XX. 0 METODZIE PODOB'ESSIWA DYNAMICZNEGO

1
+1 o .
n=h=m2 h=h" 1’) W temperaturze  wy#szej, w o naczvnin

o wymiarach w tym samym stosunku wiekszyceh, z cignieniem

proporcjonalnem  do potegl (s - ;)-uj, i ge prad cieph (pro 1 em?2
powierzehni, wtedy powiekszomy zostanic w stosunku I, u vzego s
wyznaezone hyé moze,

Oczywiscie wehodzg tn w gre takse inne trudnodei dogwiad
ezalne, ale sgdze. 7e np. metoda elektryeznego ograewania  druci-
kaw 1) tatwo databy sig do tych warnnkéw dostosowad i ze wyniki
w kazdym razie bylyhy dokladniejsze. niz przy pominigeiun takich
ostroznosel.

Moznaby takze, pudobnie juk w rozdzialach poprzednich, doko-
naé- uogdlnienia empirycznie znalezionyeh rezultatéw co do wplywu
pradéw konwekeyjnyeh, ale paprzestanieny na tych kilku praykia-
dach. poniewaz zakres zastosowan tu Jest szezuplejszy niz w owyeh
przypadkach, swlaszcza, e jeszeze nie posiadamy odpowiednich
badan doswiadezalnych, ktérehy postuzyé mogly za punkt wyjscia,

) Schleiermacher, Wied. Ann. 34 str. 623 (1888); patez takze S o-
luchowski, Wien. Ber. 108, st 17 (1899).

XX. ON THE PRINCIPLES OF AERODYNAMICS AND THEIR
APPLICATION, BY THE METHOD OF DYNAMICAL SIMIL-
ARITY, TO SOME SPECIAL PROBLEMS.

(Philosophical Magazine Vol. 7. 1904; pp. 667—681).

§ 1. What is the characteristic feature of aerodynamics, con-
trasting it with hydrodynamies? Compressibility. of course; but it
is not mere isothermic compressibility which makes the dlﬂ’erenct?:
there comes in, in general, as a factor of equal or{ler of magni-
tude, variation of temperature, as produced by the motion of the‘gas,

To appreciate its importance, consider, for example, the dxﬂ'f:r-
ence between Newton's and Laplace’s formula for the veloe}ty
of sound, and St Venant & Wantz el’s experiments !) on effusion
of gases, extended and counfirmed by many subse.quent a'uthors, by
which these phenumena have been shown to dl:ffer w1d_ely from
what the isothermic theory requires. In fact, the 1sotherfme theory
has to be limited to few exceptional cases of slow viseons - mo-
tion, where conduction of heat is prevalent; transpjtiat;.qg ugh
capillary tubes and slow oscillations of 'pendulums seem

amples of practical importance. ; 4
\mlylne}zhe Itwro casgs alluded tro, and in most others, heat of adiab-
atic compression ?) is a prominent factor; hut, in gen(?ral, 't];le he.;:
produced by internal friction ‘is no negligible quantity eit; er.’ 1
was sufficient in Joule and Kelvin’s plug experiments to a;ljnu
the cooling by expansion, and in other experiments of those authors

1) J. d. PEcole Polyt. 16., . 92 (18391; see ex. gr. Wilde, Phil. Mag.
20., p. 631 (1888), 21., p. 494 {1886). o .
’ £) in aiousti(ls it' is predominant, above all others; taking it into afcount
is sufficient there for a first approximation, and this is the.on«ly part of aero-
dynamies, therefore, where a gystematic theory has been built up:

2%
M. Smeluchowski I.
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(Kelvin, Math. Phys. Papers, I. pp- 351, 400, 445) to produce
considerable heating effects.

' § 2. In hitherto published papers and treatises on aerodynamies,
isothermie formulae and adizbatic ones are to he found, but no
proofs of the thermic supposition underlying them; some anthors,
after explaining both thearies, ave content with the statement
that reality probably will be contained between those thermie ex-
tremities — a rather rough and unsatisfactory way of speculating,

It is impossible, indeed, to develop a reasouable theory of these
phenomena, unless we unite the mechanics with the thermodyna-
mics of the subject. Such is the starting-point of the following

considerations, heing contributions to what may be called ,exactt
aerodynamies. )

The thermodynamies of our case are contained in an equation
which - appears, in its complete form, for the first time in 1894,
derived from somewhat specialized kinetic considerations by Kirch-
hoff and Nataunson, in a more general way by Neumann 1.
It follows easily from the prineiple of conservation of energy: hy
equating the increase of internal energy (calorie, kinetie, potential)
of an element of mass, on its path:

DJe u? | w2 g2 ;
oilat R )

“

to the quantity of heat transferred to it by conduction and to
the work done by the stresses on its surface, which last term may
be caleulated in known manner (Lamb, Hydrod. p. 517)

Thus we get, using div and 2'?# as symbols for
du & dw 2 d .
z%—k 3)1;+82 and 5 +u ;;; 4 ;f/ + w ;i respectively,

¢ DO .
3] - AP i = — pdiv D p oy,
where the first term on the r

adiabatic expansion, the secon
viscosity

ight side represents the effect of
d one  the dissipation funetion of

Y Kirehhoff, Vorlesung. u, Wirme, p. 194 (1894); Natanson, Bull
Acail. Cracovie, 1895, Neuwann, Goit. Ber, 1894, p- 19.

E2s

 from the thermal variability of vise
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du\? | [Iv\® ?}ﬁ)f‘
b= 2 pdivepf (u) “‘“(9’;’,) +(5) |+
duw'

e R s R Pl

Ay
i » effect of thermic conduetion.
third one the effect o ‘ -
e i i hich with regard tu the equation of eontinuity
This equation, whic | o the
may be written in the more convenient forn

@) DP 4 kp div =t 1) [® +28%],

i the s
denoting by  the ratio of specific heats, has to be added to

i f motion.

usual cquations of mo ' e thess
If the gradients of temperature are considerable, lo. yer, hes

; are to be corrected by additional expressions arising

latter ones osity. In this, most general case
Y-

they take the rather clumsy forms

‘ : 9 1 ?fi,izf] ,
) P“ﬁ;{‘zf’X aﬁ + *"'[N“'l":% 52| T
y ] | nfow ou
ulon 1, EAED ]  EaaERca
+29§;13m 3dlv]+9y[9m+8y +9z 8‘»‘ 2.

the equation of continuity, the law of

Three such equations, N natinte the fundamental equ-
1 B N

Boyle-Charles, equation (2
tions of aerodynamies.

It is useless, of course, FUA
system, unless for very Bchl'&llZB
this kind have been given in a paper 0 e e
Bullet. d. PAcad. Cracovie, 1903, tf)getl?er wi o2 ig‘ghar‘acterwed
of the method of successive apprQleﬁﬁOﬂB{ whitherto nows . en-
by econsiderable generality, and is the ?;;y . “Lta practioal use
eral method of dealing W.ith such prol eﬂ;(; way/yet leading to°
unfortunately, is rather 1im1tsd', andzwe 'S%’blems‘ o ynamios,
expli;zit solutions of the most 1u§partﬂflt Pl'Oti O Che flow of gases
such as the resistance Ef bciiei ;?eiip;dox)i . pia.y a prominont part

wide tubes, where tur biained b
thwggfa]’l. There are to be noted, however, sgmioﬂ;ﬁ]ﬁs‘;sea o th{;
application of the fupdamental equation (2)

t, . . .
whi gome 1 beresl;, as correcl:mg in 8e-
la-s n&mﬂd on e, R hlch pl‘esent :

try to get e'x‘acty;k solations ‘of thi
d conditions. Somé ,vaxamgé
f mine, publis
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veral respects the common opinion as to the thermal effects in
outflowing gases.

Thus it cannot be proved, as I have shown (loe. eit), that sta-
tonary flow of a perfect gas leaves its temperature uuchanged.
This is true only for the mean temperature of the outflowing gas,
in parts where its motion is sufficiently slow and aniform, sup-
posing the walls of the tube to be heat insulators, but different
stream-lines may be heated or cooled.

If the gas is flowing out from a closed reservoir, its tempera-
tore, after having passed the ,rapids“, will he identical, under
the same restrictions, with that of the gas contained in the re-
servoir, cooling down according to the adiabatic formula. But,
contrary to common opinion, the use of this formula for viscous
gases in motion is erroneous. It has to he replaced by an approx-
imate equation, valid under certain restrictions for every stream-

line: .

g st
— 2

which is not identical with the adiabatic law, except for ideal

gases.

These results concerning the thermal effects do not give us
much help, however, in unravelling the complicated laws of such
motions themselves, as defined by our system of equations. It does
not seem probable, indeed, that the theory of aerodynamics will
soon surpass experimental methods in efficiency; and we must still
apply to these latter ones as the chief sources of knowledge for
the present.

§ 4. The more important seems to me a simple method of
reasoning, founded on the above equations, by which exact con-
elusions can be derived in many cases, and which often proves
useful by verifying experimental results or by extending their range.
‘This is the method of ,mechanical® or pdynamical similarity¥,
which, being closely allied with the well-known method of dimen-
sions, seems to have been used for the first time in hydrodynamies
by Helmholtz, but has not yet been made use of in ,exacté
aerodynamies.

It consists in examining what solutions can be derived from
a known solution’ by magnifying’ the variables in certain constaut
Pnropm'tiuns and by a suitable change in the constant cosficicnts.

icm
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As examples Y of, partly oxact, partly approximate, npplicatio.ns
in hydrodynamics may be quoted: the critt'arion for the valid-
ity of Poiseuille’s law (Helmholtz, Wied. Ann. 7, p. 875
(i879); Reynolds, Phil. Trans. 174, (1883), 186. (1895); or
the eriterion for the formula of viscous resistance to a sphere
moving through liquid (Lamb, Hydrod. p. 533), and ?‘roude’s
ealeulation of ship resistance. There ought to be mentioned, too,
Boussinesq’s investigations (Journ, de Physique, 1., p ‘65,.1902),
on the cooling effect of currents raised in various liquids by
a heated body, which I Dbelieve to be erroncous, how'ever, as
depending on the equations for ideal liquids, and demanding com-
plete alteration in the manner of § 14; Iastl}.r two papers of Helm-
holtz, connected with ,rough* aerodynamics. ) ‘ )
One of them (Ges. Abh. I, p. 168), dealing with dynamical sin-
ilarity in aerodynamies in general, and with tl}e analogy of ship-
registance to balloon-resistance in particular, gives cause to most
serious objections. The general cons?dex'atim)s are limited by the
supposition of isothermal compressibil'lty, exch{d.mg nearly all p;l‘ac-
tical applications, and by the tacit supposition of sma,ll_ © an(i
ges of pressure. The application to the comparison of §h1ps an
balloons is vitiated, besides, by the neglect ()f v1§eus‘1ty‘(whleh would
imply no resistance at all for constaut veloeity in liquids), by a.fatai
slip in the numerical suppositions, lastly by. neglect of gravitationa
ship-waves, differing widely from compressional balloon-waves. .
Generally speaking, there may exist some rough fmal(}gy e-
tween motions of liquids and gases in sorfie cases, butno exa,et
similarity in the sense above defined, which we are g-t‘n'u'g tr)set
in detail in what follows. )
0‘1t§1 b. in order to find the necessary conditions t&' be fﬂlﬁlﬁled by
bstitute the new variables mu,

similar motions of gases, let us su

) . B
my, m2, i, o, N, n I, k0, bp, and the coefficients ) B, yu for
’ n ]

the variables «, 4, 2, u, v, w, & 0, p and the coefficients g, i :: or:s
spectively. Evidently the coefficient & cannot be changed: mlo 1_t
of gases with different values of k. cannot display exact similari ys.
All the following considerations are limited, therefore, to gase
~with the same value of k.~ N

) Fuller details concerning this question are given in a paper contained
in Prace mat. fiz. Warsaw, xv. (1904). |Of. pag. 346 above. Ed].
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V‘Vz'a may take into account the variability of viscosity and ec
ductivity, too, hy putting Bhe, vhtx instead of o, x ysﬁ ) »vfm:
these coefficients tv be proportional to the e-th po\v;er:of fl’("'m%
a?ure.'According to Barus and Puluj, ¢ has the value 2 ’f('mlpclﬂ-
\TISCOSI\E_V of air and hydrogen; the kinetic theory 1?equire’sgamm?dt N
tical .va\lue for conductivity; experimental evidence, though g; e
to point to a somewhat smaller number, (-57 aceo;diuv F;;o’ Fie(‘n;]s
horn and Maller; hut this difference, the reality of \:hivh ; '}1-
ho means beyond doubt, canuot have appreciableAinﬂuence' ‘ "
in careful special experiments e

By s.u]‘ostitution of those variables in (2) and (3) we obtai
the conditions of similarity (in the case of no external furées"r "

wbm? b Bmht omb  pmye Yhet!

= Y T
hn n n ) ne nE

which can be reduced to three relations: —

4 E _ 1. Z hetd
@ S T (LR Ll
As the first equation tells, similarity is possible only for gases

hich b common ef.lﬁ-h trict N a:
whlc ave a common value o ; tais restrie 100, owever, 1s

Ez: o:' great i.mpo‘rtance in practice, since it is fultilled with suf-
ent approximation for some gases, as the following table shows

[ and % for air bein i
¢ g takeén as unity, i
M being substituted for 1/R: ¥ and the molecular weight

k=1 | T
4 H, &N ’ co no |
—_ |
M | 67.9 0.8 |
XM /-2 _op (1082 10.28 . 1098.28 _ 095.80
w080 1 vor =% oo — B oeg =2
|
k=13 CO. l o 1 t ]
R CH, | ™
- 1
M ]
= ng'gﬁzu | 067 .44 | 18716 J0~92.17
' o8 | To6e =3°J o7 — 20 |
| N [ i
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The two remaining conditions define two of the four variables:
velocity, dimension of length, pressure, temperature, for any special
gas, the two others remaining arbitrary, which implies a much
greater variety of applieations than in the case of hydrodynamies.

§ 6. The simplest example demonstrating the principle of simil-
arity (4,2) is the ecommon formula for the velocity of sound ViRo,
this velocity being independent of pressure and  dimensions. That
condition is valid, tou, to a higher order of exactitude, when
the influence of those variables has to be taken into congideration,
as in Kirehhoffs formula for the propagation of sound through -
narrow tubes, or for Earnshaw’s and Riemanun’s results con:
cerning waves of sound of finite amplitude; but in these cases the
pressure is supposed to assume values corresponding to (4,3).

Besides, the following applications may serve to show the use
of similarity,

§ 7. The hitherto known theoretical result about resistance of
moving bodies, agreeing approximately with experiments on pen-
dulums, is its proportionality to the first power of veloeity, in the
ease of extremely slow motion. For a greater speed, experiments
have proved approximative proportionality to the second power;
ut when the speed approaches the value of velocity of sound,
the increase of resistance is mueh more rapid, and, after exceeding

~ this value, slower again ).

Besides, resistance is commonly supposed to vary in proportion
to superfieial dimensions, although experiments have not been in
very close accordance with this supposition, and_in proportion to
the density of the gas, although there is no experimental evidenee
whatever for this rule. Neither has the influence of temperature
nor of pressure been investigated, nor have gases other thdn air
heen tried.

Now lot us see what informstion we can get about these points
by our method. Suppose, first, our having found the empirical re-
lation between resistance B and linear dimensions z of ~similar
bodies,  moving all with the same veloeity.in air of pressure °
and temperature 8,: B = $ ().

und in Eneyelo-

1) Useful information ahout these subjects is to be {o
1 p- 190 (Cranaz,

pidie d. math. Wissensch. 1V. 2, p. 160 (Finsterwalder),
Leipzig, 1903,
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If we wish to know the resistance in air of other pressurc p,

symbolized by B = f(x, p), we have only to find out the similar
case among those already known. This is the case

1
(by: o=f=h=m==1, N__':E)
. . . . xp . o
belonging to the linear dimensions e with resistance § "L},
o \ o
Now, as the dimension of resistance requires proportionality in the

1
two cases to dn? — i

X it follows that the roquired law of resistance

is given by
(2, gy = o (xp)
Sz, p) ptb 2

Thus, if supposing (@) resistance to be proportional to linear
dimensions, §(z) = ax, we must. infer its being independent of the
pressure altogether, whilst (B) proportionality to superficial dimen-
sions necessarily must be connected with proportionality to pressure.

If the influence of velocity, too, has been found experimentally
(for a given pressure and temperature) -~ (u, x) denoting ngw
this relation — the range of these results can be extended, by
similar reasoning (6= =10 =1; m = Vy n= k1), 4o include
the effect of variation of temperature.

We shall have for the resistance at temperature 6

e

Moreover, if the gas be other than air, the influence of its mol-
soular weight and viscosity can he inferred from the same ex-

perimental results, and in the same way, by similarity (b = h=1;

m,=l%; n=£),

Va

For the most general case, the, resistance is determined by

®) N B =f(u, 2,0, p, &, oy p) =
‘A:«(gf(ﬂ J* A@M(ul/@. apap l/fﬂ{ (&o )
i Po/ 8, Mp Y 8i,° ppo ¥ M, 6) ’
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éupposu experiments fo huv'(\ dmmmst?att:d (%) 1)1‘”1)01‘ti9f1fa1it{
to velocity and to lincar diluensluns;"chcn. it follows that I‘Gﬁlbtdll('.:{b
must he strietly proportional to the vlsemut:_\{ of Fhe gus, 'corresymlf-
ing to its temperature. On the 'coutl'ary, »11 res:nstan}‘.e merelases at
the rate of the squares of velovity and dimensions it must be pro-
portional to the density of the gas. o
It ought tv he emphasized, with respeet to t'h.e abuve men 10{1-0
experimental researches, that 1;%10 uﬂ%wd sum'msxtlon of pr;)poril];m;
ality to density and surface is inconsistent with any other law thar
al square of veloeity.
thdt‘g‘(;f. z;q:ilnl:gnlmr ])h(‘ll(l;ll(ﬂll)ll7 not r‘est'riuting, I}UWL’:V'EI', the preced-
ing conclusions, arc the turbulent rnutm.ns sﬂtt%ng fn when a cerl-p
tain limit of stability is surpassed - and increasing Wlt}} v.eloclty (:]
the moving body to sueh a degree as to produce a whlgtlmg s;oun .
Although no attempt even seems to have been made to give a theory

1
H : s o=t =12 b=
of it, we may prediet, in consequence of (Dc—y-—-ll——l-— j b=,

t
. . » dimensions of
and temperature, to be inversely proportionsl to the dm.mnaiona od
. . .
similar moving bodies, if simultaneously the pressure is change
in the same ratio. o - N
A relation of similar form, but containing additional emplrz.lizl
elements, has been found by Strouhal (Wied. Anl?. b., gn DE'
M - G fa)
1878 in his experiments on sounds pmd\%eed by t ehmo‘(3 o
cylindrical bodies, for example wires, in au-‘cf atmosph emi‘a;ﬁ}; "
sure: the number of vibrations was proportional to‘ the r

Lo
velocity to diameter of the moving body, N = e

L oomy .
f vibrati i son - = |, for a given speed
the number of vihrations (uf dimension y > or a gl p

Now we may prove easily, by our method, th‘;s forn;:iljmt:
imply independence of the soun4d t?f prossure an te;mgound t(;
Str;.)uhal, on the eontrary, maintains an el'eva,tlor;) 0 onring
be produced by ineresse of temperatare; but his numl erz rbe T
to the temperatures of 9:5°C and 87°C do not se(;@ 'Onm; oy
conclusive; on the other hand, too, the above fo'rmuu' I8 : xtier’
exact. The influence of pressure has not been investigated eg
i 11 : v,' g ;" 2
lme;;: zﬂmf gases than air have ever been ustlad 1'1101 ;:%i;i;;x
periments; but it can he shown, by the principle of s ty,
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that the constant ¢ must have the same value for different gases;
the sound must he independent of their nature.

§ 9. Experiments made hy Joule and Kelvin (loc. eit., ante;
oun the heating effect produced in thermometers and wires forming
thermoelectric couples, by rapid motion in air, have established its
approxXimate proportionality to the square of velocity and its in-
dependence of the substance and dimensious of the moving hody

(ahuut 1°C for HH ;:—; in the limits of 30 - 100 :Z), thus, denot-
44 See
ing the coefficient of proportionality by /(0. p), we shall have
Al = uf(8, p).

. / 1 : .
By supposing (m =f=h=m=1; u= /)—) there results a sim-

ilar movement, with unchanged Af, u, hut changed pressure; whenee
we have
£t p) =7, pb).
Thus the heating cffect AB must be independent of pressure;
and similarly there follows by

(@=F=b=1; m =h; n= et}
its independence of the temperature.
Moreover, comparison of different gases

@=m=h=b=1; n=4p), B=m=b=1; h=a; n=o0)

demonstrates its independence of their viscosity, but proportionality
to their molecular weight, :
These results may be embraced by the formula

Ab = aMu,

where ¢ is the same constant for all gases (provided % be equal).
If an extrapolation beyond the velocity of sound vere allowed -
which -seems improbable — we should infer from it a heating

effect of 2b00° 0 for a meteor moving with a speed of 28 éﬂ
. sec
No conelusions can he drawn as yet about the effect of small ve-

locities (in Kelvin’s experiment below 30 —’P—), when the above
see

empirical formula is not applicable, the measurement were not
sufficient to define the modification required.
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§ 10, Let us consider, now, in a similar way the flow of gases
through pipes and holes. To the extreme vase of a small difference
of pressure on both sides of a capillary tube. the law of Poi-
geuille-Graham-Meyer applies:

14 e

Q
8 {

. . .
By similarity (oc == ame=h=1; b= “) it is evident that

this Jaw, if valid for a certain tube, can be applied to a tube 2
times wider and longer only if the pressures be diminished in the
same proportion. ‘

Then the veloeity will remain unchanged, the outflowing volume
will be increased n* times. This last result, however, is not limited
to capillary tubes, not eveu to stationary flow; it can be applied
just as well, for example, to effusion of gases from a closed reser-
voir through a small aperture.

This law of Poiseuille iy the starting-point for the usual
method of measuring viscosity of gases. But as its theore‘tic'al de-
duction implies neglect of inertia terms, of longitudinal fm(ztlou-, of
thermic effects, forming serinus obstacles to its aceuracy and wider
applicability, it may he worth drawing attention to the fact the.xt
relative measures, nevertheless, will give quite accurate results if
effected in a suitable way.

For if we use pressures not such as we like, but such as are

proportional to the value of the ratio V{f“f for different gases, the

1 B4
motions will be similar (by h=n=1; m= "’;“-3 b:l'/;f)’ and

the ratio of the effective difference of pressure to the outflowing
volume lf*.,‘g’é, P1 will be the exact measure of viscosity.

Again, the validity of this result does not depend on .the use
of capillary tubes; it holds good, just as well, for‘the opposite case%
of effusion through a hole in-a thin wall.; but_evidently the use 0
capillary tubes is more convenient, since in that case errors arising
from an incorrect application of pressures are .of no‘xm‘p.artanae.‘

Likewise exact messurements of the thermic variability of vis-
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cosity may he performed by observing the value &'Q}i’ if such

pressufres p,, py be chosen at different temperatures as are propor-
tional to the (e 4 4)-th power of temperature

by a=b=n=1; m =}h; b =het4].

Maxwells method of oscillating disks could be improved in
a similar but somewhat more complicated manner. It wonld he in-
teresting to take these researches up again with regard to those
improvements, as investigations on thermic variability of viscosity
have made no deeisive progress since the time when Schumann
(Wied. Ann. 23, p. 353, 1884) obtained inexplicable contradictory
results by careful experiments on both methods.

§ 11. The theory of motion of gases in wider tubes, such as
used for gas-pipes, is quite ohscurc as yet; the formula most used

in praetice is
N/ (p —p)d
h=aq l/.gf- prl) .

where a is a constant, d the diameter of the pipe, / its length, «
the mean velocity. Its form, indeed, satisfies the conditions of sim-
ilarity, even for different gases, if by p be understood their den-

sity p = 1?6 Some other empirical forms, on the contrary, as, for
instance, Stoekalper’s,
B —p)d
1 ?
1 l
e (o+3)
derived from experiments at the Grotthard tunnel, must he re-
jeeted, as incongruous. For any law of the general form

u=a

u=4(py, ps, 4, d)
mugt remain unchunged by awsubstitution of the eorresponding va-
lues (&, R’, nl, nd).
n’ u ;
But it iy sufficient: to kuow the experimental relation between
u and p,, ps. ! for a certain value of the diameter and temperature in

air; then we get the most general form for any gas and any d, 6,
by similarity, in the form
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.M, d
(6) "= I/UO-A;)[ (‘p (3]’1: SP2s Za?)-

. wd /M [B\ett
where s is an abbreviation for l;/‘:i(; l/ M(,k ((7) .

For the opposite extreme to transpiration, viz. the effusion
through a fine aperture in a thin wall, commonly Bunsew's law,

. i 1 .
maintaining proportionality of the passing volume to VM for dif-

ferent gases, is accepted, at least for small differences r.>f pressure,
although recent researches (for example, Donnau, Phil. Mag. 4§.,
p. 428, 1900) have shown the agreement to be by no means satis-
factory; the rule would apply with exactness, on the contrary, unfler
the same supposition as in the analogous case above, supposing

pressures to be chosen in proportion of VSTI

' 1y ., . -
By similarity( =h=bh=1, n:—m_—:‘—/;.) it ean be shown

easily that a consequence of Bunsen's law in its L‘mual form,
with constant pressures, is proportionality of the passing V(Jlul.lle
to the cross-section of aperture, while proportionality to thevtlnrd
power of its dimensions would imply inverse proportionality to
viscosity, this last rule Dbeing illustrated by the example of the
transpiration formula. , o

§ 12. According to uumerous experimental investigations on
effusion (see § 1) the velocity of the stream of gas oann'ot be aug-
mented, by increase of pressure, beyond a cortain limit, not’ de-
pending on the difference of internal and external pressure, but om

their ratio 22 (= about 1-89).
5 :

Now suppose two experiments with the same mouth-piece being

3

s . . . Po__ Py -
mafle where this ratio has been atained '*= P Then the second
1 i

oxperiment is similar to & third one, with the same velocity, with

pressures p,, py, but with dimensions of the mouth-piece increased
in the ratio - 5::&, whenee it follows, in accordance with .the

P Pa . ] i Sist
experiments alluded to, that this velocity must be " independent

of the dimensions. (Approximately equal to the velocity‘ of sc;und,
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Hugoniot, Compt. Rend. 103., p. 1178 (1886); Lamb, Hydrod.
p- 28).

Mach and Saleher (Wied. Ann. 42, 1890) and Emden
(Wied. Auu, 49, 1899) noticed the ,formation of striae in the
stream of gas, when the above eritical ratio was surpassed. Aecord.
ing to Emden’s interpretation, these are a series of standing waves
of sound, acecompanied hy changes of density. Their distances, care-
fully measured. were found to satisfy the relation

X = 0884 l/f?ﬁ )
2

Emden, however, might have saved part of the experimental
work by use of our method; for it is sufficient to know that X is
a funetion of the ratio of pressures; the proportionality to the di-

mension ¢ follows from the similarity ( a=f=h=m=1; b= }l)
1

o .
- Likewise, such a result being established for air, there follows

necessarily, by (b =h=1; m=— ~1:, Ne= Vﬁx)ﬁ its independence of
o o

the nature of the gas, demonstrated, .in fact, by Emden, and
its independence of temperature, which has not yet been invest-
igated.

§ 13. The acoustical phenomenon accompanying the rush of gas
through a slit has been studied experimentally by Kohlrausch
 (Wied. Ann. 13, p. 545, 1881) with respect to width of the slit
and -to pressure in the reservoir. The influence of the pressure
outside, of temperature, and nature of gas, might be inferred by
our method, too, from this research; but we do not enter into this
mafter, as the results, not fitting essily into analytical expressions
are represented by tables which would be rather cumbersome for use.

§ 14 In the preceding investigations the effect of external for-
ces has been entirely neglected, whilst there exist certain classes
of phenomena where gravity plays a prominent part; for example,
wotions of the earth’s atmosphere or convective currents produced
by inequalities of temperature, By considerations analogous to those

in § b we get three conditions for similarity to be fulfilled in such
cases:

583
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h m
mi=p= -y h== R
M a' ﬁu !
Let us examine, in this respect, Lorens’s results concerning
the amount of heat given off by Lem?® of a vertical plane [height
1 Tl TG a Y 1
H, breadth infinite, temperature #, above that ' of the surrounding

gas| whieh was evaluated approximately (Wied. Ann. 13.,p. 592, 1881):
. 4

3 a2t
L= - = c‘f‘: = 048 V‘;’/H; Yo'k,

The form of this expression looks rather peculiar; but we sa-
tisfy ourselves that its dimensions fulfill thev c,ondltl'ons of simi-
larity, as far, however, only as the coefﬁm'ex.xt e is neglected,
which points to a serious restriction of its validity. .

§ 15. The presence of those convection-currents gives muc‘,h
tmu‘ble in the determination of thermie conductivity of gases. ‘Th:e,xr
influcnce can be diminished by rarefying the gas; but rarefaction
below a certain limit of pressure would imply avother source of
errors in certain molecular ,discontinuities of temperature®, as I
have called these phenomena (Phil. Mag. 46., p."192, 1893) 4

Now it may be noticed that relative meagurements of condueti=
vity can be striotly performed, notwithstanding the unknown eon-
vective eurrents, by using corresponding pressures and corresponding

dimensions of vessels for different gases (aceordmg to h=13

=i b= it

Also the thermic variability of conductivity,mnot. yet klwﬁ‘
with desirable precision, may be investigated . in ‘&n ke ogc;nzs
manner, by application of similar mof,ions..lf we makz !?se,,‘crr
higher temperatures, of vessels with dlmcnsmn's increase mfp;‘]o—
portion of the first, and of pressure incrensc:.d in 1’)rqlnort1()11g(; 13
(e — 4)th power of temperature, the quantity of hez‘at gm';h :r::él
must be proportional to ¢ whenee & may be determme.l. d, e
thod of heating wires by electric currents may be easily adapte

Lis way of experimenting. ) N
N tWe eo{?rﬁlxe oux{uelves to tlglese fow examples ou thlfl sort of sith-
ilarity, sinee its range of applications is less extensive ‘ml((ll sm:i
there; is little experimental work hitherto done which con! 8er
as a basis for further speculations.

et
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