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Introduction

The present paper is devoted to a natural generalization of differential
equations for mappings from a subset of Banach space into a Banach space.
These equations can be defined in the following way.

Let X,Y be Banach spaces over a field K (where K =R or K = C), and
let U and V be open subsets of X and Y, respectively. Let h be a mapping
from U into X and H a mapping from U x V into Y. The equation of the
form

Df(z)(h(z)) = H(z, f(x)) forxeU

will be called a generalized differential equation of the first order, and a dif-
ferentiable function f defined on U with values in V| satisfying this equation,
will be called its solution.

Among these equations we can distinguish generalized linear differential
equations of the first order.

Let X,Y,U and h be as above. Let g be a mapping from U into Y and
A a mapping from U into L(Y,Y), the space of continuous linear operators
from Y into Y. A generalized differential equation of the form

Df(z)(h(z)) = A(z)(f(2)) + g(x) forzelU

will be called a generalized linear differential equation of the first order.

Equations of this type appear in studies concerning some geometrical
properties of mappings (see [Sul, [PS], [G]); so possessing concrete geomet-
rical properties by a mapping is connected with the fulfilment of some gen-
eralized differential equation by this mapping.

In Chapter I we present fundamental problems for generalized differen-
tial equations at nonsingular points, that is, at points g € U for which
h(zg) # 0. We consider the initial value problem with initial conditions at
nonsingular points and the dependence of solutions upon parameters and
initial conditions.

Chapter II is devoted to the discussion of total solutions of generalized
linear differential equations at nonsingular points. We present the form of
such solutions and discuss their stability.
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Chapter III deals with the Cauchy problem at a singular point (i.e. a
point zp € U such that h(zo) = 0).

Existence and the form of solutions of some type of generalized linear
differential equations which are connected with geometrical properties of
holomorphic mappings are studied in Chapter IV.

The results concerning a generalization of the Frobenius conditions to
some type of differential equations connected with generalized differential
equations are presented in Chapter V; they strengthen the results of [Apy],
[Ap2]7 [H]a [KO]

I. Fundamental problems for generalized differential
equations at nonsingular points

§1. Introduction. In this part of our paper we shall be concerned with
initial value problems for generalized differential equations at nonsingular
points and with the dependence of solutions upon parameters and initial
conditions.

The following notations will be used. Let a # 0 be a point of a Banach
space X over a field K (where K =R or K = C), and let L, = {ka;x € K}.
Any (fixed in further considerations) subspace complementary to L, will be
denoted by X,. Let XZ° = {z + zo;x € X,} where ¢ is a fixed point of
X. By B(z,r) we shall denote the ball with radius » > 0 and centre x € X;
let XZo(r) = XX N B(zg,r). The ball in K with radius » > 0 and centre
po € K will be denoted by K (po, r); if po = 0, then K(0,r) = K(r).

DEFINITION 1.1. The mappings y, : X — Xg, t, : X — K such that
(1.1) r=1ya(zr) +to(x)a forze X,
will be called the projection operators.

Remark 1.1. If X, is a closed subspace of X, then the projection
operators are continuous and the space L, X X, is isomorphic to X (see e.g.
[Se], p. 372).

Remark 1.2. Let U be an open subset of X and fy a function from
XZoNU into a Banach space Y. Such a function will be called differentiable
on X7 N U if the function fo(z) = fo(x + x0), where 2 € X, N U, is
differentiable on X, NU.

§2. Cauchy problem at nonsingular points for generalized dif-
ferential equations of the first order. Let U and V be open subsets of
Banach spaces X and Y, respectively, over the field K, A a mapping from
U into X, and H a mapping from U x V into Y. Let x¢ be any point of U,
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Xh(zo), a certain (fixed in further considerations) space complementary to
Lp(a0), and let fo be a function from Xﬁ?xo) NU into V.
With the above notations we can formulate the following

THEOREM 1.1. Suppose that h(zo) # 0 and that Xp (s, is a closed sub-
space of X. If h, H, fo are continuously differentiable (wherever defined),
then there exists a neighbourhood Uy of xg such that the Cauchy problem

(1.2) Df(z)(h(z)) = H(z, f(x))  for z €Uy,
(1.2") f(z) = fo(x) for e X370\ NUo
has exactly one continuously differentiable solution f : Uy — X.

Proof. First, consider the Cauchy problem

ov
(1.3) 5 y) = hiv(t,y),

v(0,y)=y foryce X}f&o) NnU.

By the well known theorems for ordinary differential equations (see e.g.
Theorems 10.8.1 and 10.8.2 of [D]) there exist £, > 0 and a function
v:K(e)xX }Qfé’mo)(r) — X which is the unique continuously differentiable
solution of (1.3) on K(¢g) x X,f?mo)(r).

Next, define the auxiliary function v(¢,y) = v(t, zo+y) for (¢,y) € K(e)x
X}Ol(zo)(r). Notice that (0v/0y)(0,0) = I, where [ is the identity operator on
Xh(zo), and that (9v/0t)(0,0) = h(xg). Since h(zg) # 0, Dv(0,0) is a linear
homeomorphism from K x Xj,,) onto X. By the inverse function theorem
(Theorem 10.2.5 of [D]), there exist £, 79 > 0 and a neighbourhood Uy C U
of zg such that ¥ is a diffeomorphism of class C* from K (o) x X, (r0)
onto Up. Set v~1(z) = (T (z),Y(x)) for x € U,.

Now, consider the Cauchy problem
00 (5.) = H(v(s, ), 5(s.0) + o).

w(0,y) =0 forye X}fz’xo)(rg) .

(1.4)

Again there exist 1,71 > 0 (61 < €9,71 < 79) such that (1.4) has exactly
one continuously differentiable solution w : K(g1) x X ffmo)(rl) — X.
Now, set

w(s,y) = @(s,y) + foly) for (s,y) € K(1) x X[2, (r1).
Then w : K(e1) x X2, \(r1) — X is differentiable and satisfies

(wo)
w —H f K X0
%(sa y) - (U(S,y), W(S, y)) or (Say) € (61) X h(wo)(rl) )

w(0,y) = fo(y) for y € Xj0, ) (r1).

(1.5)
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Now, let Uy = v(K(g1) X Xz

f(@) = w(T(x

We now prove that f fulfils (1.
(1.6) Df(x) = H(v ( (),
(T(ﬂf)

1)) and define f: Uy — X by

)

1.2"). By the definition of f and (1.5),
), f(2)) DT (x)

x))DY(z) for z€Uy.

(T
),y
2)-
(

for x € Uy.

(z
(
)
N
Fix z € Uy. For t € T(Uo) we have clearly
(1.7) T(o(t, V(@) =t, I(t,V(2)) = V().
Differentiating (1.7) with respect to ¢, we obtain, for t = 7 (x),
DT (z)(h(xz)) =1, DY(z)(h(z))=0.
Hence (1.6) takes the form

Df(z)(h(z)) = H((T(x),Y(x)), f(z)) = H(z, f(x)) for x€Up.
It is obvious that f also fulfils the initial condition.

To end the proof, it is sufficient to show the uniqueness of solution of
(1.2), (1.2").

Suppose that there exist two distinct mappings fi, fo satisfying (1.2),
(1.2). Hence there exists b € Uy such that f1(b) # fa(b). Let b = Y(b),
w1(s,b) = f1(v(s,b)) and wa(s,b) = fo(v(s,b)) for s € K(g1). Then wy, wo
are distinct too, and satisfy

%(S’E) = H(v(s,b),w(s,b)) for s€ K(e1),

’LU(O,E) = fO(B) )
which contradicts the uniqueness of solution for (1.5).

Remark. The above theorem was presented in [Poq].

§3. Dependence of solution on parameters and initial condi-
tions. First, we deal with the dependence of solution upon parameters. To
this end, we introduce the following assumptions.

Let X, Y7, Y5 be Banach spaces over the field K and let U, V3, V5 be
their respective open subsets; let A be a mapping from U into X, and H
a mapping from U x V; x V5 into Y;. Let, further, x¢ be any point of
U, and Xj(,,) a subspace complementary to Lj(s,). Assume that fy is a
function from X h? o) NU into V7 and zj is any point of V5. Under the above
assumptions, the theorem on the continuous dependence of the solution of
the generalized differential equation upon parameters takes the following
form.
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THEOREM 1.2. Suppose that h(zo) # 0 and that Xp (s, is a closed sub-
space of X. If h and fy are continuously differentiable on U and Xﬁ?zo) NnU,
respectively, and, for any z € Va, the mapping H(-,-,z) : U x V; — Y7 is
continuously differentiable and also the mappings H, Do H are continuous
on U x Vi1 x Va, then there exist neighbourhoods Uy and V20 of xo and zg,
respectively, such that the problem

Dif(x,2)(h(z)) = H(z, f(z,2),2) forzelUy, z€ VQO,

1.8
(1.8) Fz,2) = fo() for x € Xi0. N Uy, z€Vy,

has exactly one solution f : Uy x Vi — Y1 continuously differentiable in the
first variable. Moreover, f is continuous and bounded.

Proof. Let v, g, 7o, (70, T, Y be as in the proof of Theorem 1.1.
Consider the Cauchy problem
ow ~
—(s,y,2) = Hw(s,y),w(s,y,z) + ,Z),
(L9) 55 (5, 2) = H(v(s,y),w(s,y, 2) + fo(y), 2)
w(0,y,2) =0  for (y,z2) € X}fz’ro)(ro) x Va.

By Theorem 10.7.1 of [D], there exist numbers e1,71,72 > 0 (g7 <
€0, r1 < o) such that (1.9) has exactly one continuous and bounded solu-
tion w : K(e1) X X}fgxo)(rl) X B(zg,r2) — X. Theorem 10.7.3 of [D] implies
immediately that, for any z € B(zg, r2), the mapping w(-,-,z) is continuously
differentiable on K(g1) x X}fé’xo)(rl).

Let Uy = v(K(g1) x X7° (r1)) and Vi) = B(zg,72). Now, we define

h(zo)
fZU0XV20—>Y1 by
flw,2) = 0(T(2),Y(x), 2) + fo(P(x))  for (w,2) € U x Vy'.

From the properties of w it follows that f is continuous and bounded
and, for any z € B(zp,72), D1f(+, 2) is continuous on Uy. Further, as in the
proof of Theorem 1.1, we can show that f satisfies (1.8) and is unique.

Let the notations preceding the formulation of Theorem 1.2 be still valid.
Then the following theorem on the differentiable dependence of solution
upon parameters can be proved.

THEOREM 1.3. Suppose that h(zo) # 0 and that Xj(s,) is a closed sub-
space of X. If h and fy are continuously differentiable on U and X}f&o) NnU,
respectively, and D1H, DoH, D3sH are continuous on U x Vi x Vb, then
there exist neighbourhoods Uy and Vi of xo and 2o, respectively, such that
the problem

Dy f(z,2)(h(x)) = H(z, f(2,2),2)  for (x,2) €Uy x Vy,
flx,2) = fo(x) for x € X}f?xo) NUy, z€ VY,
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has ezactly one solution f : Uy x V' — Y1, and f is continuously differen-
tiable.

The proof is similar to that of Theorem 1.2.

Now, we take up the dependence of solution upon initial conditions.

Let X and Y be Banach spaces over K and let U, V' be their respective
open subsets; let h be a mapping from U into X, and H a mapping from U x
V into Y. Let zg be any point of U, and X},(,,) a subspace complementary
to Lp(,)- Let fo be a function from X,f?mo) NU into V. The space of bounded

and continuously differentiable mappings from X Z?IO)HU into Y with the sup

norm will be denoted by C}} (X,‘f?wo) NU,Y) (analogously we define C} (U, Y)).

THEOREM 1.4. Suppose that h(zo) # 0 and that Xj(s,) is a closed sub-
space of X. If h, H and fy are continuously differentiable on their domains,

then there exist § > 0 and a neighbourhood Uy of xo such that, for each func-
tion fo € B(fo,0) C CHX7° NUy,Y) the problem

h(wo)
110) Df(x)(h(x)) = H(x, f(z)) for z €Uy,
. fla) = folz) for x € Xje, N Ug
has exactly one solution f = f(x,fo) for x € Uy which is continuously

differentiable and bounded.
Moreover, f: B(fy,8) — CL(Uy,Y) is continuous at fo.

Proof. Let v, g, 1o, [70, T, Y be as in the proof of Theorem 1.1 and
let 6; > 0 be such that the ball B(fo(z¢),d1) in the space Y is contained
in V. From the continuity of fy it follows immediately that there exists
r1 > 0 (r1 < 7o) such that fO(XZ?xO)(Tl)) C B(fo(xo), 501). Take Uy =
v(K (g9) X X,f?xo)(rl)). Consider the problem

ow

(1.11) 55 (5 V(@) 0) = H(v(s, V(@) w(s, Y(x), B) + fo(Y(2)) + B),

w(07 y(ﬂf), ﬁ) =0,
where s € K(g¢), z € Uy, B € B(0, %51) cY.

The theorem on the differentiable dependence of solutions of ordinary
differential equations upon parameters implies that there exist £g,77,d > 0
(8o < €0,71 < 71,0 < 301) such that, for s € K(), z € Uy = v(K(&9) X
X}sz’mo)(rl)), B € B(0,0) C Y, equation (1.11) has exactly one solution
w = w(s,Y(x),F) which is defined, continuously differentiable and bounded
together with its first derivative on K(gp) x Uy x B(0, ).

It is not difficult to see that the function f defined by

f(z, fo) = w(T (2), Y(@), fo(V(@)) — fo(V(2))) + fo(V(z))
for z € Uy and fo € B(fy,d) has the required properties (1.10).
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I1. Total solutions of generalized linear
differential equations

§1. Introduction. Let X, Y be Banach spaces over R, h a mapping
from X into X, g a mapping from X into Y, and A a mapping from X
into L(Y,Y). In this chapter we will be concerned with generalized linear
differential equations of the form

(2.1) Df(z)(h(x)) = A(z)(f(x)) +g(x) for z€ X.

First, a sufficient condition will be given which guarantees that the above
equation has a solution defined on all of X and the form of this solution will
be found. Next, we define stability and asymptotic stability of solutions,
and we prove necessary as well as sufficient conditions for these properties.

Suppose h(0) # 0. By Xj) we will denote a fixed complementary
subspace to Ly,(). Furthermore, we will assume (in this chapter) that Xp,q)
is a closed subspace of X.

DEFINITION 2.1. We will say that a mapping h € C*(X, X) belongs to
the class V(X)) if

(i) there exist positive numbers €1, €2 such that &1 < ty0)(h(z)) < €2
for x € X, where 1},(g) is defined as in §1 of Chapter I,
(ii) for every x € X there exists a solution of

dv
i h(v), v(0)==x,

defined on R (compare Theorem 5.6.1 of [L]).

§2. Form of solutions of generalized linear differential equa-
tions. The formulation of sufficient conditions which guarantee that equa-
tion (2.1) has a solution defined on the whole space X and determining the
form of this solution will be preceded by two lemmas.

LEMMA 2.1. Let h € N(X) and let v : Rx X — X be the unique solution
of

(2.2) ov

i h(v), v(0,z)==x

existing by Definition 2.1. Then for every x € X there are unique Tp(x) € R
and Yy (x) € Xp(0) such that

(2.3) (0, Yn(2)) = In(x),  o(Tn(2), Yn(x)) =
Proof. Fix x € X. Consider the function ¢(7) = ty)(v(7,2)) for

7 € R. By (2.2) and Definition 2.1 (i), 0 < g1 < ¢/'(7) < 52 Hence there
exists exactly one 7, such that ¢(7,) = 0, i.e. ty(0)(v(72,2) = 0; in other
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words, v(7,,x) € Xp). Let Tp(v) = =74, Yn(x) = v(7,x). Clearly (2.3) is
satisfied and 7, )V} are uniquely determined.

LEMMA 2.2. Let h € N(X) and let Ty, Vi be defined as in Lemma 2.1.
Then the mappings T, and Yy, are continuously differentiable on X and
(2.4) DT (x)(h(z)) =1, DYp(x)(h(z)) =0 forxze X.

Proof. From the construction of 7; (see the proof of Lemma 2.1) we
have
(2.5) tho)(v(=7Zp(x),2)) =0 for z € X.

Notice that t,() is a continuous linear mapping defined on X and v is
continuously differentiable from R x X into X. Therefore, by Definition
2.1(i) we see that
ot
%(U(—T, z))#£0 for z€X.
-

Now by (2.5) and the implicit function theorem (see e.g. [D]) the map-
ping 7}, is continuously differentiable on X. Hence so is Y, since Yy, (z) =
v(=Tp(z),z) for v € X. From the construction of 73, ), it follows that
(2.6) Tn(u(m, (@) =7, In(v(r,Vn(2))) = Vn(z)

for (,2) € R x X. Differentiating (2.6) with respect to 7 we obtain, for
T = Tp(x), equalities (2.4). This ends the proof of the lemma.

THEOREM 2.1. Let h € N(X) and suppose A, g are continuously differ-
entiable on X (see §1). Let fo be a continuously differentiable mapping from
Xh(o) into Y. Then the Cauchy problem

(2.7) Df(z)(h(z)) = A(z)(f(x)) + g(x)  forze X,
(2.7) f(x) = folx) for x € X0,

has exactly one continuously differentiable solution on X. Moreover, this
solution has the form

(2.8)  f(#) = R(Tn(x), 0, V() (fo(Vn()))
T (x)

+ R(Ta(2),0, @) ([ R0, 5, D(@))g(v(s, () ds).

for x € X, where v, T, YV, are defined as in Lemmas 2.1 and 2.2, and

R =R(:, -, Vn(x)) is the mapping from R x R into L(Y,Y") such that
dR
(29) E(t; thyh(CC)) = A(U(t,yh(l‘))) OR(tathyh(ﬂf)) fOT’ teR,

R(to, to, Yn(z)) = Iy ,
for some tg € R and x € X, where Iy is the identity operator on Y .
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Proof. First, we prove that if f is a solution of (2.7)—(2.7’), then it has
the form (2.8).
Fix z € X and let v, 73, Y, be as in Lemmas 2.1 and 2.2. Since f fulfils
equation (2.7), we have
(2.10)  Df(v(r, Yn(2)))(h(v(7, Vn(2))))
= A (7, Yu(@)))(f (0(7, Y (2)))) + g(v(7, Vn(2)))
for 7 € R. Define

Py () = f0(r, Vu(x)))  for 7€R.
Then (2.10) takes the form

P (1) = AT, V0(2)) (Fy (@) (7)) + g(v(7, Vu(@)))  for 7 €R.

From condition (2.7’) it follows that fyh,(x) (0) = fo(Vn(z)). Hence by the
general form of a solution of a linear differential equation (see e.g [M], p. 305)

we can represent fyh(m) in the form
Fona) (1) = R(7,0,V4(@)) (fo(Vn(2)) + [ R(0,5, V(@) (g(v(s, Y(2)))) ds)
0

for 7 € R, where R = R(-, -, Yn(z)) is the solution of (2.9). Since v(7j(x),
Vi (z)) = x, this clearly gives (2.8).

Conversely, we prove that the function f defined by (2.8) fulfils (2.7)-
(2.7).

Fix x € X. It is not difficult to see that f is differentiable, hence the
function ¢ defined by
(2.11) (1) = R(Tn(v(7, Y (2))), 0, Yu (v (7, Yu()))) (fo(Vn(v(T, Yu(2)))))

+ R(T(o(7 Yh (2))), 0, Vi (v(r, Ya(a))
T (v(T, Y0 (2)))
o( [ ROSIEIE))
0

o (g(v(s, Y o(7. Va(@))))) ds )
is differentiable for 7 € R. By (2.6) and (2.11),
(2.12)  ¢(7) = R(7,0, Vu(2)) (fo(Vn()))

+ R(7,0, V() ([ RO, 5, V(@) (9(v(s, Vn () ds)

0

for 7 € R. From the definition of ¢ it follows immediately that
(2.13) Df(z)(h(z)) = ¢'(Tn(x)) -
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On the other hand, using (2.12) and (2.9) we get
(2.14)  ¢'(Tn(x)) = A(@)(R(Tn(x), 0, Y (2))) (fo (Y (x)))
Th ()
FAERE).0.94(@) ([ RO.5 V()05 V() ds) + g().

0

From (2.13) and (2.14) it follows immediately that f satisfies equation (2.7).
It is obvious that f also fulfils condition (2.7").

In the next part of this chapter we look at the form of the solution of
equation (2.1) in the case when the function h is constant and the derivative
on the left side of the equation is a directional derivative.

DEFINITION 2.2. Let a € X \ {0} and U C X. We will say that U is
convex in the direction of the subspace L, (see Chap. I, §1) if for any z € X
the segment [z, y,(z)] C U.

Let U be a convex set in the direction of L.

Notice that for x € X the set J,(z) = {7 € R;y,(z) + 7a € U} is an
interval in R and ¢, € J,(z) for x € U. Let, moreover, A be a continuous
mapping from U into L(Y,Y), and R(-, -, ya(z)) : Ja(x) x Ju(x) — L(Y,Y)
be the solution of the equation

dR
E(ta th ya(l‘)) = A(ya(l") + at) o R(tv tOv ya(:c)) )
R(to,to, ya(x)) = Iy
for some tg € J,(z) and all z € U.
With the above notation the following theorem is true.

THEOREM 2.2. Let a be a nonzero point of X, let U be an open subset
of X which is convex in the direction of L, and which contains the point 0
and let fo be a mapping from UN X, into Y. If the mappings A and g from
U into L(Y,Y) and Y, respectively, are continuous then there exists exactly
one solution of

Vaf(@) = A(@)(f(z)) + g(x) forx €U,
f(x) = fo(x) forx e UNX,,
and it is of the form
f(@) = R(ta(2),0,ya(2))(fo(ya()))

ta(z)

+ R(ta(@), 0,ya@) ([ RO, 5,5a(@))(9(va (@) + as)) ds)

0
forxelU.

The proof is analogous to that of Theorem 2.1 and is presented in [Poy].
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The effectiveness of this theorem is illustrated by the following example.

EXAMPLE 2.1. Let X =Y = C([0,1]) be the space of continuous real
functions on [0,1]. Let a € C([0,1]) be defined by a(t) = 1 for ¢t € [0,1].
Then L, is the space of constant functions defined on [0,1]. The set of
x € C([0,1]) such that (0) = 0 will be denoted by X,. It is not difficult to
see that X, is a closed subspace of C'([0,1]) and L, & X, = C([0,1]).

Now consider the equation

Vof(x) = f(x) for z e C([0,1])

with the initial condition f(x) = 22 4 a for z € X,. Since in this case
the assumptions of Theorem 2.2 are fulfilled and R(7,0,y,(x)) = "Iy for
7 € R, we obtain

f(z) =e* Oz —x(0)+1] for zeC([0,1]).

§3. Stability of generalized linear differential equations. In this
section we will be occupied with the stability and asymptotic stability for
the generalized linear differential equation (2.1).

Let X, Y be Banach spaces over R, h € N(z), A € C1(X,L(Y,Y)),
g € CH(X,Y). As before, X n(0) denotes a certain subspace complementary
to Ly (o) and we will assume that it is closed in X. The space of differentiable
and bounded functions on Xj,) with the sup norm will be denoted by
CHX h(0), Y). In further considerations, X will denote the set

X+ ={a; =21+ 7h(0), where z1 € Xp(), 7> 0}.

With such notations the problem

Df(z)(h(z)) = A(z)(f(z)) + g(z) forzeU,

f(x) = fo(x) for z € Xj (0,
where fo € C}H(X h(0),Y'), by Theorem 2.1, has a unique solution which will
be denoted by f = f(x, fo) for z € X.

Remark 2.1. The equation
(2.16) Df(xz)(h(x)) = A(z)(f(x)) for ze€ X

will be called the homogeneous equation corresponding to equation (2.15).

(2.15)

These introductory statements will be assumed throughout.

DEFINITION 2.3.  The solution f = f(z, fo) of (2.15) will be called
stable in X if for every € > 0 there exists § > 0 such that for every
fo € B(f0,0) C Cy(Xp(0),Y)

sup ||f(x, fo) = f(x, fo)l| <.

zeXt
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Equation (2.15) will be called stable in X if its every solution f =
f(, fo), where fy € C,}(Xh(o),Y), is stable in X .
THEOREM 2.3. A necessary and sufficient condition for equation (2.15)

to be stable in Xt is that the trivial solution of the homogeneous equation
(2.16) corresponding to equation (2.15) be stable in X .

The proof is similar to that of Theorem 1 of [DPS].

DEFINITION 2.4. The family of solutions f = f(-,fo) of equation (2.16)
for fo € C} (Xh(0),Y) will be called almost uniformly bounded if for every
0 > 0 there exists M > 0 such that for every fy € B(0,J)

sup || f(z, fo)l <M.
zeXT

THEOREM 2.4. The generalized linear homogeneous equation (2.16) is
stable in X if and only if its solutions are almost uniformly bounded.

The proof is similar to that of Theorem 2 of [DPS].

THEOREM 2.5. Equation (2.15) is stable in X+ if and only if the mapping
R(T1(+),0, V1 (+)) is bounded on X, where R(t,0,V(z)), fort e R, z € X
1s the solution of

(10,9 (2) = A(w(t, Ya(2) 0 R(1,0,Dh(x)).

R(0,0,yh(l’)):[y fO?” .ZU€X+,
and v, T, Yn are defined as in Lemma 2.1.

Proof. Suppose equation (2.15) is stable in X*. Then from Theorem
2.3 it follows that so is the homogeneous equation (2.16). Hence, by The-
orem 2.4, the solutions f(-,fy) of (2.16) are almost uniformly bounded. By
Theorem 2.1 those solutions can be represented in the form

(2.17) f(z, fo) = R(Tn(2), 0, Yn(2))(fo(Vn(x)))  for z€ X*
and by Definition 2.4 there exists M such that
Sup. IR(Tn (), 0, Yu(2)) (foVn(@))| < M

for fo belonging to some ball B(0,d). Notice furthermore that for yg € Y
such that ||yl < ¢

sup [[R(7n(x), 0, Yu(x))(yo)ll < M

reXt
Hence

sup [|R(7n(x),0, Yn(z))|| < M/6.

zeXt
Conversely, suppose R(75(-),0, Vi (+)) is bounded on X*. Then from The-
orem 2.3 and from (2.17) it follows that equation (2.15) is stable in X .
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Remark 2.2. In the case X = R, an analogous theorem can be found
in [DK] (compare Lemma 3.1).

In the next part of this section we will be concerned with the asymptotic
stability for solutions of equation (2.15) and with necessary and sufficient
conditions for equation (2.15) to be asymptotically stable.

DEFINITION 2.5. The solution f(-, fo) of equation (2.15) will be called
asymptotically stable in X T if

(i) this solution is stable in X T,
(ii) there exists A > 0 such that for every € > 0 there exists ¢y > 0 such
that for fo € B(fo,A) C C}(Xp(0),Y) and for z € X with ty,.)(2) > to,

If(x, fo) — f(z, fo)| < e.

Equation (2.15) will be called asymptotically stable in X if its every
solution f(-, fo), where fo € C} (Xh(0),Y), is asymptotically stable in X .

It is not difficult to prove a theorem analogous to Theorem 2.3, namely

THEOREM 2.6. A necessary and sufficient condition for equation (2.15) to
be asymptotically stable in X is that the trivial solution of the corresponding
homogeneous equation (2.16) be asymptotically stable in X .

Remark 2.3. In the next theorem the Banach space Y will be consid-
ered with a semi-inner product, defined as follows (compare [Lu], [LP]).

Let Yy be a set of nonzero elements with norm equal to 1, chosen one by
one from each line in Y through zero. Let Y* be the dual space of Y and

) ={y €Y Iyl =1 v () = llyll}
foryeY.
Let Jy be any (fixed in further considerations) mapping from Y; into Y*
such that Jy(y) € €*(y) for y € Y. Let J be the homogeneous extension
of Jp to the whole space Y : J(Ay) = A\Jo(y) for y € Y and X € R.

Now we define a semi-inner product by
(1,92) = T (y2)(y1)  for yr,y2 €Y.
It has the following properties:

(a) it maps Y x Y into R,

(b) (yl +y2,y3) = (Y1, y3) + (Y2, 3), (W1, Ay2) = AMyr,2) for y1, 92,3 €
Y, eR

(©) (5,9) = Iyl for y € Y,
(d) [{y1, y2)I* < (Y1, y1) (2, y2) for y1,y2 €Y.

The next theorem gives a sufficient condition for equation (2.15) to be
asymptotically stable in X .
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THEOREM 2.7. If there exists a constant C' > 0 such that
(2.18) (A@)(y)y) < ~Clyl?  for yeY e X*

(where (-, -) is a semi-inner product in'Y'), then equation (2.15) is asymp-
totically stable in X .

Proof. By Theorem 2.6 it is sufficient to prove that the trivial solution
of equation (2.16) is asymptotically stable in X*.

Let fo € C,}(Xh(o),Y) and let v, 73, YV, be as in Lemma 2.1. Then
the solution f of (2.16) fulfilling f(x, fo) = fo(z) for € Xy can be
represented in the form

f(x, fo) = R(Tn(x),0, Y (x)) (fo(Vn(x)))  for ze X,
It follows that for 7 > 0 and x € X+

f(U(va)7 fO) = R(%(U(Tvw))707yh(v(77x))) :

Fix z in X . Since the function 7 — f(v(7, ), fo) is continuously differen-
tiable for 7 > 0, the function 7 — || f(v(7, ), fo)|| is absolutely continuous
in each interval [0, 7] (see e.g. [HS]), and therefore almost everywhere differ-
entiable on [0,00). Lemma 1.3 of [Ka] now gives for almost every 7 > 0

%(llf(v(ﬂ 2), fo)ll?) = 2(A(v(r, 2))(f (v(7, 2), fo), f(v(T,2), fo)) -
By (2.18) it follows that

L7 o(r,2), fI?) < ~2C1f(w(7,2), fo) P

for almost every 7 > 0, and so
d
(2.19) %(6207“f(v(77x)7f0)‘|2) <0

for almost every 7 > 0. Since ||f(v(-,z), fo)|| is absolutely continuous it
follows from (2.19) that the function e2°7| f(v(r,z), fo)||? is decreasing for
7 > 0. Hence

£ (0(0, Vu(2)), fo)I* = 2T E| f(u(T (), Yu(x)), fo)lI?
that is, we have
I foDn(@)|]?> = 2@ f(x, fo)||?  for z e X,

Since h € N(X) there exists eo > 0 such that 7p(x) > t(0)(z)/e2 for
x € X' and consequently

1 @, fo)l < I fo(Pn(a)) e en@ ) for & € X+

The asymptotic stability of the trivial solution of equation (2.16) in X7 is
a simple consequence of the above inequality.
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EXAMPLE 2.2. Let X = Y = ( (where ¢ is the space of absolutely
summable sequences), a = (1,0,0,...), h(z) = a for x € ¢, and let X,
be the set of absolutely summable sequences x = (aw,)(n = 1,2,...,) for
which a; = 0. Naturally, X = L, ® X, and X, is a closed subspace of X.

Let A : ¢ — / be the linear operator defined by

A(z) = (—an/n)  for z=(ay) € L.
Consider the differential equation
(2.20) Df(z)(a) = A(f(x)) for z€ X.
Notice that under the notations used before (compare Theorem 2.5) we have
R(Ti(x),0, Vi (x))(u) = (e W/™t@qy ) where u = (up) € L.

Therefore |R(75(x),0,Vn(x))|| < 1 for x € X, hence from Theorem 2.5
equation (2.20) is stable in X . After calculating the semi-inner product in
the space ¢ (see Remark 2.3) it is not difficult to verify that (A(y),y) < 0 for
y € . Some straightforward calculations show that, nevertheless, equation
(2.20) is not asymptotically stable in X*. This shows that the assumptions
of Theorem 2.7 are essential.

III. Fundamental problems for generalized
differential equations at singular points

8§1. Introduction. Let X, Y be Banach spaces over R and let the
norm of X be continuously differentiable for z € X — {0}. Let U, V be
open subsets of X and Y, respectively, let h be a mapping from U into X,
and H a mapping from U x V into Y. Let xop € U and h(xg) = 0. We
will be interested in the initial conditions for which there exists a wvicinity
S(zo,r) = B(xo,r) — {zo} of zy such that the equation

Df(x)(h(z)) = H(z, f(x)) for z € S(xg,7).

has exactly one solution defined on S(xq, 7).

Moreover, the dependence of solutions upon initial conditions and pa-
rameters is treated. In §3 the form is given for the solutions of some types
of generalized linear differential equations in a vicinity of a singular point.

§2. Initial conditions at singular points and dependence of solu-
tions upon initial conditions and parameters. We need the following
three lemmas.

LEMMA 3.1. Let H be a mapping from B(0,7) % [0,00) (B(0,r) C Y) into
Y, continuously differentiable, bounded with its first derivative on B(0,r) X
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[0,00), and suppose there exists 3 > 0 such that

(3.1) y*(H(y, 1) < =Byl
fory* € € (y) (see Remark 2.3) and (y,t) € B(0,r)x[0,00). Fizy € B(0,r)
and let w = w(t,y), for t € Py, be the total solution of

dw ~

(3.2) il H(w,t), w(0,y)=1y.

Then
(i) Py = [0, 00),

) P
(ii) ||w( )H is decreasing on [0, 00),
(ii 13 lim; o0 w(t,y) =0,

(i

Proof. Fix y € B(0,7) \ {0} and let r; = |ly||. Take ro > 0 such that
r1 + 19 < r. Then B(y,r2) C B(0,r1 + ro) for any y € B(0,71). By the
assumptions about H, there exist constants K, L such that

IH(y,0)| < K, |[DH(y,t) <L, for (y,t) € B(0,r1 +71s) x [0,00).

Let 7y satisfy 0 < 79 < min(r2/K,1/L). By Theorem IX.2.3 of [M, p. 270]
there exists exactly one solution w = w(t, y), for ¢ € [0, 7], of (3.2).
First, notice that

(eI = 20wl ), 1), w(t,9))

for almost every ¢ € [0, 79] (compare [Ka]). Hence by inequality (3.1) we
obtain

the mapping w : [0,00) x B(0,r) — Y is continuously differentiable.

d
e u)l” < =28w(t,y)|

for almost every ¢ € [0, 79]. Since ||w(-,y)|| is absolutely continuous on [0, 7]
this implies that it is decreasing on [0, 79] and

lw(t,y)ll < e P|lyll for ¢ € [0,70].

Let y1 = w(7o,y); then, obviously, [ly:]| <1 = [|y|.
Now consider the equation

(3:3) o = Hw.t),  w(my) =

Proceeding analogously to the first part of this proof we can prove that
(3.3) has a solution w = w(t,y) for ¢t € [r9,279], and hence (3.2) has a
solution defined on [0, 27)]. Repeating this argument we see that (3.2) has
exactly one solution w = w(t,y) defined for t € [0, 00). Moreover, ||w(-,y)||
is decreasing on [0, 00) and

(3.4) lo(t, )l < e Pyl for te[0,00).
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and so lim;_,oc w(t,y) = 0.
In the case when y = 0 the solution obviously fulfils (i)—(iii). By Theo-
rem 10.8.2 of [D], w(:,) is continuously differentiable on [0, 00) x B(0,r).

DEFINITION 3.1. An operator A € L(Y,Y) will be called negative definite
if there exists a positive constant (3 such that

v (Ay)) < =6yl for yeVY and y* € (y).

LEMMA 3.2. Let W be an open subset of X XY containing (0,0). Let H
be a continuously differentiable mapping from W into Y and suppose that
exists a ball B(0,71) C X such that H(z,0) =0 for x € B(0,r1). Suppose
that the operator Do H (0,0) is negative definite. Then there exist constants
R1, Ry and a positive number o such that

y* (H(z,y)) < —allyll
for y* € € (y), x € B(0,R;) andy € B(0,Ry) C Y.

Proof. Since D2H(0,0) is negative definite, there exists a constant
B > 0 such that

(3.5) y (D2H(0,0)(y)) < =Byl for y* €& (y), yeY.
Since Do H is continuous on W there exists a ball B(0,7) C X such that
| D2H (2,0)(y) — D2H(0,0) ()|l < 380yl for x € B(0,70), y €Y.
It follows that
ly* (D2H (2,0)(y) — D2H(0,0)(y))| < 56yl
for y* € € (y), x € B(0,79), y € Y. Hence (3.5) yields
(3.6) y*(D2H(2,0)(y)) < 380yl
for y* € € (y), x € B(0,19), y € Y.
By the assumptions on H there exist balls B(0, R;) C X (0 < Ry < r9)
and B(0, Ry) C Y such that
1H (2, y) — D2H (2, 0) ()]l < 58lyl
for x € B(0, Ry) and y € B(0, R2). Hence for € B(0, Ry), y* € €*(y) and
y € B(0, Ry) we have
(3.7 v (H(z.)) — " (D2H (2,0)(9))] < L5]ly]
Finally, (3.6) and (3.7) yield the assertion of the lemma with v = §/3. This
ends the proof.

LEMMA 3.3. Let U be an open subset of X and let xo € U. Let h be a
continuously differentiable mapping from U into X such that h(xo) = 0 and
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suppose Dh(xq) is negative definite. Let, further, v =v(t,z), fort € P, be
the total solution of

% =h(v), v(0,z)==z,

for x € U. Then there exists a ball B(zo,r) such that B(zo,r) C U and

(i) the function h and its first derivative are bounded on B(xq,T),
(ii) there exist positive constants 1, B2 such that for x € B(xg,T)

—billzll < 2% (h(z)) < =Pellz]  for z* € € (x),

(iii) for any x € S(xo,r) there exists exactly one point 7(x) € P, such
that ||v(T(z),z)| = 7.

Proof. Without loss of generality we can assume that x¢p = 0. Since
Dh(0) is bounded and negative definite, it is not difficult to show, as in the
proof of Lemma 3.2, that there exist positive constants 31, f2 and a ball
B(0,7) such that B(0,r) C U, the function h and its first derivative are
bounded on B(0,r) and

—billzll < 2% (h(z)) < =Pellzl  for 2" € & (z), v € B(0,7).
Hence for any fixed x € B(0,r)
d
—2Bl[v(t, 2)II* < ot 2)|1* < =28, [lv(t, 2)|”
for almost every t € P, (compare the proof of Lemma 3.1). It follows that

(3.8) |v(t, z)|| > e Pz|| for t€ Py, x € B(O,r).

Now fix z € S(0,r). Suppose that for any ¢ € Py, ||v(t,z)|| < r. Then
similarly to the proof of Lemma 3.1, we could show that P, = R and by
(3.8), we would obtain lim;_. _, ||v(¢, z)|| = 0o, contrary to our assumption.
Hence for any z € S(0,r) there exists 7(x) € P, such that ||v(7(z),z)| = r.
Uniqueness of 7(z) follows from the fact the function ||v(-,z)|| is decreasing
on P,.

DEFINITION 3.2. Let U be an open subset of X, zg a fixed point of U,
and let A be a continuously differentiable mapping from U into X such that
h(zp) = 0 and Dh(zg) is negative definite. Every ball B(xzq,r) for which
conditions (i)—(iii) of Lemma 3.3 are fulfilled will be called an h-regular
neighbourhood of xy. The function fy defined on Fr B(zg,r) with values in
Y will be called (continuously) h-differentiable on Fr B(xg, r) if the mapping
fo(v(7(+),-)) is (continuously) differentiable on S(0,r), where v and 7 are
defined as in Lemma 3.3.

Let X, Y be, as previously, Banach spaces over R, and suppose the norm
of X is continuously differentiable for € X such that = # 0. Let U, V be



III. Fundamental problems at singular points 23

open subsets of X and Y, respectively; let h be a mapping from U into X,
and H a mapping from U x V into Y. Let o € U and yo € V.

THEOREM 3.1. Suppose h, H are continuously differentiable on their do-
mains, h(zo) =0, H(z,y0) = 0 for x € Uy, where Uy is some neighbourhood
of zg. If Dh(xg), DH (xo,y0) are negative definite then there exist positive
numbers r1, ro such that

1° B(xg,71) is an h-regular neighbourhood of xq,

2° for any continuously h-differentiable mapping fo defined on
Fr B(zo,r1) such that || fo(z) — yol| < re for x € Fr B(xo,r1) the differential
equation

(3.9) Df(x)(h(x)) = H(z, f(z))  for =€ S(xo,m1)
has exactly one solution satisfying
(3.9 f(@) = fo(z)  for x € FrB(zo,r),

3° if f is the solution of (3.9) satisfying (3.9"), then lim,_.,, f(x) = yo.

Proof. Without loss of generality, we can assume that xqg = 0, yo = 0.
By the assumption on H and by Lemma 3.2 it follows that there exist
R1, Ra, a > 0 such that

y"(H(z,y)) < —ally|| for y* € €(y), z € B(0,R1) C X, y € B(0,R2) C Y.

Since h fulfils the assumptions of Lemma 3.3 there exists a ball B(0, ) C
X which is an h-regular neighbourhood of 0. Let 71 = min(rg, R1) and
fix x € S(0,71). Let v = wv(t,z), for t € P,, be the total solution of
dv/dt = h(v), v(0,z) = z. Next, in accordance with Lemma 3.3, let 7 be the
mapping from S(0,71) into R such that ||[v(7(z),z)| = r1 for z € S(0,r1).
Since the norm of X is continuously differentiable at x # 0,

d 2
— ot 2)|| = m@(v(t,@),v(?ﬁw))

dt
for z € S(0,71) and ¢t € P, (compare Lemma 3.1 of [Ka]). Since for some
8>0

z*(h(z)) < —B|z|
for * € € (x) and x € S(0,71), we obtain

d
%Hv(t,x)ﬂ #0 for x € S5(0,r), t€Py.

Hence, by the implicit function theorem, 7 is continuously differentiable on
S(O, T ) .
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Now, for each x € S(0,r1), let w = w(-,z) be the solution of
d
(3.10) o (tw) = H(to(r (@), 2), w(t,2),
w(0,z) = fo(v(7(x),2)) .

Define ﬁw(w,Q = H(v(t,v(r(z),x)),w) for w € B(0,Ry) C Y and t €
[0,00). Since H, fulfils the assumptions of Lemma 3.1, w(+, ) is defined on
[0, 00). The function w : [0,00) x S(0,71) — Y is continuously differentiable
because so are H, v, 7. Moreover, notice that by the properties of v, 7(z) €
(—00,0] for x € S(0,71). Now define

(3.11) f(z) =w(—7(z),v(r(z),z)) for x € S(0,7).
It is obvious that this function is continuously differentiable on S(0,71). We
will prove that it fulfils equation (3.9). By (3.11),
Df(z) = = Diw(=7(z),v(r(x), 2)) D7 ()
+ Dow(—7(z),v(7(x),z))Dv(r(x),z) for z € S(0,71).
Differentiating with respect to ¢ the identities
v(t(v(t,z)),v(t,z)) =v(r(x),z), T((t,x))="1(x)—1,
te P, xeS0,r),
we obtain for ¢ = 0 and x € S(0,rq)
Dv(7(x),z)(h(x)) =0, D7(z)(h(z))=-1.
Hence for z € S(0,71)
Df(z)(h(z)) = Diw(=7(x), v(7(z),x))
= H(v(=7(2),v(r(2), ), w(=7(z),v(7(2),2)))  (by (3.10))
= H(z, f(x))  (by (3.11)).
Uniqueness follows from the uniqueness for equation (3.10). Since w(0,x) =

fo(v(r(z),x)) for x € S(0,71), we have f(x) = fo(z) for x € S(0,71).
Now we will prove that lim,_.o f(z) = 0. By (3.11) and (3.4),

(3.12) If @) < e | fo(o(r(2),2))||  for « e S(0,r1).

Since || fo(z)|| < rg for z € Fr B(0,71) and lim,_.o 7(z) = —oo, we immedi-
ately get the conclusion.

Remark 3.1. Condition 3° of the above theorem suggests the natural
question whether the function

> | flz) forze S(xg,r1),
f(‘r)_{yo forx:ajgo 1

is a solution of equation (3.8) in B(zg,r1). That this is not generally the
case is shown by the following example.
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Let X =Y be a real unitary space. Taking pattern upon the proof of
Theorem 3.1 it is not difficult to find the solution of

Df(z)(—z) = —5f(z) forze S5(0,1),
flz)=x for x € Fr B(0,1).
The solution is f(z) = ||z||~/?2 for z € S(0,1). Notice that the function
- ez
0 forz =0

is not differentiable at z = 0, hence it cannot be a solution of equation (3.13)
in B(0,1).

(3.13)

In the next part of this section we will be concerned with the depen-
dence upon initial conditions and parameters of solutions of a generalized
differential equation in a vicinity of a singular point.

Let the assumptions of Theorem 3.1 be fulfilled and let r1, ro be the
constants in the statement of this theorem. The space of continuously h-
differentiable mappings from Fr B(zg,71) into B(yo,7m2) C Y will be de-
noted by B, (Fr B(zo,71), B(yo,72)) and the space of bounded mappings
from S(xg,r1) into B(yo,r2) by B(S(x0,71), B(Yo,72)); both these spaces
will have the sup norm. With these assumptions for f € B, (Fr B(xg,71),
B(yo,72)) there exists exactly one solution of

Df(x)(h(x)) = H(z, f(z)) for x € S(zo,71),
f(x) = fo(x) for z € Fr B(xo,71) .

From now on, this solution will be denoted by f(-, fo)-
With the above notations we have

THEOREM 3.2. If { fn}nen C By (Fr B(xo,71), B(Yo,7r2)) is convergent to
fo =yo then {f(-, fn)}nen converges to f(-, fo) in B(S(xo,71), B(yo,72))-

Proof. Let all the assumptions and notations used in the proof of
Theorem 3.1 be valid. We reduce the proof to the case when o = 0 and
yo = 0. By (3.12),

1F (2, f)l < 7@ fulo(r (), 2))]]
< |l fn(o(r(2), )| for z e S5(0,r1),
since 7(z) < 0 for z € S(0,r1). Hence it follows immediately that if { f,, }nen

is convergent to 0 in B (Fr B(0,r1), B(0,r2)) then {f(-, fn) }nen is conver-
gent to f(-,0) =0 in B(S(0,71), B(0,72)).

The next theorem will be preceded by the following assumptions.
Let X, Y, Z be real Banach spaces and let the norm of X be continu-
ously differentiable at  # 0. Let U, Vi, V5 be open subsets of X, Y, Z,
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respectively, h a mapping from U into X, and H a mapping from U x V; x V5
into Y. Further, let xg € U, yo € V1, 29 € V5.

THEOREM 3.3. Suppose h and H are continuously differentiable on their
domains, h(xg) = 0, H(z,y0,2) = 0 for (x,z) € U’ x V§ where U', VJ
are some neighbourhoods of xo, zo, respectively. If Dh(xo), D2 H (0, Yo, 20)
are negative definite, then there exist positive constants r1, T2, r3 such
that

1) B(xg,71) is an h-regular neighbourhood of xg,

2) for any z € B(z0,73) and for any continuously h-differentiable map-
ping fo defined on Fr B(xg,r1) such that || fo(z) —yol| < r2 for x € B(xg,m1)
the differential equation

Df.(z)(h(x)) = H(z, f.(x),2)  for x € S(xo,71)

has exactly one solution satisfying

f2(z) = fo(x) for x € Fr B(xg,71),

3) the mapping f(z,2) = f.(z) for (,2) € S(zo,r1) x Blz0,73) is
continuously differentiable.

The proof is analogous to that of Theorem 3.1.

§3. Form of solutions in a vicinity of a singular point. Let X,
Y be Banach spaces over R , let U C X be an open set containing 0, let
g be a mapping from U into Y, and A a mapping from U into L(Y,Y).
In this part of our paper we will be concerned with the differential equa-
tion

Df(a)() = A(2)(f(x) + g(z) for z€U.

LEMMA 3.4. Suppose U is a starlike set, and g and A are continuous. Let
r > 0 be such that B(0,r) C U. Then for any function fo from Fr B(0,r)
into Y there exists exactly one mapping f which is differentiable at every
x € U — {0} in the direction of the vector x and which satisfies

(3.14) Vef(z) = A(z)(f(z)) +9(z)  for z € U—{0},
(3.14") f(z) = fo(x) for x € Fr B(0,7).

Moreover, if t, = inf{t;xe™* € U} and Q. = (ty,0) for x € U —
{0}, and R = R(-,-,x) is the mapping from Q. X Q. into L(Y,Y) such
that

dR
(3.15) — (10, 2) = —A(e™") o R(tto,x)  for t € Qs

R(t(),t(),l‘) =1, Jor to € Q,
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then the solution f of (3.14)—(3.14") can be represented in the form

(3.16)  f(z) = R(IH(T/IIJSH),O,m/HfL‘H)(fo(m/vaH)

n(r/l«]))
- J R(Omm/llx\l)(g(rwe‘T/llwll))dT)

0
for x € U —{0}.

Proof. First, we prove that a function satisfying (3.14) and (3.14’) is of
the form (3.16). Fix z in U — {0} and let u(t) = f(ze™ ') for t € Q.. Then
u fulfils

CZ%(lf) = —A(ze ") (u(t)) — glze™)  for t€Q.,
u(0) = f(x).

This is a linear differential equation of the first order and its unique solution
is
t

u(t) = R(t,0,z) (fo(x) - [ R, x)(g(:ce_T))dT>

0
for t € @4, where R is the solution of (3.15). Thus

t

(3.17) flwe™) = R(,0,2)(fo(x) = [ RO, 7, 2)(g(we™")) dr)

0

for t € Q, and x € Fr B(0, 7).

Notice that any point x € U — {0} can be represented in the form = =
ge= 0 /121) | where ¢ = raz/||z||. It is obvious that rz/|z|| € Fr B(0,r) and
In(r/||z]|) € Q¢ for £ = ra/||x||. Hence (3.16) follows from (3.17).

Conversely, let f be defined by (3.16). We prove that it is a solution of
(3.14)—(3.14"). Let z € U — {0} and let Q.(¢) C (—1,1) be an open interval
containing 0 such that (14 s)z € U — {0} for s € Q;(¢). Define

f(s) = f(r+sx) for se€Q.(e).
By (3.16) we get

fo = (w50 75 (0 (75)

In(r/((1=5) 2]])) .
- S e 6 CRr) )
; (el (el
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for s € Q. (). Consequently fis differentiable and
Fis) = A((1 R (0 ) (0 ()
o= a9 (= (o oo ) (0 (75

In(r/((1+5)]2]])) .
- S Rl b))
6 [l (el

+ g((1+ s)z)

1+s
for s € Qu(). Since f/(0) = V. f(z), this gives

V. f(@) = A@) (R(n(r/2),0,ra/ o)) (folra/|2])
In(r/[|z[l)
- [ RO/ |al)gee T /el)) dr) ) + g(z)
0
for z € U — {0}.

It is obvious that f also satisfies condition (3.14").

THEOREM 3.4. Let X, Y be real Banach spaces and suppose the norm
of X is continuously differentiable on X —{0}. Let U C X be an open and
starlike set, g a continuously differentiable mapping from U into Y, and A
a continuously differentiable mapping from U into L(Y,Y'). If r > 0 is such
that B(0,7) C U then for any function fo defined on Fr B(0,r) such that the

function fo(x) = fo(raz/||x||) is continuously differentiable on X — {0}, the
equation

(3.18) Df(x)(x) = A(z)(f(z)) + g(x)  for x €U —{0}.
has exactly one continuously differentiable solution on U — {0}, satisfying
(3.18") f(z) = fo(x)  forx € FrB(0,r).

Moreover, this solution has the form

(3.19) f(x)=R(IH(T/HUCH),Oyrx/\le)(fo(m/HxH)

In(r /|l
- f R(07T,m/llxll)(g(rﬂ?e*T/llﬂUH))dT)
0
for x € U — {0}, where R is defined as in Lemma 3.4.

Proof. Our assumptions imply that f defined by (3.19) is continu-
ously differentiable on U — {0}. Lemma 3.4 now yields the statement of the
theorem.
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Remark 3.2. In the last theorem the assumptions about the mappings
fo, g, A are strong. Hence it seems to be of interest, just as in Theorem 3.1,
whether the solution f can be extended continuously to x = 0. Consider
the following example.

Let X, Y be real Banach spaces and suppose the norm of X is continu-
ously differentiable on X — {0}. Consider the equation

Df(z)(x) =—f(x) forze X —{0}
flz)== for x € Fr B(0,1).
Then f(z) = z/|z||* for z € X — {0} is a solution with no continuous
extension to all of X. Hence the answer to this question is negative.

Remark 3.3. In Theorem 3.4 we looked for a solution of equation
(3.18) in a vicinity of the singular point. A completely different problem is
the problem of finding a solution of (3.18) in a neighbourhood of the singular
point. The difference is illustrated by the following example.

Let X, Y be real Banach spaces. We show that the unique, continuously
differentiable solutions on B(0, 1) of

Df(x)() = f(x) for z € B(0,1),
f(0)=0
are continuous linear operators from X into Y.
Fix z in B(0,1) and let f be a continuously differentiable mapping on
B(0,1) satisfying (3.20). Define u(t) = f(ze™t) for t € [0,00). Then u/(t) =
—u(t) for t € [0,00), u(0) = f(z). It follows that

(3.21) flze ™) =e'f(x) for te€[0,00).
Since f(0) = 0, by the Taylor Formula we get
tlim el f(ze ") = Df(0)(x).
Hence, by equality (3.21) we obtain f(x) = Df(0)(z) for = € B(0,1).

(3.20)

IV. Existence and form of solutions of generalized linear
differential equations connected with geometrical
properties of holomorphic mappings

§1. Introduction. Let X be a complex Banach space and let {2 be
a domain of X. The class of all holomorphic functions f : 2 — X will be
denoted by $(§2). As in the previous chapters, let

C(z) ={z" € X [|2"|| = L, 2™ (x) = ||lzf|} forzeX
where X* is the dual of X.
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Define the following classes of mappings:
Ny ={h € H(B); h(0) =0, rex*(h(x)) >0
for z* € € (x), = € B},
N ={he€NB); h(0)=0, rex*(h(z)) >0
for z* € €*(x), x € B—{0}},
M={heN; Dh(0)=1Ix},
where B = B(0,1).
For A € L(X, X), set
m(A) = inf{rex*(A(x)); z* € € (x), ||z| =1},
and if m(A) # 0 let a(A) denote the integer part of ||Al|/m(A) (i.e. a(A) =
[ All/m(A))).

DEFINITION 4.1. Let f be a biholomorphic mapping from the ball
B C X into X such that f(0) = 0, Df(0) = Ix; let A € L(X,X) and
m(A) > 0. The mapping f will be called spiral-like relative to A if

e "(f(B)) c f(B) forall t>0.
A spiral-like mapping relative to A = Ix will be called starlike.

DEFINITION 4.2. A mapping v € $(B) is called a Schwarz function if
v(0) = 0 and ||v(z)|| < ||z| for z € B (compare [Ha).

DEFINITION 4.3. A subordination chain is a function f : B x[0,00) — X
such that for each ¢t > 0, f(-,t) € H(B), f(0,t) = 0 and for s, ¢t such
that 0 < s < ¢ there exists a Schwarz function v = v(-,s,t) such that
f(z,s) = f(v(z,s,t),t) for x € B.

A subordination chain f is univalent if for each ¢ > 0, f(-,t) is univalent
in B.

A subordination chain f = f(x,t), (z,t) € B x [0,00), is called normal-
ized if

Df(0,t) =e'Ix  for t>0
(compare [Pm], [Pf]).

With the above assumptions, in view of Theorem 5 of [G] we can write
Theorem 11 of [Su] in the following form:

THEOREM. Let A € L(X,X), m(A) >0 and let f : B — X be a locally
biholomorphic mapping such that f(0) =0, Df(0) = Ix. Then f is spiral-
like relative to A if and only if there exists h € M such that Dh(0) = A
and

(4.1) Df(z)(h(x)) = Dh(0)(f(x)) for x € B.
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It is natural to ask if for each h € 91 there exists f satisfying (4.1). The
answer is given in §2 of this chapter.
In §3 we will be concerned with the equation

(4.2) Df(z)(h(x)) =g(x) for z€ B,

and with the conditions f(0) = 0, Df(0) = Ix, where h € 9 and ¢ is a
starlike mapping. This equation is connected with close-to-starlike functions
which are defined in the following way:

DEFINITION 4.4. A mapping f € $(B) such that f(0) =0 Df(0) = Ix
will be called close-to-starlike if there exist functions h, g such that h € I,
g is a starlike and (4.2) holds.

In the case when X is a finite-dimensional space, these mappings have
some interesting geometrical properties. It is a natural question whether for
any starlike function g and for any h € 9t equation (4.2) has a solution.
The answer is given in §3.

In §4 we present relations between univalent subordination chains and
solutions of the generalized equation of Lowner.

Fundamental facts concerning holomorphic mappings can be found e.g.
in [BS], [Di], [Mu] and [N].

§2. Holomorphic solutions of generalized differential equation
connected with spiral-like mappings. The consideration of equation
(4.1) will be preceded by the following

LEMMA 4.1 Let h € M and m(Dh(0)) > 0. Then for each x € B the
equation
ov

(4.3) E(t,x) = —h(v(t,x)), v(0,2)==,

has exactly one solution v(-,x) defined fort > 0. Moreover, for everyt > 0,
v(t,-) is a univalent Schwarz function on B, v is infinitely often differentiable
with respect to (t,z) € [0,00) X B, and

[o(t, z)]] “m@nye___lzll

(4.4) A= ot 2)] )2 <e e for (t,x) € [0,00) X B.

Proof. The existence and uniqueness of solution and the fact that
v(t,-) is a univalent Schwarz function on B for ¢ > 0 follow immediately
from Lemma 5 of [G]. Theorem 10.8.2 of [D] yields the existence of the
derivatives of v of all orders with respect to (¢,z) € [0,00) x B. Hence it
remains to prove inequality (4.4).

Fix x € B — {0}. Analogously to Lemma 5 of [G] we find that

Aot _ oy L=l
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that is,

1+ vt =) Aot o)l _ _
Q- GaDlvGa] o = mPho)

for almost every ¢ > 0. By using the absolute continuity of ||v(¢,z)|| in [0, ]
(t > 0) and by integrating the above inequality we obtain the assertion.

THEOREM 4.1. Let h € M and m(Dh(0)) > 0. If f € H(B) is a solution
of the equation

Df(z)(h(z)) = Dh(0)(f(x))  forx e B, f(0)=0,

then
a(Dh(O)
(45) f(@) = Jim eDh“))t( )3 mD”f(O)(v”(t,x») for z € B,

where v = v(t,z), for (t,x) € [0,00) X B, is the solution of (4.3). Here
y" = (y,...,y)(ntimes) fory € X.

Proof. Let h, f, v be as in the statement of the theorem. Then
(4.6) Df(v(t,x))(h(v(t,z))) = Dh(0)(f(v(t,x))) for (,x) € [0,00) X B,
or, setting w(t,z) = f(v(t,x)) for (t,z) € [0,00) X B,

(4.6') ?;(t, z) = —Dh(0)(w(t,z)) for (t,z) € [0,00) x B

Since v(0, z) = x, therefore w(0,z) = f(z) for x € B. Solving (4.6") gives
fo(t,z)) = w(t,z) = e PHOY(f(2))  for (t,z) € [0,00) x B.

In order to show (4.5) it is sufficient to prove that

a(DhO) |
@0 Jm O (feo) - Y L DO ) =0

for z € B. Taylor’s formula (Theorem 8.14.3 of [D]) implies that there exist
a ball B(0,7) C X and a constant C' > 0 such that for y € B(0,r)

a(Dh(O)
- X Lm0 < clueeor,
n=1 ’

Now fix x € B. By (4.4) there exists g > 0 such that for ¢t > g, v(t,z) €
B(0,7). Hence

1 (o(t, 2)) = Bo (v(t, )| < Cllo(t, 2)|[*PHOFL - for ¢ > to,
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where P,(x) = Zggh(o))(l/n!)D"f(O)(:c”) for z € B. Since [P0 <
IR for ¢ > 0 we deduce that
1P O (f(u(t, ) = Po(u(t, )| < Ce PO o (2, )|+ PR+
C||m||a(Dh(0))+1
(1 — [|z])2@DrO)+D) €
for t > tg, by (4.4), where M(Dh(0)) = ||Dh(0)|| — a(Dh(0))m(Dh(0)) —
m(Dh(0)). Since M (Dh(0)) <0, (4.7) follows.
THEOREM 4.2. Let h € M, m(Dh(0)) > 0 and let v = v(t, x), for (t,z) €

[0,00) X B, be the solution of (4.3). Let F' be a mapping from B into X such
that the limit

tM(Dh(0))

<

(4.8) Jlim ePMONE(u(t, ) = f(2)

exists for x € B and belongs to H(B). Then f fulfils the equation

(4.9) Df(x)(h(z)) = Dh(0)(f(x)) for z € B.
Proof. Fix x € B and let tg > 0. Clearly,

(4.10) v(t,v(tg,x)) = v(t +tg,x) fort>0.

From (4.8) we have
(411) T PO F(u(t, v(to,2))) = F(o(ta))

fortgy >0 andz € B.
This and (4.10) imply that

(4.12) tlingo e~ POt DROY ) (B (y(t 4 tg,2))) = e~ PM Ot f(2)

for to > 0 and x € B. Next, from (4.11) and (4.12) it follows that
f(v(to,x)) = e PP f(z)  for tg>0 andze B.

By differentiating the above equation with respect to the parameter ty for

to = 0, we obtain (4.9).

Remark 4.1. If in Theorem 4.2 we assume, additionally, that F €
H(B), F(0) = 0 and DF(0) = Ix, then the function f defined by (4.8)
fulfils, in addition, the conditions: f(0) =0 and Df(0) = Ix.

The next theorem will be preceded by the following

LEMMA 4.2. Let h € M, m(Dh(0)) > 0 and let v be the solution of (4.3).
If a(Dh(0)) = 1, then the limit

lim eDh(O)t(U(t7$)) = f(z)

t—oo

exists for x € B and f € H(B), f(0) =0, Df(0) = Ix.
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Proof. Let u(t,z) = POt (y(t,z)) for t > 0 and 2 € B. Then
= (t:2) = Dh(0)(u(t, ) — PO (h(e™PMO (u(t, 2))))

fort >0 andz € B,
u(0,x) = forz € B.

x
Put H(z) = h(x) — Dh(0)(z) for x € B. Then H is holomorphic on B,
H(0) =0 and DH(0) = 0. This implies that

iy Gt = O PO ur2) for >0, € B,
u(0,z) =2 forz € B.

Integrating both sides of (4.13) on [t1,t2] (0 < 1 < t2), we obtain
ta
(4.14) u(ty, v) = ut,v) = — [ PMO7(H(e PO (u(7, 2)))) dr .
t1

By Taylor’s formula (Theorem 8.14.3 of [D]) there exist a constant C' > 0
and a ball B(0,6) C X (where 0 < § < 1) such that for y € B(0, )

(4.15) IH (y)Il < Cllyll*-

Fix r € (0,1). By (4.4),

]l
(1= [l=[)?
Hence there exists ¢, > 0 such that for ¢t > ¢, and 2 € B(0,r)

le™ PO (u(t, 2))|| < 6.
Consequently, (4.15) and (4.14) imply that for ¢1, to such to > t; > ¢,

C||~’E|’2 F | DR(0)||T—2m(Dh(0))T
— ||T
t

1
Since ||Dh(0)|] — 2m(Dh(0)) < 0 by our assumption, the integral
fooo ellPROI=2m(DhOINT g7 is convergent. From the Cauchy condition of
convergence of improper integrals it then follows that for any € > 0 there
exists t0 > 0 such that for ¢, to with to > t; > t2 and for = € B(0,r) we
have

e PRO (4 (2, 2))|| < e~ ™(PRO)E fort>0and z € B.

u(te, ©) — u(ty,z)|| <

|lu(te, z) — u(ty,z)|| < €.
Hence lim; o, ePMO)(y(t, x)) exists for 2 € B.
Let f(z) be this limit. Since the convergence is uniform on every ball
B(0,r) (where 0 < r < 1), it follows that f € $(B) by Weierstrass’s theorem
(see e.g. [BS]). It is not difficult to verify that f(0) =0, Df(0) = Ix.



IV. Equations connected with holomorphic mappings 35

THEOREM 4.3. If h € M and a(Dh(0)) = 1, then the equation
(4.16) Df(@)(h(x)) = DhO)(f(z))  for € B

has ezxactly one solution f € $H(B) satisfying f(0) = 0, Df(0) = Ix
and

f(z) = lim eP"Oy(t,2))  for z€ B,

t—oo

where v is the solution of (4.3).

Proof. First, notice that by Lemma 4.2 the limit lim,_, o, e?*O(v(t, z))
exists for € B and is a holomorphic function. Further, let F(x) = « for
x € Bj; hence by Theorem 4.2 the function

f(z) = lim eP"O(y(t, z))

t—o0

fulfils (4.16) and, by Remark 4.1, f(0) = 0 and D f(0) = Ix. Uniqueness is
a simple consequence of Theorem 4.1.

There is a sufficient condition for equation (4.16) to have a solution when
a(Dh(0)) > 2. Let L¥(X,X) denote the space of all k-linear symmetric
mappings from X into X.

THEOREM 4.4. Let h € M and «(Dh(0)) > 2. If there exist mappings
Fy € LM(X, X) for k =2,...,n9 (where ng = a(Dh(0))) such that

(417) - DER(0)(2*) =Dh(0)(Fr(z"))

!
. 1 . . .
- ]Fj<(/€_j+1)!Dk THR(0) (a7, 1)

for k=2,...,ng, then the limit

lim ePh(O0) (v(t,w) + ZOFk(vk(t,x))) = f(x)

t—oo
k=2

exists for x € B, where v is the solution of (4.3). Furthermore, f € $(B),
f(0) =0, Df(0) =1Ix and f fulfils equation (4.16).

Proof. Let

u(t,x) = ePh(0)t (v(t,m) + ZO Fr.(v™(t, $))>

k=2
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for x € B and t > 0. Then

5 0:0) = DO (u(0.0) + Y Fu(o¥(t,0)))

— "M O (h(u(t,x)))

_ ¢Dn(oyt (ZO kFy, (0" (t, z), h(v(t, x))))

k=2
for t > 0 and z € B.
Next, let

E(:):) = h(x) — Z %Dlh(())(acl) forz € B.
=1

Then h € $H(B) and we can rewrite the above equality in the form

(;:(t’ x) = Dh(0)ePMO)? <v(t, x) + ];2 F(v™(t, ac)))

_ ¢Dh(o)t (nz % D'R(0) (v (¢, x))) — PO R (u(t, z))
=1

_ oDh(o)t (Z jF; <vj_1(t, ), Z %Dlh(O)(vl(t, m))))
j=2 =1

_ Dhlo)t (Z kF (0" (¢, 2), h(u(t, :1:))))

k=2
for t > 0, z € B. Applying (4.17), we obtain

(4.18) %(f, z) = —ePhO) (h(v(t, ) =Y kF (" (¢, @), h(v(t, a:))>
k

=2
no no 3 1

—eDh<0>t(Z > kF <vk l(t,:c),”Dlh(O)(vl(t,x)))>
k=2 l=no—k+2

for t > 0, z € B. By Taylor’s formula (Theorem 8.14.3 of [D]) there exist a
constant C; > 0 and a ball B(0,d) C X (0 < d < 1) such that

(4.19) [h(z)|| < Cyllz||™  for =€ B(0,6).
Now, fix r € (0,1). By (4.4) there exists a constant Cy(r) such that
(4.20) [o(t, z)|| < e ™PPONXC, () for >0, z € B(0,r).

Since F), € L¥(X, X) for k = 2,...,ng, by (4.18)—(4.20) there exist C(r) > 0
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and ¢y > 0 such that for z € B(0,r) and for ¢, ty with ¢y < t; < t3 we have
to
lulte, ») — u(ty, )| < C(r) [ lPHOITe=mDROInOT g
ty

Hence
f(x) = lim ¢PhO? <v(t,x) + i Fk(Uk(t»fU)))
k=2

exists for x € B. Since the convergence is uniform on B(0,7), f € $(B) by
Weierstrass’s theorem (see [BS]). Theorem 4.2 implies that f is a solution of
equation (4.16). It is not difficult to prove that f(0) =0 and Df(0) = Ix.

Remark 4.2. Using Theorem 4.1 it is not hard to show that the suffi-
cient conditions presented in Theorem 4.4 are also necessary.

Remark 4.3. In the case when X is finite-dimensional, the study of
the existence of the mappings F}, from Theorem 4.4 amounts to analysing a
system of linear equations.

The results of this section, in the case X = C" (with the norm ||z| =
(30| |2:/?)Y/? for z € C™) are contained in [PoS]. For h € 9 the equation

(4.21) Df(z)(h(x)) = f(x) for z€ B

was discussed in [KP] and [Pos].

Since we know the form of solutions of equation (4.21), we can prove a
number of properties of starlike mappings from B into C". These results
are presented in [KP], [Pos] and [Pos].

§3. Existence and form of solutions of generalized differential
equations which define close-to-starlike mappings. Close-to-starlike
mappings from the ball B C X into X (see Definition 4.4) are connected
with the generalized differential equation

(4.22) Df(z)(h(x)) =g(x) for z€ B

where h € 9 and ¢ is a starlike mapping from B into X. In the case
when X = C", such mappings were considered by J. A. Pfaltzgraff and
T. J. Suffridge (compare [PS], [Su;]). Essential results of these papers con-
cern geometrical properties of close-to-starlike mappings. However, in these
papers an important problem is left out of account; namely, whether for each
h € 9 and for every starlike function g there exists a function f € $(B)
satisfying equation (4.22). A positive answer to this question is given by the
following

THEOREM 4.5. Let h € M and let g be any starlike mapping from B into
X. Then there exists exactly one holomorphic solution f of equation (4.22)
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satisfying f(0) =0, Df(0) = Ix, and it is of the form

(4.23) flx) = f g(v(t,z))dt  for x € B,
0

where v = v(t,x) for (t,z) € [0,00) X B is the solution of

%(t, x) = —h(v(t,x)) for (t,z) € [0,00) x B
v(0,2) =x forz e B.

Proof. First, we prove that if there exists a solution f of (4.22) with
the required properties then it is of the form (4.23). Fix « € B. Then

—%f(v(t,a:)) =g((t,z)) for t>0,

and consequently
(4.24) —flo(t,z)) + f(x) = fg(v(T, x))dr for t>0.
0

Notice that lim; o v(t,2) = 0 (see Lemma 4.1), hence lim; . f(v(¢,2)) =
0. By Theorem 6 of [Pos] and Lemma 4.1,

]
(1 = l=[])*

As a consequence, the improper integral fooo g(v(r,z)) dr is absolutely con-
vergent. Hence, (4.24) implies that

(4.25) lg(v(r,x))|| <e 7 for 7>0.

[ee]

f(@) = [ glo(r.2))dr.

0

Conversely, we show that the function f defined by (4.23) fulfils equation
(4.22). By (4.25), the definition (4.23) is correct and f is differentiable on
B. Since v(t,v(t,x)) = v(r +t,x) for v € B and t,7 > 0,

flo(t,x)) = f g(v(r,z))dr forxze B, t>0.

t

This implies that

Df(v(t,x)) (Z(t,m)) = —g(v(t,z)) forxe B, t>0.

Hence for t = 0 we get the assertion.

From Theorem 4.1 we obtain immediately
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COROLLARY 4.1. If f is a close-to-starlike function then

]
Hf(x)"gw fO?"xEB.

84. Univalent subordination chains and solutions of a general-
ized equation of Lowner. In the case when X = C the relation between
univalent subordination chains and the Lowner equation was examined in
great detail by Ch. Pommerenke in [Pm]. The results contained in this
section were published in [Poy].

THEOREM 4.6. Let g = g(x,t) for x € B, t > 0 be a univalent subordi-
nation chain, and let v =v(t,s,z) forx € B, 0 < s <t < 0o be a univalent
Schwarz function such that

(4.26) g(x,s) =g(v(t,s,x),t) forzeB, 0<s<t.

If the derivatives Dag(-,t) and (0Fv/0t)(t,t,-) exist for t > 0 and are holo-
morphic functions in B, then there ezists a function h = h(x,s) for x € B,
s > 0 such that h(-,s) € Ny for each s > 0 and the equation

(4.27) Dsg(z,s) = Dig(x,s)(h(x,s))  for x€ B, s>0,
which is the generalized equation of Léwner, is satisfied.

Proof. We have v(t,s,0) =0 for 0 < s < ¢ < oo, and, on account of
the univalence of ¢(-, 1), v(s,s,z) = x for z € B, s > 0. Fix s > 0 and define
Us(T,x) =v(s+T,s,x) for x € B, 7 € [0,1]. It is easy to see that Uy satisfies
the assumptions of Lemma 1 of [Su]. Since

lim w:—@(s,s,x) for x € B, s>0,
0+ T ot
we have —(0v/dt)(s, s,-) € M. Put —(dv/0t)(s,s,) = h(-,s) for s > 0.
By differentiating boths sides of (4.26) with respect to ¢, we obtain for
t=s
ov
Dlg(U(S,S,JI),S) E(S,S,LU) +D29(U(S,S,SC),S) :Ov
which is exactly (4.27).

In connection with Pfaltzgraff’s considerations in the last part of his
paper [Pf] we formulate

LEMMA 4.3. Let h = h(z,t) be a function from B x [0,00) into X such
that

i) h(-,t) € M for each t > 0,
ii) h is continuous on B x [0,00),
iii) for each r € (0,1) there exists a constant C = C(r) such that
|h(z,t)|| < C(r) for x € B(0,r), t > 0.
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Then for each s > 0 and x € B the equation

0
(4.28) 8—: = —h(v,t) fort>s, v(s)==x,
has exactly one solution v = v(t,s,z), where x € B, 0 < s < t < o0.
Furthermore, for any (s,t) such that 0 < s <t < oo, v(t,s,-) is a univalent

Schwarz function on B.

Upon introducing a semi-inner product in X (for definition see e.g. [G]
or Remark 2.3) and using Lemma 1.3 of [Ka] the proof of this lemma is
similar to that of Theorem 2.1 of [Pf].

With the assumptions of Lemma 4.3 we have

COROLLARY 4.2. If v = v(t,s,x) forx € B, 0 < s <t < oo satisfies
(4.28) then

elo(t,s, )| e[|z ||z eo(t, s, z)||
(L=t s,z))? = A =[zl)?" A+ [z])? = 1+ [Jv(, s 2)]])?
forxe B and 0 < s <t < 0.

With the use of Lemma 4 of [G] the proof of this corollary is similar to
that of Lemma 2.2 of [Pf].

LEMMA 4.4 Let h satisfy the assumptions of Lemma 4.3. Then the limit
(4.29) tlim elv(t,s,x) = f(x,s)

exists for x € B, s > 0, where v = v(t, s,x) is the function from Lemma 4.3,
and for fized s > 0, f(-,s) is holomorphic on B.

Proof. Let u(t,s,z) = e'v(t,s,x) for x € B, 0 < s <t < co. Then

0

(4.30) 8—1:(@ s,7) = u(t,s,x) — e'h(e tu(t, s, z),t)
forx € Band 0 < s <t < o0. Set H(z,t) = h(z,t)—z for x € B and ¢t > 0.
For each t > 0, H(-,t) is holomorphic on B and H(0,t) =0, DH(0,t) = 0.
Now (4.30) takes the form
ou
ot
By (iii), for each r € (0, 1) there exists a constant C'(r) such that ||H (x,t)|| <
C(r) for x € B(0,r) and t > 0.

Fix ro € (0,1). Then there exists g € (0,1) such that a + £z € B(0, 1)
for a,z € B(0,dp), £ € C and |[¢| = 1. From the Cauchy integral formula
(see e.g. [BS]) we have

(4.31) (t,s,7) = —e'H(e ‘u(t,s,z),t) forz € B, 0<s<t<oo.

%DQH(a,t)(x,:v) = 21“'5"[1 H(a+ €x,t)672d¢
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for a,x € B(0,6p). Since ||H(a + &x,t)|| < C(ro) for a,x € B(0,d), [£| =1
and ¢t > 0, we obtain

and since D?H (a, t) is bilinear,

1
EDQH(a,t)(x,:L‘) < C(rg) fora,xz e B(0,d), t>0,

C(ro)

<
— 2
50

I

(4.32) ‘ %D2H(a,t)(x,x)

for a € B(0,dp), t > 0 and = € X.
By the Taylor formula (see Theorem 5.6.1 of [Cal),

1

H(z,t)= [ (1-&D*H(&w,t)(x,2) dE

0
for z € B(0,00) and ¢ > 0, and so

C(r
(4.33) G0l < S5 a2
0
for x € B(0,00) and t > 0, by (4.32).

Corollary 4.2 gives

v(t,s,z)|| < e*" forre B, 0<s<t< .
Hence for any r € (0,1) there exists 7 > s such that |[v(t,s,z)]
< §g for x € B(0,r) and t > 71. From (4.33) we thus obtain
C
(e ult, 5,29, )] < e ur, )2
0
for z € B(0,dp) and 0 < s <t < oo. Since, for r € (0,1) and s > 0, there
exists 7o > s such that ||u(t,s,z)||/t <1 for t > 15 and = € B(0,r), we get
for t > 79 = max(7y, 72) the estimate
C
| H (e tult, s, z),t)| < ((Sgo)t%_% for = € B(0,r).

0

This and equation (4.31) imply that

C(ro)
3

to
j"tze—tht

t1

lu(te, s, z) —u(ty, s, x)|| <

for x € B and t1,t2 > 7. Since the integral fooo t2e=2t dt is convergent, for
any € > 0 there exists 7 > 0 such that for ¢t1,t5 > 7

|lu(ta, s, z) —u(ty,s,x)|| <e for =€ B(0,r).
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As a consequence, by Weierstrass’s theorem the limit (4.29) is holomorphic
on B for each s > 0.

COROLLARY 4.3. With the assumptions of Lemma 4.4 the function f =
f(z,s) defined by (4.29) satisfies

e*||]
(1= [lzl})?

e’l|z|
aiome S sl <
(L4 [l)
forx € B and s > 0.
These inequalities follow immediately from Corollary 4.2 and Lemma
4.4.

LEMMA 4.5. Let h, v and f be as in Lemma 4.4. Then f is a univalent
normalized subordination chain.

Proof. Fix s > 0 and 7 > s and let = v(7,s,z) and v(t,7,7) =
v(t,s,x) for t > 7 and = € B. Then
g:;(t,’i', z)=—h(v(t,7,7),t) fort>r, v(r,7,2) =7.

From the equality

lim e'v(t,s,x) = lim e'o(t, T, T)

t—o0 t—o00
we obtain f(z,s) = f(z,7) for 7 > s, and thus
(4.34) f(z,s) = f(v(r,s,2),7) forze B, 0<s<rT.

Hence f is a subordination chain. Analogously to Theorem 2.1 of [Pf] we can
prove that (Ov/0x)(t,s,0) = e 'Ix; so the Weierstras theorem (see[BS])
and the definition of f imply immediately that D; f(0,s) = e*Ix for s > 0.
Now, we must prove the univalence of the subordination chain f.
First we will show that there exists 6 > 0 such that re z*(D1 f(y, s)(x)) >
0, for y € B(0,6), s >0,z € B, z # 0 and z* € €"(z). On account of the
inequality

le™*f(z, s)]l <

(see Corollary 4.3), as in the proof of Lemma 4.4 we can choose g > 0
and C > 0 such that ||e"tD?f(a,t)(x,z)|| < C for x,a € B(0,8). By the
polarization formula (see [Di], Thm. 1.5) there exists C; > 0 such that

(4.35) le™* D% f(a, t)(z,y)|| < Cillz[llly]l,

for t >0, a € B(0,d), x,y € B.
For z € B, y € B(0,80/2) and t > 0 define F(¢) = e 'Dy f(Ey, t)(x)
where ¢ € C and || < 2. Since F' is holomorphic (see [BS]), from the

forxre B, s>0
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mean-value theorem (see [D], Thm. 8.5.4) we obtain

1E(1) = FO)]] < sup IE" (o)l -

As a consequence we have for x € B, y € B(0,d0/2) and t > 0
le™ D1 f(y, t)(x) — zll < sup D} f(py.t)(z,y)ll
0<p<1

< Chllzlllyll - (by (4.35)).
Put § = min($8p,1/(C1 + 1)). Then
le™* D1f(y, t)(x) — || < |zl for z€ B, y€ B(0,9), t >0.
This yields immediately re z* (e *D1 f(y,t)(x)) > 0 for y € B(0,4), t > 0,
z € B—{0} and z* € €*(x).

By Theorem 7 of [Suy], f(+,t), for each ¢ > 0, is univalent on B(0,d).
Fix r € (0,1) and let s > 0. Then by Corollary 4.2 there exists to > 0
such that for ¢ > to, ||v(t, s, z)|| < ¢ for z € B(0,r). From the univalence of
v=1o(t,s,x) for z € Band 0 < s <t < oo it follows that the superposition

f(v(t,s,-),t) is univalent on B(0,r) for t > tp; now it remains to recall
(4.34).

THEOREM 4.7. Let h, v and f be as in Lemma 4.4. If the function f
defined by (4.29) is differentiable with respect to s for s > 0 then it is a
solution of

Daf(z,5) = D1 f(z,5)(h(z,5))  for (z,5) € B x [0,00),
D1(0,s) =€’Ix for s >0.
Proof. From Lemma 4.5 it follows that f is a univalent normalized

subordination chain. Differentiating both sides of (4.34) with respect to ¢
we get
ov

le(’l)(t, S,l'),t) <at(t7 87$)> + Dgf(’l)(t, S,l'),t) =0

forz € B,0<s <t< oo. Since v(t,t,x) = x and %(t,t, x) = —h(z,t), the

assertion follows.

THEOREM 4.8. Let h, v and f be as in Lemma 4.4. If g is a continuous
mapping from B x [0,00) into X such that for each t > 0, g(-,t) € H(B),
and for x € B, g(x,-) is differentiable on [0,00), and if g satisfies

Dyg(z,t)(h(z,t)) = Dag(z,t)  forx e B, t>0,
g(0,t) =0 and Dyg(0,t) =e'Ix for t>0,

then g is a normalized subordination chain.
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Moreover, if there exist § €(0,1), tg >0 and C > 0 such that |[e *g(z,t)|
< C forx € B(0,0) andt > to then g = f (hence g is a univalent normalized
subordination chain).

Proof. Fix 2 € B and s > 0 and define G(t) = g(v(t, s, z),t) for t > 0.
Since G'(t) = 0 for t > 0, we have g(v(t, s, x),t) = g(v(s, s, x), s), and since
v(s,s,x) =z,

(436) g(v(t,s,x),t) :g($75)7
i.e. g is a normalized subordination chain.

Now we prove the second part of the proposition. As in the proof of
Lemma 4.4 it can be shown that there exist §; > 0 and C; such that

1
ge_tD%g(au t)(ﬂl‘, CC)

From Taylor’s formula we have

<Ch fOI‘OLGB(O,(;ﬂ,%EB,tZto.

1
g(z,t) = e’z + f (1 —7)Dig(rx,t)(z,z)dr forxz € B, t>0.
0
Hence g(v(t, s, x),t) = e'v(t,s,z) +r(v(t, s,x),t) where for z € B and s > 0
there exists ¢ such that

I (v, t)|| < Clet||v(t,s,x)|]2 fort >¢t.

By Lemma 4.1 and Corollary 4.2 we get lim;_. g(v(t, s, z),t) = f(z,s),
and so g(z,s) = f(z,s) for z € B and s > 0, by (4.36). This completes the
proof.

Remark 4.4. If we use results of this section to study properties of
univalent holomorphic mappings of the ball B in C", then we obtain many
interesting facts (see e.g. [Pos], [Pog]).

V. The generalized form of the Frobenius theorem

§1. Introduction. This part of the paper extends the considerations
begun in Chapter I. It concerns a generalization of the Frobenius theorem.

Let X, Y be Banach spaces over the field K, let X; be a subspace of X
and let U, V be open subsets of X and Y, respectively. Let h be a mapping
from U into L(X;,X) and H a mapping from U x V into L(X3,Y).

We shall be interested in the problem of the existence of a mapping
f Uy — V (where Uy C U and Uy is an open set) such that

(5.1) Df(z)(h(x)(-)) = H(z, f(x))(-)  for zeUp.



V. Frobenius theorem 45

For xzg € U, let )N(h(mo) be a fixed subspace of X such that
(5.2) h(20)(X1) © Xp(ag) = X -
Let Xp0, ) = {z + 205 @ € Xp(ao)} and Xp2 (1) = X370, N B(wo, 7).

§2. A necessary condition and a sufficient condition for exis-
tence and uniqueness. Suppose h and H are continuously differentiable
and let h satisfy

(5:3) Dh(x)(h(x)(s1))(s2) = Dh(x)(h(z)(s2))(s1)

for € U and s1,s2 € X;. Next, assume that h(xo)(X;) and )Zh(mo) are
closed subspaces of X and h(zg) € Isom(X1, h(xo)(X1)).

With the above assumptions and notations we can prove the following
theorems.

THEOREM b5.1. If there exists a mapping f : U — U which is differentiable
on an open set Uy C U and which satisfies equation (5.1), then the following
generalized Frobenius condition holds:

DiH(z, f(z))(s1)(h(z)(s2)) + D2H (2, f(2))(s1)(H (z, f(x))(s2))
= D1H(z, f(2))(s2)(h(z)(s1)) + D2H (z, f(x))(s2)(H(z, f(2))(s1))
for x € Uy and s1,82 € X;.

Proof. Let z € U. Since h satisfies (5.3) and is continuously differen-
tiable, by the Frobenius theorem (see [D]) there exists a solution v of

(5.4) Du(§) = h(v(§)), v(0) ==,

defined on some neighbourhood U C X; of € = 0. Define w(¢) = f(v(€))

for £ € U. Then w is twice continuously differentiable, and since f satisfies
(5.1) we have

(5.5)  D*w(&)(-) = DiH (v(€), f(0()))()(h(v(E))())
+ D2 H(v(&), f(0(€)))()(H (v(E), f(v(£)))())
for € € U. By Theorem 8.12.2 of [D] we get at once
D?w(0)(s1,52) = D*w(0)(s2, 51)

for s1,s2 € X;. From the above equality and from (5.4), (5.5) we obtain the
assertion.

THEOREM 5.2. If H satisfies the generalized Frobenius condition

(5.6)  DiH(x,y)(s1)(M(x)(s2)) + D2H (, y)(s1)(H (2, y)(s2))
= Dy H (z,y)(s2)(h(z)(s1)) + D2H (2, y)(s2) (H (2, y) (1))
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forx e U,y € V, s1,s9 € X1, then for any continuously differentiable
mapping fo : h(zo)( r) — V there exist 11 < r (r1 > 0) and exactly one

continuously differentiable mapping f from B(xo,r1) into V satisfying
Df(x)(h(x)(-)) = H(z, f(x))(-)  for x € B(zo,71),
f(z) = folx) for x € )Z';fz’mo)(rl) .

Proof. Without loss of generality we can assume that xy = 0. Since h
satisfies (5.3) the assumptions of Theorem 10.9.5 of [D] are fulfilled; hence

there exist neighbourhoods Uy, Uz of zero such that Uy C Xy, Uz C Xp(g)
and the equation

Dyv(wy,z2) = h(v(21,72)),  v(0,22) = 22,

has exactly one continuously differentiable solution defined on U; x Us.
Since h(0)(X1) ® Xpno) = X, h(0)(X1) and X (g are closed subspaces of X
and h(0) € Isom(Xy, h(0)(X1)), therefore Dv(0,0) is an isomorphism from
X1 x Xh(O) onto X. Hence by the inverse mappmg theorem there exist

neighbourhoods Ul, U2, U3 of zero such that U1 C Xq, U2 - Xh(g), U3 cX
and

(VBN ﬁl X ﬁg — [73
is a diffeomorphism of class C*. _
Let v=1(x) = (z1(x), T2(x)) for & € Us. Then

(5.7) { 1 (v(w1, T (1)) =

To(v(z1. T (1)) = (),

for x1 € (71 and x € l~]3. Differentiating (5.7) with respect to x; we get for
xr1 =T (l‘)

658 {Dmta0en =1

DZy(z)(h(z)) = Ox, for z € Us,

where Ix, is the identity operator on X; and Ox, is the zero operator on
X;. Next, consider neighbourhoods of zero (in the suitable spaces) [7' 1 C
X1, 52 C Xh(op 53 C X, Vi C Y such that v : 51 X 52 — (73 is a

diffeomorphism of class C! and fo(x2) +w € Vi for (z9,w) € Uy x V5.
Consider the Frobenius equation with respect to x1 and with parameter xo
in the form

Diw(zy,x2) = H(v(x1, x2), w(x, x2) + fo(x2)) ,
w(O xz)zo for I1Eﬁ1, 1326172.

It is not difficult to prove (cf. Theorem 10.9.5 of [D]) that there exist neigh-
bourhoods of zero U1 c X, U2 C Xp(0) such that (5.9) has exactly one

(5.9)
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continuously differentiable solution on ﬁl X ﬁg. Next, let
f(@) = w(Z1(2), T2(x)) + fo(Z2(2))
for z € Us where Uz = v(ﬁl X ﬁg) Then f is continuously differentiable on
Uz and
(5.10)  Df(x) = Dyw( (x), 72(x)) D71 (2) + Daw(@ (2), () D ()
+ Dfo(T2(x)) DT (x)
for x € Us. By (5.8) and (5.10),
Df(x)(h(z)) = Diw(Z1(z),Z2(z)) for xz € Us.
Since w fulfils (5.9),

Df(x)(h(z)) = H(v(T1(2), T2(2)), w(T1(2), T2(2)) + fo(T2(2)))
for x € Us, that is, Df(x)(h(z)) = H(x, f(z)) for x € Us. Since w(0, T2(x))
=0 for x € Us, we have f(x) = fo(z) for x € UgﬁXh(O)
Uniqueness follows from the uniqueness of solution for (5.10).

§3. The generalized Frobenius equation and its integrability
conditions in Euclidean spaces. Let X = R", Y = R™, X; = R”,
Xy = R® where p 4 s = n (in this case we consider R” and R’ as sub-
spaces of R"). Hence U, V (from Theorem 5.2) are subsets of R" and R™,
respectively. Then

H(z,y) = [Hij(,y)ligicm - Az) = [hi(2)] 1

where x = (z1,...,2,) €U, y= (Y1,...,ym) € V and

fi
f=|
fm
In this case equation (5.1) takes the form of a system of equations
— 9f; : .
8 ——hyj =H;j(z,f) forl1<i<m, 1<j<p.

The integrablhty conditions (5.3) and (5.6) can be represented in the form

ahm ahlm’
hz
lz:; o, Z O, it
for 1<i,r<p,1<k<n,xzecl,

"\ 0H;;(z,y) " OH;,(z,y)
§ Dy, § T Hy(w,
=1 8xl hl <x) + t= ayt tj (x y)
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('?HW (z ('?HZ (z
= Z Y) hij(x) + Z ] Y) ———""Hy(z,y)
t=1

forlgigm,1§j,T§p,SEEU,y€V.

Many mathematicians are interested in problems connected with the ex-
istence of solutions of systems of differential equations in the case of finite-
dimensional spaces (such systems are special cases of the systems considered
earlier). Results of these studies can be found in papers [Api], [Aps], [H],
[Ko]. The facts presented in these papers concern the case when the func-
tions H;j, @ =1,...,m, j =1,...,p, depend on the variable x only. More-
over, in these papers there is no consideration of the problem of uniqueness.

The results obtained in this chapter were obtained jointly with J. Kalina
(see [KaP)).
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