FD

µ−mÃµn otherwise,

(14.2′′) Ãmn :=
{

0 if m = M, n = N ,
Amn otherwise,

(m = 0, . . . ,M ; n = 0, . . . , N). Then I + Q̃ is the resolving operator for the
problem (14.0)–(14.1).

Note that the resolving operator is also a pre-resolving operator for the
equation (14.0).

Lemma 14.1. Write

(14.3) Q :=
M∑
m=0

N∑
n=0

RM+N−mBmnD
n .

Then

(14.3′) QRN = RN Q̃ ,

where Q̃ is defined by (14.2), and

(14.4) DM+N (I +Q) = Q[D] ,
(14.5) FDj(I +Q) = FDj (j = 0, . . . ,M +N − 1) .

P r o o f. By definitions,

QRN =
M∑
m=0

N∑
n=0

RM+N−mBmnD
nRN

=
M∑
m=0

N∑
n=0

RM+N−mBmnR
N−n

=RN
M∑
m=0

N∑
n=0

RM−mBmnR
N−n = RN Q̃ ,

which proves (14.3′).
Since FR = 0 and DF = 0, we find

DM+N (I +Q) = DM+N
(
I +

M∑
m=0

N∑
n=0

RM+N−mBmnD
n
)

= DM+N +
M∑
m=0

N∑
n=0

DmBmnD
n
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= DM+N +
M∑
m=1

N∑
n=0

Dm
(
Amn −

M∑
µ=m

FDµ−mAµn

)
+

N∑
n=0

A0nD
n

= DM+N +
M∑
m=1

N∑
n=0

DmAmnD
n +

N∑
n=0

A0nD
n

= DM+N +
M∑
m=0

N∑
n=0

DmÃmnD
n = Q[D] ,

which proves (14.4).
For j = 0, . . . , N − 1 we obtain

FDj(I +Q) = FDj + FDjQ = FDj + FDj
M∑
m=0

N∑
n=0

RM+N−mBmnD
n

= FDj +
M∑
m=0

N∑
n=0

FRN−jRM−mBmnD
n = FDj .

If j = N + i, i = 0, . . . ,M − 1, then

FDN+i(I +Q) = FDN+i + FDN+i
M∑
m=0

N∑
n=0

RM+N−mBmnD
n

= FDN+i +
M∑
m=0

N∑
n=0

FDiRM−mBmnD
n

= FDN+i +
M∑
m=1

N∑
n=0

FDiRM−mBmnD
n +

N∑
n=0

FDiRMB0nD
n

= FDN+i +
M∑
m=1

N∑
n=0

FDiRM−m
(
Ãmn −

M∑
µ=m

FDµ−mÃµn

)
Dn

= FDN+i +
M∑

m=M−i

N∑
n=0

FDi+m−M
(
Ãmn −

M∑
µ=m

FDµ−mÃµn

)
Dn

= FDN+i +
M∑

m=M−i

N∑
n=0

FDi+m−M ÃmnD
n

−
M∑

m=M−i

N∑
n=0

M∑
µ=m

FDi+m−MAµnD
n

= FDN+i +
M∑

m=M−i

N∑
n=0

FDi+m−M ÃmnD
n
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−
N∑
n=0

M∑
µ=M−i

FDµ+i−M ÃµnD
n = FDN+i ,

which proves (14.5).

Lemma 14.2. Let Q be defined by (14.3). Then the initial value prob-
lem (14.0)–(14.1) is well-posed if and only if I +Q is invertible on XM+N .

P r o o f. By Lemma 14.1, we can write the equation (14.0) in the form
DM+N (I +Q)x = y, which is equivalent to

(I +Q)x = RM+Ny +
M+N−1∑
j=0

Rjzj ,

where z0, . . . , zM+N−1 ∈ kerD are arbitrary. The formulae (14.5) and the
last equation together imply that the initial value problem (14.0)–(14.1) is
equivalent to the equation

(14.6) (I +Q)x = RM+Ny +
M+N−1∑
j=0

Rjyj .

If λ = −1 is an eigenvalue of Q, then the corresponding homogeneous
equation (I + Q)x = 0 has a non-trivial solution, i.e. the problem (14.0)–
(14.1) is ill-posed and I +Q is not invertible.

If λ = −1 is not an eigenvalue of Q and I+Q is not invertible on XM+N ,
i.e. (I +Q)XM+N  XM+N , then (14.6) is solvable if and only if

(14.7) RM+Ny +
M+N−1∑
j=0

Rjyj ∈ (I +Q)XM+N .

Fix u ∈ XM+N \ (I + Q)XM+N and let y := DM+Nu, yj := FDju (j =
0, . . . ,M +N − 1). Then by the Taylor formula,

RM+N+
M+N−1∑
j=0

Rjyj = RM+NDM+Nu+
M+N−1∑
j=0

RjFDju

=
(M+N−1∑

j=0

RjFDj +RM+NDM+N
)
u = u 6∈ (I +Q)XM+N ,

i.e. the initial value problem (14.0)–(14.1) is ill-posed and I + Q is not
invertible.

If I+Q is invertible on XM+N then from (14.6) we find a unique solution
of the problem (14.0)–(14.1):

x = (I +Q)−1
(
RM+Ny +

M+N−1∑
j=0

Rjyj

)
.
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The following theorem shows an important role of the resolving operator
for the problem (14.0)–(14.1).

Theorem 14.1. The initial value problem (14.0)–(14.1) is well-posed if
and only if its resolving operator is invertible.

P r o o f. By Lemma 13.1, Proposition 13.3 and (14.3′), the resolving
operator I + Q̃ = I +DNQRN = DN (I +Q)RN is invertible if and only if
I +Q is invertible on XM+N . On the other hand, by Lemma 14.2, I +Q is
invertible on XM+N if and only if the problem (14.0)–(14.1) is well-posed.
This immediately implies the assertion.

Now we can prove the main result for the initial value problem (14.0)–
(14.1).

Theorem 14.2. Let D ∈ R(X), R ∈ RD and let F ∈ FD be an initial
operator corresponding to R. Suppose that Q̃ and Q are given by (14.2)
and (14.3), respectively.

(i) If the resolving operator I + Q̃ is invertible then the problem (14.0)–
(14.1) is well-posed and its unique solution is

(14.8) x = MQ

(
RM+Ny +

M+N−1∑
j=0

Rjyj

)
,

where

(14.8′) MQ := I −RN (I + Q̃)−1H ,

(14.8′′) H :=
M∑
m=0

N∑
n=0

RM−mBmnD
n = DNQ ,

and Bmn (m = 0, . . . ,M ; n = 0, . . . , N) are defined by (14.2)–(14.2′′).
(ii) If I + Q̃ is right invertible and dim ker(I + Q̃) 6= 0 then the prob-

lem (14.0)–(14.1) is ill-posed. However, this problem has solutions of the
form

(14.9) x = RQ

(
RM+Ny +

M+N−1∑
j=0

Rjyj

)
+ z ,

where

RQ = I −RNR
Q̃
H ,

z ∈ ker(I +Q) is arbitrary and R
Q̃
∈ R

I+Q̃
.

(iii) If I + Q̃ is left invertible but not invertible then the problem (14.0)–
(14.1) is ill-posed and has a solution under the following necessary and suf-
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ficient condition:

(14.10) RM+N +
M+N−1∑
j=0

Rjyj ∈ (I +Q)XM+N .

If this condition is satisfied then the unique solution is

(14.11) x = LQ

(
RM+Ny +

M+N−1∑
j=0

Rjyj

)
,

where

LQ = I −RNL
Q̃
H ,

L
Q̃
∈ L

I+Q̃
, the Bmn are given by (14.2)–(14.2′′).

P r o o f. (i) Lemma 14.1 and (14.5) together imply that the problem
(14.0)–(14.1) is equivalent to the equation

(14.12) (I +Q)x = RM+Ny +
M+N−1∑
j=0

Rjyj .

Let H be defined by (14.8′′). It is easy to see that H = DNQ, RNH = Q

and HRN = Q̃. Hence, by Proposition 13.3, I +Q is invertible on XM+N .
Moreover, if M

Q̃
is the inverse of I+Q̃ then by Lemma 13.3, M

Q̃
XM ⊂ XM .

Therefore, by Lemma 13.1, MQ := I −RNM
Q̃
H is the inverse of I +Q and

MQXM+N ⊂ XM+N . This gives (14.8).
(ii) Also by Proposition 13.3, I+Q is right invertible on XM+N . Let R̃

Q̃

be a right inverse of I+Q̃. By Lemmas 13.2 and 13.3, R
Q̃

:= I−Q̃+Q̃R̃
Q̃
Q̃

is a right inverse of I + Q̃ and R
Q̃
XM ⊂ XM . Lemma 13.1 implies that

RQ := I − RNR
Q̃
H is a right inverse of I + Q and RQXM+N ⊂ XM+N ,

which proves (14.9).
(iii) If I+Q̃ is left invertible but not invertible, then by Proposition 13.3,

I + Q is left invertible only. This and (14.12) together imply that the
problem (14.0)–(14.1) is solvable if and only if (14.10) is satisfied. In that
case, let L̃

Q̃
be a left inverse of I+Q̃. By Lemmas 13.2 and 13.3, the operator

L
Q̃

:= I − Q̃ + Q̃L̃
Q̃
Q̃ is also a left inverse of I + Q̃ and L

Q̃
XM ⊂ XM .

Lemma 13.1 implies that LQ := I − RNL
Q̃
H is a left inverse of I +Q and

LQXM+N ⊂ XM+N , which proves (14.11).

Putting Amn = 0 (m = 0, . . . ,M−1; n = 0, . . . , N) and AMn = An (n =
0, . . . , N) in Theorem 14.2, we obtain
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Corollary 14.1. Suppose that D ∈ R(X), R ∈ RD and F is an initial
operator for D corresponding to R. Write

P (D) := DMQ(D) , Q(D) :=
N∑
n=0

AnD
n ,

Q1 :=
N−1∑
k=0

RNCkD
k , Q̃1 :=

N−1∑
k=0

CkR
N−k , P1 :=

N−1∑
k=0

CkD
k ,

where

Ck :=
(
I −

M−1∑
j=0

RjFDj
)
Ak (k = 0, . . . , N − 1) .

(i) If the resolving operator I + Q̃1 is invertible then the initial value
problem

(14.13)
{
P (D)x = y , y ∈ X ,
FDjx = yj , yj ∈ kerD (j = 0, . . . ,M +N − 1) ,

is well-posed and its unique solution is

x = [I −RN (I + Q̃1)−1P1]
(
RM+N +

M+N−1∑
j=0

Rjyj

)
.

(ii) If I+ Q̃1 is right invertible and is not invertible then the initial value
problem (14.13) is ill-posed. However, this problem has solutions of the form

x = (I −RNR
Q̃1
P1)
(
RM+Ny +

M+N−1∑
j=0

Rjyj

)
+ z ,

where R
Q̃1

:= I−Q̃1+Q̃1R̃Q̃1
Q̃1, R̃

Q̃1
∈ R

I+Q̃1
, z ∈ ker(I+Q1) is arbitrary.

(iii) If I+ Q̃1 is left invertible but not invertible then the problem (14.13)
is ill-posed and has a solution under the following necessary and sufficient
condition:

(14.14) RM+Ny +
M+N−1∑
j=0

Rjyj ∈ (I +Q1)XM+N .

If this condition is satisfied then a unique solution is

x = (I −RNL
Q̃1
Q1)

(
RM+Ny +

M+N−1∑
j=0

Rjyj

)
,

where L
Q̃1

:= I − Q̃1 + Q̃1LQ̃1
, L̃

Q̃1
∈ L

I+Q̃1
.

Similarly, we get the following



III. General equations with right invertible operators 87

Corollary 14.2. Write

P 〈D〉 = Q〈D〉DM , Q〈D〉 =
N∑
n=0

AnD
n , Q̃2 =

N−1∑
k=0

RN−kSk ,

where

S0 = A0 , Sk = Ak −
N−1−k∑
m=0

FDmAm+k (k = 0, . . . , N − 1) .

(i) If I + Q̃2 is invertible then the initial value problem

(14.15)
{
P 〈D〉x = y , y ∈ X ,
FDjx = yj , yj ∈ kerD (j = 0, . . . ,M +N − 1) ,

is well-posed and its unique solution is

x = [I −RM (I + Q̃2)−1Q̃2D
M ]
(
RM+Ny +

M+N−1∑
j=0

Rjyj

)
.

(ii) If I + Q̃ is left invertible but not invertible then the problem (14.15)
is ill-posed, and has a solution under the following necessary and sufficient
condition:

RM+Ny +
M+N−1∑
j=0

Rjyj ∈ (I +RM Q̃2D
M )XM+N .

If this condition is satisfied then the problem (14.15) has a unique solution

x = (I +RML
Q̃2
Q̃2D

M )
(
RM+Ny +

M+N−1∑
j=0

Rjyj

)
,

where L
Q̃2

= I − Q̃2 + Q̃2L̃Q̃2
Q̃2, L̃

Q̃2
∈ L

I+Q̃2
.

(iii) If I + Q̃2 is right invertible and is not invertible, then the prob-
lem (14.15) is ill-posed. However, this problem has solutions of the form

x = (I +RMR
Q̃2
Q̃2D

M )
(
RM+Ny +

M+N−1∑
j=0

Rjyj

)
+ z ,

where R
Q̃2

= I − Q̃2 + Q̃2R̃Q̃2
Q̃2, R̃

Q̃2
∈ R

I+Q̃2
, z ∈ ker(I +RM Q̃2D

M ) is
arbitrary.

Now we consider the initial value problem (14.0)–(14.1) in the case of
generalized almost invertible resolving operator.

Definition 14.3. An operator V ∈ L(X) is said to be generalized almost
invertible on a subspace E ⊂ X if E ⊂ domV , V E ⊂ E and there exists a
WV ∈ WV such that WV E ⊂ E.



88 Linear systems with right invertible operators

Lemma 14.3. Suppose that D ∈ R(X), R ∈ RD. Write

Q(D) :=
N∑
j=0

AjD
j , Q := Q(I,R) =

N∑
j=0

AjR
N−j

Aj ∈ L(X) , A′jXN−j ⊂ Xk (j = 0, . . . , N) .

Then the operator I + Q is generalized almost invertible on Xk for a given
k ∈ N0 if and only if I+RNQ(D) is generalized almost invertible on XN+k.

P r o o f. By the assumptions on Aj , [I + Q(I,R)]Xk ⊂ Xk and [I +
RNQ(D)]XN+k ⊂ XN+k. Suppose that I +Q is generalized almost invert-
ible on Xk, i.e. there exists WQ ∈ WI+Q such that WQXk ⊂ Xk. Write

(14.16) WQ = I −RNWQQ(D) .

It is easy to check that WQ is defined on XN+k and WQXN+k ⊂ XN+k.
On XN+k we have

[I +RNQ(D)]WQ[I +RNQ(D)]

= [I +RNQ(D)][I −RNWQQ(D)][I +RNQ(D)]

= [I +RNQ(D)]{I +RNQ(D)−RNWQQ(D)[I +RNQ(D)]}
= [I +RNQ(D)]{I +RNQ(D)−RNWQ[I +Q(D)RN ]Q(D)}
= [I +RNQ(D)]{I +RNQ(D)−RNWQ[I +Q(I,R)]Q(D)}
= [I +RNQ(D)]2 − [I +RNQ(D)]RNWQ[I +Q(I,R)]Q(D)

= [I +RNQ(D)]2 −RN [I +Q(D)RN ]WQ[I +Q(I,R)]Q(D)

= [I +RNQ(D)]2 −RN [I +Q(I,R)]WQ[I +Q(I,R)]Q(D)

= [I +RNQ(D)]2 −RN [I +Q(I,R)]Q(D)

= [I +RNQ(D)]2 −RN [I +Q(D)RN ]Q(D)

= [I +RNQ(D)]2 − [I +RNQ(D)]RNQ(D) = I +RNQ(D) ,

which proves that WQ is a generalized almost inverse of I +RNQ(D).
Conversely, if there exists WQ ∈ WI+RNQ(D) such that WQXN+k ⊂

XN+k, then WQ := I − Q(D)WQRN is defined on Xk, WQXk ⊂ Xk and
WQ ∈ WI+Q(I,R). Indeed, since

[I +RNQ(D)]WQ[I +RNQ(D)] = I +RNQ(D) ,

we obtain ImWQ ⊂ domQ(D) and RNXk ⊂ domWQ, i.e. WQ is defined
on Xk. If x ∈ Xk then RNx = y ∈ XN+k and u = WQRNx ∈ XN+k.
This implies that Q(D)WQRNx = Q(D)u ∈ Xk. Therefore, WQx = [I −
Q(D)WQRN ]x = x − Q(D) ∈ Xk, which proves WQXk ⊂ Xk. On Xk we
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have

(I +Q)WQ(I +Q)(I +Q)[I −Q(D)WQRN ](I +Q)
= (I +Q){I +Q−Q(D)WQRN [I +Q(D)RN ]}
= (I +Q){I +Q−Q(D)WQ[I +RNQ(D)]RN}
= (I +Q)2 − (I +Q)Q(D)WQ[I +RNQ(D)]RN

= (I +Q)2 − [I +Q(D)RN ]Q(D)WQ[I +RNQ(D)]RN

= (I +Q)2 −Q(D)[I +RNQ(D)]WQ[I +RNQ(D)]RN

= (I +Q)2 −Q(D)[I +RNQ(D)]RN

= (I +Q)2 −Q(D)RN [I +Q(D)RN ]
= (I +Q)2 −Q(I +Q) = I +Q ,

which proves that WQ is a generalized almost inverse of I + Q. The proof
is complete.

Now we return to the initial value problem (14.0)–(14.1).

Theorem 14.3. Suppose that D ∈ R(X), R ∈ RD and F ∈ FD corre-
sponding to R. Suppose, moreover , that Q̃, Q are given by (14.2) and (14.3),
respectively. If the resolving operator I + Q̃ is generalized almost invertible
but not one-sided invertible then the initial value problem (14.0)–(14.1) is
ill-posed and has solutions under the following necessary and sufficient con-
dition:

(14.17) RM+Ny +
M+N−1∑
j=0

Rjyj ∈ (I +Q)XM+N .

If this condition is satisfied then all solutions are given by

(14.18) x = WQ

(
RM+Ny +

M+N−1∑
j=0

Rjyj

)
+ z ,

where WQ := I −RNW
Q̃
H, W

Q̃
∈ W

I+Q̃
, z ∈ ker(I +Q) is arbitrary.

P r o o f. The problem (14.0)–(14.1) is equivalent to the equation

(14.19) (I +Q)x = RM+Ny +
M+N−1∑
j=0

Rjyj .

Since dim coker(I+Q̃) 6= 0, also dim coker(I+Q) 6= 0 (cf. Theorem 14.2 (iii)).
Hence, (14.19) is solvable if and only if the condition (14.17) is satisfied. On
applying Lemma 14.2 to the equation (14.19) we get (14.18). The proof is
complete.
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Example 14.1. Let X := C([0, 1],C), D := d/dt, R :=
∫ t
0
, (Fx)(t) :=

x(0). It is well-known that R is a Volterra operator, i.e. I +βR is invertible
for all β ∈ C. Consider the equation

(14.20) (I + βRk+1Dk)x = y , y ∈ Xk .

Since I + βR (= I + βDkRk+1) is invertible, Lemma 13.1 yields that I +
βRk+1Dk is invertible on Xk. Therefore, (14.20) has a unique solution

x = (I − βRk(I − βR)−1Dk)y ∈ Xk .

Hence the initial value problem

(14.21)
(D+βRkDk)x = y , y ∈ Xk ,

Fx = y1 , y1 ∈ kerD ,

has a unique solution given by

(14.22) x = [I − βR(I − βR)−1Dk](Ry + y1) .

Indeed, the problem (14.21) is equivalent to the equation (I+βRk+1Dk)x
= Ry + y1, i.e. it is of the form (14.20).

Example 14.2. Let Γ be a regular closed arc on the complex plane and
let X = Hµ(Γ ) (0 < µ < 1). Consider once again the following operators
on X:

D := d/dt , (Sx)(t) :=
1
πi

∫
Γ

x(s) ds
s− t

, (Ax)(t) := a(t)x(t) ,

(Bx)(t) := b(t)x(t) , (Bjx)(t) := bj(t)x(t) , (Cjx)(t) :=
∫
Γ

cj(s)x(s) ds ,

(j = 0, . . . ,m)

where a, b ∈ Xn, bj , cj ∈ X (j = 0, . . . ,m). Let R be an arbitrary Volterra
right inverse of D and let F := I −RD. Consider the initial value problem

(14.23)
( n∑
k=0

akD
k(A+BS) +

m∑
j=0

BjCj

)
x = f ,

(14.24) FDkx = βk , βk ∈ C (k = 0, . . . , n) ,

where ak ∈ C, (k = 0, . . . , n), an 6= 0. By Lemma 14.1, this problem is
equivalent to the equation

(14.25)
[(
anI +

n−1∑
k=0

akR
nDk

)
(A+BS) +

m∑
j=0

RnBjCj

]
x = Rnf +

n−1∑
l=0

Rlβl .

Since anI+
∑n−1
k=0 akR

n−k is invertible (cf. Theorem I in Section 6), Lemma
13.1 shows that (14.25) is equivalent to

(14.26) (A+BS +K)x = y ,
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where

K :=
m∑
j=0

(
anI +

n−1∑
k=0

akR
nDk

)−1

RnBjCj ,

y :=
(
anI +

n−1∑
k=0

akR
nDk

)−1(
Rnf +

n−1∑
l=0

Rlβl

)
.

Thus we obtain a singular integral equation with a finite-dimensional kernel,
whose solutions can be given in a closed form (cf. Example 13.4).

15. Boundary value problems. Let D ∈ R(X), R ∈ RD and let
F0, . . . , FM+N−1 ∈ FD ∩ c(R) (cf. Section 8). A boundary value problem for
the operator Q[D] of the form (13.3) is to find all solutions of the equation

(15.0) Q[D]x :=
M∑
m=0

N∑
n=0

DmAmnD
nx = y , y ∈ X ,

which satisfy the boundary conditions

(15.1) Fkx = yk , yk ∈ kerD (k = 0, . . . ,M +N − 1) .

Definition 15.1. (i) The problem (15.0)–(15.1) is well-posed if it has
a unique solution for every y ∈ X, y0, . . . , yM+N−1 ∈ kerD.

(ii) The problem (15.0)–(15.1) is ill-posed if either there exist y ∈ X,
y0, . . . , yM+N−1 ∈ kerD such that this problem has no solutions or the
corresponding homogeneous problem has a non-trivial solution.

By the assumption, there exist scalars dij such that

(15.2) FiR
jz = (dij/j!)z for all z ∈ kerD (i, j = 0, . . . ,M +N − 1) .

Write

GM+N := (dij)i,j=0,...,M+N−1 ,(15.3)

VM+N := detGM+N .(15.4)

For the problem (15.0)–(15.1), we assume the following condition: the
given initial operators F0, . . . , FM+N−1 are linearly independent on the set
kerDM+N = PM+N (R). Hence by Corollary 8.1, G−1

M+N exists. Write

G′ := G−1
M+N = (d′ij)i,j=0,...,M+N−1 ,(15.5)

E :=
(
I−

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jFk

) M∑
m=0

N∑
n=0

RM+N−mA′mnD
n ,(15.6)

E0 :=
M∑
m=0

N∑
n=0

RM+N−mA′mnD
n(I −

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jFk) ,(15.7)
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E′ :=
M∑
m=0

N∑
n=0

RM−mBmnR
N−n ,(15.8)

where

(15.9) A′mn :=
{

0 if m = M, n = N ,
Amn otherwise,

(15.10) Bmn := A′mn

(
I +

M+N−1∑
j=n

M+N−1∑
k=0

d′jkR
j−nFkR

n
)
.

Definition 15.2. Let E′ be given by (15.8)–(15.10). The operator I+E′

is called the resolving operator for the boundary value problem (15.0)–(15.1).

Lemma 15.1. Let E and E0 be given by (15.6) and (15.7), respectively.
The operator I + E is right invertible (left invertible, generalized almost
invertible, invertible) if and only if so is I+E0. Moreover , if RE0 ∈ RI+E0 ,
LE0 ∈ LI+E0 , WE0 ∈ WI+E0 then

(15.11) RE := I − E+RE0E
− ∈ RI+E , LE := I − E+LE0E

− ∈ LI+E ,

(15.12)
WE := I − E+WE0E

− ∈ WI+E ,

(I + E)−1 = I − E+(I + E0)−1E− ,

where

(15.13)

E+ := I −
M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jFk ,

E− :=
M∑
m=0

N∑
n=0

RM+N−nA′mnD
n .

P r o o f. From the assumptions on the coefficients Amn, it is easy to check
that I + E ∈ L0(XM+N ), I + E0 ∈ L0(XM+N ). Since E = E+E− the for-
mulae (15.11) and (15.12) immediately follow from (2.10)–(2.12) and (10.7).

By the same argument we obtain

Lemma 15.2. Let E0 and E′ be given by (15.7) and (15.8), respectively.
Then I +E0 is right invertible (left invertible, generalized almost invertible,
invertible) if and only if so is I + E′. Moreover , if RE′ ∈ RI+E′ , LE′ ∈
LI+E′ and WE′ ∈ WI+E′ then

(15.14) RE0 := I −RNRE′U ∈ RI+E0 , LE0 := I −RNLE′U ∈ LI+E0 ,

(15.15)
WE0 := I −RNWE′U ∈ WI+E0 ,

(I + E0)−1 = I −RN (I + E′)−1U ,
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where

(15.16) U :=
M∑
m=0

N∑
n=0

RM−mA′mnD
n
(
I −

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jFk

)
.

Lemmas 15.1 and 15.2 together imply the following

Corollary 15.1. Let E be defined by (15.6). The operator I + E is
right invertible (left invertible, generalized almost invertible, invertible) if
and only if so is the resolving operator I + E′. Moreover , if RE ∈ RI+E ,
LE ∈ LI+E , and WE ∈ WI+E then there exist RE′ ∈ RI+E′ , LE′ ∈ LI+E′ ,
and WE′ ∈ WI+E′ such that

(15.17)

RE = I − S(I −RNRE′K)S , LE = I − S(I −RNLE′K)S,

WE = I − S(I−RNWE′K)S,

(I + E)−1 = I − S[I−RN (I + E′)−1K]S,

where

S := I −
M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jFk ,(15.18)

K :=
M∑
m=0

N∑
n=0

RM−mA′mnD
n .(15.19)

Lemma 15.3. Let E be defined by (15.6). Then

DM+N (I + E) = Q[D] ,(15.20)
Fi(I + E)x = Fix for all x ∈ XM+N (i = 0, . . . ,M +N − 1) .(15.21)

P r o o f. (i) Since DFi = 0 (i = 0, . . . ,M +N − 1) we find

DM+N (I+E) = DM+N+DM+NE = DM+N+
M∑
m=0

N∑
n=0

DmA′mnD
n = Q[D] .

(ii) Since FkRNKx ∈ kerD for all x ∈ domDM+N , K is given by (15.19)
and F0, . . . , FM+N−1 ∈ c(R), we have

Fi(I+E)x = Fix+ FiEx

= Fix+ Fi

(
I −

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jFk

) M∑
m=0

N∑
n=0

RM+N−mA′mnD
nx

= Fix+ Fi

M∑
m=0

N∑
n=0

RM+N−mA′mnD
nx
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−
M+N−1∑
j=0

M+N−1∑
k=0

d′jkFiR
jFkR

nKx

= Fix+ FiR
NKx−

M+N−1∑
j=0

M+N−1∑
k=0

d′jkdijFkR
NKx

= Fix+ FiR
NKx−

M+N−1∑
k=0

(M+N−1∑
j=0

dijd
′
jk

)
FkR

NKx

= Fix+ FiR
NKx−

M+N−1∑
k=0

δikFkR
NKx

= Fix+ FiR
NKx− FiRNKx = Fix .

which was to be proved.

Lemma 15.4. Suppose that D ∈ R(X), R ∈ RD and F0, . . . , FM+N−1 ∈
FD ∩ c(R) are linearly independent on kerDM+N . Then the boundary
value problem (15.0)–(15.1) is well-posed if and only if I + E is invertible
on XM+N .

P r o o f. By Lemma 15.3, the equation (15.0) is equivalent to

(I + E)x = RM+Ny +
M+N−1∑
j=0

Rjzj , zj ∈ kerD (j = 0, . . . ,M +N − 1) .

The formulae (15.21) imply yi = FiR
M+Ny +

∑M+N−1
j=0 dijzj , i.e.

(15.22) GM+Nz
′ = y′ ,

where GM+N is given by (15.3), z′ = (z0, . . . , zM+N−1), y′ = (y0
−F0R

M+N , . . . , yM+N−1 − FM+N−1R
M+Ny). By the assumption, the sys-

tem (15.22) has a unique solution

zj =
M+N−1∑
k=0

d′jk(yk − FkRM+Ny) (j = 0, . . . ,M +N − 1) .

Hence, the equation (15.0) is equivalent to

(I + E)x = RM+Ny +
M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
j(yk − FkRM+Ny)

i.e.

(15.23) (I + E) = yM+N +
M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk ,
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where

(15.24) yM+N :=
(
I −

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jFk

)
RM+Ny .

If β = −1 is an eigenvalue of the operator E then the corresponding
homogeneous equation (I + E)x = 0 has a non-trivial solution, i.e. the
problem (15.0)–(15.1) is ill-posed and I + E is not invertible on XM+N .

If β = −1 is not an eigenvalue of E and I + E is not invertible on
XM+N , i.e. (I + E)XM+N  XM+N , then the equation (15.23) is solvable
if and only if its right hand side belongs to (I +E)XM+N . Let u ∈ XM+N\
(I + E)XM+N . If we set

y := DM+Nu ,

yk := FkR
M+NDM+Nu+

M+N−1∑
µ=0

dkµFD
µu (k = 0, . . . ,M +N − 1) ,

then

yM+N +
M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

=
(
I −

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jFk

)
RM+NDM+Nu

+
M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
j
(
FkR

M+NDM+Nu+
M+N−1∑
µ=0

dkµFD
µu
)

= RM+NDM+Nu+
M+N−1∑
j=0

M+N−1∑
µ=0

(M+N−1∑
k=0

d′jkdkµ

)
RjFDµu = u .

Hence there exist y ∈ XM+N , yj ∈ kerD (j = 0, . . . ,M +N − 1) such that
the problem (15.0)–(15.1) has no solutions, i.e. it is ill-posed.

If β = −1 is not an eigenvalue of E and I + E is invertible on XM+N

then the unique solution of the problem (15.0)–(15.1) is

x = (I + E)−1
(
yM+N +

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
,

where yM+N is given by (15.24), i.e. the problem is well-posed. The proof
is complete.

The following theorem characterizes the important role of the resolving
operator for the boundary value problem.
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Theorem 15.1. Let D ∈ R(X), R ∈ RD and let F0, . . . , FM+N−1 ∈
FD ∩ c(R) be linearly independent on kerDM+N . Then the boundary value
problem (15.0)–(15.1) is well-posed if and only if the resolving operator I+E′,
where E′ is given by (15.8), is invertible.

P r o o f is immediate from Corollary 15.1 and Lemma 15.4.

Now we can prove the main result for the boundary value problem (15.0)–
(15.1).

Theorem 15.2. Let D ∈ R(X), R ∈ RD and let F0, . . . , FM+N−1 ∈
FD ∩ c(R) be linearly independent on kerDM+N . Suppose E′, S, K are
given by (15.8), (15.18) and (15.19), respectively.

(i) If I+E′ is invertible then the problem (15.0)–(15.1) is well-posed and
its unique solution is

(15.25) x = {I−S[RN (I+E′)−1K]S}
(
yM+N +

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
,

where yM+N and d′ij are given by (15.24) and (15.5), respectively.
(ii) If I +E′ is right invertible but not invertible, i.e. dim ker(I +E′) 6=

0, then the problem (15.0)–(15.1) is ill-posed. However, this problem has
solutions of the form

(15.26) x = [I−S(I−RNRE′K)S]
(
yM+N +

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
+u ,

where RE′ ∈ RI+E′ , u ∈ ker(I + E), and E is defined by (15.6).
(iii) If I+E′ is left invertible but not invertible, i.e. dim coker(I+E′) 6=

0, then the problem (15.0)–(15.1) is ill-posed and has a solution under the
following necessary and sufficient condition:

(15.27) yM+N +
M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk ∈ (I + E)XM+N .

If this condition is satisfied then a unique solution is

(15.28) x = [I − S(I −RNLE′K)S]
(
yM+N +

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
,

where LE′ ∈ LI+E′ .
(iv) If I+E′ is generalized almost invertible but not one-sided invertible,

then the problem (15.0)–(15.1) is ill-posed and has solutions if and only if
the condition (15.27) is satisfied. If this is the case, all solutions are given
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by

(15.29) x = [I−S(I−RNWE′K)S]
(
yM+N+

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
+v ,

where WE′ ∈ WI+E′ and v ∈ ker(I + E) is arbitrary.

P r o o f. (i) By Corollary 15.1, I + E is invertible. Hence the equa-
tion (15.23) has a unique solution. On the other hand, by (a suitable version
of) (15.17), (I +E)−1 = I −S[I −RN (I +E′)−1K]S. This gives us (15.25)
and the boundary value problem (15.0)–(15.1) is well-posed.

(ii) By Corollary 15.1, I + E is now right invertible but not invertible.
Now (15.17) and (15.23) together imply (15.26).

(iii) By Corollary 15.1, I + E is now left invertible only. Hence from
(15.17) and the equation (15.23) we get the condition (15.27) and the for-
mula (15.28) for the solutions of the boundary problem.

(iv) By Corollary 15.1, I + E is generalized almost invertible but not
one-sided invertible. Hence, from (15.23) we conclude that the problem
(15.0)–(15.1) is ill-posed and has solutions if and only if (15.27) is satisfied,
and (15.17) gives the required formula (15.29). The proof is complete.

If we put Amn = 0 (m = 0, . . . ,M − 1; n = 0, . . . , N) and AMn =
An (n = 0, . . . , N) in Theorem 15.2, then we obtain

Corollary 15.2. Suppose that D ∈ R(X), R ∈ RD and F0, . . .
. . . , FM+N−1 ∈ FD ∩ c(R) are linearly independent on kerDM+N . Write

(15.30) P (D) := DMQ(D) , Q(D) := DN +
N−1∑
j=0

AjD
j ,

(15.31) K1 :=
N−1∑
n=0

AnD
n , S1 := I −

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jFk ,

(15.32) E1 := S1K1 , E′1 :=
N−1∑
n=0

BnR
N−n ,

where

Bn := An

(
I +

M+N−1∑
j=n

M+N−1∑
k=0

d′jkR
j−nFkR

n
)

(n = 0, . . . , N − 1) .

(i) If I + E′1 is invertible then the boundary value problem

(15.33) P (D)x = y , Fix = yi (i = 0, . . . ,M +N − 1)
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is well-posed and its unique solution is

x = {I − S1[I −RN (I + E′1)−1K1]S1}
(
yM+N +

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
,

where yM+N is defined by (15.24).
(ii) If I+E′1 is right invertible but not invertible then the boundary value

problem (15.33) is ill-posed. However, this problem has solutions given by

x = [I − S1(I −RNRE′1K1)S1]
(
yM+N +

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
+ u1 ,

where RE′1 ∈ RI+E′1 , u1 ∈ ker(I + E1) is arbitrary.
(iii) If I+E′1 is left invertible but not invertible then the problem (15.33)

is ill-posed and has a solution under the following necessary and sufficient
condition:

(15.34) yM+N +
M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk ∈ (I + E1)XM+N .

If this condition is satisfied then a unique solution is

x = [I − S1(I −RNLE′1K1)S1]
(
yM+N +

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
,

where LE′1 ∈ LI+E′1 .
(iv) If I+E′1 is generalized almost invertible but not one-sided invertible

then the problem (15.33) is ill-posed and has solutions if and only if the
condition (15.34) is satisfied. If this is the case, then all solutions are given
by

x = [I − S1(I −RNWE′1
K1)S1]

(
yM+N +

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
+ u2 ,

where WE′1
∈ WI+E′1

, u2 ∈ ker(I + E1) is arbitrary.

Similarly, if we put Amn = 0 (m = 0, . . . ,M ; n = 0, . . . , N − 1) and
AmN = Am (m = 0, . . . ,M) in Theorem 15.2, then we obtain

Corollary 15.3. Let D ∈ R(X), R ∈ RD and suppose F0, . . .
. . . , FM+N−1 ∈ FD ∩ c(R) are linearly independent on kerDM+N . Write

P 〈D〉 := Q〈D〉DN , Q〈D〉 := DM +
M−1∑
m=0

DmAm ,

K2 :=
M−1∑
m=0

RM+N−mAmD
N ,
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Bm := Am

(
I +

M+N−1∑
j=N

M+N−1∑
k=0

d′jkR
j−NFkR

N
)
,

E2 := S1K2 , E′2 :=
M−1∑
m=0

RM−mBm , K ′2 :=
M−1∑
m=0

RM−mAmD
N ,

where S1 is given by (15.31).

(i) If I + E′2 is invertible then the boundary value problem

(15.35) P 〈D〉x = y , Fix = yi (i = 0, . . . ,M +N − 1)

is well-posed and its unique solution is

x = {I − S1[I −RN (I + E′2)−1K ′2]S1}
(
yM+N +

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
,

where yM+N is defined by (15.24).
(ii) If I+E′2 is right invertible but not invertible then the problem (15.35)

is ill-posed. However, this problem has solutions given by

x = [I − S1(I −RNRE′2K
′
2)S1]

(
yM+N +

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
+ u ,

where RE′2 ∈ RI+E′2 , u2 ∈ ker(I + E2) is arbitrary.
(iii) If I + E′2 is left invertible and is not invertible then the problem

(15.35) is ill-posed and has a solution under the following necessary and
sufficient condition:

(15.36) yM+N +
M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk ∈ (I + E2)XM+N .

If this condition is satisfied then a unique solution is

x = [I − S1(I −RNLE′2K
′
2)S1]

(
yM+N +

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
,

where LE′2 ∈ LI+E′2 .
(iv) If I+E′2 is generalized almost invertible but not one-sided invertible

then the problem (15.35) is ill-posed and has solutions if and only if the
condition (15.36) is satisfied. If this is the case, all solutions of the problem
(15.35) are

x = [I − S1(I −RNWE′2
K ′2)S1]

(
yM+N +

M+N−1∑
j=0

M+N−1∑
k=0

d′jkR
jyk

)
+ v ,

where WE′2
∈ WI+E′2

, v ∈ ker(I + E2) is arbitrary.
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Example 15.1. Let X := C(R), D := d/dt, Rj :=
∫ t
tj

, ti 6= tj for
i 6= j (i, j = 0, 1, 2). Let (Fjx)(t) := x(tj). Then F0, F1, F2 are linearly
independent on kerD3. Consider the boundary value problem

(15.37) (D3 +D2AD + βI)x = y ,

(15.38) Fjx = yj , yj ∈ kerD (j = 0, 1, 2) ,

where (Ax)(t) := a(t)x(t), a(t) 6= −1, β ∈ C. Write R := R0. The matrix
G2 is of the form

G2 =

 1 0 0
1 t1 − t0 (t1 − t0)2/2
1 t2 − t0 (t2 − t0)2/2

 = (dij)i,j=0,1,2 .

Hence V2 = detG2 = 1
2 (t1−t0)(t2−t0)(t2−t1) 6= 0 and G−1

2 = (d′ij)i,j=0,1,2,
where

d′00 = 1, d′01 = 0, d′02 = 0,

d′10 =V −1
2 (d12 − d22)

d′20 =V −1
2 (d21 − d11),

d′11 =V −1
2 d22,

d′21 =V −1
2 (−d21),

d′12 =V −1
2 (−d12),

d′22 =V −1
2 d11.

Write

(15.39) E :=
(
I −

2∑
j=0

2∑
k=0

d′jkR
jFk

)
(RAD + βR3) .

By Lemmas 15.3 and 15.4, the problem (15.37)–(15.38) is equivalent to the
equation

(15.40) (I + E)x = y3 +
2∑
j=0

2∑
k=0

d′jkR
jyk ,

where

(15.41) y3 =
(
I −

2∑
j=0

2∑
k=0

d′jkR
jFk

)
R3y .

The resolving operator is

I + E′ = I +A+ βR3 +A
2∑
j=1

2∑
k=1

d′jkR
j−1FkR+ β

2∑
j=1

2∑
k=1

d′jkR
2+jFkR .

Since a(t) 6= −1, it is easy to see that I+E′ is invertible. Hence, the problem
(15.37)–(15.38) is well-posed and its solution is

x =
{
I −

[
I −

2∑
j=0

2∑
k=0

d′jkR
jFk

]
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◦R(I + E′)−1(AD + βR2)
}(
y3 +

2∑
j=0

2∑
k=0

d′jkR
jy
)
.

Example 15.2. Let X := C(R), D := d/dt, R :=
∫ t
a
. Consider the

boundary value problem

x′′′(t) = 0, x(a) = x0, x(b) = x1, x(a) + x(b) = x2 .

Since the initial operators F0, F1 and F2 are linearly dependent, we conclude
that this problem is ill-posed. It is easy to check that the homogeneous
problem has a non-trivial solution x(t) = ab− (a+ b)t+ t2.

Example 15.3 (cf. [47]). Let X be a Banach space, D ∈ R(X), and
let F be an initial operator for D corresponding to a Volterra inverse R.
Suppose that we are given a family of bounded R-shifts {Sh}h∈R (see [46]
for definition).

Consider a polynomial with scalar coefficients in two variables

(15.42) Q(t, s) :=
N∑
k=0

qkt
ksN−k =

n∏
j=1

(t− tjs)rj , Q(t) := Q(t, 1),

where qN := 1, r1 + . . . + rn = N , ti 6= tj for i 6= j. Since R is a Volterra
operator, Q(I,R) is invertible. Write 1/Q(1, s) in the form

[Q(1, s)]−1 =
n∑
j=1

(1− tjs)−rj
rj−1∑
m=0

βjms
m .

Then

[Q(I,R)]−1 =
n∑
j=1

(I − tjR)−rj
rj−1∑
m=0

βjmR
m .

Write

q0k(t) :=
n∑
j=1

∞∑
µ=0

(
µ+ rj − 1
rj − 1

)
tµj

rj−1∑
m=0

βjm
tµ+m+k

(µ+m+ k)!
,

Q0 := Q0(h0, . . . , hN−1) = det(q0k(hi))i,k=0,1,...,N−1 ,

where hi 6= hj for i 6= j and Fhi = FShi . If Q0(h0, . . . , hN−1) 6= 0 then the
boundary value problem

Q(D)x = y, Fhix = xi, xi ∈ kerD (i = 0, 1, . . . , N − 1)

is well-posed and its unique solution is

x = (Q0)−1[Q(I,R)]−1
N−1∑
k=0

Q0
k(y0, . . . , yN−1) + yN ,
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where

yN = [Q(I,R)]−1RNy, yi = xi − Fhiy (i = 0, . . . , N − 1) ,

and Q0
k(y0, . . . , yN−1) is obtained by replacing the kth column of Q0(h0, . . .

. . . , hN−1) by (y0, . . . , yN−1).

16. First mixed boundary value problems. Let D ∈ R(X), Rj ∈
RD (j = 0, . . . ,M + N − 1) and let Fj ∈ FD be an initial operator cor-
responding to Rj . In this section we shall consider the following problem:
Find all solutions of the equation

(16.0) Q[D]x :=
M∑
m=0

N∑
n=0

DmAmnD
nx = y , y ∈ X ,

satisfying the mixed boundary value conditions

(16.1) FjD
jx = yj , yj ∈ kerD (j = 0, . . . ,M +N − 1) ,

where M,N ∈ N. Following Przeworska-Rolewicz [46], the problem (16.0)–
(16.1) is called a first mixed boundary value problem. Write

T :=
M∑
m=0

N∑
n=0

R0 . . . RM+N−m−1EmnD
n ,(16.2)

T ′ :=
M∑
m=0

N∑
n=0

RN . . . RM+N−m−1EmnRn . . . RN−1 ,(16.3)

where

(16.4) Emn :=
{
A′0n for m = 0,
A′mn −

∑M
k=m FM+N−mD

k−mA′kn otherwise,

(16.4′) A′mn =
{

0 for m = M , n = N ,
Amn otherwise

(m = 0, . . . ,M ; n = 0, . . . , N).

Lemma 16.1. Suppose that D ∈ R(X), R1, . . . , RM+N ∈ RD and F1, . . .
. . . , FM+N ∈ FD correspond to R1, . . . , RM+N , respectively. Write

(16.5) T1 :=
M∑
m=0

N∑
n=0

RN . . . RM+N−m−1EmnD
n ,

where the Emn are defined by formulae (16.4)–(16.4′).
Then the operator I + T is right invertible (left invertible, generalized

almost invertible, invertible) on XM+N if and only if I+T ′ is right invertible
(left invertible, generalized almost invertible, invertible) on XM . Moreover,
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if RT ∈ RI+T , LT ∈ LI+T and WT ∈ WI+T , then there exist RT ′ ∈ RI+T ′
(LT ′ ∈ LI+T ′ , WT ′ ∈ WI+T ′) such that

(16.6)

RT = I −R0 . . . RN−1RT ′T1 , LT = I −R0 . . . RN−1LT ′T1 ,

WT = I −R0 . . . RN−1WT ′T1 ,

(I + T )−1 = I −R0 . . . RN−1(I + T ′)−1T1

and

(16.7)

RT ′ = I − T1RTR0 . . . RN−1 , LT ′ = I − T1LTR0 . . . RN−1 ,

WT ′ = I − T1WTR0 . . . RN−1 ,

(I + T ′)−1 = I − T1(I + T )−1R0 . . . RN−1 ,

respectively.

P r o o f. Since our assumptions AmnXM+N−n ⊂ Xm (m = 0, . . . ,M ;
n = 0, . . . , N ; m+ n < M +N), it is easy to check that I + T ′ ∈ L0(XM ),
I + T ∈ L0(XM+N )

(i) Suppose I+T ′ is right invertible on XM , i.e. there exists RT ′ ∈ RI+T ′
such that RT ′XM ⊂ XM . Hence RT ′T1XM+N ⊂ RT ′XM ⊂ XM (cf. (16.5))
and RTXM+N ⊂ XM+N . On XM+N we have

(I + T )RT =
(
I +

M∑
m=0

N∑
n=0

R0 . . . RM+N−m−1EmnD
n
)

◦ (I −R0 . . . RN−1RT ′T1)

= I +
M∑
m=0

N∑
n=0

R0 . . . RM+N−m−1EmnD
n

−
(
I +

M∑
m=0

N∑
n=0

R0 . . . RM+N−m−1EmnD
n
)
R0 . . . RN−1RT ′T1

= I +
M∑
m=0

N∑
n=0

R0 . . . RM+N−m−1EmnD
n

−R0 . . . RN−1

(
I −

M∑
m=0

N∑
n=0

R0 . . . RM+N−m−1EmnRn . . . RN−1

)
RT ′T1

= I + T −R0 . . . RN−1T1 = I + T − T = I ,

which proves the first of the formulae (16.6).
Conversely, if I + T is right invertible on XM+N , i.e. there exists RT ∈

RI+T such that RTXM+N ⊂ XM+N , then the operator RT ′ defined by the
first of the formulae (16.7) is well-defined and RT ′XM ⊂ XM . Indeed, if
x ∈ XM then R0 . . . RN−1x ∈ XM+N and RTR0 . . . RN−1 ∈ RTXM+N ⊂
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XM+N . From (16.5) we get T1XM+N ⊂ XM . Therefore, T1RTR0 . . .
. . . RN−1x ∈ T1XM+N ⊂ XM , i.e. RT ′XM ⊂ XM . On XM we have

(I + T ′)RT ′ =
(
I +

M∑
m=0

N∑
n=0

R0 . . . RM+N−m−1EmnRn . . . RN−1

)
◦ (I − T1RTR0 . . . RN−1)

= I + T ′ +
(
I +

M∑
m=0

N∑
n=0

R0 . . . RM+N−m−1EmnRn . . . RN−1

)
◦ T1RTR0 . . . RN−1

= I + T ′ − T1(I +R0 . . . RN−1T1)RTR0 . . . RN−1

= I + T ′ − T1(I + T )RTR0 . . . RN−1

= I + T ′ − T1R0 . . . RN−1 = I + T ′ − T ′ = I ,

which proves that I+T ′ is right invertible on XM and RT ′ defined by (16.7)
is its right inverse.

(ii) Suppose that I+T ′ is left invertible on XM and LT ′ ∈ L0(XM ) is its
left inverse. It is easy to check that the operator LT defined by the second
of the formulae (16.6) is well-defined on XM+N and LT ∈ L0(XM+N ). On
XM+N we have

LT (I + T ) = (I −R0 . . . RN−1LT ′T1)(I + T )
= I + T −R0 . . . RN−1LT ′T1(I + T )
= I + T −R0 . . . RN−1LT ′T1(I +R0 . . . RN−1T1)
= I + T −R0 . . . RN−1LT ′(I + T1R0 . . . RN−1)T1

= I + T −R0 . . . RN−1LT ′(I + T ′)T1

= I + T −R0 . . . RN−1T1 = I + T − T = I ,

which proves that I + T is left invertible on XM+N and that the second of
the formulae (16.6) is valid.

Conversely, if I + T is left invertible on XM+N , i.e. there exists LT ∈
LI+T such that LTXM+N ⊂ XM+N , then LT ′ defined by the second of the
formulae (16.7) is well-defined and LT ′XM ⊂ XM . On XM we have

LT ′(I + T ′) = (I − T1LTR0 . . . RN−1)(I + T ′)
= I + T ′ − T1LTR0 . . . RN−1(I + T ′)
= I + T ′ − T1LTR0 . . . RN−1(I + T1R0 . . . RN−1)
= I + T ′ − T1LT (I +R0 . . . RN−1T1)R0 . . . RN−1

= I + T ′ − T1LT (I + T )R0 . . . RN−1

= I + T ′ − T1R0 . . . RN−1 = I + T ′ − T ′ = I ,

which proves the second of the formulae (16.7).
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(iii) Suppose that I + T ′ is generalized almost invertible on XM , i.e.
there exists WT ′ ∈ WI+T ′ such that WT ′XM ⊂ XM , and that WT is given
by (16.6). By the same argument as in (i) and (ii), we conclude that WT is
well-defined and WTXM+N ⊂ XM+N . We prove that WT is a generalized
almost inverse of I + T . Indeed,

(I + T )WT (I + T ) = (I + T )(I −R0 . . . RN−1WT ′T1)(I + T )
= (I + T )[I + T −R0 . . . RN−1WT ′T1(I + T )]
= (I + T )[I + T −R0 . . . RN−1WT ′T1(I +R0 . . . RN−1T1)]
= (I + T )[I + T −R0 . . . RN−1WT ′(I + T1R0 . . . RN−1)T1]
= (I + T )2 − (I + T )R0 . . . RN−1WT ′(I + T ′)T1

= (I + T )2 − (I +R0 . . . RN−1WT ′(I + T ′)T1

= (I + T )2 −R0 . . . RN−1(I + T ′)T1

= (I + T )2 −R0 . . . RN−1(I + T1R0 . . . RN−1)T1

= (I + T )2 − (I +R0 . . . RN−1T1)R0 . . . RN−1T1

= (I + T )2 − (I + T )T = I + T ,

which proves the third of the formulae (16.6).
Similarly, if I + T is generalized almost invertible on XM+N , i.e. there

exists WT ∈ WI+T such that WTXM+N ⊂ XM+N , then WT ′ given by (16.7)
is well-defined and WT ′XM ⊂ XM . By the same argument as in (i) and (ii),
WT ′ ∈ WI+T ′ .

If I + T is invertible then (i) and (ii) together imply the fourth of the
formulae (16.6). The proof is complete.

Definition 16.1 (cf. [46]). (i) The problem (16.0)–(16.1) is well-posed
if it has a unique solution for every y ∈ X, y0, . . . , yM+N−1 ∈ kerD.

(ii) The problem (16.0)–(16.1) is ill-posed if either there exist y ∈ X,
y0, . . . , yM+N−1 ∈ kerD such that this problem has no solutions or the
homogeneous problem (i.e. y = yj = 0, j = 0, . . . ,M + N − 1) has a non-
trivial solution.

Lemma 16.2. Let Q[D] and T be given by (16.0) and (16.2), respectively.
Then

(16.8) DM+N (I + T ) = Q[D] ,
(16.9) FjD

j(I + T ) = FjD
j (j = 0, . . . ,M +N − 1) .

P r o o f. Since FjRj = 0 and DFj = 0, we find

DM+N (I + T ) = DM+N
(
I +

M∑
m=0

N∑
n=0

R0 . . . RM+N−m−1EmnD
n
)
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= DM+N +
M∑
m=0

N∑
n=0

DmEmnD
n

= DM+N +
M∑
m=1

N∑
n=0

Dm
(
A′mn −

M∑
µ=m

FM+N−mD
µ−mA′µn

)
Dn

+
N∑
n=0

A′0nD
n = DM+N +

M∑
m=1

N∑
n=0

DmA′mnD
n +

N∑
n=0

A′0nD
n

= DM+N +
M∑
m=0

N∑
n=0

DmA′mnD
n = Q[D] ,

which proves (16.8).
For j = 0, . . . , N − 1 we obtain

FjD
j(I + T ) = FjD

j + FjD
jT

= FjD
j + FjD

j
M∑
m=0

N∑
n=0

R0 . . . RM+N−m−1EmnD
n

= FjD
j +

M∑
m=0

N∑
n=0

FjRj . . . RM+N−m−1EmnD
n = FjD

j .

If j = N + i, i = 0, . . . ,M − 1, then

FjD
j(I + T ) = FN+iD

N+i
(
I +

M∑
m=0

N∑
n=0

R0 . . . RM+N−m−1EmnD
n
)

= FN+iD
N+i +

M∑
m=0

N∑
n=0

FN+iD
iRN . . . RM+N−m−1EmnD

n

= FN+iD
N+i +

M∑
m=1

N∑
n=0

FN+iD
iRN . . . RM+N−m−1EmnD

n

+
N∑
n=0

FN+iD
iRN . . . RM+N−1E0nD

n

= FN+iD
N+i

+
M∑
m=1

N∑
n=0

FN+iD
iRN . . . RM+N−m−1

(
A′mn −

M∑
µ=m

FM+N−mAµn

)
Dn

= FN+iD
N+i

+
M∑

m=M−i

N∑
n=0

FN+iD
i+m−M

(
A′mn −

M∑
µ=m

FM+N−mD
µ−mA′µn

)
Dn
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= FN+iD
N+i +

M∑
m=M−i

N∑
n=0

FN+iD
i+m−MA′mnD

n

−
M∑

m=M−i

N∑
n=0

M∑
µ=m

FN+iD
i+m−MFM+N−mD

µ−mA′µnD
n

= FN+iD
N+i +

M∑
m=M−i

N∑
n=0

FN+iD
i+m−MA′mnD

n

−
M∑

µ=M−i

N∑
n=0

FN+iD
µ+i−MA′µnD

n

= FN+iD
N+i = FjD

j ,

which proves (16.9).

Lemma 16.3. The problem (16.0)–(16.1) is well-posed if and only if I+T
is invertible on XM+N .

P r o o f. By Lemma 16.2, the equation (16.0) is equivalent to

(I + T )x = R0 . . . RM+N−1y + z0 +
M+N−1∑
j=1

R0 . . . Rj−1z ,

where z0, . . . , zM+N−1 ∈ kerD are arbitrary. The formula (16.9) and the
last equation together imply that the problem (16.0)–(16.1) is equivalent to
the equation

(16.10) (I + T )x = R0 . . . RM+N−1y + y0 +
M+N−1∑
j=1

R0 . . . Rj−1yj .

If β = −1 is an eigenvalue of T then the equation (I + T )x = 0 has a
non-trivial solution, i.e. the problem (16.0)–(16.1) is ill-posed and I + T is
not invertible on XM+N .

Suppose that β = −1 is not an eigenvalue of T . Consider two cases:
(i) I + T is not invertible on XM+N , i.e. (I + T )XM+N  XM+N , and
(ii) I + T is invertible on XM+N .

In case (i), the equation (16.10) is solvable if and only if

(16.11) R0 . . . RM+N−1y + y0 +
M+N−1∑
j=1

R0 . . . Rj−1yj ∈ (I + T )XM+N .

Let y := DM+Nu, yj := FjD
ju (j = 0, . . . ,M +N − 1), where u ∈ XM+N \
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(I + T )XM+N is arbitrary. Then by the Taylor–Gontcharov formula

R0 . . .RM+N−1y + y0 +
M+N−1∑
j=1

R0 . . . Rj−1yj

= R0 . . . RM+N−1u+ F0u+
M+N−1∑
j=1

R0 . . . Rj−1FjD
M+N−ju

=
(M+N−1∑

j=0

R0 . . . Rj−1FjD
M+N−j +R0 . . . RM+N−1D

M+N
)
u

= u 6∈ (I + T )XM+N ,

i.e. the problem (16.0)–(16.1) is ill-posed.
In the case (ii), a unique solution of the problem (16.0)–(16.1) is

x = (I + T )−1
(
R0 . . . RM+N−1y + y0 +

M+N−1∑
j=1

R0 . . . Rj−1yj

)
,

i.e. the problem (16.0)–(16.1) is well-posed. The proof is complete.

Definition 16.2. Let T ′ be given by (16.3). Then the operator I + T ′

is called the resolving operator for the first mixed boundary value problem
(16.0)–(16.1).

Theorem 16.1. The first mixed boundary value problem (16.0)–(16.1) is
well-posed if and only if its resolving operator I + T ′ is invertible.

P r o o f. By Lemma 16.1, I + T ′ is invertible on XM if and only if I + T
is invertible on XM+N . From the assumption on Q[D] we conclude that
ImT ′ ⊂ XM . Hence, Lemma 13.1 implies that I + T ′ is invertible if and
only if I + T is invertible on XM+N . On the other hand, by Lemma 16.3,
I + T is invertible on XM+N if and only if the problem (16.0)–(16.1) is
well-posed. Thus these results immediately imply the assertion.

Now we prove the main result for the first mixed boundary value prob-
lem.

Theorem 16.2. Let D ∈ R(X) and let Fj ∈ FD be initial operators
corresponding to Rj ∈ RD (j = 0, . . . ,M + N − 1). Let T ′ and T be given
by (16.3) and (16.2), respectively.

(i) If I+T ′ is invertible then the problem (16.0)–(16.1) is well-posed and
its unique solution is

(16.11) x = MT

(
R0 . . . RM+N−1y + y0 +

M+N−1∑
j=1

R0 . . . Rj−1yj

)
,
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where

(16.12)

MT = I −R0 . . . RN−1(I + T ′)−1H ,

H =
M∑
m=0

N∑
n=0

RN . . . RM+N−m−1EmnD
n ,

and the Emn are defined by (16.4)–(16.4′).
(ii) If I+T ′ is right invertible but not invertible, then the problem (16.0)–

(16.1) is ill-posed. All its solutions are given by

(16.13) x = RT

(
R0 . . . RM+N−1y +

M+N−1∑
j=1

R0 . . . Rj−1yj + y0

)
+ z ,

where RT := I−R0 . . . RN−1RT ′H, RT ′ ∈ RI+T ′ , z ∈ ker(I+T ) is arbitrary.
(iii) If I +T ′ is left invertible but not invertible then the problem (16.0)–

(16.1) is ill-posed and has a solution under the following necessary and suf-
ficient condition:

(16.14) R0 . . . RM+N−1y + y0 +
M+N−1∑
j=1

R0 . . . Rj−1yj ∈ (I + T )XM+N .

If this condition is satisfied then a unique solution of the problem (16.0)–
(16.1) is

(16.15) x = LT

(
R0 . . . RM+N−1y + y0 +

M+N−1∑
j=1

R0 . . . Rj−1yj

)
,

where LT := I −R0 . . . RN−1LT ′H, LT ′ ∈ LI+T ′ .
(iv) If I + T ′ ∈ W (X) and is not one-sided invertible then the problem

(16.0)–(16.1) is ill-posed and has solutions if and only if the condition (16.14)
is satisfied. If this is the case, all solutions are

x = WT

(
R0 . . . RM+N−1y + y0(16.16)

+
M+N−1∑
j=1

R0 . . . RM+N−j−1yM+N−j

)
+ z0 ,

where WT = I − R0 . . . RN−1WT ′H, WT ′ ∈ WI+T ′ , z ∈ ker(I + T ) is
arbitrary.

P r o o f. By Lemma 16.2, the equation (16.0) is equivalent to

(I + T )x = R0 . . . RM+N−1y + z0 +
M+N−1∑
j=1

R0 . . . Rj−1zj ,
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where z0, . . . , zM+N−1 ∈ kerD are arbitrary. The formulae (16.8)–(16.9)
imply that the boundary value problem (16.0)–(16.1) is equivalent to the
equation

(I + T )x = R0 . . . RM+N−1y + y0 +
M+N−1∑
j=1

R0 . . . Rj−1yj .

It is easy to see that R0 . . . RN−1H = T , HR0 . . . RN−1 = T ′. Hence I + T
is invertible (right invertible, left invertible, generalized almost invertible)
on XM+N provided that I +T ′ is invertible (right invertible, left invertible,
generalized almost invertible) on XM .

(i) If I+T ′ is invertible then by Lemma 16.1, MT := I−R0 . . . RN−1(I+
T ′)−1H is the inverse of I+T and MTXM+N ⊂ XM+N . This gives (16.11).

(ii) If I + T ′ is right invertible, then so is I + T and RT := I −
R0 . . . RN−1RT ′H ∈ RI+T for every RT ′ ∈ RI+T ′ , which proves (16.13).

(iii) If I + T ′ is left invertible but not invertible then by Lemma 16.1,
I + T is left invertible only. This implies that the problem (16.0)–(16.1) is
solvable if and only if the condition (16.14) is satisfied. By Lemma 16.1, if
LT ′ ∈ LI+T ′ then LT := I − R0 . . . RN−1LT ′H is a left inverse of I + T ,
which proves (16.15).

(iv) If I+T ′ is generalized almost invertible but not one-sided invertible
then by Lemma 16.1, if WT ′ ∈ WI+T ′ , then WT := I−R0 . . . RN−1WT ′H is
a generalized almost inverse of I + T , and I + T is not one-sided invertible.
This implies that the condition for solvability of the problem (16.0)–(16.1)
is (16.14) and all solutions are given by (16.16) (provided that the condition
(16.14) is satisfied). The proof is complete.

Putting Amn = 0 (m = 0, . . . ,M−1; n = 0, . . . , N) and AMn = An (n =
0, . . . , N) in Theorem 16.2, we obtain the following result for the boundary
value problem

(16.17)
P (D)x := DM

N∑
n=0

AnD
nx = y ,

FiD
ix = yi ∈ kerD (i = 0, . . . ,M +N − 1)

Corollary 16.1. Let D ∈ R(X) and let Fj be initial operators corre-
sponding to Rj ∈ RD (j = 0, . . . , N +M − 1). Write

T1 :=
N−1∑
n=0

R0 . . . RN−1

(
I −

M∑
µ=1

RN . . . RN+µ−1FN+µD
µ
)
AnD

n ,

T ′1 :=
N−1∑
n=0

(
I −

M∑
µ=1

RN . . . RN+µ−1FN+µD
µ
)
AnRn . . . RN−1 ,
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H :=
N−1∑
n=0

(
I −

M∑
µ=1

RN . . . RN+µ−1FN+µD
µ
)
AnD

n .

(i) If I + T ′1 is invertible then the problem (16.17) is well-posed and its
unique solution is

x = [I −R0 . . . RN−1(I + T ′1)−1H]
(
R0 . . . RM+N−1y + y0

+
M+N−1∑
j=1

R0 . . . Rj−1yj

)
.

(ii) If I+T ′1 is right invertible but not invertible, then the problem (16.17)
is ill-posed and its solutions are

x = (I −R0 . . . RN−1RT ′1H)
(
R0 . . . RM+N−1y + y0

+
M+N−1∑
j=1

R0 . . . Rj−1yj

)
+ v ,

where RT ′1 ∈ RI+T ′1 , v ∈ ker(I + T1) is arbitrary.
(iii) If I +T ′1 is left invertible but not invertible then the problem (16.17)

is ill-posed and has a solution under the following necessary and sufficient
condition:

(16.18) R0 . . . RM+N−1y + y0 +
M+N−1∑
j=1

R0 . . . Rj−1 ∈ (I + T1)XM+N .

If this condition is satisfied then a unique solution is

x = (I−R0 . . . RN−1LT ′1H)
(
R0 . . . RM+N−1y+y0 +

M+N−1∑
j=1

R0 . . . Rj−1yj

)
,

where LT ′1 ∈ LI+T ′1 .
(iv) If I +T ′1 is generalized almost invertible but not one-sided invertible

then the problem (16.17) is ill-posed and has solutions if and only if the
condition (16.18) is satisfied. If this is the case, all solutions are given by

x = (I −R0 . . . RN−1WT ′1
H)
(
R0 . . . RM+N−1y + y0

+
M+N−1∑
j=1

R0 . . . Rjyj+1

)
+ u ,

where WT ′1
∈ WI+T ′1

, u ∈ ker(I + T1) is arbitrary.
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Similarly, for the problem

(16.19)
P 〈D〉 :=

(
DM+N +

M−1∑
m=0

DmAmD
N
)
x = y ,

FjD
jx = yj ∈ kerD (j = 0, . . . ,M +N − 1)

we can formulate the following result.

Corollary 16.2. Write

T+
2 := I −

M−1∑
i=1

RN . . . RN+i−1FN+iD
i ,

T−2 :=
M−1∑
m=0

RN . . . RN+M−m−1Am ,

T2 := R0 . . . RN−1T
+
2 T
−
2 D

N , T ′2 := T+
2 T
−
2 .

(i) If the resolving operator I + T ′2 is invertible then problem (16.19) is
well-posed and its unique solution is of the form

x = [I −R0 . . . RN−1(I + T ′2)−1T ′2D
N ]
(
R0 . . . RN+M−1y + y0

+
M+N−1∑
j=1

R0 . . . Rj−1yj

)
.

(ii) If I+T ′2 is right invertible but not invertible then the problem (16.19)
is ill-posed and its solutions are

x = (I −R0 . . . RN−1RT ′2T
′
2D

N )
(
R0 . . . RN+M−1y + y0

+
M+N−1∑
j=1

R0 . . . Rj−1yj

)
+ u ,

where RT ′2 ∈ RI+T ′2 , u ∈ ker(I + T2) is arbitrary.
(iii) If I + T ′2 is left invertible and is not invertible then the problem

(16.19) is ill-posed and has a solution under the following necessary and
sufficient condition

(16.20) R0 . . . RM+N−1y + y0 +
M+N−1∑
j=1

R0 . . . Rj−1yj ∈ (I + T2)XM+N .

If the condition (16.20) is satisfied, a unique solution of the problem (16.19)



III. General equations with right invertible operators 113

is

x = (I −R0 . . . RN−1LT ′2D
N )
(
R0 . . . RM+N−1y + y0

+
M+N−1∑
j=1

R0 . . . Rj−1yj

)
,

where LT ′2 ∈ LI+T ′2 .
(iv) If I+T ′2 is generalized almost invertible and is not one-sided invert-

ible then the problem (16.19) is ill-posed and has solutions if and only if the
condition (16.20) is satisfied. If this is the case, all solutions of (16.19) are
given by

x = (I −R0 . . . RN−1WT ′2
T ′2D

N )
(
R0 . . . RM+N−1y + y0

+
M+N−1∑
j=1

R0 . . . Rj−1yj

)
+ v ,

where WT ′2
∈ WI+T ′2

, v ∈ ker(I + T2) is arbitrary.

Example 16.1. Consider the equation

(16.21)
d2

dt
x(t) +

d

dt
A(t)

d

dt
x(t) + βx(t) = y(t) ,

where A ∈ C1[a, b], A(t) 6= −1, β ∈ R is a parameter, with the mixed
boundary conditions

(16.22) x(a) = xa , (1 +A(b))x′(b) = xb , xa, xb ∈ R .

Write (16.21) in the form

(16.21′) (D2 +DAD + βI)x = y ,

where D := d/dt, (Ax)(t) := A(t)x(t). Set

(16.23) Ra :=
t∫

a

, Rb :=
t∫

b

, (Fax)(t) := x(a) , (Fbx)(t) := x(b) .

By Lemmas 16.2 and 16.3, problem (16.21)–(16.22) is equivalent to the
equation

[I+Ra(AD+βRb−FbAD)]x = RaRby+Rax
′
b+xa , x′b = [1−A(b)]−1xb .

The resolving operator is I + T ′ = I +A+ βRbRa − FbA. Since A(t) 6= −1
and Ra, Rb are Volterra operators, it is easy to check that I+T ′ is invertible.
Hence, the problem (16.21)–(16.22) is well-posed and its unique solution is

x = [I −Ra(I + T ′)−1(AD + βRb − FbAD)](RaRby +Rax
′
b + xa) .
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In particular, if β = 0 the unique solution is

x(t) =
t∫

a

[1 +A(s)]−1
s∫

b

y(u) du ds+ xa + xb

t∫
a

[1 +A(s)]−1ds .

Example 16.2. Let Γ be a regular closed arc in the complex plane. Let
X = Hµ(Γ ), 0 < µ < 1. Consider the operators

(Ax)(t) := a(t)x(t) , (Bx)(t) := b(t)x(t) ,

(Sx)(t) :=
1
πi

∫
Γ

(u− t)−1x(u) du , K := A+BS ,

where a, b ∈ X, b2 − a2 6= 0, κK = IndK = 1 (cf. Example 9.2). Then K is
right invertible and R ∈ RK , where

(Rx)(t) := a(t)x(t)− b(t)Z(t)
πi

∫
Γ

x(u) du
Z(u)(u− t)

,

Z(t) := t−1/2eV (t) ,

V (t) :=
1
πi

∫
Γ

ln[u−1(a(u)− b(u))(a(u) + b(u))−1] du
u− t

(cf. Example 9.2). Moreover

kerK = {z ∈ X : z(t) = b(t)Z(t)c , c ∈ C} ,
RK = {R′ = T −RKT +R : T ∈ L0(X)} ,
FK = {F ′ = I −R′K : R′ ∈ RK} .

Let F0 := I−RK, F1 := I−(I−RK+R)K, (A1x)(t) := a1(t)x(t). Consider
the mixed boundary value problem

(16.24) (K2 −KA1)x = y ,

(16.25) F0x = x0 , F1Kx = x1 , x0, x1 ∈ kerK .

The problem (16.24)–(16.25) is equivalent to the equation

(16.26) [I +R(A1 − F1A1)]x = R0R1y +R0x1 + x0 ,

where R0 = R, R1 = R−F1R. The resolving operator is I+T ′ = I+A1R−
F1A1R, i.e.

[(I + T ′)x](t) = [1 + a1(t)a(t)]x(t)− a1(t)b(t)Z(t)
πi

∫
Γ

x(u) du
Z(u)(u− t)

− b(t)Z(t)x(t0) , t0 ∈ Γ .

We assume 1 + a1a ± a1b 6= 0, i.e. we shall deal with the so-called normal
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case of the equation

(16.27) (I + T ′)v = (A1 − F1A1)(R0R1y +R0x1 + x0) .

Write (16.27) in the form

(16.28) Mw := [(1 + aa1)ZI + a1bZS]w = y1 ,

where v(t) = Z(t)w(t), Z(t) 6= 0, y1 = (A1 − F1A1)(R0R1y +R0x1 + x0)−
b(t)Z(t)x(t0).

(i) If IndM > 0, then M is right invertible but not invertible. We obtain
the corresponding Riemann–Hilbert problem

(16.29) F+(t) = G(t)F−(t) + g(t) ,

where

G(t) =
1 + a1(t)a(t)− a1(t)b(t)
1 + a1(t)a(t) + a1(t)b(t)

, g(t) =
y1(t)

1 + a1(t)a(t) + a1(t)b(t)
.

This problem can be solved explicitly (cf. Example 12.1), so that all solu-
tions of (16.28) can be found in a closed form:

w(t) = F+(t)− F−(t) .

Hence, all solutions of (16.27) are of the form

(16.30) v(t) = Z(t)[F+(t)− F−(t)] .

In this case, the problem (16.24)–(16.25) is ill-posed. By Theorem 2.3, all
solutions of (16.26) (i.e. of (16.24)–(16.25)) are

(16.30′) x = R0R1y +R0x1 + x0 +Rv ,

where v is of the form (16.30).
(ii) If IndM < 0, then M is left invertible but not invertible. Hence, the

Riemann–Hilbert problem (16.29) is solvable if and only if

(16.31)
∫
Γ

g(s)
X+(s)

sk−1 ds = 0 (k = 1, . . . ,− IndM) ,

where

X+(z) := eG
+
0 (z) , G0(z) =

1
2πi

∫
Γ

ln[s−κ1G(s)]
s− z

ds , κ1 = IndM .

Hence, in this case, the problem (16.24)–(16.25) is ill-posed and has solutions
if and only if the condition (16.31) is satisfied. If this is the case, all solutions
of (16.24)–(16.25) are given by (16.30′).

(iii) If IndM = 0, then M is invertible. Hence, the Riemann–Hilbert
problem (16.29) has a unique solution and the problem (16.24)–(16.25) is
well-posed.
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17. Second mixed boundary value problems. Following Przewor-
ska-Rolewicz [46], a second mixed boundary value problem for the equation

(17.0) Q[D]x :=
M∑
m=0

N∑
n=0

DmAmnD
nx = y , y ∈ X ,

is to find all solutions satisfying the following mixed boundary conditions:

(17.1) Fkx = yk , yk ∈ kerD (k = 0, . . . ,K − 1) ,
(17.2) FjD

jx = yj , yj ∈ kerD (j = K, . . . ,M +N − 1) ,

where Fi (i = 0, . . . ,M + N − 1) are initial operators for D corresponding
to Ri ∈ RD.

In the sequel, we shall assume that F0, . . . , FK−1 ∈ c(R) for any R ∈ RD
and that they are linearly independent on kerDK . Hence there exist scalars
dij such that

(17.3) FiR
jz = dijz/j! for all z ∈ kerD (i, j = 0, . . . ,K − 1) .

Also by the assumptions, the matrix

(17.4) ∆K := (dij)i,j=0,...,K−1

is invertible. Write

(17.5) ∆′ := (dij)i,j=0,...,K−1 := ∆−1
K

To begin with, we recall the following (cf. [46])

Lemma 17.1. Let D ∈ R(X), dim kerD 6= 0 and Rj ∈ RD (j =
0, . . . ,M + N − 1). Then the general solution of the equation DM+Nx = 0
is

(17.6) x = z0 +
M+N−1∑
j=1

R0 . . . Rj−1zj ,

where zj ∈ kerD (j = 0, . . . ,M +N − 1) are arbitrary.

Putting R0 = R1 = . . . = RK−1 = R in (17.6) we obtain the general
solution of the equation DM+Nx = 0 in the form

(17.7) x =
K−1∑
j=0

Rjzj +
M+N−1∑
j=K

RKRK . . . Rj−1zj

(where we write RKRK . . . Rj−1 := RK for j = K). Write

S := I −
M+N−1∑
µ=K

RKRK . . . Rµ−1FµD
µ(17.8)
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−
K−1∑
j=0

K−1∑
k=0

d′jkR
jFk

(
I −

M+N−1∑
µ=K

RKRK . . . Rµ−1FµD
µ
)
,

H := SH0 , H0 :=
M∑
m=0

N∑
n=0

RKRK . . . RM+N−m−1A
′
mnD

n ,(17.9)

where we set

RKRK . . . RM+N−m−1 := RM+N−m if M +N −m ≤ K ,

(17.10) A′mn :=
{

0 if m = M, n = N ,
Amn otherwise.

Lemma 17.2. The equation (17.0) is equivalent to

(17.11) DM+N (I +H)x = y .

P r o o f. Since DR = I, DRj = I, DFj = 0, we have DM+NS =
DM+N , i.e. DM+NH =

∑M
m=0

∑N
n=0D

mA′mnD
n. This immediately implies

DM+N (I +H) = Q[D], i.e. (17.0) and (17.11) are equivalent.

It is easy to check that domS = XM+N , domH0 = XM+N and

(17.12) SXM+N ⊂ XM+N , (I +H0)XM+N ⊂ XM+N ,

i.e. S ∈ L0(XM+N ), I +H0 ∈ L0(XM+N ).

Lemma 17.3.

(17.13)

FiS = 0

FiD
iS = FiD

i

Fi(I +H) = Fi

FiD
i(I +H) = FiD

i

(i = 0, . . . ,K − 1) ,
(i = K, . . . ,M +N − 1) ,
(i = 0, . . . ,K − 1) ,
(i = K, . . . ,M +N − 1) .

P r o o f. By the assumption, F0, . . . , FK−1 ∈ c(R), i.e.

FiR
jFk = dijFk (i, j = 0, . . . ,K − 1; k = 0, . . . ,M +N − 1) ,

and DFk = 0, DRk = I (k = 0, . . . ,M +N −1). Hence for i = 0, . . . ,K−1,

FiS = Fi −
M+N−1∑
µ=K

FiR
KRK . . . Rµ−1FµD

µ

−
K−1∑
j=0

K−1∑
k=0

d′jkFiR
jFk

(
I −

M+N−1∑
µ=K

RKRK . . . Rµ−1FµD
µ
)

= Fi −
M+N−1∑
µ=K

FiR
KRK . . . Rµ−1FµD

µ
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−
K−1∑
j=0

K−1∑
k=0

djkdijFk

(
I −

M+N−1∑
µ=K

RKRK . . . Rµ−1FµD
µ
)

= Fi −
M+N−1∑
µ=K

FiR
KRK . . . Rµ−1FµD

µ

−
K−1∑
k=0

δikFk

(
I −

M+N−1∑
µ=K

RKRK . . . Rµ−1FµD
µ
)

= Fi −
M+N−1∑
µ=K

FiR
KRK . . . Rµ−1FµD

µ

− Fi
(
I −

M+N−1∑
µ=K

RKRK . . . Rµ−1FµD
µ
)

= Fi − Fi = 0 .

If i = K, . . . ,M +N − 1 then

FiD
iS = FiD

i −
M+N−1∑
µ=K

FiD
iRKRK . . . Rµ−1FµD

µ

−
K−1∑
j=0

K−1∑
k=0

d′jkFiD
iRjFk

(
I −

M+N−1∑
µ=K

RKRK . . .

. . . Rµ−1FµD
µ
)

= FiD
i .

The last two formulas are immediate consequences of the first two.

We need the following notations:

(17.14) R′j :=
{
R if j = 0, . . . ,K − 1,
Rj if j = K, . . . ,M +N − 1,

(17.15) Vm := I −
M+N−1∑

µ=M+N−m−1

R′M+N−m . . . R
′
µ−1FµD

µ+m−1−M−N

(m = 0, . . . ,M) .

It is easy to see that the operator H given by (17.9) can be written in the
form H = H1H2, where

(17.16)

H1 := I −
K−1∑
j=0

K−1∑
k=0

d′jkR
′
0 . . . R

′
j−1Fk ,

H2 :=
M∑
m=0

N∑
n=0

R′0 . . . R
′
M+N−m−1VmA

′
mnD

n .



III. General equations with right invertible operators 119

Lemma 17.4. Write

(17.17) Bmn :=
{
Amn if m = 0, . . . ,M ; n ≤ min(N,K − 1),
0 if m = 0, . . . ,M ; n > min(N,K − 1).

Then I +H is invertible (right invertible, left invertible, generalized almost
invertible) if and only if so is I +H ′0, where

(17.18) H ′0 :=
M∑
m=0

N∑
n=0

R′0 . . . R
′
M+N−m−1Vm

◦
(
A′mnD

n −Bmn
K−1∑
j=n

K−1∑
k=0

d′jkR
′
n . . . R

′
j−1Fk

)
.

P r o o f. By Theorem 2.1, I+H is right invertible (left invertible, gener-
alized almost invertible, invertible) if and only if so is I +H2H1, where H1,
H2 are defined by (17.16).

Since DFk = 0, we have

M∑
m=0

N∑
n=0

R′0 . . . R
′
M+N−m−1VmA

′
mnD

n
K−1∑
j=0

K−1∑
k=0

d′jkR
′
0 . . . R

′
j−1Fk

=
M∑
m=0

min(N,K−1)∑
n=0

R′0 . . . R
′
M+N−m−1VmA

′
mn

K−1∑
j=n

K−1∑
k=0

d′jkR
′
n . . . Rj−1Fk

=
M∑
m=0

N∑
n=0

R′0 . . . R
′
M+N−m−1VmBmn

K−1∑
j=n

K−1∑
k=0

d′jkR
′
n . . . R

′
j−1Fk .

This and (17.18) together imply H ′0 = H2H1, which completes the proof.

Lemma 17.5. Let H ′0 be defined by (17.18). Write

(17.19) H ′ :=
M∑
m=0

N∑
n=0

R′N . . . R
′
M+N−m−1B

′
mnR

′
n . . . R

′
N−1 ,

where

(17.20) B′mn := VnA
′
mn −Bmn

K−1∑
j=n

K−1∑
k=0

d′jkR
′
n . . . R

′
j−1FkR

′
0 . . . R

′
n−1 ,

and Vn, A′mn, Bmn and R′j are defined by (17.15), (17.10), (17.17) and
(17.14), respectively. Then I +H ′0 is right invertible (left invertible, gener-
alized almost invertible, invertible) on XM+N if and only if I +H ′ is right
invertible (left invertible, generalized almost invertible, invertible).
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P r o o f. Write H ′0 in the form H ′0 = R′0 . . . R
′
N−1H

′
1, where

(17.21) H ′1 :=
M∑
m=0

N∑
n=0

R′N . . . R
′
M+N−m−1Vm

(
A′mnD

n

−Bmn
K−1∑
j=n

K−1∑
k=0

d′jkR
′
n . . . R

′
j−1Fk

)
.

It is easy to check that H1R
′
0 . . . R

′
N−1 = H ′ and domH ′ = X. Hence, the

proof is an immediate consequence of Theorem 2.1.

Corollary 17.1. Let H and H ′ be defined by (17.16) and (17.19), respec-
tively. Then I +H is right invertible (left invertible, invertible, generalized
almost invertible) if and only if so is I + H ′. Moreover , if we denote by
RH′ (resp. LH′ , WH′) a right (left , generalized almost) inverse of I + H ′,
respectively , then

RH :=I − Y0(I −R′0 . . . R′N−1RH′H
′
1)Y1 ∈ RI+H ,

LH :=I − Y0(I −R′0 . . . R′N−1LH′H
′
1)Y1 ∈ LI+H ,

WH :=I − Y0(I −R′0 . . . R′N−1WH′H
′
1)Y1 ∈ WI+H ,

respectively , where H ′1 is given by (17.21), and

Y0 :=I −
K−1∑
j=0

K−1∑
k=0

d′jkR
′
0 . . . R

′
j−1Fk ,

Y1 :=
M∑
m=0

N∑
n=0

R′0 . . . R
′
M+N−m−1VmA

′
mnD

n .

Definition 17.1. Let H ′ be given by (17.19). Then the operator I+H ′

is said to be the resolving operator for the second mixed boundary value
problem (17.0)–(17.2).

Theorem 17.1. The second mixed boundary value problem (17.0)–(17.2)
is well-posed if and only if the resolving operator I +H ′ is invertible. If this
is the case, the unique solution of the problem (17.0)–(17.2) is

(17.22)

x = {I−S0[I−R′0 . . . R′N−1(I+H ′)−1H1]H0}
(K−1∑
j=0

K−1∑
k=0

d′jkR
jyk+S0yM+N

)
,

where

(17.23) S0 := I −
K−1∑
j=0

K−1∑
k=0

d′jkR
jFk ,
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R′j, H
′
1, H0 are defined by (17.14), (17.21) and (17.9), respectively, and

(17.24) yM+N = RKRK . . . RM+N−1y +
M+N−1∑
j=K

RKRK . . . Rj−1yj .

P r o o f. By Lemma 17.2, the equation (17.0) is equivalent to DM+N (I+
H)x = y, which in turn, by Lemma 17.1, is equivalent to

(I +H)x = RKRK . . . RM+N−1y +
K−1∑
j=0

Rjzj +
M+N−1∑
j=K

RKRK . . . Rj−1zj .

Now (17.13) implies

yi = FiR
KRK . . . RM+N−1y +

K−1∑
j=0

dijzj +
M+N−1∑
j=K

FiR
KRK . . . Rj−1zj

(i = 0, . . . ,K − 1) ,
yk = zk (k = K, . . . ,M +N − 1) ,

i.e.

yi − FiyM+N =
K−1∑
j=0

d′ijzj (i = 0, . . . ,K − 1) .

Since F0, . . . , FK−1 are linearly independent on kerDK , the last algebraic
system has a unique solution

zj =
K−1∑
k=0

d′jk(yk − FkyM+N ) (j = 0, . . . ,K − 1) .

Thus the problem (17.0)–(17.2) is equivalent to the equation

(I +H)x =
K−1∑
j=0

K−1∑
k=0

d′jkR
jyk +

(
I −

K−1∑
j=0

K−1∑
k=0

d′jkR
jFk

)
yM+N ,

i.e.

(I +H)x =
K−1∑
j=0

K−1∑
k=0

d′jkR
jyk + S0yM+N .(17.25)

Therefore the problem (17.0)–(17.2) is well-posed if and only if (17.25) has
a unique solution, i.e. I +H is invertible on XM+N . On the other hand, by
Corollary17.1, I+H is invertible on XM+N if and only if I+H ′ is invertible.
Thus we conclude that the problem (17.0)–(17.2) is well-posed if and only
if the resolving operator I +H ′ is invertible.

Also by Corollary 17.1, if I +H ′ is invertible then

(I +H)−1 = I − S0[I −R′0 . . . R′N−1(I +H ′)−1H1]H0 .
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This equality and (17.25) together imply (17.22). The proof is complete.

Now we consider ill-posed cases of the problem (17.0)–(17.2).

Theorem 17.2. Suppose that D ∈ R(X), R ∈ RD and F0, . . . , FK−1 ∈
FD∩c(R) are linearly independent on kerDK . Suppose, moreover , that H0,
H ′1, H, H ′ are given by (17.9), (17.21), (17.9) and (17.19), respectively.

(i) If I +H ′ is right invertible but not invertible, then the second mixed
boundary value problem (17.0)–(17.2) is ill-posed and its solutions are

(17.26)

x = [I −S0(I −R′0 . . . R′N−1RH′H
′
1)H0]

(K−1∑
j=0

K−1∑
k=0

d′jkR
jyk +S0yM+N

)
+ z ,

where RH′ ∈ RI+H′ , R′j , S0 are given by (17.14) and (17.23), respectively,
z ∈ ker(I +H) is arbitrary.

(ii) If I+H ′ is left invertible but not invertible, then the problem (17.0)–
(17.2) is ill-posed and has a solution under the following necessary and suf-
ficient condition:

(17.27)
K−1∑
j=0

K−1∑
k=0

d′jkR
jyk + S0yM+N ∈ (I +H)XM+N .

If the condition (17.27) is satisfied then a unique solution of the problem
(17.0)–(17.2) is given by

(17.28)

x = [I − S0(I −R′0 . . . R′N−1LH′H
′
1)H0]

(K−1∑
j=0

K−1∑
k=0

d′jkR
jyk + S0yM+N

)
,

where LH′ ∈ LI+H′ , R′j , S0 are given by (17.14) and (17.23).
(iii) If I+H ′ is generalized almost invertible but not one-sided invertible,

then the problem (17.0)–(17.2) is ill-posed and has solutions if and only if
the condition (17.27) is satisfied. If this is the case, then all solutions are
given by

(17.29)

x = [I−S0(I−R′0 . . . R′N−1WH′H
′
1)H0]

(K−1∑
j=0

K−1∑
k=0

d′jkR
jyk +S0yM+N

)
+u ,

whereWH′ ∈ WI+H′ , R′j , S0 are given by (17.14), (17.23), and u ∈ ker(I+H)
is arbitrary.
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P r o o f. (i) Since I +H ′ is right invertible so is I +H on XM+N . Hence
the problem (17.0)–(17.1) has solutions of the form

(17.30) x = RH

(K−1∑
j=0

K−1∑
k=0

d′jkR
jyk + S0yM+N

)
+ z ,

where RH ∈ RI+H and z ∈ ker(I +H) is arbitrary.
On the other hand, by Corollary 17.1, we have

RH = I − S0(I −R′0 . . . R′N−1RH′H1)H0 .

Hence, from (17.30) we obtain (17.26) and the problem (17.0)–(17.2) is ill-
posed.

(ii) By Corollary 17.1, I + H is left invertible and not invertible on
XM+N . Hence the equation (17.25), i.e. the problem (17.0)–(17.2), has a
solution if and only if (17.27) is satisfied, i.e. the problem (17.0)–(17.2) is ill-
posed. If (17.27) is satisfied then by Corollary 17.1 we get a unique solution
of (17.25) in the form (17.28).

(iii) Also by Corollary 17.1, I +H is generalized almost invertible. This
implies that (17.25) is solvable if and only if (17.27) is satisfied, i.e. the
problem (17.0)–(17.2) is ill-posed. If (17.27) is satisfied then the solutions
are

x = WH

(K−1∑
j=0

K−1∑
k=0

d′jkR
jyk + S0yM+N

)
+ u ,

where WH ∈ WI+H , u ∈ ker(I + H) is arbitrary. This formula and Corol-
lary 17.1 give us (17.29). The proof is complete.

R e m a r k 17.1. It is easy to show that all the above results of Sections
13–17 are true in the case when the coefficient AMN of Q[D] is not the
identity operator. This is illustrated in the following example.

Example 17.1. Let D ∈ R(X), R ∈ RD and let F ∈ FD be an initial
operator corresponding to R. Consider the equation

(17.31) (DA0D +DA1 +A2D +A3)x = y , y ∈ X ,

where Aj ∈ L0(X) (j = 0, 1, 2, 3), ImA0 ⊂ domD, ImA1 ⊂ domD. Write
(17.31) in the form

D2{I −R[(I −A)D −A1 −RA2D −RA3]}x = y ,

which is equivalent to

{I−R[(I−A0)D−A1−RA2D−RA3]}x = R2y+Rz1+z2 , z1, z2 ∈ kerD .

Write
E := I −R((I −A0)D −A1R−RA2 −RA3R) ,
E′ := A0 +A1R+RA2 +RA3R .
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It is easy to check that E is right (left, generalized almost) invertible if and
only if so is E′. Moreover, if RE′ , LE′ , WE′ are a right inverse, a left inverse
and a generalized almost inverse of E′, respectively then

RE := I −RRE′ [(I −A0)D −A1R−RA2 −RA3R] ∈ RE ,
LE := I −RLE′ [(I −A0)D −A1R−RA2 −RA3R] ∈ LE ,
WE := I −RWE′ [(I −A0)D −A1R−RA2 −RA3R] ∈ WE .

Thus, E′ is a resolving operator for the equation (17.31).

Example 17.2. Let X = C[0, 1]. It is well-known that the equation

x′(t) = a(t)x(t) + g(t)

has solutions of the form

x(t) =
{ t∫
t0

g(s) exp
[
−

s∫
t0

a(u) du
]
ds+ x0

}
exp

[ t∫
t0

a(u) du
]
,

where t0 ∈ [0, 1], x0 = x(t0) is arbitrary. In particular, the equation

(17.32) b′(t) = a(t)b(t) + a(t)

has a solution of the form

(17.33) b(t) =
{ t∫

0

a(s) exp
[
−

s∫
0

a(u) du
]
ds

}
exp

[ t∫
0

a(u) du
]
.

Consider the problem

(17.34) x′′′(t) + a(t)x′′(t) = y(t) ,
(17.35) x(0) = x0 , x(1) = x1 , x′(0) = x2 .

Suppose that b(t) is given by (17.33). Hence, from (17.32) we get a(t) =
[1 + b(t)]−1b′(t). Write (17.34) in the form

x′′′(t) + [b(t)x′′′(t) + b′(t)x′′(t)] = [1 + b(t)]y(t) ,

which is equivalent to

(17.36) (D3 +DBD2)x = y1 ,

where (Dx)(t) = x′(t), (Bx)(t) = b(t)x(t), y1 = (1 + b)y. The conditions
(17.35) may be written in the form

(17.37) F0x = x0 , F1x = x1 , F0Dx = x2 ,

where Fj (j = 0, 1) are initial operators for D corresponding to the right
inverses R0 =

∫ t
0
, R1 =

∫ t
1
. It is easy to check that the operators F0, F1,

F0D are linearly independent on kerD3.
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The problem (17.34)–(17.35) is equivalent to the equation

(17.38) [I +R2
0(I − 2F1R

2
0)BD2]x

= (I − 2R2
0F1)R2

0R1y + 2R2
0(x1 − x0 − x2) +R0x2 + x0 .

The resolving operator for the problem (17.34)–(17.35) is

(17.39) I +H ′ = I +B − 2F1R
2
0B .

We first investigate the equation

(17.40) (I +H ′)u = v ,

where

v = (I − 2F1R
2
0)BD2[(I − 2R2

0F1)R2
0R1y+ 2R2

0(x1− x0− x2) +R0x2 + x0] .

By Theorem 2.3, (17.38) has solutions if and only if (17.40) has solutions.
If this is the case, the solutions of (17.38) are

(17.40′) x = R2
0u+ (I − 2R2

0F1)R2
0R1y + 2R2

0(x1 − x0 − x2) +R0x2 + x0 .

Write (17.40) in the form

[1 + b(t)]u(t)− 2
1∫

0

(1− s)b(s)u(s) ds = v(t) ,

which is equivalent to the algebraic system

(17.41) u(t) = [1 + b(t)]−1[2β + v(t)] , (1− 2β0)β = β1 ,

where the constants β0, β1 are defined by

(17.42)

β0 :=
1∫

0

[1 + b(t)]−1(1− t)b(t) dt ,

β1 :=
1∫

0

[1 + b(t)]−1(1− t)b(t)v(t) dt .

From (17.41) we conclude that

(i) If β0 6= 1/2 then (17.40) has a unique solution

(17.43) u(t) = [1 + b(t)]−1[2β1/(1− 2β0) + v(t)] ,

where β0 and β1 are given by (17.42), so that, in this case, the problem
(17.34)–(17.35) is well-posed and has a unique solution given by (17.40′),
where u(t) is defined by (17.43).
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(ii) If β0 = 1/2, then (17.40) is solvable if and only if β1 = 0. If that
is the case, the general solution of (17.40) is defined by the first formula of
(17.41), where β is an arbitrary constant. Hence, in that case, the problem
(17.34)–(17.35) is ill-posed.

Example 17.3. Let X := C(R), D := d/dt, R :=
∫ t
0
, (Fjx)(t) :=

x(tj) (j = 0, . . . , n), ti 6= tj for i 6= j. Consider the problem

(17.44) Dn+sx = y , Fjx = aj , FnD
kx = an+k

(j = 0, . . . , n− 1; k = 0, . . . , s− 1) .

Note that if y = 0 we get a particular case of the Hermite interpolation
problem. Hence the operators F0, . . . , Fn−1, Fn, FnD, . . . , FnD

s−1 are lin-
early independent on kerDn+s.

Write

w(t) :=
n−1∏
j=0

(t− tj) ,

wi(t) :=
n−1∏

j=0,j 6=i

t− tj
ti − tj

(
t− tn
ti − tn

)s
(i = 0, . . . , n− 1) ,

wn,k(t) =
{

1
w(t)

}
(s−1−k,tn)

(t− tn)k

k!
w(t) (k = 0, . . . , s− 1)

(cf. Example 9.3). It is easy to check that

(17.45) wi(tj) = δij , w(k)(tj) = 0
(i, j = 0, . . . , n− 1; k = 0, . . . , s− 1) ,

w
(µ)
n,k(tj) = δnjδuk (µ, k = 0, . . . , s− 1; j = 0, . . . , n) .

The unique solution of the corresponding Hermite interpolation problem is

(17.46) x1(t) =
n−1∑
i=0

aiwi(t) +
s−1∑
k=0

an+kwn,k(t) .

Hence, a solution of (17.44) is of the form x(t) = x1(t) + x0(t), where x0(t)
is a solution of the problem

(17.47) Dn+sx = y , Fjx = FnD
kx = 0

(j = 0, . . . , n− 1; k = 0, . . . , s− 1) .

From (17.45) we obtain

x0(t) = −
n−1∑
j=0

wj(t)Fjy0 −
s−1∑
k=0

wn,k(t)FnDky0 + y0 ,
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where y0 := Rn+sy. Indeed, if i = 0, . . . , n− 1 then

Fix0 = −
n−1∑
j=0

(Fiwj)Fjy0 −
s−1∑
k=0

(Fiwn,k)FnDky0 + Fiy0

= −
n−1∑
j=0

δijFjy0 −
s−1∑
k=0

δinFnD
ky0 + Fiy0 = −Fiy0 + Fiy0 = 0 .

Similarly, if i = n and k = 0, . . . , s− 1 then

FnD
kx0 = −

n−1∑
j=0

(FnDkwj)Fjy0 −
s−1∑
i=0

(FnDkwn,i)FnDiy0 + FnD
ky0

= −
n−1∑
j=0

δnjFjy0 −
s−1∑
i=0

δkiFnD
iy0 + FnD

ky0

= −FnDky0 + FnD
ky0 = 0 .

Thus x(t) = x0(t) + x1(t), where x1, x0 are of the form (17.46) and (17.47),
is a unique solution of the problem (17.44).

18. First order equations in the noncommutative case. Consider
the equation

(18.1) (D −A)x = y , y ∈ X , Fx = y0 , y0 ∈ kerD ,

where D ∈ R(X), R ∈ RD, F ∈ FD corresponds to R, A ∈ L0(X).

Definition 18.1. (i) The operators I −RA and I −AR are said to be
the resolving operators for the operator D −A.

(ii) If neither I −RA nor I −AR is invertible, then the equation (18.1)
is said to be ill-determined.

Note that the solvability of ill-determined equations in the cases when
the resolving operators are either left or right invertible was studied by
Pogorzelec [41]–[43] (cf. also [46]).

Theorems 2.1 and 10.3 imply that I −RA is right invertible (left invert-
ible, generalized almost invertible, invertible) if and only if so is I − AR.
Hence, in the sequel, it is enough to deal with I −RA.

Theorem 18.1. Suppose that D ∈ R(X), dim kerD 6= 0. If the resolving
operator I−RA is generalized almost invertible and WA ∈ WI−RA, then the
equation (18.1) has solutions if and only if

(18.2) Ry + y0 ∈ (I −RA)X1 .

In that case, the set of all solutions of (18.1) is

(18.3) G = {x = WA(Ry + y0) + u0 : u0 ∈ ker(I −RA)} .
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P r o o f. Since each solution of Dv = y is of the form v = Ry + z,
z ∈ kerD, the problem (18.1) is equivalent to the equation

(18.4) (I −RA)x = Ry + y0 .

Hence we get the condition (18.2). If this condition is satisfied, then (18.4)
has solutions of the form x = WA(Ry + y0) + u, u ∈ ker(I − RA), which
proves (18.3).

Corollary 18.1. (i) If I − RA ∈ R(X) and RA ∈ RI−RA then the
problem (18.1) has solutions of the form

(18.5) x = RA(Ry + y0) + u , u ∈ ker(I −RA) .

(ii) If I − RA ∈ Λ(X) and LA ∈ LI−RA then the problem (18.1) has a
solution if and only if the condition (18.2) is satisfied. If this is the case, a
unique solution of (18.1) is

(18.6) x = LA(Ry + y0) .

(iii) If I −RA is invertible, then a unique solution of the problem (18.1)
is

(18.7) x = (I +RA)−1(Ry + y0) .

Now we consider the general first order problem

(18.8) (AD −B)x = y , y ∈ X , Fx = y0 , y0 ∈ kerD ,

where D ∈ R(X), R ∈ RD, F ∈ FD corresponds to R, and A,B ∈ L0(X).

Definition 18.2. The operator A − BR is said to be the resolving
operator for the problem (18.8).

Note that A−RB is not the resolving operator for the problem (18.8).

Theorem 18.2. Suppose that D ∈ R(X), dim kerD 6= 0. If the resolving
operator A−BR is generalized almost invertible and WA,B ∈ WA−BR, then
the problem (18.8) has solutions if and only if

(18.9) Ry + y0 ∈ (I −R((I −A)D −B)X1 .

In that case, all solutions of (18.8) are given by

(18.10) x = {I −RWA,B [(I −A)D −B]}(Ry + y0) + u ,

where u ∈ ker[(I −A)D −B] is arbitrary.

P r o o f. Write (18.8) in the form D{I −R[(I −A)D −B]}x = y, which
is equivalent to

(18.11) {I −R[(I −A)D −B]}x = Ry + y0 .
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Since I − [(I − A)D −B]R = A−BR, then by Theorem 10.3 the operator
I −R[(I −A)D −B] is also generalized almost invertible and the operator

(18.12) WB,A := I −RWA,B [(I −A)D −B]

is its generalized almost invertible inverse.
From (18.11) we get the condition (18.9). If it is satisfied, then by (18.12)

we obtain the general solution of (18.11) in the form (18.10).

Corollary 18.2. The problem (18.8) has a unique solution if and only if
the resolving operator A−BR is invertible. In that case, the unique solution
is

(18.13) x = {I −R(A−BR)−1[(I −A)D −B]}(Ry + y0) .

Consider now the special case when the operators A and B are stationary
(cf. Section 7) and algebraic with characteristic polynomials

PA(t) =
n∏
i=1

(t− ti)ri (ti 6= tj 6= 0 if i 6= j; i, j = 1, . . . , n) ,(18.14)

PB(t) =
m∏
j=1

(t− vj)sj (vi 6= vj if i 6= j; i, j = 1, . . . ,m) .(18.15)

Theorem 18.3. Let D ∈ R(X), and let R ∈ RD be a Volterra operator.
Suppose that A,B ∈ SD,R are commuting algebraic operators with character-
istic polynomials (18.14) and (18.15), respectively. Then the problem (18.8)
has a unique solution

(18.16) x = (A−BR)−1(Ry + y0) .

P r o o f. Write

Q(t) :=
n∏
i=1

m∏
j=1

(t− tiI + vjR)ri+sj−1 ,(18.17)

Q1(t) := t−1[Q(0)−Q(t)] .(18.18)

By Theorem 3.3, A − BR is a generalized algebraic operator and Q(A −
BR) = 0. From this and (18.17) we get

(18.19) (A−BR)Q1(A−BR) =
n∏
i=1

m∏
j=1

(tiI − vjR)ri+sj−1 .

By the assumptions, R is a Volterra operator. Hence the right hand side of
(18.19) is invertible. Thus, A−BR is invertible and

(A−BR)−1 = Q1(A−BR)
n∏
i=1

m∏
j=1

(tiI − vjR)1−ri−sj .
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Example 18.1. Let X be the space (s) of all sequences {xn} where
xn ∈ R, n ∈ N. Let D{xn} := {xn+1}, R{xn} := {xn−1} where we set
x0 := 0 for all x = {xn} ∈ X. Let A{xn} := {yn} where y1 := x2,
yn := xn+1 − xn + xn−1 for n ≥ 2. It is easy to see that

(I +RA){xn} = {un} , (I −AR){xn} = {vn} ,

where u1 := x1, u2 := 0, un := xn+1 +xn+2 for n ≥ 3, and v1 := 0, v2 := x1,
vn := xn−1 + xn−2 for n ≥ 3.

Write MA{xn} := {wn}, where w1 := x1, w2 := x3 − x2, wn := xn+1 −
xn−1 for n ≥ 3. Then

(18.20) (I−AR)DMAR(I−AR){xn} = (I−AR){xn} for all {xn} ∈ X ,

i.e. I−AR and I−RA are generalized almost invertible. Since (I−RA)X  
X, I −RA is not invertible.

Consider the problem

(18.21) (D −A)x = y , Fx = y0 , y ∈ X , y0 ∈ kerD .

It is equivalent to the equation

(18.22) (I −RA)x = Ry + y0 .

Since domD = X and Im(I − RA) = {x1, 0, x2 − x1, x3 − x2, . . .}, the
equation (18.22) has solutions if and only if y = {yn}, where y1 = 0. In that
case all solutions of the problem (18.21) are given by

(18.23) x = DMAR
2y +DMARy0 .

Example 18.2. Let Γ = {t : |t| = 1} and let X = Hµ(Γ ), (0 < µ < 1).
Write

(Sx)(t) :=
1
πi

∫
Γ

x(s) ds
s− t

, (Skx)(t) :=
1
πi

∫
Γ

sn−1−ktkx(s) ds
sn − tn

(n, k ∈ N0, n > 1, 0 ≤ k ≤ n− 1) ,
(Wx)(t) := x(ε1t) , ε1 := exp(2πi/n) , εk := εk1 ,

Pj :=
1
n

n∑
µ=1

εn−1−µ
j Eµ+1 (j = 1, . . . , n) .

Then PiPj = δijPj , P0 := Pn, and

W k =
n∑
j=1

εkjPj (k = 0, 1, . . .)

(cf. [31]). Since S3
k = Sk we conclude that Sk is generalized almost invertible

and Sk ∈ WSk .
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Consider an operator

(18.24) M :=
n∑
k=1

(akSk + ckW
k) , ak, ck ∈ C (k = 1, . . . , n) .

Write M in the form

M =
n∑
k=1

(dkI + akS)Pk , dk :=
n∑
j=1

cjε
k
j .

Since S2 = I, we find

(18.25) (dkI + akS)(dkI − akS) = (d2
k − a2

k)I .

Write

rj :=
{

0 if d2
j = a2

j ,
(d2
j − a2

j )
−1 if d2

j 6= a2
j .

Hence, from (18.25) we obtain

(18.26) M
( n∑
k=1

rk(dkI − akS)Pk
)
M = M ,

i.e. M is generalized almost invertible. The equation

(18.27) Mx = y

has solutions if and only if Pky = 0 for all k such that d2
k − a2

k = 0. In that
case, all solutions of (18.27) are of the form

x =
n∑
k=1

rk(dkI − akS)Pky + z , z ∈ kerM .

Example 18.3. Suppose that Ω ⊂ Rn is an arbitrary domain and let
X = C(Ω). Consider the operator

D :=
n∑
j=1

aj
∂

∂tj
, where t = (t1, . . . , tn) ∈ Ω ,

and a1, . . . , an ∈ R do not vanish simultaneously. Put u1j := aj (j =
1, . . . , n) and u1 := (u11, . . . , u1n). Let uj = (uj1, . . . , ujn) (j = 2, . . . , n)
be vectors which are orthogonal to u1 and such that the set {u1, . . . , un} is
linearly independent. Write

tj :=
n∑
k=1

ukjvk (j = 1, . . . , n) , v := (v1, . . . , vn) .

We get x(t) = y(v), (Dx)(t) = ∂/∂v1. Hence the operator D has a right
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inverse of the form

(Rx)(t) =
U−1U1(t)∫

U−1U1(t
0)

x(U−1U1(t′), . . . , U−1Un(t′)) ds ,

where t′ = (s, t2, . . . , tn) ∈ Ω, t0 ∈ Ω, U = det(ujk)j,k=1,...,n and Uk is the
determinant obtained from U by replacing the kth column by (t1, . . . , tn).

Consider the equation

(18.28) (I +AR)Dx−Ax = y , y ∈ X ,

where A ∈ L0(X). Write it in the form

(18.29) D(I −RAF )x = y , F := I −RD .

It is easy to see that I − (AF )R = I. Hence, by Theorem 2.1, the resolving
operator I − RAF is invertible. Thus (18.28) has solutions of the form
x = (I +RA)(Ry + z), where z ∈ kerD is arbitrary.

Example 18.4. Let f ∈ L(0, l), l > 0. The operator

(D−sf)(x) := [Γ (s)]−1
x∫

0

(x− t)s−1f(t) dt , s > 0 , x ∈ (0, 1) ,

is said to be the fractional integral of order s. It is well-known (cf. [13]) that

(i) (D−sf)(x) ∈ L(0, l),
(ii) lims→0(D−sf)(x) = f(x),
(iii) D−s2(D−s1f) = D−s1D−s2f = D−(s1+s2)f ,
(iv) if f ∈ L(0, l), s2 ≥ s1 then (Ds1D−s2f)(x) = D−(s2−s1)f .

The operator

(Dsf)(x) := (D(D−(1−s)f))(x) , D := d/dt ,

is called the fractional differentiation of order s.
From (i)–(iv) we conclude that DsD−sf = f , 0 ≤ s ≤ 1, i.e. Ds is right

invertible and D−s ∈ RDs .
For 0 < α < 1 we write β−1 := 1− α and define

D1/βf := D(D−αf) , Dn/βf := D1/β(D(n−1)/βf) (n = 2, 3, . . .) .

In X = L(0, l) (0 < l <∞) we consider the initial value problem

(18.30) D1/βy + λy = g , (D−αy)(0) (β−1 = 1− α)

Setting R :=
∫ x
0

and (Ff)(x) := f(0), we can write (18.30) in the form

(18.31) (DD−α + λI)y = g , FD−αy = 0 .
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This problem is well-posed and has a unique solution

(18.32) y(x) =
x∫

0

eβ(x− t, λ)g(t) dt ,

where
eβ(x, λ) := Eβ(−λx1/β , 1/β)x(1/β)−1 ,

Eβ(z, µ) :=
∞∑
k=0

zk/Γ (µ+ k/β) .

Similarly, we find a unique solution of the problem

D1/βy + λy = g , (D−αy)(0) = a0 ∈ R (β−1 = 1− α)

in the form (cf. [13]) y1(x) = y(x)+a0eβ(x, λ), where y(x) is given by (18.32).

19. Remarks on general boundary value problems. Suppose that
we are given β finite ordered sets Ii of non-negative integers not greater than
M + N − 1 (M,N ∈ N0,M + N ≥ 1) : Ii = {ki1, ki2, . . . , kiri}, ki1 < . . . <
kiri (i = 1, . . . , β). Let r1 + . . . + rβ = M + N, r0 = 0. Suppose that
D ∈ R(X), F1, . . . , Fβ ∈ FD ∩ c(R) for a given R ∈ RD.

The general boundary value problem for the operator Q[D] is to find all
solutions of the equation

(19.0) Q[D]x :=
M∑
m=0

N∑
n=0

DmAmnD
nx = y , y ∈ X ,

satisfying the conditions

(19.1) FiD
kijx = xij , xij ∈ kerD (i = 1, . . . , β; j = 1, . . . , ri) .

By the assumption, there exist scalars dij such that

(19.2) FiR
kz = (dij/j!)z for all z ∈ kerD

(i = 1, . . . , β; j = 1, . . . , ri) .

It is easy to see that for every j ∈ {1, . . . ,M +N} there exists s (1 ≤ s ≤ β)
such that r0 + . . .+ rs−1 < j ≤ r1 + . . .+ rs. Write

(19.3) xj := xsµ if r0 + . . .+ rs−1 < j ≤ r1 + . . .+ rs ,

µ = j − r0 − . . .− rs−1 , s = 1, . . . , β ,
(19.4) F ′j := FsD

ksµ if r0 + . . .+ rs−1 < j ≤ r1 + . . .+ rs ,

µ = j − r0 − . . .− rs−1 , s = 1, . . . , β .

From (19.2), for every j, k ∈ {1, . . . ,M +N} we find scalars gjk such that

(19.5) F ′jR
k−1z = gjkz for all z ∈ kerD .
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Write

(19.6) G := (gjk)j,k=1,...,M+N , ∆ = detG .

If ∆ 6= 0 then set

(19.7) G−1 = (g′jk)j,k=1,...,M+N .

As in Sections 13–18, we have

Definition 19.1. The problem (19.0)–(19.1) is said to be well-posed
if it has a unique solution for every y ∈ X, x1, . . . , xM+N ∈ kerD, where
xj (j = 1, . . . ,M + N) are defined by (19.3). It is ill-posed if either there
exist y ∈ X, x1, . . . , xM+N ∈ kerD such that the problem has no solutions
or the corresponding homogeneous equation has a non-trivial solution.

For the problem (19.0)–(19.1) we assume that the operators F ′1, . . .
. . . , F ′M+N defined by (19.4) are linearly independent on kerDM+N . Hence,
by Theorem 9.1, ∆ = detG 6= 0.

Write

E+ := I −
M+N∑
j=1

M+N∑
k=1

g′jkR
j−1F ′k ,(19.8)

E− :=
M∑
m=0

N∑
n=0

RM+N−mA′mnD
n ,(19.9)

E := E+E− , E0 := E−E+ ,(19.10)

E′ :=
M∑
m=0

N∑
n=0

RM−mBmnR
N−n ,(19.11)

where

(19.12) A′mn :=
{

0 if m = M, n = N ,
Amn otherwise,

(19.13) Bmn := A′mn

(
I +

M+N∑
k=0

M+N∑
j=n+1

g′jkR
j−1−nF ′kR

n
)
.

Definition 19.2. Let E′ be of the form (19.11)–(19.13). Then the
operator I + E′ is called the resolving operator for the general boundary
value problem (19.0)–(19.1).

Lemma 19.1. Let F ′j (j = 1, . . . ,M +N) and E be defined by (19.4) and
(19.10), respectively. Then

(19.14) DM+N (I + E) = Q[D] ,
(19.15) F ′i (I + E)x = F ′ix for all x ∈ domDM+N .
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P r o o f. Since DF ′i = 0 (i = 1, . . . ,M +N) we have

DM+N (I+E) = DM+N+DM+NE = DM+N+
M∑
m=0

N∑
n=0

DmA′mnD
n = Q[D] .

Since F ′kE
−x ∈ kerD for all x ∈ domDM+N , where E− is defined

by (19.9), we get

F ′i (I + E)x = F ′ix+ F ′iEx

= F ′ix+ F ′i

(
I −

M+N∑
j=1

M+N∑
k=1

g′jkR
j−1F ′k

) M∑
m=0

N∑
n=0

RM+N−mA′mnD
nx

= F ′ix+ F ′i

M∑
m=0

N∑
n=0

RM+N−mA′mnD
nx−

M+N∑
j=1

M+N∑
k=1

g′jkF
′
iR

jF ′kE
−x

= F ′ix+ F ′iE
−x−

M+N∑
j=1

M+N∑
k=1

g′jkgijF
′
kE
−x

= F ′i + F ′iE
−x−

M+N∑
k=1

(M+N∑
j=1

gijg
′
jk

)
F ′kE

−x

= F ′ix+ F ′iE
−x−

M+N∑
k=0

δikF
′
kE
−x = F ′ix+ F ′iE

−x− F ′iE−x = F ′ix ,

which was to be proved.

Lemma 19.2. Let E and E0 be given by (19.10). Then I + E is right
invertible (left invertible, generalized almost invertible, invertible) if and
only if so is I + E0. Moreover , if we denote by RE0 , LE0 and WE0 a right
inverse, a left inverse and a generalized almost inverse of I+E0, respectively ,
then

RE := I − E+RE0E
− ∈ RI+E , LE := I − E+LE0E

− ∈ LI+E ,
(19.16) WE := I − E+WE0E

− ∈ WI+E ,

(I + E)−1 = I − E+(I + E)−1E− .

P r o o f. It is easy to check that I + E0 ∈ L0(XM+N ) and I + E ∈
L0(XM+N ). Hence Lemma 19.2 immediately follows from Theorems 2.1
and 10.3.

By the same arguments we obtain

Lemma 19.3. Let E0 and E′ be given by (19.10) and (19.11), respectively.
Then I +E′ is right invertible (left invertible, generalized almost invertible,
invertible) if and only if so is I + E0. Moreover , if we denote by RE′ , LE′
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and WE′ a right inverse, a left inverse and a generalized almost inverse of
I + E′, respectively , then

RE0 := I −RNRE′U ∈ RI+E0 , LE0 := I −RNLE′U ∈ LI+E0 ,

(19.17) WE0 := I −RNWE′U ∈ WI+E0 ,

(I + E0)−1 = I −RN (I + E′)−1U ,

where

(19.18) U :=
M∑
m=0

N∑
n=0

RM−mA′mnD
n
(
I −

M+N∑
j=1

M+N∑
k=1

g′jkR
jF ′k

)
.

P r o o f. Since E0 = RNU (cf. (19.10) and (19.18)) we can apply Theo-
rems 2.1 and 10.3.

Lemmas 19.2 and 19.3 together imply

Corollary 19.1. The operator I + E, where E is given by (19.10), is
right invertible (left invertible, generalized almost invertible, invertible) if
and only if so is the resolving operator I + E′. Moreover , if RE′ , LE′ and
WE′ are a right inverse, a left inverse and a generalized almost inverse of
I + E′, respectively , then

RE = I − E+(I −RNRE′K)E+ ∈ RI+E ,(19.19)
LE = I − E+(I −RNLE′K)E+ ∈ LI+E ,(19.20)
WE = I − E+(I −RNWE′K)E+ ∈ WI+E ,(19.21)

where E+ is defined by (19.8), and

(19.23) K :=
M∑
m=0

N∑
n=0

RM−mA′mnD
n , i .e. E− = RNK .

Lemma 19.4. Let D ∈ R(X), R ∈ RD and suppose F ′j (j = 1, . . .
. . . ,M + N), (defined by (19.4)) are linearly independent on kerDM+N .
Then the general boundary value problem (19.0)–(19.1) is well-posed if and
only if I + E, where E is defined by (19.10), is invertible on XM+N .

P r o o f. By (19.14), the equation (19.0) is equivalent to

(I + E)x = RM+Ny +
M+N∑
j=1

Rj−1zj , zj ∈ kerD (j = 1, . . . ,M +N) .

The formulae (19.15) imply xi = F ′iR
M+Ny +

∑M+N
j=1 gijzj , i.e.

(19.24) Gz = y ,

where G is defined by (19.6), z = (z1, . . . , zM+N ), y = (x1 − F ′1RM+Ny, . . .
. . . , xM+N − F ′M+NR

M+Ny). By the assumption, the system (19.24) has a



III. General equations with right invertible operators 137

unique solution

zj =
M+N∑
k=1

g′jk(xk − F ′kRM+Ny) (j = 1, . . . ,M +N) .

Hence, the problem (19.0)–(19.1) is equivalent to the equation

(19.25) (I + E)x = yM+N +
M+N∑
j=1

M+N∑
k=1

g′jkR
j−1xk ,

where

(19.25′) yM+N = E+RM+Ny , E+ defined by (19.8) .

If β = −1 is an eigenvalue of E then the corresponding homogeneous
equation (I + E)x = 0 has a non-trivial solution, i.e. the problem (19.0)–
(19.1) is ill-posed and I + E is not invertible on XM+N .

Suppose that β = −1 is not an eigenvalue of E. Consider two cases:
(i) I + E is not invertible on XM+N , i.e. (I + E)XM+N 6= XM+N , and
(ii) I + E is invertible on XM+N .

In case (i), (19.25) has solutions if and only if the right hand side of
(19.25) belongs to (I +E)XM+N . If we choose u ∈ XM+N \ (I +E)XM+N ,
y := DM+Nu and

xk := F ′kR
M+NDM+Nu+

M+N∑
µ=1

gkµFD
µ−1u (k = 1, . . . ,M +N) ,

we find

yM+N+
M+N∑
j=1

M+N∑
k=1

g′jkR
j−1yk = E+RM+NDM+Nu

+
M+N∑
j=1

M+N∑
k=1

g′jkR
j−1
(
F ′kR

M+NDM+Nu+
M+N∑
µ=1

gkµF
′Dµu

)

= RM+NDM+Nu+
M+N∑
j=1

M+N∑
µ=1

(M+N∑
k=1

g′jkgkµ

)
Rj−1FDµ−1u

= RM+NDM+Nu+
M+N∑
j=1

Rj−1FDj−1u = u 6∈ (I + E)XM+N .

Hence, the problem (19.0)–(19.1) is ill-posed.
In case (ii), a unique solution of the problem (19.0)–(19.1) is

x = (I + E)−1
(
yM+N +

M+N∑
j=1

M+N∑
k=1

g′jkR
j−1xk

)
,
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i.e. the problem (19.0)–(19.1) is well-posed.

The following theorem characterizes the role of the resolving operator.

Theorem 19.1. Let D ∈ R(X), R ∈ RD and suppose F ′j (j = 1, . . . ,M+
N) are linearly independent on kerDM+N . Then the general boundary value
problem (19.0)–(19.1) is well-posed if and only if the resolving operator I+E′

defined by (19.11)–(19.13) is invertible.

P r o o f. Immediate from Corollary 19.1 and Lemma 19.4.

Theorem 19.2. Suppose that all assumptions of Theorem (19.1) are sat-
isfied.

(i) If I+E′ is invertible then the problem (19.0)–(19.1) is well-posed and
its unique solution is

(19.26)

x = {I − E+[I −RN (I + E′)−1K]E+}
(
yM+N +

M+N∑
j=1

M+N∑
k=1

g′jkR
j−1xk

)
,

where yM+N and g′jk are defined by (19.25′) and (19.7), respectively.
(ii) If I+E′ is right invertible but not invertible, then the problem (19.0)–

(19.1) is ill-posed and its solutions are given by

(19.27) x = [I−E+(I−RNRE′K)E+]
(
yM+N+

M+N∑
j=1

M+N∑
k=1

g′jkR
j−1xk

)
+u ,

where RE′ ∈ RI+E′ , u ∈ ker(I + E) is arbitrary.
(iii) If I+E′ is left invertible but not invertible, then the problem (19.0)–

(19.1) is ill-posed and has a solution under the following necessary and suf-
ficient condition:

(19.28) yM+N +
M+N∑
j=1

M+N∑
k=1

g′jkR
j−1xk ∈ (I + E)XM+N ,

If (19.28) is satisfied then a unique solution of the problem (19.0)–(19.1) is

(19.29) x = [I − E+(I −RNLE′K)E+]
(
yM+N +

M+N∑
j=1

M+N∑
k=1

g′jkR
j−1xk

)
,

where LE′ ∈ LI+E′ .
(iv) If I+E′ is generalized almost invertible but not one-sided invertible,

then the problem (19.0)–(19.1) is ill-posed and has solutions if and only if
the condition (19.28) is satisfied. If this is the case, the general solution of
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the problem (19.0)–(19.1) is

(19.30) x = [I−E+(I−RNWE′K)E+]
(
yM+N+

M+N∑
j=1

M+N∑
k=1

g′jkR
j−1xk

)
+v ,

where WE′ ∈ WI+E′ , v ∈ ker(I + E) is arbitrary.

P r o o f. (i) By Corollary 19.1, I + E is invertible on XM+N and,
by (19.22), (I+E)−1 = I−E+[I−RN (I+E′)−1K]E+. This gives (19.26).

(ii) Since I + E′ is right invertible but not invertible, Corollary 19.1
shows that I + E is also right invertible on XM+N but not left invertible
on XM+N . Then (19.19) and (19.25) together imply (19.27).

(iii) By Corollary 19.1, I+E is left invertible on XM+N but not invertible
on XM+N . Hence, from (19.25) we get (19.28) and (19.29).

(iv) Also by Corollary 19.1, I + E is generalized almost invertible but
not one-sided invertible. Hence, from (19.25) we conclude that the problem
(19.0)–(19.1) has solutions if and only if (19.28) is satisfied. Then (19.21)
and (19.25) together imply (19.30). The proof is complete.

Example 19.1. Suppose that all assumptions of Theorem 19.1 are sat-
isfied. Consider the boundary value problem

(19.31) DM+Nx = y , y ∈ X ,

(19.32) FiD
kx = xik , xik ∈ kerD (k = 0, . . . , ri − 1; i = 0, . . . , β − 1) .

Here we have Ii = {0, . . . , ri−1} for i = 0, . . . , β−1. Since the determinant
∆ of this problem is the same as for the classical Hermite interpolation
problem with multiple knots which has a unique solution, we conclude that
the problem (19.31)–(19.32) is well-posed.

Example 19.2. Let X := C[−1, 1], D := d/dt, R0 :=
∫ t
0
, R1 :=

∫ t
1
.

Consider the operator of reflection (Sx)(t) := x(−t). Write P := 1
2 (I + S),

Q := 1
2 (I − S). Since DS = −SD we find

(19.32) DP = QD , DQ = PD on domD .

Consider the problem

(19.33) (D3 +DPD)x = y , y ∈ X ,

(19.34) F0x = x0 , F0Dx = x1 , F1Dx = x2 ,

xj ∈ kerD (j = 0, 1, 2) .

It is easy to check that the system of operators F0, F0D, F1D, where F0

and F1 are initial operators for D corresponding to R0 and R1, respectively,
is linearly independent on kerD3. Indeed, the corresponding interpolation
problem with the condition (19.34) has a unique solution

(19.35) x(t) = 1
2 (x2 − x1)t2 + x1t+ x0 .
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The problem (19.33)–(19.34) is equivalent to the equation

(19.36) [I +R2
0(I − F1R0)PD]x = y1 ,

where y1 = R2
0(I − F1R0)R1y + R2

0(x2 − x1) + R0x1 + x0. The resolving
operator for this problem is

(19.37) I + E′ := I + (I − F1R0)PR0 = I + (I − F1R0)R0Q .

By Theorem 2.3, solutions of (19.36) (if any) are of the form

(19.38) x = y1 −R2
0u ,

where u is a solution of

(19.39) (I + E′)u = (I − F1R0)PDy1 .

Put β :=
∫ 1

0
(1− t)(Qu)(t) dt and write (19.39) in the form

(19.40) (I +R0Q)u = (I − F1R0)PDy1 − β0 .

Note that I + R0Q is invertible and its inverse is (I + R0Q)−1 = I − R0Q
(cf. Section 12). Hence, (19.40) is equivalent to the system

(19.41)
u = (I −R0Q)(I − F1R0)PDy1 − β ,

β = F1R
2
0Q(I − F1R0)PDy1 ,

so that the problem (19.33)–(19.34) is well-posed and has a unique solution
(19.38), where u is defined by (19.41).

Example 19.3. Let X := C(R), D := d/dt, R :=
∫ t
0
. Suppose we

are given s systems of points in R: (tm1, . . . , tmnm), (m = 1, . . . , s), tmi 6=
tmj for i 6= j, and let (Fmix)(t) := x(tmi) (m = 1, . . . , s; i = 1, . . . , nm).
Consider the problem

(19.42) DNx = y , FmiD
N0+...+Nm−1+kx = amki

(m = 1, . . . , s; i = 1, . . . , nm; k = 0, . . . , rmi − 1) ,

where rm1 + . . .+ rmnm = Nm, N1 + . . .+Ns = N , N0 = 0. We shall write
N ′m := N0 + . . .+Nm (m = 0, . . . , N).

Note that if y = 0 we get the generalized Hermite interpolation problem
(or (H)-problem, cf. Example 9.3). Hence, from Example 9.3 we conclude
that the system

{FmiDN ′m−1+k : m = 1, . . . , s; i = 1, . . . , nm; k = 0, . . . , rmi − 1}

is linearly independent on kerDN , so that the problem (19.42) is well-posed.
Write

Wm(t) :=
nm∑
i=1

rmi−1∑
k=0

amkiWmki(t) (m = 1, . . . , s) ,
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where

Wmki(t) :=
Pm(t)

(t− tmi)rmi

{
(t− tmi)rmi
Pm(t)

}
(rmi−1−k,tmi)

(t− tmi)k

k!
,

Pm(t) :=
nm∏
µ=1

(t− tmµ)rmµ , {f(t)}(k,v) :=
k∑
j=0

f (j)(v)(t− v)j/j! .

Set
ys(t) := xs(t) := RN

′
s−1Ws , xs−m(t) := xs−m+1(t) + ys−m(t) ,

(19.43) ys−m := RN
′
s−m−1

ns−m∑
β=1

rs−m,β−1∑
µ=0

Ws−m,β(as−m,µβ

−Fs−m,βDN ′s−m−1+µxs−m+1) (m = 1, . . . , s− 1) .

By Example 9.3, the polynomial x1 = y1 + . . . + ys is a solution of the
corresponding interpolation problem. So the unique solution of (19.42) is
x = x1 + u1, where u1 is a solution of the problem

DNx = y , FmiD
N ′m−1+kx = 0
(m = 1, . . . , s; i = 1, . . . , nm; k = 0, . . . , rmi − 1) .

We reduce this problem to another interpolation problem. Put u := x−RNy,
−FmiDN ′m−1+kRNy := bmki. We get the problem

DNu = 0 , FmiD
N ′m−1+ku = bmki

(m = 1, . . . , s; i = 1, . . . , nm; k = 0, . . . , rmi − 1) .

Thus u1(t) = v1(t) + . . . + vs(t), where vs := us := RN
′
s−1Ws, us−m :=

us−m+1 − vs−m and

(19.44) vs−m := RN
′
s−m−1

ns−m∑
β=1

rs−m,β−1∑
µ=0

Ws−m,β(bs−m,µβ

−Fs−m,βDN ′s−m−1+µus−m+1) (m = 1, . . . , s− 1) .

Therefore a unique solution of (19.42) is x = y1 + . . . + ys + v1 + . . . + vs,
where ym and vm are defined by (19.43) and (19.44), respectively.

IV. Controllability of linear systems

20. Controllability of first order linear systems with right in-
vertible operators. Let X, Y and U be linear spaces (all over the same
field F , where F = R or F = C). Suppose that D ∈ R(X), dim kerD 6= 0,
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F ∈ FD corresponds to an R ∈ RD, A ∈ L0(X), A1 ∈ L0(X → Y ),
B ∈ L0(U → X), B1 ∈ L0(U → Y ) (cf. Section 1).

By a first order linear system (shortly: (LS)) we mean the system

Dx = Ax+Bu , RBU ⊕ {x0} ⊂ (I −RA)(domD) ,(20.1)
Fx = x0 , x0 ∈ kerD ,(20.2)
y = A1x+B1u .(20.3)

The spaces X and U are called the space of states and the space of
controls, respectively. The element x0 ∈ kerD is called an initial state. A
pair (x0, u) ∈ (kerD)×U is called an input. The space (kerD)×U is called
the input space, and the corresponding set of y’s in Y the output space. Very
often there are considered linear systems with A1 = I and B1 = 0, i.e. with
Y = X and the output y = x. We shall denote such systems by (LS)0.

The properties of linear systems depend on the properties of the resolving
operators I−RA and I−AR, respectively. In a series of papers (cf. [27–29])
Nguyen Dinh Quyet studied some properties of linear systems in the case
of I −RA invertible. His results concerning controllability were generalized
by Pogorzelec [41–43] to the case of I − RA and I − AR either left or
right invertible, and to the case of I − AR invertible. Hence, there are six
cases to deal with: (i) I −RA ∈ R(X), (ii) I −RA ∈ Λ(X), (iii) I −RA is
invertible, (iv) I−AR ∈ R(X), (v) I−AR ∈ Λ(X), (vi) I−AR is invertible.
Theorem 2.1 implies that I−RA is right invertible (left invertible, invertible)
if and only if so is I − AR, i.e. it is sufficient to consider the first three
cases. On the other hand, since every one-sided invertible operator and
every invertible operator are generalized almost invertible, we can reduce
those cases to the case of I −RA being generalized almost invertible.

Suppose that we are given a linear system (LS)0. The initial value prob-
lem (20.1)–(20.2) is equivalent to the equation

(20.4) (I −RA)x = RBu+ x0 .

Hence, the inclusion

(20.5) RBU ⊕ {x0} ⊂ (I −RA)(domD)

is a necessary and sufficient condition for the problem (20.1)–(20.2) to have
solutions for every u ∈ U .

Denote by Gi (i = 1, 2, 3, 4) the following sets defined for every x0 ∈
kerD, u ∈ U :

(i) If I −RA ∈ R(X) and T1 ∈ RI−RA, then

(20.6) G1(x0, u) := {x = T1(RBu+ x0) + z : z ∈ ker(I −RA)} .
(ii) If I −RA ∈ Λ(X) and T2 ∈ LI−RA, then

(20.7) G2(x0, u) := {x = T2(RBu+ x0)} .
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(iii) If I −RA is invertible, then

(20.8) G3(x0, u) := {x = T3(RBu+ x0)} , T3 = (I −RA)−1 .

(iv) If I −RA ∈W (X) and T4 ∈ WI−RA, then

(20.9) G4(x0, u) := {x = T4(RBu+ x0) + z : z ∈ ker(I −RA)} .

Note that the Gi are the sets of all solutions of the problem (20.1)–
(20.2) in the corresponding cases. Therefore, to every fixed input (x0, u)
there corresponds an output x ∈ Gi(x0, u) for each case.

Definition 20.1. Suppose that we are given a system (LS)0 and the sets
Gi(x0, u) of the forms (20.6)–(20.9). A state x ∈ X is said to be (i)-reachable
(i = 1, 2, 3, 4) from an initial state x0 ∈ kerD if for every Ti (T1 ∈ RI−RA,
T2 ∈ LI−RA, T3 = (I − RA)−1, T4 ∈ WI−RA) there exists a control u ∈ U
such that x ∈ Gi(x0, u).

Write

RangU,x0
Gi =

⋃
u∈U

Gi(x0, u) , x0 ∈ kerD (i = 1, 2, 3, 4) .

It is easy to see that RangU,x0
Gi is (i)-reachable from x0 ∈ kerD by

means of controls u ∈ U , and it is contained in domD.

Lemma 20.1. Suppose that Ti (i = 1, 2, 3, 4) are as defined in (20.6)–
(20.9). Then

(20.10) Ti(RBU ⊕{x0}) + ker(I−RA) = TiRBU ⊕{Tix0}⊕ker(I−RA) ,

P r o o f. It is sufficient to deal with the case i = 4, i.e. with I − RA ∈
W (X), T4 ∈ WI−RA. Formula (2.3) implies

X = T4(I −RA)X ⊕ ker(I −RA) for dom(I −RA) = X .

By our assumption, RBU ⊕ {x0} ⊂ (I − RA)(domD), and so there exists
E ⊂ domD such that RBU⊕{x0} = (I−RA)E ⊂ (I−RA)X. This implies
(cf. Lemma 10.2) that

T4(RBU ⊕ {x0}) + ker(I −RA)
= T4(I −RA)E ⊕ ker(I −RA) = T4(RBU ⊕ {x0})⊕ ker(I −RA) .

Now we prove that

T4(RBU ⊕ {x0}) = T4RBU ⊕ {T4x0} .

Let x ∈ (T4RBU) ∩ {T4x0}, i.e. there exists u ∈ U such that T4(RBu−
x0) = 0. Our assumption that RBU ⊕ {x0} ⊂ (I − RA)(domD) implies
that there exists v ∈ domD such that RBu − x0 = (I − RA)v. Hence
0 = T4(RBu − x0) = T4(I − RA)v, and so 0 = (I − RA)T4(I − RA)v =
(I −RA)v = RBu− x0, i.e. RBu = x0 and x0 = Bu = 0.
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R e m a r k 20.1. If either I − RA ∈ Λ(X) or I − RA is invertible then
ker(I−RA) = {0}, and (20.10) takes the form Ti(RBU⊕{x0}) = TiRBU⊕
{Tix0}.

The formulae (20.5)–(20.9) imply

Corollary 20.1.

(20.11) RangU,x0
Gi = TiRBU ⊕ {Tix0} ⊕ ker(I −RA) .

Corollary 20.2. A state x is (i)-reachable from a given initial state
x0 ∈ kerD if and only if

(20.12) x ∈ TiRBU ⊕ {Tix0} ⊕ ker(I −RA) (i = 1, 2, 3, 4) .

Lemma 20.2. Write

Ei := TiRB , Xi := Ti((I −RA)(domD)− {x0}) .

Then the operator Ei maps U into Xi.

P r o o f. By our assumption, RBU ⊕ {x0} ⊂ (I − RA)(domD), thus
for every u ∈ U there exist v ∈ X and x1 ∈ kerD such that RBu + x0 =
(I −RA)(Rv + x1), i.e. TiRBu = Ti[(I −RA)(Rv + x1)− x0].

Theorem 20.1. Suppose that B ∈ L0(U → X,X ′ → U ′), D ∈ L(X,X ′),
R ∈ L0(X,X ′) and Ti ∈ L0(X,X ′) (i = 1, 2, 3, 4). Then the generalized
Kalman condition

(20.13) kerB∗R∗T ∗i = {0}

holds if and only if for every initial state x0 ∈ kerD, every state x ∈ RX ⊕
{x0}+ ker(I −RA) is (i)-reachable from x0.

P r o o f. By Lemma 20.2, the condition (20.13) holds if and only if for
every x1 ∈ kerD and v ∈ X there exists u ∈ U such that RBu + x0 =
(I − RA)(Rv + x1). This means that for every x1 ∈ kerD, v ∈ X and
z ∈ ker(I −RA) there exists u ∈ U such that

(20.14) Ti(RBu+ x0) + z = Ti(I −RA)(Rv + x1) + z .

It is sufficient to consider i = 4, i.e. the case when (I − RA) is generalized
almost invertible. Write F ′ := I − T4(I − RA). It is easy to check that
(I − RA)F ′ = 0, F ′2 = F ′ and F ′X = ker(I − RA). Choosing x1 := x0,
z := F ′(Rv + x1) ∈ ker(I −RA), we get from (20.14) the equalities

T4(RBu+ x0) + z = (I − F ′)(Rv + x0) + F ′(Rv + x0) = Rv + x0 .

This means that for every v ∈ X, z1 ∈ ker(I − RA) there exist z′ = z1 +
F ′(Rv + x0) ∈ ker(I −RA) and u ∈ U such that

T4(RBu+ x0) + z′ ∈ RX ⊕ {x0}+ ker(I −RA) ,
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i.e.
RangU,x0

G4 = RX ⊕ {x0}+ ker(I −RA) .
Note that the generalized Kalman condition (20.13) in the case of (I −

RA) invertible was introduced and applied by Nguyen Dinh Quyet [27–28].
Theorem 20.1 in the case of I − RA one-sided invertible was obtained by
Pogorzelec [43].

Now we give another condition for every state x ∈ RX+{Tix0}+ker(I−
RA) to be (i)-reachable from any x0 ∈ kerD. To begin with, note that

(20.15) TiRX ⊂ RX (i = 1, 2, 3, 4) .

Indeed, by Theorems 2.1 and 10.3, there exist T ′i (i = 1, 2, 3, 4) such that
Ti = I +RT ′iA. Thus

TiRX = (I +RT ′iA)RX = R(I + T ′iAR)X ⊂ RX .

Therefore, TiRB maps U into RX. Corollary 2.1 gives the following

Theorem 20.2. A necessary and sufficient condition for every element
x ∈ RX + {Tix0} + ker(I − RA) to be (i)-reachable from any initial state
x0 ∈ kerD is that TiRBU = RX.

Definition 20.2. Let there be given a linear system (LS)0 of the form
(20.1)–(20.2). Let Fi ∈ FD (i = 1, 2, 3, 4) be arbitrary initial operators (not
necessarily different).

(i) A state x1 ∈ kerD is said to be Fi-reachable from an initial state
x0 ∈ kerD if there exists a control u ∈ U such that x1 ∈ FiGi(x0, u). The
state x1 is then called a finite state.

(ii) The system (LS)0 is said to be Fi-controllable if for every initial state
x0 ∈ kerD,

(20.16) Fi(RangU,x0
Gi) = kerD .

(iii) The system (LS)0 is said to be Fi-controllable to x1 ∈ kerD if

(20.17) x1 ∈ Fi(RangU,x0
Gi)

for every initial state x0 ∈ kerD.

Lemma 20.3. Let there be given a linear system (LS)0 and an initial
operator Fi ∈ FD. Suppose that the system (LS)0 is Fi-controllable to zero
and that

(20.18) Fi(Ti kerD + ker(I −RA)) = kerD .

Then every final state x1 ∈ kerD is Fi-reachable from zero.

P r o o f. Since both one-sided invertible and invertible operators are gen-
eralized almost invertible, it is sufficient to consider the case when I−RA is
generalized almost invertible. Let x1 ∈ kerD. Since, by the assumption, the
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system (LS)0 is F4-controllable to zero, 0 ∈ F4(RangU,x0
G4) for every x0 ∈

kerD. Therefore, there exists a control u0 ∈ U such that 0 ∈ F4G4(x0, u0),
i.e. there is z0 ∈ ker(I − RA) such that F4[T4(RBu0 + x0) + z0] = 0, or
equivalently

(20.19) F4(T4RBu0 + z0) = −F4T4x0 .

The condition (20.18) implies that for every x1 ∈ kerD there exist x2 ∈
kerD and z1 ∈ ker(I −RA) such that

(20.20) F4(T4x2 + z1) = x1 .

For the element x2 ∈ kerD, by (20.19), there exist u′0 ∈ U and z′0 ∈
ker(I −RA) such that

F4(T4RBu
′
0 + z′0 + z1) = F4(T4x2 + z1) .

This equality and (20.20) together imply

F4(T4RBu
′
0 + z′1) = x1 , z′1 = z′0 + z1 ∈ ker(I −RA) .

This proves that every final state x1 is Fi-reachable from zero.

Theorem 20.3. Suppose that all assumptions of Lemma 20.3 are satis-
fied. Then the system (LS)0 is Fi-controllable.

P r o o f. Suppose that I −RA ∈W (X). By our assumption, there exist
u0 ∈ U and z0 ∈ ker(I −RA) such that

(20.21) F4[T4(RBu0 + x0) + z0] = 0 .

By Lemma 20.3, for every x1 ∈ kerD there exist u′0 ∈ U and z1 ∈ ker(I −
RA) such that

(20.22) F4(T4RBu
′
0 + z1) = x1 .

Add (20.21) and (20.22) to find

F4{T4[RB(u0 + u′0) + x0] + (z0 + z1)} = x1 ,

i.e. x1 is F4-reachable from x0, which was to be proved.

Corollary 20.4 (cf. Pogorzelec [43]). Let T ′1 ∈ RI−AR, T ′2 ∈ LI−AR,
T ′3 = (I − AR)−1 and T ′4 ∈ WI−AR for I − AR ∈ R(X), I − AR ∈ Λ(X),
I −AR invertible and I −AR ∈W (X), respectively. If the system (LS)0 is
Fi-controllable to zero and

(20.23) Fi(I +RT ′iA)(kerD) = kerD ,

then (LS)0 is Fi-controllable.

Indeed, by (2.10)–(2.12), I + RT ′iA = Ti. Therefore (20.23) takes the
form FiTi(kerD) = kerD and we get a sufficient condition for Fi-control-
lability.
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Corollary 20.5 (cf. Pogorzelec [41–43]). If the system (LS)0 is Fi-
controllable to zero and FiTi(kerD) = kerD, then (LS)0 is Fi-controllable.

So the conditions FiTi(kerD) = kerD and Fi(I+RT ′iA)(kerD) = kerD
found by Pogorzelec for the one-sided invertible resolving operators are iden-
tical.

Theorem 20.4. Let a linear system (LS)0 of the form (20.1)–(20.2) and
an initial operator Fi ∈ FD be given. Let T1 ∈ RI−RA if I − RA ∈ R(X),
T2 ∈ LI−RA if I − RA is left invertible, T3 = (I − RA)−1 if I − RA is
invertible, T4 ∈ WI−RA if I −RA is generalized almost invertible. Suppose
that B ∈ L0(U → X, X ′ → U ′), D ∈ L(X,X ′), A,R ∈ L0(X,X ′). Then
the system (LS)0 is Fi-controllable if and only if

(20.24) kerB∗R∗T ∗i F
∗
i = {0} .

P r o o f. It is sufficient to consider the case of I −RA being generalized
almost invertible. Note that in all cases under consideration, FiTiRB maps
U into kerD. Fix x0, x1 ∈ kerD. The condition (20.24) is equivalent to

(20.25) FiTiRBU = kerD .

The assumption RBU ⊕ {x0} ⊂ (I −RA)(domD) implies

F4T4RBU = F4T4(RBU ⊕ {x0})− {F4T4x0}
⊂ F4T4(I −RA)(domD)− {F4T4x0}
⊂ F4[T4(I −RA)(domD)⊕ ker(I −RA)]
− {F4T4x0} − F4[ker(I −RA)]

= F4(domD)− {F4T4x0} − F4[ker(I −RA)] ⊂ kerD .

The condition (20.25) implies

F4T4RBU = F4(domD)− {F4T4x0} − F4[ker(I −RA)] = kerD .

This means that for every x1 ∈ kerD there exist v ∈ domD, u ∈ U and
z0 ∈ ker(I −RA) such that

x1 = F4v = F4(T4(RBu+ x0) + z0) ,

i.e. x1 is F4-reachable from x0. The arbitrariness of x0, x1 ∈ kerD implies
F4(RangU,x0

G4) = kerD.
Conversely, suppose that F4(RangU,x0

G4) = kerD. Choosing x0 = 0
and z0 = 0, we get F4T4RBU = kerD. This means that the operator
F4T4RB maps U onto kerD. The proof is complete.

Theorem 20.5. Let there be given a linear system (LS)0 and an initial
operator Fi ∈ FD. Then the system (LS)0 is Fi-controllable if and only if it
is Fi-controllable to every element v′ ∈ FiTiRX.
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P r o o f. To begin with, we prove that

(20.26) F4(T4(RX ⊕ kerD) + ker(I −RA)) = kerD .

Indeed, since (I − RA)(domD) ⊂ domD = RX ⊕ kerD, there exist a set
E ⊂ X and a set Z ′ ⊂ kerD such that

RE ⊕ Z ′ = (I −RA)(domD) .

This implies

T4(RE ⊕ Z ′) + ker(I −RA) = T4(I −RA)(domD)⊕ (I −RA) = domD .

Thus
kerD = F4(domD) = F4(T4(RE ⊕ Z ′) + ker(I −RA))

⊂ F4(T4(RX ⊕ kerD) + ker(I −RA)) ⊂ kerD .

This means that the formula (20.26) holds.
Suppose that the system (LS)0 is Fi-controllable to every element v′ =

F4T4Rv, v ∈ X, i.e. there exist a control u0 ∈ U and a z0 ∈ ker(I − RA)
such that

F4(T4(RBu0 + x0) + z0) = F4T4Rv .

This equality implies

(20.27) F4(T4(RBu0 + x0) + z0 + z1) = F4(T4(Rv + x2) + z1)− F4T4x2 ,

where z1 ∈ ker(I −RA), x2 ∈ kerD are arbitrary.
By the formula (20.26), for every x1 ∈ kerD there exist a z′1 ∈ ker(I −

RA), a v′ ∈ X and a x′2 ∈ kerD such that

x1 = F4[T4(Rv′ + x′2) + z′1] .

This equality and (20.27) together imply

(20.28) F4[T4(RBu′0 + x0 + x′2) + z0 + z′1] = x1 .

On the other hand, the condition 0 ∈ F4T4RX and our assumption imply
that (LS)0 is Fi-controllable to zero, i.e. 0 ∈ F4(RangU,x0

G4). Therefore,
there exist u1 ∈ U and z2 ∈ ker(I −RA) such that

(20.29) F4[T4(RBu1 − x2) + z2] = 0 .

If we add (20.28) and (20.29), we obtain

F4[T4(RBu3 + x0) + z3] = x1 ,

where u3 := u′0 + u1, z3 := z0 + z′1 + z2. This means that every final
state x1 ∈ kerD is F4-reachable from x0. The arbitrariness of x0, x1 gives
F4(RangU,x0

G4) = kerD. The proof is complete.

Corollary 20.6. The system (LS)0 is Fi-controllable if and only if it is
Fi-controllable to every element v0 ∈ FiRX.

Indeed, it is easy to check that TiRX ⊂ RX. Thus FiTiRX ⊂ FiRX.
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Theorem 20.6. Suppose that the system (LS)0 is Fi-controllable. Then
it is F ′i -controllable for every initial operator F ′i ∈ FD.

P r o o f. Let Ri ∈ RD be the right inverse of D corresponding to Fi, i.e.
FiRi = 0. For every x1 ∈ kerD and v ∈ X there exists x2 ∈ kerD such that
x1 = x2 + F ′iRiv. By the assumption, the system (LS)0 is Fi-controllable.
Hence for every x0, x2 ∈ kerD there exist u ∈ U and z ∈ ker(I −RA) such
that Fi[Ti(RBu+ x0) + z] = x2, or equivalently

Ti(RBu+ x0) + z = x2 +Riv

for some v ∈ X. Thus

F ′i [Ti(RBu+ x0) + z] = x2 + F ′iRiv = x1 .

The arbitrariness of x0, x1 ∈ kerD implies the assertion.

Example 20.1. Let X = (s) be the space of all real sequences. Write

{en} = {1, 1, 1, . . .} , {on} = {0, 0, 0, . . .} ,
D{xn} := {xn+1 − xn} , F{xn} := x1{en} ,

R{xn} := {yn} , y1 := 0 , yn :=
n−1∑
j=1

xj (n = 2, 3, . . .) ,

A{xn} := {zn} , z1 := 2x2 − x1 , zn := xn+1 − xn (n = 2, 3, . . .) ,
B := βI , where β ∈ R ,

U := {{un} : un = 0 for n = 2, 3, . . .} .
It is easy to check that D ∈ R(X), domD = X, R ∈ RD and F is an initial
operator for D corresponding to R. Moreover, kerD = {{cen} : c ∈ R}.

Consider the following linear system (LS)0:

(20.30) Dx = Ax+Bu , Fx = x′0 , x′0 ∈ kerD .

Since (I−RA){xn} = {x1 +x2, x3, x3, . . .} we conclude that ker(I−RA) 6=
{0}, (I −RA)X 6= X. Therefore, I −RA is not one-sided invertible. Write
T4{xn} := {x1, 0, x3, 0, 0, . . .}. Then

T4(I −RA){xn} = T4{x1 + x2, x3, x3, . . .} = {x1 + x2, 0, x3, 0, 0, . . .} ,
(I −RA)T4(I −RA){xn} = {x1 + x2, x3, x3, . . .} ,

i.e. (I −RA)T4(I −RA) = I −RA. Hence, the resolving operator is gener-
alized almost invertible, but it is neither invertible nor one-sided invertible.

Let x′0 = {ben} ∈ kerD. Then

(20.31) RBU ⊕ {x′0} = {{xn} : x1 = b , xk = b+ c (k ≥ 2) , c ∈ R} .
Hence RBU⊕{x′0} ⊂ (I−RA)(domD), i.e. the system (20.30) has solutions
for every control u ∈ U .
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If x′1 = {sen}, v = {v1, v2, . . .} ∈ X then

(20.32) (I −RA)(Rv + x′1) = {2s, s+ v1 + v2, s+ v1 + v2, . . .} .
Now (20.31) and (20.32) together imply kerB∗R∗T ∗4 6= {0}, i.e. not every
state x in (RX ⊕ x′0) + ker(I −RA) is reachable from x′0.

By an easy calculation, we also have

T4RBU = {{0, 0, c, 0, 0, . . .} : c ∈ R} ,
RX + ker(I −RA) = {{β, x1 − β, x1 + x2 − β, y4, y5, . . .} :

β ∈ R, x = {xn} ∈ X , yk = x1 + . . .+ xk−1 (k ≥ 4)} .
Hence T4RBU 6= RX + ker(I −RA). By Theorem 20.2, there is x ∈ RX +
{x′0}+ ker(I −RA) which is not reachable from x′0.

Let F4{xn} = x3{en}. Then F4T4(kerD) = {β, β, . . .}, i.e. F4T4(kerD)
= kerD. Corollary 20.5 implies that the system (20.30) is F4-controllable.

If we put F ′4{xn} = x2{en}, then F ′4T4(kerD) = {0}. Hence F ′4T4(kerD)
6= kerD. However, F ′4(ker(I −RA)) = kerD, so that F ′4T4(kerD) + ker(I −
RA) = kerD. By Theorem 20.3, the system (20.30) is F ′4-controllable.

Example 20.2. Suppose that X, D, R, F are defined as in Example 20.1
and that A{xn} := {0, x3, x4 − x3, x5 − x4, . . .}, U := X, B := I. It is easy
to check that

(20.33) (I −RA){xn} = {x1, x2, 0, 0, . . .} .
Hence I −RA is a projection, and so it is not one-sided invertible, but it is
generalized almost invertible.

The kernel of I −RA is

(20.34) ker(I −RA) = {{0, 0, x3, x4, x5, . . .} : xn ∈ R (n ≥ 3)} .
Fix x′0 = {ben} ∈ kerD. Then

(20.35) RBU ⊕ {x′0} = RX ⊕ {x′0} .
Since (I −RA)2 = I −RA we get T4 = I ∈ WI−RA and

(20.36) T4RBU = RX .

Now (20.34) and (20.36) yield

T4RBU = RX + ker(I −RA) .

Theorem 20.2 implies that every state x ∈ RX + {T4x
′
0} + ker(I − RA) is

(4)-reachable from x0 ∈ kerD.
Let F4 ∈ FD, F4{xn} := x3{en}. Then F4T4(kerD) = kerD. Hence, by

Corollary 20.5, the system (20.30) is F4-controllable.
Suppose now that T ′4 = I−RA. Then I−RA ∈ WI−RA since (I−RA)3 =

I − RA. In this case, we obtain T4RBU = {0, β, 0, 0, . . .}, T4(kerD) =
{{β, β, 0, 0, . . .} : β ∈ R}, F4T4(kerD) = {{β, β, 0, 0, . . .} : β ∈ R} and
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F4(T4(kerD) + ker(I −RA)) = {{cen} : c ∈ R}. Thus F4T4(kerD) 6= kerD.
However,

F4(T4(kerD) + ker(I −RA)) = kerD .

Theorem 20.3 implies that the system (20.30) is F4-controllable for the given
generalized almost inverse T4 = I −RA.

21. Controllability of general systems with right invertible op-
erators. Let X, Y and U be linear spaces (all over the same field F , where
F = C or F = R). Let D ∈ R(X), R ∈ RD and let F be an initial operator
corresponding to R. Write

(21.0) Xk := domDk , Zk := kerDk (k ∈ N) .

Suppose that we are given A1 ∈ L0(X → Y ), B ∈ L0(U → X), B1 ∈
L0(U → Y ).

Definition 21.1. A linear system (shortly (LS)) is any system

(21.1) Q[D]x = Bu , FDjx = xj ,

xj ∈ Z1 (j = 0, . . . ,M +N − 1) ,
(21.2) y = A1x+B1u ,

where

(21.3) Q[D] :=
M∑
m=0

N∑
n=0

DmAmnD
n ,

Amn ∈ L(X), AmnXM+N−n ⊂ Xm (m = 0, . . . ,M ; n = 0, . . . , N ; m+ n <
M +N), AMN = I.

In the sequel, we assume that

(21.4) RM+NBU ⊕ {x0} ⊂ (I +Q)XM+N ,

where

(21.5) x0 :=
M+N−1∑
j=0

Rjxj ∈ ZM+N ,

Q is of the form (14.3), i.e.

(21.6) Q :=
M∑
m=0

N∑
n=0

RM+N−mBmnD
n ,

where

(21.6′) Bmn :=
{
A′0n if m = 0,
A′mn −

∑M
µ=m FD

µ−mA′µn otherwise,

(21.6′′) A′mn :=
{

0 if m = M and n = N ,
Amn otherwise
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(m = 0, . . . ,M ; n = 0, N).
By Theorem 14.2, the assumption (21.4) is a necessary and sufficient

condition for the initial value problem (21.1) to have solutions for every
u ∈ U .

If A1 = I and B1 = 0 then we shall denote the system (21.1)–(21.2) by
(LS)0.

Definition 21.2. The linear system (21.1)–(21.2) is said to be well-
defined if for every fixed u ∈ U the corresponding initial value problem
(21.1) is well-posed. If there is u ∈ U such that the initial value problem
(21.1) is ill-posed, then the linear system is said to be ill-defined.

Theorem 14.2 immediately yields

Theorem 21.1. Suppose that the condition (21.4) is satisfied. Then the
system (21.1)–(21.2) is well-defined if and only if the corresponding resolving
operator I +Q′, where

(21.7) Q′ :=
M∑
m=0

N∑
n=0

RM−mBmnR
N−n ,

is either invertible or left invertible.

Indeed, if I + Q′ is either invertible or left invertible, then for every
u ∈ U , the initial value problem (21.1) has a unique solution of the form
x = G(x0, u), where

(21.8) G(x0, u) = EQ(RM+NBu+ x0) ,

(21.9) EQ :=
{
I −RNEQ′Q1 if I +Q′ is invertible,
I −RNLQ′Q1 if I +Q′ is left invertible,

EQ′ := (I +Q′)−1 , LQ′ ∈ LI+Q′ ,

(21.10) Q1 :=
M∑
m=0

N∑
n=0

RM−mBmnD
n .

So, according to (21.2), the output y is uniquely determined by any u ∈ U
and x0 ∈ ZM+N and is of the form y = A1G(x0, u) +B1u. If we consider a
linear system (LS)0 then y = x = G(x0, u).

Definition 21.3. Write

(21.11) G0 := A1EQ , G1 := G0R
M+NB +B1 ,

where EQ is defined by (21.9). The matrix operator G0 = (G0, G1) defined
on the input space ZM+N × U is said to be the transfer operator for the
linear system with the resolving operator I +Q′ invertible.
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Therefore, to every input (x0, u) there corresponds a uniquely deter-
mined output y, which can be written as

y = G0(x0, u) = G0x
0 +G1u .

Consider now the linear system (LS)0, i.e. the system (21.1)–(21.2) with
A1 = I, B = 0:

(21.12) Q[D]x = Bu , FDjx = xj , xj ∈ Z1 (j = 0, . . . ,M +N − 1) ,
(21.13) RM+NBU ⊕ {x0} ⊂ (I +Q)XM+N .

Write this system in an equivalent form

(21.14) (I +Q)x = RM+NBu+ x0 .

Denote by Hi (i = 1, 2, 3, 4) the following sets defined for any x0 ∈ ZM+N ,
u ∈ U :

(1) If I +Q′ ∈ R(X) then

(21.15) H1(x0, u) := {T1(RM+NBu+ x0) + z : z ∈ ker(I +Q)} ,
where

(21.16) T1 := I −RNRQ′Q1 , RQ′ ∈ RI+Q′ , Q1 is given by (21.10) .

(2) If I +Q′ ∈ Λ(X) and LQ′ ∈ LI+Q′ then

(21.17) H2(x0, u) := {T2(RM+NBu+ x0)} ,
where

(21.18) T2 := I −RNLQ′Q1 , Q1 is defined by (21.10) .

(3) If I +Q′ is invertible, then

(21.19) H3(x0, u) := {T3(RM+NBu+ x0)} ,
where

(21.20) T3 := I −RN (I +Q′)−1Q1 .

(4) If I +Q′ ∈W (X) and WQ′ ∈ WI+Q′ then

(21.21) H4(x0, u) := {T4(RM+NBu+ x0) + z : z ∈ ker(I +Q)} ,
where

(21.22) T4 := I −RNWQ′Q1 .

Note that Hi (i = 1, 2, 3, 4) are the sets of all solutions of the system
(LS)0 in the respective cases.

As in Section 20, we need the following

Definition 21.5. A state x ∈ X is said to be (i)-reachable (i = 1, 2, 3, 4)
from an initial state x0 ∈ ZM+N if for every Ti (T1 ∈ RI+Q, T2 ∈ LI+Q,
T3 = (I + Q)−1, T4 ∈ WI+Q) there exists a control u ∈ U such that x ∈
Hi(x0, u).
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In the sequel, we only deal with the above four cases. Write

(21.23) RangU,x0 Hi =
⋃
u∈U

Hi(x0, u) , x0 ∈ ZM+N .

It is easy to see that RangU,x0 Hi is (i)-reachable from x0 by means of
controls u ∈ U and it is contained in XM+N .

Lemma 21.1. Suppose that Ti (i = 1, 2, 3, 4) are given by (21.16), (21.18),
(21.20) and (21.22), respectively. Then

(21.24) Ti(RM+NBU ⊕ {x0}) + ker(I +Q)
= TiR

M+NBU ⊕ {Tix0} ⊕ ker(I +Q) .

P r o o f. It is sufficient to deal with the case i = 4. (10.4) implies
XM+N = T4(I +Q)XM+N ⊕ ker(I +Q). By the assumption (21.13), there
exists E ⊂ XM+N such that RM+NBU ⊕ {x0} = (I +Q)E. This implies

T4(RM+NBU ⊕ {x0}) + ker(I +Q) = T4(I +Q)E ⊕ ker(I +Q)
= T4(RM+NBU ⊕ {x0})⊕ ker(I +Q) .

We now prove that

T4(RM+NBU ⊕ {x0}) = T4R
M+NBU ⊕ {T4x

0} .

Let x ∈ T4R
M+NBU ∩ {T4x

0}. Then there exists u ∈ U such that
T4(RM+NBu− x0) = 0. (21.13) implies that there is v ∈ XM+N such that
RM+NBu − x0 = (I + Q)v. Thus, 0 = T4(RM+NBu − x0) = T4(I + Q)v
and 0 = (I + Q)T4(I + Q)v = (I + Q)v = RM+NBu − x0. This implies
x0 = RM+NBu = 0, i.e. x0 = 0 and Bu = 0.

R e m a r k 21.1. If I+Q′ is either invertible or left invertible, the formula
(21.24) is of the form

Ti(RM+NBU ⊕ {x0}) = TiR
M+NBU ⊕ {Tix0} .

Corollary 21.1.

(21.25) RangU,x0 Hi = TiR
M+NBU ⊕ {Tix0} ker(I +Q) .

Corollary 21.2. The state x ∈ XM+N is (i)-reachable from x0 ∈
ZM+N if and only if

x ∈ Ti(RM+NBU)⊕ {Tix0} ker(I +Q) .

Lemma 21.2. Write

(21.26)
Ei : = TiR

M+NB ,

X0i : = Ti(RN (I +Q′)RMX + (I +Q)ZM+N − {x0}) .
Then the operator Ei maps the space U into X0i.
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P r o o f. By the assumption (21.13), there exist a v ∈ X and a x1 ∈
ZM+N such that

(21.27) RM+NBu+ x0 = (I +Q)(RM+Nv + x1) .

On the other hand, (I + Q)RM+N = RN (I + Q′)RM . This and (21.27)
together imply

TiR
M+NBu = Ti(RN (I +Q′)RMv + (I +Q)x1 − x0) ,

which was to be proved.

Theorem 21.3. Let there be given a system (LS)0 described by (21.12)–
(21.13). Suppose that B ∈ L0(U → X,X ′ → U ′), D ∈ L(X,X ′), Ti ∈
L0(XM+N , X

′
M+N ), i = 1, 2, 3, 4; R ∈ L0(X,X ′). Then the generalized

Kalman condition

(21.28) kerB∗(R∗)M+NT ∗i = {0}
holds if and only if for every initial state x0 ∈ ZM+N , every state x ∈
RM+NX + x0 + ker(I +Q) is reachable from x0.

P r o o f. By Lemma 21.2, (21.28) holds if and only if for every x1 ∈
ZM+N , v ∈ X, there exists u ∈ U such that RM+NBu + x0 = (I +
Q)(RM+Nv + x1). This means that for every x1 ∈ ZM+N , v ∈ X and
z ∈ ker(I +Q) there exists u ∈ U such that

(21.29) Ti(RM+NBu+ x0) + z = Ti(I +Q)(RM+Nv + x1) + z .

To end the proof, it is sufficient to consider the case of I + Q′ generalized
almost invertible. Suppose that I + Q′ ∈ W (X), i.e. I + Q ∈ W (XM+N ).
Write F ′ := I − T4(I + Q), T4 ∈ WI+Q. It is easy to check that F ′2 =
F ′, (I + Q)F ′ = 0 and F ′XM+N = ker(I + Q). Putting x1 := x0, z :=
F ′(RM+Nv + x0) ∈ ker(I +Q), we get from (21.29)

T4(RM+NBu+ x0) + z

= (I − F ′)(RM+Nv + x0) + F ′(RM+Nv + x0)
= RM+Nv + x0 .

This means that for every v ∈ X, z1 ∈ ker(I + Q) there exist z′ = z1 +
F ′(RM+Nv + x0) ∈ ker(I +Q) and u ∈ U such that

T4(RBu+ x0) + z′ ∈ RM+NX + {x0}+ ker(I +Q) ,

i.e. RangU,x0 H4 = RM+NX + {x0}+ ker(I +Q). The proof is complete.

Definition 21.6. Let there be given a linear system (LS)0 of the form
(21.12)–(21.13) and let F ′i ∈ FDM+N .

(i) The state x1 ∈ ZM+N is said to be Fi-reachable from an initial state
x0 ∈ ZM+N if there exists a control u ∈ U such that x1 ∈ F ′iHi(x0, u). The
state x1 is then called a final state.
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(ii) The system (LS)0 is said to be Fi-controllable if for every initial state
x0 ∈ ZM+N ,

(21.30) F ′i (RangU,x0 Hi) = ZM+N .

(iii) The system (LS)0 is said to be Fi-controllable to x1 ∈ ZM+N if

(21.31) x1 ∈ Fi(RangU,x0 Hi)

for every initial state x0 ∈ ZM+N .

Lemma 21.3. Let there be given a linear system (LS)0 of the form (21.12)–
(21.13) and an initial operator F ′i ∈ FDM+N . Suppose that (LS)0 is F ′i -
controllable to zero and that

(21.32) F ′iTiZM+N = ZM+N .

Then every final state x1 ∈ ZM+N is F ′i -reachable from zero.

P r o o f. It is sufficient to deal with the case i = 4. Since the system is F ′i -
controllable to zero, there exists a control u′ ∈ U such that 0 ∈ F ′4H4(x0, u′),
i.e. there exists z0 ∈ ker(I +Q) such that F ′4(T4(RM+NBu′+ x0) + z0) = 0,
or equivalently

F ′4(T4R
M+NBu′ + z0) = −F ′4T4x

0 .

By the assumption (21.32), for every given state x1 ∈ ZM+N we find
x2 ∈ ZM+N such that −F ′4T4x

2 = x1. Hence, there are u ∈ U and z0 ∈
ker(I +Q) such that

F ′4[T4(RM+NBu) + z0] = −F ′4T4x
2 = x1 .

This proves that an arbitrary final state x1 is reachable from the initial
state 0.

Theorem 21.4. Suppose that all assumptions of Lemma (21.3) are sat-
isfied. Then the linear system (LS)0 is F ′i -controllable.

P r o o f. It is sufficient to deal with the case of a generalized almost
invertible resolving operator. By the assumption, there exist u0 ∈ U and
z0 ∈ ker(I +Q) such that

(21.33) F ′4[T4(RM+NBu0 + x0) + z0] = 0 .

On the other hand, by Lemma 21.3, for every given x1 ∈ ZM+N there exist
u2 ∈ U , z2 ∈ ker(I +Q) such that

(21.34) F ′4[T4(RM+NBu2 + 0) + z2] = x1 .

If we add (21.33) and (21.34), we obtain F ′4[T4(RM+NBu1 +x0) + z1] = x1,
where u1 := u0 + u2 ∈ U , z1 := z0 + z2 ∈ ker(I +Q). Thus every final state
x1 ∈ ZM+N is F4-reachable from the initial state x0 ∈ ZM+N .

Note that Theorem 21.4 was given by Nguyen Dinh Quyet [27–29] and
Pogorzelec [43] for first order systems with invertible and one-sided invertible
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resolving operators (cf. Section 20). Theorem 21.4 can be generalized as
follows.

Theorem 21.5. Let there be given a system (LS)0 of the form (21.12)–
(21.13) and an initial operator F ′i ∈ FDM+N . Suppose that (LS)0 is Fi-
controllable to zero and that

(21.35) F ′i [TiZM+N + ker(I +Q)] = ZM+N .

Then (LS)0 is F ′i -controllable.

P r o o f. Since (LS)0 is F ′i -controllable to zero, there exist u0 ∈ U , z0 ∈
ker(I +Q) such that

(21.36) F ′i [Ti(R
M+NBu0 + x0) + z0] = 0 .

Fix x1 ∈ ZM+N . Then (21.35) implies that there exist x2 ∈ ZM+N and
z1 ∈ ker(I +Q) such that

(21.37) F ′i (Tix
2 + z1) = x1 .

By (21.36) for the element x2 ∈ ZM+N , there exist u1 ∈ U and z2 ∈
ker(I +Q) such that F ′i (TiR

M+NBu1 + z2) = F ′iTix
2, i.e.

F ′i (TiR
M+NBu1 + z1 + z2) = F ′i (Tix

2 + z1) .

The last equality and (21.37) together imply

(21.38) F ′i (TiR
M+NBu1 + z3) = x1 , z3 := z1 + z2 ∈ ker(I +Q) .

If we add (21.36) and (21.38), we find

F ′i (Ti[R
M+NB(u0 + u1) + x0] + z0 + z3) = x1 ,

which was to be proved.

Note that the conditions of Theorems 21.4 and 21.5 are sufficient but
not necessary.

Theorem 21.6. Let there be given a system (LS)0 of the form (21.12)–
(21.13) and an initial operator F ′i ∈ FDM+N . Then (LS)0 is F ′i -controllable
if and only if it is F ′i -controllable to every element v0 ∈ F ′iTiRM+NXM+N .

P r o o f. It is easy to see that

(21.39) F ′i [Ti(R
M+NXM+N + ZM+N )] = ZM+N .

Suppose that (LS)0 is F ′i -controllable to every element v0 = F ′iTiR
M+Nv,

v ∈ XM+N . Hence, there exist u0 ∈ U and z0 ∈ ker(I + Q) such that
F ′i [Ti(R

M+NBu0 + x0) + z0] = F ′iTiR
M+Nv, i.e.

F ′i [Ti(R
M+NBu0 + x0) + z0 + z1](21.40)

= F ′i [Ti(R
M+Nv + x2) + z1]− F ′iTix2 ,

where z1 ∈ ker(I +Q), x2 ∈ ZM+N are arbitrary.
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By (21.39), for every x1 ∈ ZM+N there exist z2 ∈ ker(I+Q), v1 ∈ XM+N

and x3 ∈ ZM+N such that x1 = F ′i [Ti(R
M+Nv+x3)+z2], and (21.40) implies

(21.41) F ′i [Ti(R
M+NBu1 + x0 + x3) + z0 + z2] = x1 .

On the other hand, our assumption implies that (LS)0 is F ′i -controllable to
zero, i.e. 0 ∈ F ′i (RangU,x0 Hi). Hence, if we set x0 := −x3 then there exist
u2 ∈ U and z3 ∈ ker(I +Q) such that

F ′i [Ti(R
M+NBu2 − x3) + z3] = 0 .

Adding this to (21.41), we get F ′i [Ti(R
M+NBu4 + x0) + z4] = x1, where

u4 := u1 +u2, z4 := z0 + z2 + z3, i.e. every state x1 ∈ ZM+N is Fi-reachable
from x0. The proof is complete.

Note that the operator F ′iTiR
M+NB maps U into ZM+N . The follow-

ing theorem shows that this operator determines the properties of the sys-
tem (LS)0.

Theorem 21.7. Let a linear system (LS)0 of the form (21.12)–(21.13)
and an initial operator F ′i ∈ FDM+N be given. Suppose that B ∈ L0(U →
X,X ′ → U ′), D ∈ L(X,X ′), R ∈ L0(X,X ′) and Ti ∈ L0(XM+N , XM+N ).
Then (LS)0 is F ′i -controllable if and only if

(21.42) kerB∗(R∗)M+NT ∗i F
′∗
i = {0} .

P r o o f. Note that (21.42) is equivalent to F ′iTiR
M+NBU = ZM+N . By

the assumption (21.13), we find

F ′iTiR
M+NBU = F ′iTi(R

M+NBU ⊕ {x0})− {F ′iTix0}
⊂ F ′iTi(I +Q)XM+N − {F ′iTix0}
⊂ F ′i [Ti(I +Q)XM+N ⊕ ker(I +Q)]− {F ′iTix0} − F ′i ker(I +Q)

= F ′iXM+N − {F ′iTix0} − F ′i ker(I +Q) ⊂ ZM+N .

This means that for every x1 ∈ ZM+N there exist v ∈ XM+N , u ∈ U and
z0 ∈ ker(I +Q) such that

x1 = F ′iv = F ′i [Ti(R
M+NBu+ x0) + z0] .

The arbitrariness of x0, x1 ∈ ZM+N implies F ′i (RangU,x0 Hi) = ZM+N .
Conversely, suppose that F ′i (RangU,x0 Hi) = ZM+N . In particular, if

x0 = 0, z0 = 0 we get F ′iTiR
M+NBU = ZM+N . This means that

F ′iTiR
M+NB maps U onto ZM+N . The proof is complete.

Theorem 21.7. Suppose that the system (LS)0 is F ′i -controllable. Then
it is F ′-controllable for every initial operator F ′ ∈ FDM+N .

P r o o f. Let R′i ∈ RDM+N be a right inverse of DM+N corresponding to
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F ′i , i.e. F ′iR
′
i = 0. Fix x1 ∈ XM+N . For every v ∈ XM+N we write

(21.43) x2 := x1 − F ′R′iv ∈ ZM+N .

Since (LS)0 is F ′i -controllable, for every x2 ∈ ZM+N there exist u ∈ U and
z ∈ ker(I +Q) such that F ′i [Ti(R

M+NBu+ x0) + z] = x2, or equivalently

(21.44) Ti(RM+NBu+ x0) + z = x2 +R′iv

for some v ∈ XM+N . From (21.44) we find

(21.45) F ′[Ti(RM+NBu+ x0) + z] = x2 + F ′R′iv .

Now (21.43) and (21.45) together imply

F ′[Ti(RM+NBu+ x0) + z] = x1 .

The arbitrariness of x0, x1 ∈ ZM+N shows that (LS)0 is F ′-controllable.
The proof is complete.

Example 21.1. Let X := C[0, 1] over C. Let D := d/dt, R :=
∫ t
t0

,
(Fx)(t) := x(t0) for a t0 ∈ [0, 1] and x ∈ X. Consider the system

(21.46) [DN + P0(D, I) + P1(D, I)F ′ +RkP2(D, I)]x = Bu ,

(21.47) FDjx = xj , xj ∈ C (j = 0, . . . , N − 1) ,

where F ′ ∈ FDN , U = X, B ∈ L0(X), k ∈ N0,

(21.48) Pµ(t, s) :=
N−1∑
i=0

aµit
isN−1−i , aµi ∈ C (µ = 0, 1, 2) .

As before, we write

Q1 : = P0(D, I) + P1(D, I)F ′ +RkP2(D, I) ,

Q : = RNQ1 , Q′ := P0(I,R) +RkP2(I,R) .

Since R ∈ V (X), the resolving operator I + Q′ is invertible (Theorem I in
Section 6). On the other hand, it is easy to check that Q′ = Q1R

N , so that,
by Theorem 2.1, I +Q is also invertible and

(21.49) (I +Q)−1 = I −RN (I +Q′)Q1 .

Write the system (21.46)–(21.47) in the following equivalent form:

(21.50) (I +Q)x = RNBu+ x0 , x0 =
N−1∑
j=0

Rjxj .

From (21.49) we conclude that I + Q ∈ L0(XN ) and (I + Q)−1XN ⊂ XN .
Hence, (21.50) has solutions for every u ∈ X. This means that the condition
(21.13) is satisfied. A unique solution of the system (21.46)–(21.47) is

(21.51) x = [I −RN (I +Q′)−1Q1](RNBu+ x0) ∈ XN .
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Thus, every state x ∈ [I − RN (I + Q′)−1Q1](RNBU ⊕ {x0}) is reachable
from x0 ∈ ZN .

Let F ′1, F
′
2 ∈ FDN be initial operators for DN given by

F ′1 := I −RN1 DN , F ′2 := I −R1R
N−1DN on domDN ,

where R1 :=
∫ t
t1

, t1 6= t0, t1 ∈ [0, 1]. Let T3 := (I+Q)−1. It is easy to check
that F ′1R

NX = ZN , F ′2R
NX 6= ZN , so that for every B ∈ L0(X), we find

F ′2(I −RN (I +Q′)−1Q1)RNBU = F ′2R
N (I − (I +Q′)−1Q1R

N )BX 6= ZN ,

i.e. kerB∗(R∗)NT ∗3 F
′
2
∗ 6= {0}. This means that the system (21.46)–(21.47)

is not F ′2-controllable.
Let B = I. Since I − (I +Q′)−1Q1R

N is invertible because I −RN (I +
Q′)−1Q1 is (Theorem 2.1), we conclude that [I − (I +Q′)−1Q1R

N ]X = X.
This implies

F ′1T3R
NBU = F ′1T3R

NX = F ′1(I −RN (I +Q′)−1Q1)RNX

= F ′1R
N [I − (I +Q′)−1Q1R

N ]X = F ′1R
NX = ZN .

Hence kerB∗(R∗)NT ∗3 F
′
1
∗ = {0}. Thus, by Theorem 21.7, the system

(21.46)–(21.47) is F ′1-controllable.

Example 21.2. Let X = (s) be the space of all real sequences. Write
{en} := {1, 1, . . .}, {on} := {0, 0, . . .}. Define the following operators:

D{xn} := {xn+1 − xn} , F{xn} := x1{en} ,
R{xn} := {yn} , y1 := 0 , yn := x1 + . . .+ xn−1 (n ≥ 2) ,

A{xn} = {x2, x3 − x2, 0, 0, . . .} , B{xn} = {x2,−x2,−x2, 0, 0, . . .} ,
C{xn} = {x2 − x1, 0, 0, . . .} .

Consider the system

(21.52)
(D2 −AD −DB − C)x = Bu ,

Fx = x′0, FDx = x′1 , x′0, x
′
1 ∈ kerD ,

where u ∈ U , U ⊂ X, B ∈ L0(U,X). Write

(21.53) Q1 := RAD+B+RC , Q := RQ1 , Q′ := RA+BR+RCR .

The system (21.52) is equivalent to the equation

(21.54) (I −Q)x = R2Bu+ x0 , x0 := x0 +Rx1 .

It is easy to see that I −Q′ is the resolving operator for the system (21.52)
and I −Q′ = I −Q1R. By easy calculations we find

RA{xn} = {0, x2, x3, x3, . . .} , BR{xn} = {x1,−x1,−x1, 0, 0, . . .} ,
RCR{xn} = {0, x1, x1, x1, 0, 0, . . .} ,
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so that

(21.55)
(I −Q′){xn} = {0, 0, 0, y4, y5, . . .},
yk := xk − x1 − x3 (k = 4, 5, . . .),

(21.56) ker(I −Q′) = {z = x1, x2, x3, x1 + x3, x1 + x3, . . .} ,
(21.57) Im(I −Q′) 6= X .

The formulae (21.55)–(21.57) imply that the resolving operator I−Q′ is not
one-sided invertible. However, since (I −Q′)(I −Q′) = I −Q′, we conclude
that I − Q′ is generalized almost invertible and I is its generalized almost
inverse.

By straightforward calculations, we find

(21.58) (I −RQ1){xn} = (I −Q){xn} = {x1, 0, 0, x1, y5, y6, . . .} ,
where yk := xk − (k − 3)xk−1 + (k − 4)(x3 − x2 + x1) (k ≥ 5).

Let x′0 := 0, x′1 := 0, i.e. let the initial conditions of the problem (LS)0
be Fx = 0, FDx = 0. Let U = X and

(21.59) B{xn} = {0, 0, 0, 0, x1, x2, x3, . . .} .
It is easy to check that

BU ⊕ {x0} = BX ⊂ (I −Q)X2 = (I −Q)X .

Hence, the system (21.52) is solvable for every u ∈ U . From (21.54) we
find x = (I + RQ1)R2Bu = (I + Q)R2Bu. Therefore, every state x ∈
(I +Q)R2BU is reachable from zero.

22. Controllability of linear systems described by generalized
almost invertible operators. Let X, Y , U be linear spaces over the same
field F (where F = C or F = R). Suppose that V ∈ W (X), W ∈ W1

V

and F (r), F (l) are right and left initial operators for V corresponding to W ;
A ∈ L0(X), A1 ∈ L0(X → Y ), B ∈ L0(U → X), B1 ∈ L0(U → Y ).

By a linear system (LS) we now mean the following system:

(22.1) V x = Ax+Bu , u ∈ U , BU ⊂ (V −A)(domV ) ,
(22.2) F (r)x = x0 , x0 ∈ kerV ,
(22.3) y = A1x+B1u .

If A1 = I, B1 = 0, i.e. Y = X and y = x, then we denote the system
(22.1)–(22.3) by (LS)0.

Note that the properties of linear systems depend on the properties of
the resolving operators I −WA and I −AW . There are eight cases to deal
with: (i) I−WA ∈ R(X), (ii) I−WA ∈ Λ(X), (iii) I−WA ∈ R(X)∩Λ(X),
(iv) I −WA ∈W (X), (v) I −AW ∈ R(X), (vi) I −AW ∈ Λ(X), (vii) I −
AW ∈ R(X) ∩ Λ(X), (viii) I − AW ∈ W (X). By Theorem 2.1 and 10.3,
it is sufficient to consider the first four cases (i)–(iv). Since both one-sided
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invertible and invertible operators are generalized almost invertible, we can
reduce those cases to the case of I−WA being generalized almost invertible.

Suppose that we are given a linear system (LS)0. The initial value prob-
lem (22.1)–(22.2) has solutions if and only if

(22.4) WBu+ x0 ∈ (I −WA)Xu ⊂ (I −WA)(domV ) ,

where

(22.5) Xu = {x ∈ domV : F (l)(Ax+Bu) = 0} , u ∈ U ,
and x0 = 0 if dim kerV = 0.

So that the condition

(22.5′) WBU + {x0} ⊂ (I −WA)Xu

is a necessary and sufficient condition for the initial value problem (22.1)–
(22.2) to have solutions for every u ∈ U .

It is easy to check that the condition (22.5′) is equivalent to condition:
BU ⊂ (V −A) domV .

Suppose that I −WA is generalized almost invertible. Write

(22.6) G(x0, u) = {x = (I +WWAA)(WBu+ x0) + z : WA ∈ WI−AW ,

z ∈ ker(I −WA)} .
Note that G is the set of all solutions of the problem (22.1)–(22.2).

Therefore, to every fixed input (x0, u) there corresponds an output x =
G(x0, u).

Write

(22.7) RangU,x0
G =

⋃
u∈U

G(x0, u), x0 ∈ kerV .

Definition 22.1. Suppose that we are given a linear system (LS)0 and
the set G(x0, u) of the form (22.6). A state x ∈ X is said to be reachable
from the initial state x0 ∈ kerV if for every WA ∈ WI−AW there exists a
control u ∈ U such that x ∈ G(x0, u).

It is easy to see that RangU,x0
G is the set reachable from the initial state

x0 ∈ kerV by means of controls u ∈ U and this set is contained in domV .

Lemma 22.1. Write

(22.8) T = I +WWAA , WA ∈ WI−AW , W ∈ W0
V .

Then the following equality holds:

(22.9) T (WBU +{x0})+ker(I−WA) = TWBU ⊕{Tx0}⊕ker(I−WA) .

P r o o f. (10.4) implies X = T (I − WA)X ⊕ ker(I − WA). By the
assumption (22.5′), there exists E ⊂ domV such that

WBU + {x0} = (I −WA)E ⊂ (I −WA)X .
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This implies

T (WBU + {x0}) + ker(I −WA) = T (I −WA)E + ker(I −WA)
= T (I −WA)E ⊕ ker(I −WA) = T (WBU + {x0})⊕ ker(I −WA) .

We now prove that

T (WBU + {x0}) = TWBU ⊕ {Tx0} .
Let x ∈ (TWBU)∩{Tx0}. Then there exists u ∈ U such that TWBu =

Tx0, i.e. T (WBu−x0) = 0. Our assumption (22.5′) implies that there exists
v ∈ domV such that WBu− x0 = (I −WA)v. Then 0 = T (WBu− x0) =
T (I−WA)v. Hence, 0 = (I−WA)T (I−WA)v = (I−WA)v = WBu−x0,
i.e. x0 = WBu. Since F (r)W = 0 for W ∈ W1

V , we find x0 = F (r)x0 =
F (r)WBu = 0. The proof is complete.

Corollary 22.1. If V ∈W (X) and W ∈ W1
V then

(22.10) RangU,x0
G = TWBU ⊕ {Tx0} ⊕ ker(I −WA) .

Corollary 22.2. A state x ∈ domV is reachable from a given initial
state x0 ∈ kerV if and only if

(22.11) x ∈ TWBU ⊕ {Tx0} ⊕ ker(I −WA) .

Theorem 22.1. Suppose that B ∈ L0(U → X,X ′ → U ′), V ∈ L(X,X ′)∩
W (X), W ∈ L0(X,X ′) ∩ W1

V and T ∈ L0(X,X ′), where T is defined
by (22.8). Then the generalized Kalman condition

(22.12) kerB∗W ∗T ∗ = {0}
holds if and only if for every initial state x0 ∈ kerV , every state x ∈
WV (domV ) + {x0}+ ker(I −WA) is reachable from x0.

P r o o f. Note that TWB maps U into T [(I − WA)(domV ) − {x0}].
Indeed, by the assumption (22.5′) for every u ∈ U there exists v ∈ domV
such that WBu + x0 = (I − WA)v, i.e. TWBu = T [(I − WA)v − x0)].
Hence, (22.12) holds if and only if for every x1 ∈ kerV , v ∈ domV there
exists u ∈ U such that

WBu = (I −WA)(WV v + x1)− x0 .

This means that for every x1 ∈ kerV , v ∈ domV and z ∈ ker(I −WA)
there exists u ∈ U such that

(22.13) T (WBu+ x0) + z = T (I −WA)(WV v + x1) + z .

Write F (r)
1 := I−T (I−WA). By Lemma 10.3, (I−WA)F (r)

1 = 0, (F (r)
1 )2 =

F
(r)
1 and F

(r)
1 X = ker(I −WA). Choosing x1 = x0, z = F

(r)
1 (WV v + x0),

from (22.13) we get

T (WBu+x0) +z = (I−F (r)
1 )(WV v+x0) +F

(r)
1 (WV v+x0) = WV v+x0 .



164 Linear systems with right invertible operators

This means that for every v ∈ domV , z1 ∈ ker(I −WA) there exist z′ =
z1 + F

(r)
1 (WV v + x0) ∈ ker(I −WA) and u ∈ U such that

T (WBu+ x0) + z′ ∈WV (domV ) = {x0}+ ker(I −WA) ,

i.e. RangU,x0
G = WV (domV )+{x0}+ker(I−WA). The proof is complete.

Now we give another condition for every state x ∈WX+{Tx0}+ker(I−
WA) to be reachable from any initial state x0 ∈ kerV .

Lemma 22.2. Let V ∈ W (X), W ∈ L0(X) ∩W1
V and let T be given by

(22.8). Then T ∈ WI−WA and

(22.14) TWX ⊂WX .

P r o o f. Indeed, by (22.8), T ∈ WI−WA and TWX = (I +WWAA)WX
= W (I +WAAW )X ⊂WX.

Lemma 22.2 implies that TWB maps U into WX. Corollary 22.1 yields

Theorem 22.2. Consider a linear system (LS)0 described by a gener-
alized almost invertible operator V . Suppose that W ∈ L0(X) ∩ WV and
T is defined by (22.8). Then a necessary and sufficient condition for every
element x ∈ WX + {Tx0} + ker(I −WA) to be reachable from any initial
state x0 ∈ kerV is that

(22.15) TWBU = WX .

Definition 22.2. Let there be given a linear system (LS)0 of the form
(22.1)–(22.2). Let F (r)

1 be any right initial operator for V corresponding to
W1 ∈ WV .

(i) A state x1 ∈ kerV is said to be F (r)
1 -reachable from an initial state

x0 ∈ kerV if there exists a control u ∈ U such that x1 ∈ F (r)
1 G(x0, u). The

state x1 is then called a finite state.
(ii) The system (LS)0 is said to be F (r)

1 -controllable if for every initial
state x0 ∈ kerV , we have

(22.16) F
(r)
1 (RangU,x0

G) = kerV .

(iii) The system (LS)0 is said to be F (r)
1 -controllable to x1 ∈ kerV if

(22.17) x1 ∈ F (r)
1 (RangU,x0

G)

for every initial state x0 ∈ kerV .

Lemma 22.3. Suppose that the system (LS)0 is F (r)
1 -controllable to zero

and that

(22.18) F
(r)
1 [T (kerV ) + ker(I −WA)] = kerV .

Then every final state x1 ∈ kerV is F (r)
1 -reachable from zero.
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P r o o f. Since, by the assumption, the system (LS)0 is F (r)
1 -controllable

to zero, we conclude that 0 ∈ F (r)
1 (RangU,x0

G) for every x0 ∈ kerV . There-

fore, there exists a control u0 ∈ U such that 0 ∈ F (r)
1 G(x0, u0), i.e. there is

a z0 ∈ ker(I −WA) such that

(22.19) F
(r)
1 (TWBu0 + z0) = −F (r)

1 Tx0 .

The condition (22.18) implies that for every given x1 ∈ kerV there exist
x2 ∈ kerV and z1 ∈ ker(I −WA) such that

(22.20) F
(r)
1 (Tx2 + z1) = x1 .

By (22.19) for the element x2 ∈ kerV , there exist u′0 ∈ U and z′0 ∈ ker(I −
WA) such that

F
(r)
1 (TWBu′0 + z′0 + z1) = F

(r)
1 (Tx2 + z1) .

This equality and (22.20) together imply

F
(r)
1 (TWBu′0 + z′1) = x1 , z′1 = z′0 + z1 ∈ ker(I −WA) .

This proves that every final state x1 is F (r)
1 -reachable from zero.

Theorem 22.3. Suppose that all assumptions of Lemma (22.3) are
satisfied. Then the linear system (LS)0 is F (r)

1 -controllable.

P r o o f. By our assumption, there exist u0 ∈ U and z0 ∈ ker(I −WA)
such that

(22.21) F
(r)
1 [T (WBu0 + x0) + z0] = 0 .

By Lemma 22.3, for every x1 ∈ kerV there exist u′0 ∈ U and z1 ∈ ker(I −
WA) such that

(22.22) F
(r)
1 (TWBu′0 + z1) = x1 .

Now (22.21) and (22.22) imply F (r)
1 [T (WB(u0 + u′0 + x0) + (z0 + z1)] = x1,

i.e. x1 is F (r)
1 -reachable from x0, which was to be proved.

Corollary 22.4. If the system (LS)0 is F (r)
1 -controllable to zero and

F
(r)
1 T (kerV ) = kerV , then it is F (r)

1 -controllable.

Theorem 22.4. Let a linear system (LS)0 of the form (22.1)–(22.2) and
an initial operator F (r)

1 for V be given. Let T be defined by (22.8) and let
B ∈ L0(U → X,X ′ → U ′), V ∈ L(X,X ′), A,W ∈ L0(X,X ′). Then (LS)0
is F (r)

1 -controllable if and only if

(22.23) kerB∗W ∗T ∗(F (r)
1 )∗ = {0} .
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P r o o f. It is easy to see that F (r)
1 TWB maps U into kerV . Fix x0, x1 ∈

kerV . The condition (22.23) is equivalent to

(22.24) F
(r)
1 TWBU = kerV .

The assumption (22.5′) implies

F
(r)
1 TWBU = F

(r)
1 T (WBU + {x0})− {F (r)

1 Tx0}

⊂ F
(r)
1 T (I −WA)(domD)− {F (r)

1 Tx0}

⊂ F
(r)
1 [T (I −WA)(domD)⊕ ker(I −WA)]

− {F (r)
1 Tx0} − F (r)

1 (ker(I −WA))

= F
(r)
1 (domD)− {F (r)

1 Tx0} − F (r)
1 (ker(I −WA)) ⊂ kerV .

The condition (22.24) implies

F
(r)
1 TWBU = F

(r)
1 (domV )− {F (r)

1 Tx0} − F (r)
1 (ker(I −WA)) = kerV .

This means that for every x1 ∈ kerV there exist v ∈ domV , u ∈ U and
z0 ∈ ker(I −WA) such that x1 = F

(r)
1 v = F

(r)
1 [T (WBu + x0) + z0], i.e.

x1 is F (r)
1 -reachable from x0. The arbitrariness of x0, x1 ∈ kerV implies

F
(r)
1 (RangU,x0

G) = kerV .

Conversely, suppose that F (r)
1 (RangU,x0

G) = kerV . Choosing x0 = 0

and z0 = 0, we get F (r)
1 TWBU = kerV . This means that F (r)

1 TWB maps
U onto kerV . The proof is complete.

Theorem 22.5. Let there be given a linear system (LS)0 and an initial
operator F (r)

1 for V ∈W (X). Then the system (LS)0 is F (r)
1 -controllable if

and only if it is F (r)
1 -controllable to every x′ ∈ F (r)

1 TWV (domV ).

P r o o f. Since (I −WA)(domV ) ⊂ domV = WV (domV )⊕ kerV there
exist E ⊂ domV and Z ′ ⊂ kerV such that WVE⊕Z ′ = (I−WA)(domV ).
This implies

T (WVE⊕Z ′)+ker(I−WA) = T (I−WA)(domD)⊕ker(I−WA) = domV .

Hence

kerV = F
(r)
1 domV = F

(r)
1 [T (WVE ⊕ Z ′) + ker(I −WA)]

⊂ F (r)
1 (T [WV (domD)⊕ kerV ] + ker(I −WA)) ⊂ kerV ,

i.e.

(22.25) F
(r)
1 (T [WV (domD)⊕ kerV ] + ker(I −WA)) = kerV .

Suppose that (LS)0 is F
(r)
1 -controllable to every element z′ =

F
(r)
1 TWV v, v ∈ domV , i.e. there exist u0 ∈ U and z0 ∈ ker(I − WA)
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such that
F

(r)
1 [T (WBu0 + x0) + z0] = F

(r)
1 TWV v .

This implies

(22.26)
F

(r)
1 [T (WBu0 + x0) + z0 + z1] = F

(r)
1 [T (WV v + x2) + z1]− F (r)

1 Tx2 ,

where z1 ∈ ker(I −WA), x2 ∈ kerV are arbitrary.
By (22.25), for every x1 ∈ kerV there exist z′1 ∈ ker(I−WA), v′ ∈ domV

and x′2 ∈ kerV such that

x1 = F
(r)
1 [T (WV v′ + x′2)] + z0 + z′1 .

This equality and (22.26) together imply

(22.27) F
(r)
1 [T (WBu′0 + x0 + x′2)] + z0 + z′1 = x1 .

On the other hand, 0 ∈ F
(r)
1 TWV (domV ). This and our assumption

together imply that (LS)0 is F (r)
1 -controllable to zero, which means that

0 ∈ F (r)
1 (RangU,x0

G). Therefore, there exist u1 ∈ U and z2 ∈ ker(I −WA)
such that

(22.28) F
(r)
1 [T (WBu1 − x2) + z2] = 0 .

If we add (22.27) and (22.28) we find F (r)
1 [T (WBu3−x2) + z3] = x1, where

u3 := u′0 + u1, z3 := z0 + z′1 + z2. This means that x1 is F (r)
1 -reachable

from x0. The arbitrariness of x0, x1 implies that F (r)
1 (RangU,x0

G) = kerV .
The proof is complete.

Corollary 22.3. The system (LS)0 is F (r)
1 -controllable if and only if is

F
(r)
1 -controllable to every element v0 ∈ F (r)

1 WV (domV ).

Indeed, by (22.14), we have TWV (domV ) ⊂ WV (domV ). Thus
F

(r)
1 TWV (domV ) ⊂ F (r)

1 WV (domV ).

Theorem 22.6. Suppose that the system (LS)0 is F (r)
1 -controllable. Then

for an arbitrary right initial operator F (r)
2 for V , this system is F (r)

2 -control-
lable.

P r o o f. Let W1 ∈ WV be a generalized almost inverse of V correspond-
ing to F (r)

1 . For every x1 ∈ kerV and w ∈ domW1 there exists x2 ∈ kerV
such that x1 = x2 + F

(r)
2 W1w. Since (LS)0 is F (r)

1 -controllable, for ev-
ery x0, x2 ∈ kerV there exist u ∈ U and z ∈ ker(I − WA) such that
F

(r)
1 [T (WBu+ x0) + z] = x2, or equivalently

T (WBu+ x0) + z = x2 +W1w , w ∈ domW1 arbitrary.
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Thus F (r)
2 [T (WBu + x0) + z] = x2 + F

(r)
2 W1w = x1. The arbitrariness of

x0, x1 ∈ kerV implies that (LS)0 is F (r)
2 -controllable.

Example 22.1. Let X := C[−1, 1], D := d/dt, R :=
∫ t
0
, (Fx)(t) := x(0).

Define (Px)(t) := 1
2 (x(t) +x(−t)), Q := I −P , X+ := PX, X− := QX, i.e.

X = X+ ⊕X−. Consider the linear system

(22.29) P (D + βI)x = Au , u ∈ U = X+ ,

(22.30) (I −RPD)x = x0 , x0 = RQy0 + z0 ∈ kerPD ,

x0 ∈ kerD , y0 ∈ X ,

where A ∈ L0(X+), β ∈ R.
Putting V = PD, W = RP we find VWV = V , WVW = W . The right

initial operator F (r) for V corresponding to W is F (r) = I −RPD. Hence,
we can write the system (22.29)–(22.30) in the form

(22.31) (V + βP )x = Au , F (r)x = x0 .

This system is equivalent to the equation

(22.32) (I + βRP )x = RPAu+ x0 .

Since (I+βRP )(I−βRP ) = I−β2RPRP = I−β2R2QP = I, we conclude
that every state x ∈ domD is reachable from the initial state x0, i.e. there
exists u ∈ U such that

x = (I − βRP )(RPAu+ x0) .

Hence

(22.33) G(x0, u) = {x = (I − βRP )(RPAu+ x0)}
and since RPRP = 0 we get

(22.34) (I − βRP )(RPAU + x0) = RPAU ⊕ {(I − βRP )x0} .
From (22.33)–(22.34) we obtain

(22.35) RangU,x0
G = RPAU ⊕ {(I − βRP )x0} .

Thus the system (22.29)–(22.30) is F (r)
1 -controllable for a right initial oper-

ator F (r)
1 of V if and only if

F
(r)
1 (RangU,x0

G) = ker(PD) .

It is easy to check that ker(PD) consists all even differentiable functions
defined on [−1, 1].
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