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Abstract

The I'-minimax estimator under squared error loss for the unknown parameter of a one-
parameter exponential family with an unbiased sufficient statistic having a variance which
is quadratic in the parameter is explicitly determined for a class I" of priors consisting of
all distributions whose first two moments are within some given bounds. This generalizes
the choice of I' in Jackson et al. (1970) as well as the unrestricted case. It is shown
that the underlying statistical game is always strictly determined and that there exists a
I'-minimax estimator which is a linear function of the unbiased sufficient statistic. If the
bounds for both prior moments are effective then there exists a least favourable prior in
I" which is a member of the Pearsonian family.

1980 Mathematics Subject Classification (1985 Rewvision): Primary 62C99; Secondary
62F10.

Key words and phrases: Gamma-minimax, exponential family, squared error loss,
moment restrictions, least favourable conjugate prior, Pearsonian family.
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1. Introduction and summary

In this paper the problem of estimating the unknown parameter
0 of a one-parameter exponential family is considered. It is assumed
that there exists an wunbiased sufficient statistic having a variance
which is quadratic in the parameter 6. In the second section it is
shown that the densities of these distributions can be described by
two simple differential equations. The natural conjugate priors with
respect to these distributions are always members of the Pearsonian
family. Parts of these results can also be deduced from Diaconis
and Ylvisaker (1979). In the third section it is proved that the
Bayes estimators with respect to the natural conjugate priors under
squared error loss are linear functions of the wunderlying unbiased
sufficient statistic. Since the variance is quadratic in the parameter
0 the risk function of these Bayes estimators is a quadratic function
of #. Hence the Bayes risk with respect to any prior can be ex-
pressed in terms of its first two moments. This is the reason why
in the fourth section the I[-minimax estimator under squared error
loss can be determined explicitly when the set I' of priors consists
of all distributions whose first two moments are within some given
bounds. In particular, this choice of I' includes the case of fixed
first two moments as in Jackson et al. (1970). Similar sets I' of
priors have been considered by Robbins (1964, Section 5), Solomon
(1972), DeRouen and Mitchell (1974), Samaniego (1975), Eichenauer
et al. (1988), and Chen et al. (1990). In the fourth section it is
also shown that the corresponding statistical game is strictly deter-
mined and those situations are characterized where a saddle point
exists. In these cases the [-minimax estimator is uniquely deter-
mined up to a set of measure zero. In all other cases a I-minimax
estimator is determined which is the pointwise limit of a sequence
of Bayes estimators with respect to a least favourable sequence of
priors in I'.

The authors would like to thank the referee for his thorough
reading of the manuscript and for his helpful remarks.



6 Gamma-minimax estimators in the exponential family
2. A class of exponential families

Let {Py | 0 € O} be a family of Borel probability measures on R with
densities

(1) f,z)=C)e*  zeR,

with respect to a o-finite Borel measure p on B(R), the Borel o-algebra on
R, and let ©® = (0, 0;1) be an open interval such that C' and g are real-valued
continuously differentiable functions on @ and q is strictly increasing on ©.

The following technical lemma is used in order to determine the first two
moments of the probability measures Py, 0 € 6.

LEMMA 1. For any 0 € O there exist ane > 0 and a p-integrable function
h:R — R such that
-0
T — f(0
forallz €R, 0 € © with |0 — 0] < &, and j € {0,1}.

Proof. Since g is strictly increasing on @ the functions h, : R — R,
hy(xz) = €7®, are p-integrable for all v € (g(6y),q(f1)). For any 6 € O
it can easily be shown that there exist real numbers € > 0, M > 0, and
Y0,71 € (q(00),q(61)) such that

|$|je¢1(9)x < M (7% 4 )

forall z € R, § € O with |# — 8] < £, and j € {0,1}. Because of

% 0,z) = C"(0)e9D 4 C(0)¢' (0)ze??)®

the assertion follows. m

< h(z)

X

Lemma 1 and a well known argument (see e.g. Weir 1973, p. 118) show
that the functions

7j(0) := C(0) [27e7" u(dx), €O, je{0,1,2},
are continuously differentiable for j € {0,1} and that the derivatives are
given by

(2) 7;(0) = %TM) +qd(0)m410), 06€6, je{01},

with 79(0) = 1, 0 € ©, because of (1). Following Jackson et al. (1970) it is
assumed that the probability measures Py, 8 € ©, are the distributions of
an unbiased sufficient statistic having a variance of the form a#?+4b0+c > 0,

0 € ©, with appropriate real numbers a, b and c¢. To make it more precise,
suppose that a, b and ¢ are real numbers such that

O ={0cR|ab*+b0+c>0}
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is not empty. Let the functions C' and ¢ be continuously differentiable real-
valued solutions of the differential equations

C'(9) 0

3) CO)  al>+b0+c’
1
/ _
) 10 = e

defined on a maximal open interval

©c{heot|C(H) >0},
Then the differential equations (2)—(4) imply that
(5) [aPs(dx) =0, becO,
(6) [2*Py(dw) = (a+1)0*> +b0+c, 0€O.
Put D = b? — 4ac and, in case a # 0 and D > 0, set
~b++VD ~b—+/D
— ., b=

2a 2a

Then straightforward calculations yield the types of distributions given in

Table 1 as solutions of the differential equations (3) and (4). A closely
related representation is given in Morris (1982) and in Morris (1983).

to =

Table 1. Types of distributions

Type © = (0o,01) (o) q(0)
_ 0—
I a<0,D>0 (to, t1) (0 —to)~0/VD(t; —gy1/VD %ln(tlfg)
I a=b=0, c>0 R o—02/(20) 1y
II1.1 —c/b,o0) ifb>0 2 _
2 @=0,0#0 E—o{)7—c/)b) ifbh<0 (b0 + )/ e/ L1n(v6 + )
V.1 (to,00) —to /D t1/VD 1 0—t
v @>0, D>0 e R e L In(5=2)
V.1 _ (to, o) “1/a_tg/(a(6—t 1
veo a>0, D=0 (—o0. to) |6 — o /agto/(a(0—tp)) D)
VI a>0, D<0 R (a6? + b0 + ¢) =/ (%) /—ED arctan(%/if:f)
X exp(a\/% arctan(%i;))

The following examples show that several important families of distributions
are of one of these types. The notation follows Berger (1985, Appendix 1).

EXAMPLE 1. (a) If the random variable X is binomially distributed
B(n,0), n > 1, § € (0,1), and if P is the distribution of (1/n)X then
Py satisfies (1), (3), and (4) with a = —1/n, b =1/n, and ¢ = 0, which is a
special case of type I in Table 1.



8 Gamma-minimax estimators in the exponential family

(b) If Py = N(0,1),0 € R, is a normal distribution with known variance
1 then Py satisfies (1), (3), and (4) with a = b = 0 and ¢ = 1, which is a
special case of type II.

(c) If Py ="P(0), 6 € (0,00), is a Poisson distribution then Py satisfies
(1), (3), and (4) with a =0, b =1, and ¢ = 0, which is a special case of type
III.1.

(d) If Pp = NB(1/a,1/(af + 1)), a > 0, 8 € (0,00), is a negative
binomial distribution then Py satisfies (1), (3), and (4) with a > 0, b = 1,
and ¢ = 0, which is a special case of type IV.1. In particular, Py = Ge(1/(6+
1)), 8 € (0,00), is a geometric distribution for a =b =1 and ¢ = 0.

(e) If Pp=G(1/a,ah), a >0, 0 € (0,00), is a gamma distribution then
Py satisfies (1), (3), and (4) with a > 0 and b = ¢ = 0, which is a special
case of type V.1. In particular, Py = £(), 6 € (0,00), is an exponential
distribution fora =1and b=c=0. =

The examples above are typical representatives of their classes. The
class of distributions of type VI is also nonvoid, but its members are of
minor importance (compare Morris 1982 and Morris 1983).

Now let II denote the set of all Borel probability measures 7 on the
parameter space @ whose first two moments

vi(r) = [0 m(ds), je{1,2},
S}

exist, and let A be the set of all («, 3) € R? which satisfy the inequalities

(7) a > 3a,

(8) 8> Bo(a — 2a) — b,
9) B <0i(a—2a)—b.
Obviously, (8) and (9) imply

(10) o> 2a.

Furthermore, (8) and (9) imply (7) for distributions of type I, (7) implies
(8) and (9) for type II or type VI, (7) and (8) imply (9) for type IIL.1, type
IV.1 or type V.1, and (7) and (9) imply (8) for type I11.2, type IV.2, or type
V.2. Therefore at least one of the inequalities (7)-(9) is always redundant.

Now the technical Lemma 2 follows at once from the definition of A and
Table 1.

LEMMA 2. Assume that (a, ) € R%. Then the conditions
(a) (a,0) € 4,

(b) CY) = [P Co(0)e” @ d < 0o, j € {0,1,2},
e
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(c) Jim [ab? + b0 + ¢]07C*(0)e’1® =0, ke {0,1},
0—0y

are equivalent. m
Because of Lemma 2(a) and (b), for every (o, 3) € A
(11) Pa,s(0) = (C)TIC@)™, beo,

defines a density p, g with respect to Lebesgue measure of a Borel probabil-
ity measure 7, g € II. The density p, g is continuously differentiable, and
its first derivative is given by

C'(0
12 O = (G 500 paste), oo
The differential equations (3), (4), and (12) yield
(13) (ab? 4 bO + c)pflﬁ(e) =B —ab)paplld), 6€0O,

i.e. mo 3 is a Pearsonian distribution (cf. Johnson and Kotz 1970, Ch. 12,
Sec. 4.1).

In Lemma 3 the first two moments of 7, g are obtained by the usual
technique for Pearsonian distributions. A proof is added for the sake of
completeness. For A = (a, §) € A set my = 7o, € II and define

HA:{7T)\EH|)\E/1}.

LEMMA 3. Assume that A\ = (o, 3) € A. Then the first two moments of
the probability measure wy with density as defined by (11) are given by

B+0b
oa—2a’

vi(mx)(B+2b) + ¢
o —3a '

7/1(7T/\) = V2(7T/\) =

Proof. Lemma 2 shows that an integration by parts of equation (13)
yields

B—av(my) = [ (ab®+ b0+ c)p,, 5(0) d0
e

= (a2 + b0 + c)pa,p(0)] o

— [ (200 + b)pa,s(0) do
e

= —2av1(my) — b.

Similarly after multiplying both sides of (13) with € an integration by parts
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yields
Bui(my) — ava(my) = [ (ab® +b0° + c)p), 5(0) do
e

= (a6 + b0 + c)fpa 5(0)|,. — | (3062 + 260 + c)pa,5(0) db

e
= —3avy(my) — 2bvy () — c.
Now together with (10) and (7) the assertion follows. =
Define a set
(14) M ={(v1,1) €O x (0,00) | vy > v}, avg+bv; +c > 0}.
Then © C OF and avy + by + ¢ = a(ve — Vi) + av? + buy + ¢ yield
(15) M ={(v1,12) €O x (0,00) | vy >vi} fora>0.
Define functions o, 3 : M — R by

+ by +
(16) a(vi,ve) = 2a + % ,

2 — ]
(17) B(v1,v2) = —=b+ v1(a(vy,va) — 2a),
and set

L(vy,v2) = (a(v1,1v2), B(v1,12)) .
Moreover, put
M(X) = (v1(my), v2(mr))
for A = (o, B) € A.

LEMMA 4. The mapping L : M — A is bijective, and M is its inverse
mapping.

Proof. (i) Assume that (v1,v2) € M. Because of

24+
Vo — g
© C ©F, and vy > v} it follows that a(vy,v2) > 3a, i.e. a = a(vy,vy) satis-
fies inequality (7). Since ave +bvy + ¢ > 0 and 0y < v1 < 61, equation (17)
implies the inequalities (8) and (9). Hence L(vy,15) € A, i.e. L(M) C A.
(ii) Assume that (o, 8) € A and put (v1,v2) = M(«, 3). Lemma 3 yields
G+b v (B+2b) + ¢
= —) Vg = ——————
oa—2a a—3a
The inequalities (8)—(10) imply 6y < (8 + b)/(a — 2a) < 6y, i.e. v € O,

(18) 141
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because of (18). A short calculation shows that (18) implies
-2
al/2+bul+c:a a(aV12+bV1+C),
a—3a
avi +bvy +c
a—3a
which yields avy + by + ¢ > 0 and vo > v? because of (7), (10), and
v1 € © C ©F. Hence M(a, ) € M, i.e. M(A) C M.
(iii) It is straightforward to check that
M(L(v1,12)) = (v1,v2),  (v1,12) €M,
L(M(a,P)) = (a, 8), () € 4,

which proves the lemma. =

2
Vo = V] + R

For a subset I' C II of Borel probability measures let
M) = {(v1(n),va(7)) €R? | 7 € T'}
be the moment space of I'. In particular,
ME) ={(v,v?*) |veol

is the moment space of the subset £ = {eg | § € O} of one-point probability
measures on ©. Moreover, Lemma 4 implies that

(19) M(Ip) = M = M(IT) \ M(E).

Recall that i denotes the o-finite Borel measure which dominates the family
{Py | 8 € ©} of probability measures. Then the following technical lemma
holds.

LEMMA 5. The measure j is concentrated on the closure of the parameter
space, i.e. u(R\ [0o,61]) = 0.

Proof. Assume that N = (—o0,6y) is nonvoid, i.e. one of the types I,
II1.1, IV.1, or V.1 is considered. Let (6,,),>2 be a sequence in (y, 61) which
converges to . Table 1 shows that lim, . f(6,,2) = oo for x € N. But
Fatou’s lemma yields

1> liminf [ f(0n,2)p(dz) > [ liminf f(6,, ) p(dz),
N N

hence u(N) = 0. The proof of u((61,00)) =0 is similar. =

The subsequent lemma shows that the subclass I14 C II of Borel prob-
ability measures is a conjugate family with respect to the class of densities

{f(0,-) ] 0 € O} given by (1).

LEMMA 6. (i) If (o, 8) € A then (a+ 1,08+ x) € A for p-almost every
r € R.



12 Gamma-minimax estimators in the exponential family

(ii) If (o, B) € A then the posterior distribution of 0 given x € [6y,01]
with respect to Ty g is given by Ta41,84a-

Proof. (i) Lemma 5 shows that « € [y, 61] for p-almost every z € R.
Therefore the inequalities (8) and(9) yield
B4+x>x—0g+0(a+1—2a)—b>0(a+1—2a)—b,
f+rx<x—0+0(a+1—2a)—b<0(a+1—2a)—0b,
ie. (a+ 1,8+ x) € A for p-almost every z € R if (o, 3) € A.
(ii) Because of (i) a density g of the posterior distribution of 6 given
x € [0y, 0:1] with respect to 7, g is given by
Pa,s(0)f(0,x
9(0) = 5(0)f(0,)
f pa,ﬁ(t)f(t7 l‘) dt
e

Cotl (9)6(6+x)q(9)

- f Ca+i(t)e(B+a)alt) gt
o

= pa+1,,8+1‘(0) ) 0 € @7
if (o, B) € A. This proves (ii) by (11). m

3. The estimation problem

In the sequel the problem of estimating the parameter 6 of the one-
parameter exponential family with densities as defined by (1) is considered.
Let A be the set of all (non-randomized) estimators, i.e. the set of all Borel
measurable functions 6 : R — R.

The Bayes risk of an estimator § € A with respect to a prior m € II is
defined by

r(m,0) = [ R(9,6)(do)
e

where R(-,d) denotes the expected loss, i.e. the risk function, of the estima-
tor 0 which is given by

R(0.0) = [ (0~ ()" Py(dx), 0€O,

R
under squared error loss.
The risk function of a linear estimator 6 € A with §(z) = dx +e, z € R,

satisfies
(20)  R(0,0) = [ (60— dw — €)® Py(du)

R
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= (0 —e)* —2d(6 — e)f x Py(dx) +d2f ? Py(da)
R R

= ((a+1)d* — 2d + 1)0* + (bd® + 2de — 2¢)0 + cd® +€*, 0 €O,

because of (5) and (6).
An estimator 0, € A with

r(m,6r) = r(m)
is called a Bayes estimator with respect to the prior 7w € II where
r(m) = inf{r(m,d) | 6 € A}
denotes the minimum Bayes risk of the prior 7w € II.
LEMMA 7. Suppose that A = (a, 3) € A. Then the estimator 65 € A with

Ob+b+x
W)= o TER

is the Bayes estimator with respect to my € I which is uniquely determined
up to a set of p-measure zero.

Proof. From Lemma 6 it follows that every estimator § € A with

(x) =11 (Tat1,8+2), < €[00, 6],

is Bayes with respect to my, and that it is uniquely determined up to a set
of )-measure zero where () denotes the marginal measure defined by

Q(A) = [ Py(A)ma(dh), A€ B(R)
S}

(see e.g. Lehmann 1983, Corollaries 4.1.1 and 4.1.2). Since the Borel measure
@) dominates p the assertion follows from Lemma 3. =

After a short calculation Lemma 4, Lemma 7, and (20) yield

PROPOSITION 1. Suppose that (v1,v2) € M. Then mr(, 1,y € I, and
the first two moments of Tr,(,, .,) are gien by

Vi(TLaw) = v, J€{L,2}

The uniquely determined Bayes estimator 0r,, .,) € A with respect to
TL(1,s) €N be written in the form

(ave + bvy + c)vy + (vo — vi)x
ave + by +c+ vy — V3

(21) 5L(1/1,V2)($) = s r € R,

and its risk function is given by

R(0,0L(,.0,)) = h(v1,v2) (Y (v1,12)0% + o(v1,12)0 + k(v1,12)), 0 €O,
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with
avs + by + ¢ -2
h(Vl, VQ) =\—75 +1 s
Vo — g
avy + by + ¢ 2
—2 +C,

k(v1,v2) = v} <

2
ave + bvy + ¢
Y(v1,v2) = <%> +a,
Vo — g
b 2
S(v1,v9) = b— 2, <M> ,
Vo — 1
The minimum Bayes risk of the prior wp(,, .,) can be written in the form

(22) (L1 ) = T(TL(1 v2)s OL(v1,00) )

=r
= ((avy + by + c)fl + (vy — 1/12)71)71 .=

If the distribution of the unknown parameter 6 is known and can be
described by a prior w € II then usually the Bayes principle is applied,
i.e. a Bayes estimator 0, € A with respect to the prior 7 is considered to
be optimal. If on the other hand no prior information on the unknown
parameter 6 is available then the minimax principle can be used where an
estimator 0* € A is optimal if it minimizes the maximum expected loss, i.e.

sup R(,6") = inf sup R(0,9).

0co €A OO
In this paper an intermediate approach between the Bayes and the minimax
principle is chosen. The use of the ['-minimax principle is appropriate if
prior information is available which can be described by a subset I' C II.
For such a subset I', a I'-minimazx estimator §* € A minimizes the maximum
Bayes risk with respect to the elements of I, i.e.

sup r(m, %) = r*(I")
el

where the I'-minimaz risk is defined by
r*(I') = inf sup r(m,Jd).
SeArmel’
Following Wald’s interpretation of a statistical decision problem as a two-
person zero-sum game (see Wald 1950), the use of a I'-minimax estimator
only makes sense if the upper value r*(I") of the statistical game (I, A, r)
coincides with its lower value
r«(I") = sup inf r(m,?).
nel’ §€ A

In this case the game is said to be strictly determined. Observe that every
estimator 6 € A is I'-minimax if r,.(I") = co. Such statistical games will
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be called degenerate. A sequence (7, )nen of priors in I' is a least favourable
sequence if
lim r(m,) =r.(I"),
n—od
and a prior w € I' is called least favourable if
r(m) =r.(I).
The following observation is obvious and well known.

Remark 1. (i) The statistical game (I, A, r) is strictly determined and
the estimator 6* € A is I'-minimax if and only if there exists a sequence
(7n)nen of priors in I" such that

lim r(m,) = sup r(m,J5").
n—oo mel

In this case the sequence (7, )nen is least favourable and the I'-minimax
risk is given by

r*(I") = sup r(m,0%).
el

(ii) The statistical game (I, A,r) is strictly determined, the estimator
0* € A is I'-minimax, and the prior 7* € I is least favourable if and only
if (7*,6) is a saddle point, i.e. r(m, 0*) < r(x*,0) for every 7 € I' and
0EA =

In this paper subsets I C II of priors are considered where bounds
for the first two moments of the priors # € I are given. For any g =

(91,---,94) € R let 9] = [91,92] % [g93,94] C R denote a rectangle and let
Iy ={meIl'| (ni(m),va(r)) € [g]}

be the corresponding subset of priors. Without loss of generality

(23) p<g1<g2<06; and 0<g3<ygy

is assumed. If Iy NI, = ( then either Iy = 0 or I'y = {eg} for some
f € O because of (14) and (19), which both are trivial cases. Therefore
subsequently only such rectangles [g] are considered where the sets Iy and
114 are not disjoint. The following lemma characterizes these rectangles.

LEMMA 8. Assume that g € R’ satisfies (23). Then the following condi-
tions are equivalent:
(a) Fg NIy # 0 )
(b)
g3 <00, ga4 >0,
(24) g1 <01, g2> 0o,
g1 < \/‘9_4, gs > —\/9—4, and
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(25) ags+bga+c¢c>0 if a<0, b>0,
ags+bgr +¢c>0 if a<0, b<0.

Proof. (i) Suppose that I';NIT4 = ). First the case a > 0 is considered.
Then vy < v? for every (v1,v2) € [g] because of (15) and (19). In particular,
gs < V2 for all vy € [g1, go], i.e.

Vi < g1 if g1 >0,
V9, < =92 if g2 <0,
g1 =10 it g1 <0<go2,

which contradicts (24).

Now let @ < 0. If v < 2 for all (v1, 1) € [g] then a contradiction to
(24) follows as above. Otherwise (14) and (23) show that ave + by +¢ <0
for some and hence for all (v1,15) € [g], which contradicts (25).

(i) Suppose that I'; N IT4 # (. Then there exists (v1,12) € [g] N M
by (19). Therefore g4 > vo > 1/12 >0, 01 < v <6y, go > v > b,
g1 S v <2 < /g, and go > vy > —\/U > —\/gs, i.e. (24) is satisfied.
Ifa <0and b>0then ags+bgo+c>avo+bri+c¢>0. fa<0and b <0
then ags + bg1 + ¢ > avy + bvy + ¢ > 0, i.e. (25) is valid. m

Let R denote the set of all g € R which satisfy the conditions (23)—(25)
stated above. It will subsequently be shown that for any given g € R the
statistical game (I, A,r) has a value and a linear I'j-minimax estimator
exists. The proof of this assertion is based on

PROPOSITION 2. Suppose that g € R. If (vi,v5) € M N|g] satisfies
one of the conditions stated in Table 2 below then (7TL(V;7,,5),5L(V;7V;)) 5 a
saddle point of the statistical game (I'y, A,r), where the functions ¥ and ¢
are defined as in Proposition 1.

Table 2. Conditions for a saddle point

vy vy Conditions

g1 g3 ¥(91,93) <0, ¢(g1,93) <0
g1 94 ¥(91,94) >0, ¥(g1,94) <0
g2 93 ¥(92,93) <0, w(g2,93) >0
92 94 ¥(g2,94) >0, ©(g92,94) >0
7y g3 Y(71,93) <0, ¢(T1,93) =0
21 94 PY(V1,94) >0, o(1,94) =0
g1 U2 Y(91,72) =0, ¢(g1,v2) <0
92 2 P(g2,v2) =0, @(g2,v2) >0
2 2 P(v1,v2) =0, o(v1,v2) =0

Proof. If (vf,v)) € M N|[g| satisfies one of the conditions stated in
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Table 2 then

Yy, v3)vs + (v, va)vi = sup  [P(ug,vs)ve + (v, va)vi]
(v1,v2)EMN[g]

Therefore (19) and Proposition 1 yield

(26) r(TLwswy) 0L ) = sup (W, 00wr ) -
me(IT\E)NTy

Again (19) shows that for any © € £ N Iy there exists a sequence (7, )nen
in (IT\E) NI, such that

lim vj(m,) =v;(r), je{l,2}.

n—oo

Hence Proposition 1 implies

lim T(WYL75L(VI,V5)) = 7’(7'('7(5[,(1/1‘,1/; )

This and (26) lead to

T(WL(V;,ug)75L(V;,V;)) = Ssup T(ﬂ-aéL(ui‘,ug))’
nely
Since ¢ L(vrv3) 1s the Bayes estimator with respect to mp(,x .+ the pair of
strategies (WL(VT,V;)"SL(V;*,V;)) is a saddle point of (I'y, A,r). =

4. Solution of the statistical games

In the sequel it will be shown that the statistical game (I, A,r) is
strictly determined, and a linear I';-minimax estimator §* € A is derived
for every g € R. Moreover, a least favourable sequence (7,)nen in 114 is
constructed. When a least favourable prior exists then a least favourable
prior 7* € Il is determined. Hence a complete solution of the I')-minimax
problem is obtained which is stated in the subsequent theorems.

First, it is shown that b > 0 can be assumed without loss of generality. To
this end, choose (a, b, ¢) € R? such that a family of distributions { Py | § € O}
exists with p-densities given by (1) which satisfy the differential equations
(3) and (4). Let II, A, R and I';, g € R, be defined as above, and consider
the statistical game

Gg = (Fg7 A,?")
for g € R. Now set © = —6, fi(A) = u(—A), A € B(R), and f(0,z) =
f(=0,—x), § € ©, v € R. Then the distributions P;, 6§ € O, with -
densities f satisfy (3) and (4) with b replaced by —b. Let IT, A, R, and Iy,
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§ € R, correspond to the family {ﬁé |0 € ©}. Then

II={7|rell} with#(A)=nr(—A), AecBO),
A={0|6€ A} withd(z)=—6(-z), z €R,
R={glgeR} withg=(-g
Ly ={F € I | (n(7), (7)) € 7]
and the corresponding statistical game
Gy = (I3, A,7)

is equivalent to G in the sense that

7_91793794)7
}, GER,

I'y—1y, ©m™—m,

and

A=A, §—9,

are bijections, and that
7(7,0) =r(m,8), mel,, 6eA.

Hence, there is no loss of generality to make the

ASSUMPTION. In the following, let b > 0.

THEOREM 1. Suppose that a > 0, b > 0, and g € R with g4 < 0.

(i) If g1 = 6o, 02 < g4, and 2a0y > b then the estimator §* € A with
0 (x) = xa-:_afo , Tz€eR,

is I'y-mianimaz, the statistical game (I'y, A, r) is strictly determined, and the
I'y-minimax risk is given by

. a
r(Iy) = a—+1(g4 —63).

Let (ggn))neN be a sequence in (6o, g2) with (ggn))2 < g4, n € N, and
lim,,— oo ggn) = 6y. Then ( neN 98 a least favourable sequence of

0

Tr n
Mﬁ%&

priors, ( is a saddle point of the statistical game

TL(g{™ g4)" L(9§")794))
(Lyemy s A, 1) with g = (ggn),gg,gg,gél) for everyn € N, and
0 (x) = nh—>n;o 5L(g§n>’g4)(a;), reR.
A least favourable prior does not exist.
(ii) If g2 = 01, 03 < g4, and 2a%6, < b then the estimator §* € A with

. x + ab
o (x) = a+11

, x€eR,
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is I'y-mianimaz, the statistical game (I'y, A, r) is strictly determined, and the
I'y-minimax risk is given by
a
([) = ——(ga — 07).
() at 1(94 1)
Let (gén))neN be a sequence in (gy1,61) with (gén))2 < g4, n € N, and

lim, oo gén) = 01. Then ( nenN 1S a least favourable sequence

Lo 00))
of priors, (WL(ggn>7g4),5L(ggn>7g4)) is a saddle point of the statistical game

(Fg(n),A,T‘) with g(n) = (91795”)793794) fO’f’ every n € Nv and

0" (z) = nILI& 5L(g§n>7g4)(:17) , x€eR.
A least favourable prior does not exist.

(iii) If neither the hypothesis of (i) nor of (i) is satisfied then there exists
a point (vf,g4) € MNg] such that (7TL(,,1* g4)5 (5L(,,;7g4)) is a saddle point of

the statistical game (I'y, A,r) and

(a) v = g1 if (91,94) € M and ¢(g1,94) < 0,
(b) v¥ = g2 if (92,94) € M and ©(g2,94) = 0,
(c) v{ = U1 otherwise, where 71 € (max(g, —/g4), min(gz,/ga)) satis-
fies (1, 94) € M and o(V1,94) = 0.
The I'y-minimaz risk is given by
r*(Iy) = ((aga +bvi +¢) 71+ (g2 — (1)) ") 71

Proof. First part (iii) of the theorem is shown. If the assumption in (a)
or (b) is satisfied then the assertion of (iii) follows at once from Proposition 2.
Otherwise put h; = max(g1, —/ga) and hy = min(gs, \/gs). First note that
hi < hg since otherwise g1 = g2 by g € R and (24), which shows that (a)
or (b) would be satisfied because of (¢g1,94) € M by (15) and (24). Now if
h € (hy,hs) then h € (g1,92) C © and h? < g4, which implies (h, g4) € M
by (15), hence (hy, ha) X {g4} C M. Therefore it suffices to show that

27 lim , >0,

(27) V1 1h1+<P(V1 g4)

(28) lim (JD(V1794) < 07
v1—ho—

since the function ¢(-, g4) is continuous on (hy,hs). If (91,94) € M and
©(g1,94) > 0 then (27) is valid because of hy = g1. If (92,94) € M and
©(g2,94) < 0 then (28) is valid because of hy = go. Hence it suffices to show
that (g1,94) ¢ M implies (27) and that (g2,94) ¢ M implies (28). First
(g1,94) &€ M is considered. Then (15) and (24) imply that not both g% < g4
and g1 > 0y are valid. Hence three cases are distinguished.

Case 1: Assume that g% > g4 and g; > 0 or that g% > g4 and g1 = 0.
Then g1 < —,/g4 or g1 < —./9a, respectively, by g € R, and thus hy =
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—\/9a > 0y. Therefore ags + bhy + ¢ = ahi + bhy + ¢ > 0, which yields
lim,, p,+ ¢(v1,94) = +00, i.e. (27) is valid.

Case 2: Assume that g? = g4 and g; = 6. Then g; = —yg1 by g€eR
and thus h; = —,/g1 = 6y > —oo. Therefore

ags +bvy +c¢  ab3 + by +c — b0y — 1) b

g4—yf N (90—V1)(90+V1) __90+V1

implies that
2
>0

V11—1>I}L11+ (P(V1794) =+ 2\/9—4
since b = 0 and —oo < —,/g4 = 6y < 0 is impossible according to Table 1.
Case 3: Assume that g? < g4 and g; = 6. Then h; = g; = 6y > —o0,
which yields 2a?0y < b since the hypothesis of part (i) is not satisfied.
Therefore

lim  o(v1,94) = b — 26
vi—hi+
ie. (27) is valid.
Now (g2,94) & M is considered. Then (15) and (24) imply that not both
g5 < g4 and go < 07 are valid. Therefore again three cases are distinguished.

<ag4 + b@o +c

2
=b—2a%0y >0
94_9(2] ) a~bp )

Case 1: Assume that g3 > g4 and go < ) or that g3 > g4 and g, = 6;.
Then g > /g4 Or g2 > /g4, respectively, by g € R, and hence hy = /g4 <
f1. This yields

lim (v, 94) = —00.
I/lﬂhgf

Case 2: Assume that g3 = g4 and go = 0;. Then go = Vs by geR
and thus 0 < /g4 = 01 < oo. But Table 1 shows that either ; = oo or
01 =t1 <0, so case 2 is impossible.

Case 3: Assume that g% < g4 and go = 01. Then hy = g9 = 01 < o0.
Since the hypothesis of part (ii) is not satisfied it follows that 2a26; > b,
which leads to

lim  o(v1,94) =b—2a%6; < 0.

I/lﬂhgf
Now part (i) of the theorem is shown. The risk function of the estimator
0* € A with 6*(z) = (x + abp)/(a+ 1), x € R, is given by
a o  b—2d%0 a?63 + ¢
+ - :
a+1 (a+1)2 (a+1)2
according to (20). The hypotheses 2a?6y > b and 62 < g, imply that
a +b—2a260 +a298+c_ a
PTG 2 (a1 a+l

(29) R(0,0") = 0 € (6, 0),

(94 — 63)

sup r(m, 6*) =
ﬂejli)g ( ) CL+1
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as in the proof of Proposition 2 because of af3 + by + ¢ = 0.
Now let (ggn))neN be a sequence in (6p,g2) with (ggn))2 < g4, n € N,
and lim,_ g%n) = . Such a sequence exists because of §3 < g, and

0y < g2 by (24). Then (g%n),gél) € M, n € N, according to (15). Hence

T = T g, € I'y by Proposition 1, and it follows by (22) that
. a
Jim r(mn) = ——— (92— 65).

Therefore Remark 1(i) shows that the statistical game (I, A,r) is strictly
determined, the I';-minimax risk is given by
r(Iy) = (01— 6.

0* is a I'j-minimax estimator, and (7, )nen is a least favourable sequence of
priors.

From the hypothesis in (i) it follows that a > 0. But it is easy to see
that

8—V190(7/1,94) <0

for v1 > 0y > 0. Hence from (6y,g4) = b — 2a%6y < 0 it follows that
go(ggn),gél) < 0, n € N. Therefore part (iii) shows that (m,,d,) with
Op = 6L(g§n) o) is a saddle point of the statistical game (Fg<n> ,A,r). Hence
0*(x) = limy, 00 O (), = € R, according to (21).

Finally, assume that 7* is a least favourable prior. The I',-minimax
estimator ¢* is Bayes with respect to 7* according to Remark 1(ii). In
particular,

r(x*.6%) = inf r(x*.0)

where A;, C A denotes the subclass of linear estimators. Assume that
(v1(7%))? = vo(m*). Then the estimator § € Ay with §(x) = vy (7%), € R,
satisfies the inequality

* o a * *
r(r*,6) =0< a—Jrl(g4_6§):T(7T 0%,
which leads to a contradiction. Hence (v1(7*), v5(7*)) € M can be assumed
without loss of generality. But then it is easy to see that dp(,, (x+),vo(x*)) 18
the unique estimator which minimizes r(7*, ) on Ay, . Hence for v; = v;(7*),
i € {1,2}, it follows by (21) that

(avy + by + )1y _aby
avg +bvy +ctve—vi  a+1’
vg — V2 1

avg +bvy +c+vy—v3  a+1°
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A short calculation leads to

(av? + by + )y + a(vy — 0y)(va — 7)) =0,
which contradicts v1 > 6y > 0. Now the proof of (i) is complete. The proof
of (ii) is omitted since it is similar to that of (i). m

THEOREM 2. Suppose that a > 0, b > 0, and g € R with g4 = co. Then

the estimator 6* € A with
0 (x) =z, xz€eR,
is I'y-minimaz, the statistical game (I'y, A, r) is strictly determined, and the
I'y-minimax risk is given by
r*(I'y) =a-00+bgs + ¢

(with the usual convention 0-o0o = 0). In particular, the game is nondegen-
erate only in the cases

(i) a=b=0 and

(i) a =0, b >0, and go < 0.

Put v{ = med(0,¢1,92), the middle of the three numbers 0,g1,g2, in
case (i), vf = g2 in case (ii), and v§ € [g1,g92] N O arbitrarily otherwise.
Let (l/én))neN be a sequence in (gs,o0) with Ién) > (v1)?%, n € N, and
lim, oo Ién) = oco. Then (7TL(V* V(n)))neN s a least favourable sequence of

17272
priors. A least favourable prior does not exist.
Furthermore, in case (i) or (ii), (

]

s a saddle point

™ « n « n
L(v; i) "L(vr v ’))

of the statistical game (I'ym),A,r) with g = (gl,gg,gg,uén)) for suffi-
ciently large n € N, and

(5*(x) = lim (5L(yf7y§n))(x), reR.

n—oo

Proof. From (15) it follows immediately that (l/ik,l/én)) e Mnlgl,
n € N. Hence m, = 7 € I, by Proposition 1 and its minimum

L(Vf,llén>)
Bayes risk is given by
r(mn) = (" +bvf +0)7 + (" = (1))
because of (22). Therefore
(30) lim r(m,) =a-oc0o4+bvf +c=a-00+bgy+c.
From (20) it follows that the risk function of the estimator ¢* is given by
R(0,6*)=a®*>+b0+c, 0€O.
Therefore the maximum Bayes risk of 0* with respect to Iy satisfies

sup r(m,0") =a- oo+ bgs + c.
mely
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Hence (30) and Remark 1(i) imply that (m,)nen is a least favourable se-
quence of priors, the estimator 0* is Iy-minimax, the statistical game
(I'y, A, r) is strictly determined, and the I'j-minimax risk is given by

r*(I'y) =a-00+bgs + c.

Now assume that 7* € I, is a least favourable prior. Then it follows
in a similar way as in the proof of Theorem 1 that (vi(7*),ve(7*)) € M
and that 0* = 7(y, (x+),us(x+))- But, in view of (21), this leads to avy(7™) +
bvy (m*) + ¢ = 0 in contradiction to (14). Finally, the last assertion follows,
by Theorem 1(iii), from the fact that

lim (g2, v5"”) =b >0
n—oo
in case (ii). m

Observe that for a > 0 and g € R the I'j-minimax risk r*(I,) is always
independent of g3, i.e. the restriction “vo(m) > g3” is always ineffective (cf.
Bierlein 1967 and Bierlein 1968 for the exact definition), whereas the restric-
tion “vo(m) < g4” is always effective. However, in the situation described
by Theorem 1(i) and (ii) the I'j-minimax estimator is independent of g4 if
g4 is sufficiently large. In case g4 = oo the restriction “vy(m) > g1” is also
ineffective, and the restriction “vq(m) < g2” is effective only for a = 0 and
b>0.

Note that in case g4 = oo the I'y-minimax estimator 6* € A with §*(z) =
xz, z € R, is the maximum likelihood estimator as well as the unique unbiased
linear estimator.

In the situations described by Theorem 1(iii) the statistical game
(I'y,A,r) has a saddle point. Therefore Remark 1(ii) and Lemma 7 im-
ply that the I')-minimax estimator is uniquely determined up to a set of
p-measure zero (and hence admissible in the statistical game (15, A,7), see
e.g. Lehmann 1983, Theorem 4.3.1).

EXAMPLE 2. Consider the case that Py = NV (6,1), § € R, is a normal
distribution with known variance 1 as in Example 1(b). Suppose that g € R,
) —4
le.g€R g1 <g2,0< g3 < ga,93 <00,94 >0, g1 < /s, and g2 > —/gs.

If g4 < oo then (v{,v3) = (med(0,91,92),94) € M N [g] and
(WL(Vf,ug)v‘SL(Vf,V;)) is a saddle point of the statistical game (I;, A, 7). In
particular, the estimator §* with

5*(33) — (94 - (med(ov 91792))2)$ + med(ov 91792)
g4 — (med(0,g1,92))* + 1
is the I'j-minimax estimator and

§ g4 — (med(0,91,92))2
F =
(1) g4 — (med(0, g1, 92))* + 1
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is the I'j-minimax risk.

If g4 = oo then the estimator ¢* with ¢*(z) = z is a I;-minimax estima-
tor, and r*(I;) = 1 is the I',-minimax risk. A least favourable prior does
not exist. m

ExAMPLE 3. Consider the case that Py = P(6), 6 € (0,00), is a Poisson
distribution as in Example 1(c). Suppose that g € R, i.e. g € @4, 0<g; <
g2, 0 < g3 < g4, g3 <00, g4 > 0, g1 < /g4, and gz > 0.

If g4 < oo then there exists exactly one zero vy of the polynomial p
defined by p(v) = v* — 20° — 2g,0% + g3, v € (0, /gs). Moreover, (v},v3) =
(med(vp,91,92),94) € M N [g] and (WL(ul*,ug*)"sL(Vf,V;)) is a saddle point of
the statistical game (I, A, 7). In particular, the estimator §* with

5 (x) = (g4 — (med(vo, g1, 92))?)x + (med(vo, g1, 92))?
g4 — (med(vg, g1, 92))? + med(vo, g1, g2)

is the Iy-minimax estimator and

) = (94 — (med(vg, g1, 92))?) - med(vo, g1, 92)
g4 — (med(vp, g1, 92))? + med(vp, g1, 92)
is the I'y-minimax risk.
If g4 = oo and go < oo then the estimator §* with ¢*(z) = x is a [-
minimax estimator (which does not depend on g2), and r*(I,) = g2 is the
I')-minimax risk. A least favourable prior does not exist. m

(L

EXAMPLE 4. Consider the case that Py = G(1/a,af), a > 0, 6 € (0,00),
is a gamma distribution as in Example 1(e). Suppose that ¢ € R with
g1 < 00,ie. g€ R, 0< gy < go, 0< g5 < g4 < 00, g4 >0, g1 < /G, and
g2 > 0.

If gy > 0 then (g1,94) € MN[g] and (714, ,g4),OL(g1,g4)) 15 a saddle point
of the statistical game (Iy, A, 7). In particular, the estimator 6* with

5* (IE) — (94 - g%)':l7 + agi1 g4
94— gi +aga

is the Iy-minimax estimator and

(L) = a94(9é—9%)
ga —gi +ags
is the I'y-minimax risk.

If g1 = 0 then the estimator §* with ¢*(z) = x/(a + 1) is a I';-minimax
estimator (which does not depend on g4), and 7*(Iy) = ags/(a + 1) is the
I'y-minimax risk. A least favourable prior does not exist.

The special case that Py = £(6), 6 € (0,00), is an exponential distribu-
tion is obtained by setting a = 1 in the formulas above. m
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Results which are similar to those in Example 4 are described in Eichen-
auer et al. (1988) where the problem of insurance rate making is studied.

In the sequel the case a < 0 is considered. For the sake of simplicity the
subcases b = 0 and b > 0 are treated separately. Observe that in case b =0
the parameter interval is given by

O = (to,t1) = (=V/¢/(~a),\/c/(~a))

where ¢ > 0. Define a function 15 : © — R by

2
a(v) =12 + % .
A short calculation shows that
(31) (v,2(v)) €M forveBO,
(32) Y(v,a(v)) =0 forveod.

THEOREM 3. Suppose that a <0, b=0, and g € R. Put

vi = med(0,1,92), vy = med(y2(v7), g3, 94) -
Then (vi,v3) € MNgl, and (TLws vs)s Orwr wz)) @5 a saddle point of the
statistical game (I'y, A, 7). The I'y-minimaz risk is given by
r(Iy) = ((avs + )7+ (5 — (1)) ™)

Proof. Observe that (vf,v3) € [g]. In the sequel several cases are
distinguished in order to show that (vj,v3) € M, i.e. vi € O, v} > (V)2
and avs + ¢ > 0 because of (14).

Case 1: If go <0 then gy > tg by (24), i.e. vf = go € O.

Case 1.1: If g4 < t2(g2) then vj = g4. From go < 0 and (24) it
follows that 0 < —gy < /ga, i.e. g4 > g3. Because of (31) it follows that
ags + ¢ > aha(ga) + ¢ > 0.

Case 1.2: If g3 < 92(g92) < g4 then v = 1p2(g2) and (31) implies
(92,vY2(g2)) € M.

Case 1.3: If 93(g2) < g3 then v = g3 and (31) shows that g3 >
¥a(g2) > g3. The inequality ags + ¢ > 0 follows from (25).

Case 2: If g <0< gy thenvy =0¢€ 6.

Case 2.1: If g4 < 12(0) then v = g4 and g4 > 0 follows from (24).
Again (31) shows that ags + ¢ > at)2(0) + ¢ > 0.

Case 2.2: If g3 < 42(0) < g4 then v5 = 12(0) and (31) implies
(0,42(0)) € M.

Case 2.3: If 15(0) < g3 then v = g3 and (31) shows that g3 > 15(0) >
0. Again (25) yields ags + ¢ > 0.

Case 3: If 0 < g1 then g1 <1 by (24), i.e. vf = g1 € O.
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Case 3.1: If g4 < v2(g1) then v = g4. From(24) it follows that
V91> g1 >0, ie. g4 > g%, and (31) yields ags + ¢ > aypa(g1) + ¢ > 0.

Case 3.2: If g3 < ¥2(g1) < g4 then v3 = 1p3(g1) and (31) implies that
(91,v2(g1)) € M.

Case 3.3: If 13(g1) < g3 then v = g3 and (31) shows that g3 >
a(g1) > g7. Again ags + ¢ > 0 follows from (25).

Hence (v§,v3) € M N g is proved. Observe that p(v1,15) > (=,<) 0
if 1 < (=,>) 0 and that ¥(v1,10) > (=,<) 0 if vy < (=,>) Pa(11) for
(v1,v2) € M. This shows that (v, v3) € M N [g] satisfies one of the condi-
tions stated in Table 2, which completes the proof of the theorem. m

Now the case a < 0 and b > 0 is treated. Note that @ = (tg,t1)
where t; > 0. Put I = (max(0,t9),t1), I = [to,t1] N (0,00), and J =
((max(0,t0))?,t?). Define a function ¢y : [to,t;] — R by

5 av?+bv+tec

oa(v) = v+ b forvel,
0 forv & 1I.
A short calculation shows that
(33) (v,p2(v))eM  forvel,
(34) (v, p2(v)) =0 forvel,
(35) o is increasing on  [to, t1].

The restriction of ¢9 to I is strictly increasing with @9 (1) = J. Let 1 : J —
I denote its inverse mapping. In particular, ¢ is also strictly increasing with

(36) (pr(v),v)eM forveld,
(37) o(p1(v),v)=0 forveJ.

As in the case b = 0 define a function s : [tg, 1] — R by

2+

V—a—a
It is easy to check that
(38) (v, a(v)) eM  forveB,
(39) V(v ha(v)) =0 forve®
Put
s__b
V=g

Then v € I and
(40) a2 (V) = h2(V).
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Some calculations yield

(41) Yo (V) < ha(v) < @a(v) forv<v<t,
(42) o (V) > ha(v) > pa(v) fortg <v<wv.
For v € O let

M, ={vs > 0| (v,1n) € M}
denote the v-section of M. Then it follows that

(43) ov,) >0 onM, forveO\I,
(44) o(v,) s strictly increasing on M,, for v € T,
(45) Y(v,-)  is strictly decreasing on M, for v € ©.

A short calculation shows that

(46) o(v, P2 (v)) = b+ 2av forve O,
(47) Y(v, 2 (v)) = % +a forvel.

In particular, the functions v — ¢(v, 12 (v)) and v — ¥ (v, p2(v)) are strictly
decreasing on © and I, respectively. Now define the following subsets of R:

Ri={9€R |V < g1, ¥2(91) < g3 < 2(91)},

Rz ={g9 € R | ga < min(p2(g1),¥2(91))},

Rs ={g € R | max(p2(g2),12(92)) < g3},

Ri={9€R |92 <V, p2(92) < ga < 92(g2)},

Rs ={g € R |V < g2, max(2(g1), p2(V)) < g3 < ¥2(92)},
Re={9 €R g1 <V, p2(g1) < g4 < min(p2(g2), p2(V))},
Rr={9€R|v<g1, 93 <a2(91) < ga},
Rs={9€R|92=<7, g3 <Y2(92) < 9a},
Ro={9€R |91 <V <92, 93 <pa(V) <ga}.

LEMMA 9. The set R equals the union of its subsets Rq,...,Rg.

Proof. Let g = (g1, 92, 93,94) € R be fixed. Observe that if v < g1 then
(41) and (35) show that 15(V) < 1¥2(g91) < ¢2(91) < p2(g2) and P2(g2) <
@2(g2). If g1 <V < go then (40)—(42) yield pa(g1) < ¥2(g1) < ¥2(v) =
w2 (V) < 2(g2) < @a(g2). If go < v then (35), (40), and (42) imply that
©2(91) < p2(g2) < ¥2(g2) < Y2(V) = p2(v) and p2(g1) < ¥2(g1). Therefore
every g € R satisfies one of the conditions stated in Table 3 below, which
correspond to one of the nine subsets of R. m
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Table 3. Classification of the rectangles

v<gi w2(92) < g3 gE€R3
wa(g1) < g3 < p2(92) 9gERs
Pa(g1) < g3 < p2(91) gERL
g3 < ¥2(91) < ga g€ Ry
g4 < P2(g1) g€ R
g1 <v<gs  2(92) < g3 gE€R3
Y2 (v) < g3 < p2(g2) g E€Rs
93 < Ya(v) < ga g € Ry
©2(91) < g4 < h2(v) g€ Re
94 < p2(91) g€ R
g2 <V P2(g2) < g3 gE€R3
93 < ¥a(g92) < ga g €Rs

wa(g2) < ga <a(g2) 9gER
w2(g91) < 94 < p2(92) g € Re
g1 < p2(91) g€ Ra

Now define mappings N; = (7;,7;) : R; — R* fori € {1,
to Table 4.

Table 4. The mappings Ny, ..., Ng

...,9} according

7 1 2 3 4 5 6 7 8 9
vilg) g1 g1 g2 92 ¢1(93) w1(94) g1 g2 v
ni(g) 93 94 93 94 93 g4 Ya(g1) walg2) 2(v)

LEMMA 10. (i) N;(g) e MNg], g € Ri, i€ {1,...,9}.

Proof. (i) It is obvious that N;(g) € [g] for g € R; and i € {1,...,9}.
In order to prove N;(g) € M it has to be shown that v;(g) € O, n;(g9) >

(7i(9))?, and an;(g) +byi(g) +¢ > 0 for g € R; and i € {1,
to (14).

..., 9} according

Case i =1: Since tg < v < g1 < t1 by (24), it follows that g; € ©. This
and (38) yield g3 > 12(g1) > g3. Since g1 > v > 0 it follows that g; € I.
This and (33) show that ags + bgi + ¢ > apa(g1) + bg? + ¢ > 0.

Case i =2: If g1 =ty then g4 < min(p2(g1),%2(g1))

= (max(0,tg))?,

which contradicts /g4 > to because of g4 > 0 and (24). This and g; < t;
by (24) show that g; € ©. Again 0 < g4 < ¢2(g1) yields g1 > 0, i.e. g1 € I.
This and (24) imply g4 > ¢?. Finally, ags + bg1 + ¢ > ab(g1) +bgr +¢ > 0

follows by (38).
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Case i = 3: If go = t; then g5 > 9s(t1) = t3, ie. ags + bga + ¢ <
at? + bty + ¢ = 0, which contradicts (25). This and go > to by (24) show
that go € ©. Hence (38) yields g3 > 12(g2) > g3 and (25) implies that
ags + bga + ¢ > 0.

Case i = 4: Since tg < go < vV < t; by (24), it follows that g» € ©.
If go < 0 then (24) implies that g4 > g2. If go > 0 then g, € I and (33)
shows that g4 > ©2(g2) > g3. Furthermore, (38) yields ags + bgs + ¢ >
aa(ge) + bga + ¢ > 0.

Case i = 5: Since v > max(0,ty) and ¢o is strictly increasing on [ it
follows that g3 > ¢2(7) > (max(0,t0))%. If g3 > 2 is true then pa(g2) >
gs > t2 = po(t1) would imply that go = t; and hence agsz + bgy + ¢ =
at? + bty +c = 0, which contradicts (25). Therefore g3 < t?, i.e. g5 € J, and
(36) implies that (p1(g3),g3) € M.

Case i = 6: If tg > 0 and g4 = t2 then ¢a(g1) < 2 = pa(to) yields
g1 = to, which contradicts \/gs > g1 by (24). This and g4 > 0 by (24) show
that g4 > (max(0,%9))?. Since 7 € I and ¢y is strictly increasing on I it
follows that g4 < @2(V) < pa(t1) = t3, i.e. g4 € J. Hence (36) shows that
(¢1(94),94) € M.

Case i = T: Since tg < v < g1 < t; by (24), it follows that g; € 6.
This and (38) imply that (g1,12(91)) € M.

Case ¢ =8: Since tg < go < v < t; by (24), it follows that g5 € ©, and
(38) implies that (g2,%2(g2)) € M.
Case i =9: By v € I C © and (38) it follows that (v, (V)) € M.

(ii) Let ¢ = 1 and j = 2, say. Then for ¢ € Ry N Ry one obtains
94 < 12(g91) < g3, i.e. g3 = g4, and hence Ny1(g) = Na(g). The other cases
are treated similarly. m

Now, by Lemma 9 and Lemma 10, the mapping N = (v,7) : R — M
with

N(g) = N;(g) forgeR;andic{l,...,9}

is unambiguously defined. In the following a simple geometric interpretation
of the mapping N is given.

The set M is divided into nine regions by the graphs of the functions
2 and 5. Number these regions according to the nine cases in Table 2
(see Fig. 1). Draw the rectangle [g] into the moment space, and number
the corners, the sides, and the interior of [g] as in Fig. 2. Now there exists
exactly one point (vf,v3) € M N [g] which is the intersection of a region
of M and of a region of [g] with the same number. Then (v;,v5) = N(g).
Fig. 3 shows the possible nine cases.
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Now by means of the mapping N a simple description of the solution in
the case a < 0 and b > 0 is given in the following theorem. It turns out
that in the first four cases which correspond to the corners of the rectangle
exactly two restrictions, one for 1, and one for vy, are effective. In the
second four cases, corresponding to the sides of the rectangle, exactly one
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restriction is effective. In the ninth case all restrictions are ineffective.

THEOREM 4. Suppose that a < 0, b > 0, and g € R. Then (Tr(n(g)),
SL(N(g))) 5 a saddle point of the statistical game (I'y, A, 7). The I'j-minimax
risk is given by

™ (Ty) = ((an(g) +by(g) + )" + (n(g) — (v(9))*) ™) "

Proof. In view of Table 4 and Lemma 10 it is sufficient to show that
(vi,v3) = N(g) satisfies the corresponding condition of Table 2. Then the
assertion follows from Proposition 2.

Case g € Ry: Because of (45), (39), and ¢g; € O it follows that
¥(g1,93) < ¥(g1,%2(91)) = 0. Since g1 > v > 0 it follows that ¢g; € I
and (44) and (34) yield ¢(g1,93) < ¢(g1,92(91)) = 0.

Case g € Ry: Because of (45), (39), and ¢g; € O it follows that
¥(g1,94) = ¥(g1,%2(g91)) = 0. Since g1 € I, (44) and (34) imply that
©(91,94) < ¢(g1,92(91)) = 0.

Case g € Rs3: Because of (45), (39), and go € O it follows that
V(g2,93) < Y(g2,¢2(g2)) = 0. If go & I then (43) yields ¢(g2,93) > 0.
If go € I then (44) and (34) show that ¢(g2,93) > ©(92,p2(g2)) = 0.

Case g € Ry4: Because of (45), (39), and go € O it follows that
(g2, 94) = ¥(g2,v2(g2)) = 0. If g2 € I then (43) implies that ¢(ga, g4) > 0.
If go € I then (44) and (34) yield ¢(g2,94) > ¢(g2, ¢2(g92)) = 0.

Case g € Rs: Since g3 € Jand v € I, i.e. p1(g3) € I and p2(v) € J,
and since ¢ is strictly increasing on J it follows that 7 < ¢1(g3). This and
(47) imply that ¥(v1(g3),93) = Y(p1(93): p2(p1(g3))) < Y@, p2(V)) = 0.
Now g3 € J and (37) yield ¢(¢1(g3),93) = 0.

Case g € Rg: From g4 € J it follows that ¢1(g4) € I. Then ¢1(g4) < ¥
since (; is strictly increasing on J and ¢o(v) € J. Now (39), (47), and
(37) yield ¥(p1(94),94) = P(p1(9a), p2(1(94))) = ¥(¥,92(v)) = 0 and
¢(p1(94),94) = 0.

Case g € Ry: From ¢g; € © and (39) it follows that 1(g1,%2(g1)) = 0.
Now (46) shows that p(g1,%2(91)) < @(v,12(v)) = 0.

Case g € Rg: Since go € O equation (39) yields ¥(g2,12(g2)) = 0.
Now (46) implies that ¢(g2,%2(g2)) > (v, 12(7)) = 0.

Case g € Rg: Since v € I and ¢2(v) = 12(V) it follows from (39) and
(34) that Y(V, p2(V)) = @(7, p2(V)) = 0. =

ExAMPLE 5. Consider the case of a binomial distribution B(n, ), n > 1,
6 € (0,1), as described in Example 1(a). Then the functions ya, 15 : [0,1] —
R are given by

v —l//ziﬁ—i_\/i v _Vi\/ﬁu—l—l
902()—3 \/ﬁ+@a Po(v) = \/ﬁ+1-
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Moreover, 7 = 1/2 and

o2(7) = () = %

Now Theorem 4 can be applied. =

The special case n =1 and g = (w,w,0,00) for w € (0,1) of Example 5,
ie.
Iy={rell |v(n)=uw},
has been studied by Robbins (1964, Section 5) and by Samaniego (1975).
Here ¢(w) = jw(w +1), g € R7 URg U Ry, hence N(g) = (w,12(w)),
L(N(g)) = (=Lw—1),

1
Sr(N(g) (T) = 5(95 +w),
and
TL(N(g)) = Be(w,1 —w)
is a Beta-distribution.

5. Some special cases

Now, as the statistical game (I, A,r) is completely solved for arbitrary
rectangles [g] with ¢ € R, it is worthwhile to consider some special situ-
ations. Observe that if the statistical game (I, A,r) has a saddle point
of the form (71, ,v5), 0L(v1 s)), (V1,72) € M, then the I'y-minimax risk is
given by formula (22).

COROLLARY 1. The “unrestricted case” corresponds to the choice g =
(00,01,0,00). Then I'y = II, i.e. there are actually no restrictions on the
moments of the priors.

Type I Here (TL(5,05(0))5 OL (5,02 (5))) WithV = —b/(2a) is a saddle point
of the statistical game (II, A, r).

Type II: Here the estimator 6* with §*(x) = x, x € R, is (II-)minimaz,
and the (I1-)minimaz risk is given by r*(IT) = c. A least favourable prior
does not exist.

Types HI-VI: Here the statistical game (I, A,r) is degenerate. m

For type I and II in Corollary 1 the linear minimax estimators have
constant risk. Conversely, if the linear estimator dy € A with dy(x) = dzx+e,
x € R, has constant risk then it follows from (20) that ad® + (d — 1) = 0
and bd? + 2e(d — 1) = 0. Hence either a < 0 or @ = b = 0, i.e. a linear
“equalizer” can only exist in the “binomial case” (type I) or in the “normal
case” (type II). This observation is closely related to a result of Tweedie
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(1967) from which Jackson et al. (1970) conclude that for types III-VI no
linear minimax estimator exists. But, since the corresponding statistical
games are degenerate, every (linear) estimator is minimax.

In Jackson et al. (1970, p. 442) it is proposed to study the subsequent
situation where “satisfactory results ... appear to exist only for very specific
cases”.

COROLLARY 2. The “Gi-minimax case” corresponds to the choice g =
(w,w,0,00) with w € @. Then

Iy={rell |v(n)=uw},

i.e. the first moment of the prior is assumed to be known whereas there are
no restrictions on the second moment.

Type It Here (TL(w s (w))s OL(w, e (w))) 5 @ saddle point of the statistical
game (I'y, A,r).

Type II: Here the estimator 6* with 6*(x) = x, = € R, is I'y-minimax
(and does not depend on w). The I'j-minimaz risk is given by r*(I'y) = c,
i.e. the restriction “vy(m) = w” is ineffective. A least favourable prior does
not exist.

Type III: Here the estimator 6* with §*(z) = x, x € R, is I'y-minimaz
(and does not depend on w). The I'y-minimaz risk is given by r*(Iy) =
bw + c. A least favourable prior does not exist.

Types IV-VI: Here the statistical game (I'y, A,r) is degenerate as in
the unrestricted case. m

The following case has been studied by Jackson et al. (1970).

COROLLARY 3. The “Gy-minimaz case” corresponds to the choice g =
(W1, w1,ws, ws) with w1 € O, wW? < wy < 00, and, in case a < 0, with
aws + bwy + ¢ > 0. Then

Iy={me€ll|vi(n)=wr, va(m) = wa},

i.e. the first two moments of the priors are known. Here (Tr(w, w,)> OL(wy ws))
is a saddle point of the statistical game (I'y, A,r). m

6. Concluding remark

The statistical games (I'y, A,r), g € R, have completely been solved by a
direct calculation of a linear I'j-minimax estimator 0* and a least favourable
prior 7*, or a least favourable sequence (7, ),en, according to Remark 1.

If one were only interested in the strict determinateness of the statistical
games (I'y, A,r) and in the existence of a linear I'j-minimax estimator, one
could replace tedious calculations by the following theoretical arguments:
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(i) There is a compact topology on A such that the functions r(r,-),
w € I, are lower semicontinuous.

(Compare Kindler 1981, Sec. 4, 5b, 5g, observe that L, (R, B(R), ) is sepa-
rable, and apply Fatou’s lemma.)

(ii) For every nonvoid convexr I' C II the statistical game (I, A,r) is
strictly determined and a I'-minimaz estimator exists.

(In view of (i), Neumann’s generalization (Neumann 1977) of Ky Fan’s min-
imax theorem (Fan 1953) can be applied.)

(iii) If M(Iy) is bounded, then a linear I'y-minimaz estimator exists.

(Let (G")nen be an increasing sequence of compact convex subsets of M
such that |J7—,G" = M(I,\E). Then, as in (ii), it follows that the games
(I, A,r) with M(I'™) = G" possess saddle points (7™,0"). By (19), 7" =
T ) for some (V§"),l/§n)) € M, hence Proposition 1 yields 6" =

6L(y§n) N In particular,

pr = (@ + o™ + o)+ (W — ()21

is the value of (I'", A,r). As M(I) is bounded one may assume w.l.g. that

the limit hmn_,oo(lén), l/én)) = (vf,v3) € R? exists. From 0 < p; < py < ...

it follows that (v}, v3) € M. Now, for 7 € I';\E one has (v1(7),v2(m)) € G™
for some n € N, hence (7, ") < p, < r*(Iy). Therefore,

sup 7"(7T75L(u1*,u2* )= sup T(W,CSL(V;,V;))
nely melg\E

= li ny ) <T(L
b (g wmy) S 7).

ie. 5L(Vf7”z*) is a linear I'y-minimax estimator.)
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