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tych kwadratur, to mozna ich nie wykonywaé. Aby to okazaé, zestawmy
nastepujace réwnosci:
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Ostatnig rownoesé otrzymalismy dzieki niezmiennikom (19) grupy Wof.
Poniewaz O i C"® spelniaja réwnania (25), przeto zawsze mozemy podaé
wyrazenia na nie, w ktérych beda figurowaly dwie stale dowolne. Znaj-
dujemy w ten sposéb uklad szedein réwnan liniowych wzgledem e, v, 144,
gy, V1o, Vo1, D& podstawie ktérego mozemy wogéle za pomoca li tylko opera-
cyj algebraicznych podaé wyrazenia na u iv, zawierajace osm stalych do-
wolnych.
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Groups in which the subgroup which involves all the
substitutions omitting a given letter is regular.

(GRUPY, W KTORYCH PODGRUPA, OBEJMUJACA W SOBIE
WSZYS"KIE PODSTAWIENTIA Z WYLACZENIEM DANET
LITERY, JEST REGULARNA).

Many of the transitive substitution groups of low degrees have been
determined by means of their subgroups involving all the substitutions which
omit a given letter. Itis customary to represent such a subgroup by &,
when the entire group is represented by G. If & could be directly deter-
mined from G, we would have a method of constructing all the transitive
groups of degree » whenever all those of the lower degrees are known.
A number of theorems along this line have been published, especially for
the case when @ is a primitive group.!) In the present paper we consider
the case when Gy is a regular group.

If the degree of @4 isn—1, n being the degree of &, it follows that
G ix a doubly transitive group of the smallest possible order. These groups
have received considerable attention and have been extended along diffe-
rent lines. In particular, it has been proved that such a group cannot
exist unless # is @ power of a single prime and that & contains an abelian
invariant subgroup of type (1,1,1,...).) Moreover, there is at least one

1) Gt Quarterly Journal of Mathematics, vol. 28 (1896). p. 215.
%) Jordan, Liouville’s Journal, vol. 17 (1872), p. 355.
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such group for every value of # which is « power of « prime, in which G, is
cyclic. That other groups may exist follows from the fact that when n=9,
G, may be the quaternion group, as is proved by the well known five-fold
transitive group of degree 12.

When the degree of @, is n—a, a>>1, it is known that G contains »/a
systems of imprimitivity each of degree a and that each of the substitntions
of G is commutative with a—1 regular substitutions of degree n. These
a—1 substitutions together with the identity constitute a group of degree n
whose n/a systems of intransitivity are the systems of imprimitivity of @ in
question. These systems are transformed” according to a primitive gromp
by the substitutions of & since they cannot be combined into larger systems
of imprimitivity. When this primitive group is regular it is of order a and
G may be constructed by extending the direct product of two simply iso-
morphic regular groups, represented on distinet letters, by means of a sub-
stitution of order 2 which interchanges its systems of intransitivity.

‘When the primitive group in question is not of order 2 it is multiply
transitivy sinee G is regular and hence permutes the #/a—1 systems of in-
transitivity of & according to atramsitive group. When @, iy abelian it
must involve a substitutions which transform each of these systems of im-
primitivity into itself. As this is also true of the conjugates of @, and as
two such conjugates have only the identity in common it follows that @
contains at least o? substitutions which transform into itself each of the
systems of imprimitivity in question whenever G, is abelian. There cannot
be more than e? such substitutions in & since the order of G ig (n—a)n
while that of the primitive group in question cannot be less thon "o ("a—1).
Hencethe theorem when &; isregular and of degre n—a,a>1,
G contains ", systems of imprimitivity whieh it trans
forms either according to the group of order 2 or a -
cording to a multiply transitive group. When G, also
abelian G contains exactly o substitutio ns which
transformeach of these systemsintoitself and it con-
tainsanadditionalinvariant subgroup ofindex #la—-1.

The latter of these two invariant subgroups is the identity when
#[,=2 but it includes the former without being identical with it for all
other values of this fraction. It may be observed that the existence of
these two invariant subgroups depends only upon the fact that @; involves
a substitutions which do not permute any of the systems of imprimitivity
under consideration. This condition is always satisfied when
bub it may also De satisfied when @, is non-abelian. Some of the
considerations above are simplified by the following theorem: If a re gu-
lar group H of degreenis transformed into itself by

G, is abelian
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asubstitionsofdegree n—a inthe same letters then s
iscommutative with exactly e of the substitutions of &
whenever a>0. When a=0 smustbe commutative with
at least one of the substitutions of H besides the
identity.

A part of this theorem is included in the evident statement, if a tran-
sitive group of degree # is transformed into itself by any substitution in
the same letters whose degree is not #—1 then this substitution must be
commutative with at least one substitution of the group besides the iden-
tity.
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