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On the groups generated by two operators of order three
whose product is of order four.

(0 GRUPACH UTWORZONYCH PRZEZ DWA OPERATORY
RZEDU 8, KTORYOH ILOCZYN JEST RZEDU 4).

Let s; and s, represent two operators of order three. Tt is well known
that s;, s, generate the tetrahedral group whenever s,s, is of order 2. 'When
5,8, is the identity these operators clearly generate the cyelic group of or-
der 3. In all other cases the group generated by 81, 8 is not completely de-
termined as a group of finite order by assigning a value to the order of 8;8,.
The infinite system of groups obtained by assuming that this order is three
has been considered.!) The present paper is devoted to some important
groups obtained by assuming that s;s, is of order 4 and by assigning an
additional condition.

§ L sP=8"=1, (58)={(s5=1.

‘We first observe that s;s,% cannot be of order 2 when s,s, is of order 4
in view of the theorem mentioned in the preceding paragraph. Hence 3 is
the lowest possible order of s, 5, which is consistent with the other condi-
tions imposed on s; and s,. The operators

2 2
1, 515518, 535981, 525,885

) Annals of Mathematics, vol. 3 (1901), p. 40.
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constitute the four-group since Ss5;8yS; . 2858158, =598 5578158, ==8,75,28,",2
and 55,7, == 5,5, %, from (8,5,2)% =1 AS 5;5,5;5, is of order 2 it is equal to
its inverse. Hence 8,888, = 8,%5;25,%;? and the given operators constitute
the four-group. To prove that this is an invariant subgroup under the group
is,, 5} generated by sy, 5, it is only necessary to prove that it is transformed
into itself by s,, since its three operators of order 2 are conjugate under s;.
The transformed subgroup under s, is

L 8%8:858:5% 8155150, 575, 75515,81 %50,

Since ,%8,28,8,555,25:==5,78; %55, . 81527878575 U081 8,857 . 6,791557.8,°8,
= 5,8,8,8y, it follows that these two subgroups of order 4 have threecommon
operators and hence they ave identical. This proves that {s;ss;ss, $2818:8(}
is invariant under {s,, s,}. It will be convenient to represent the latter by G.

For the purpose of determining the order of G it is convenient to con-
«ider the quotient group of {s,,s,} with respect to {s,sy5:5,, 8:5,855,}. To
the generators s;, 8, of {s;, 5,} there correspond two operators of order three
in this quotient group. The product of these operators corresponds to s,
or t0 s,s; and hence it is of order 2. In other words, the quotient group of
G with respect to {5;8,5,%, 5,9,5,5;} is the tetrahedral group and hence G is
of order 48. It contains a single subgroup of order 16, which corresponds to
the four-group in the tetrahedral quotient group. As s, is not commutative
with any operator of {s,5.5,8s, 55,55, } besides the identity it has 16 conju-
gates under & and hence there are 32 operators of order 3 in this group.
From this it follows that G is one of the two groups of order 48 which do
not contain a subgroup of order 24 in case it exists.l) For the sake of
proving the existence of G it may be convenient to employ the following
substitutions:

s, = bli . enm . deh . fil . gop
sy == akl . bfc . djp . lnm . hoi
8,8, = akhj . blem . dneo . fpgi
8,8, ==alb . cei. dmf . ghp . jko.

By means of these substitutions it is easy to prove that the subgroup
of order 16 contained in G is abelian and of type (2, 2). This follows also
from the fact that s,8,, S8, 8,55, constitute a complete set of conjgates
under G since 5,28,552 == 5,°5,5:> and 8,?. 5,%8,8,% . 5, ==5,9,. Hence s5, and
each of its conjugates is invariant under the subgroup of order 16 and

) Quarterly Journal of Mathematies, val. 30 (1889), p. 247,
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these conjugates have distinct squares. This proves the following theorem:
It two different operators satisfy the conditions sd=s3=1,
(818:)=(55")* they generate the group of order 48 which in-
volves operators of order 4 but no subgroup of order 24.
From the fact that s,s, and s,s, are commutative itfollows that (s,5,2)%=

and viee versa. Hence G may also be defined as the group generated by
two operators of order 3 whose product is of order 4 and whose commu-
tator (s;7"s,7s;s,) is equal to the commutator of their inverses (5,88, s;~%).
The commutator subgroup of & is of order 16 and each of its operators is
a commutator. The 32 operators of order 3 are composed of two complete
sets of 16 conjngates white all the other operators besides the identity
are conjugate in sets of three.

§ 2 sP=st=1, (58)={(s8)=1.

‘We shall prove that any two operators (s, s,) which satisfy the con-
ditions s,° = 5,3 = (5;8,)* = (5,5,2)* =1 generate the simple group of.order
168 unless both of the operators are the identity. This trivial case will
not be considered in what follows. It will first be proved that the group
(G) generated by s,, s, contains the symmetric group of order 24. It is
easy to prove that s,%s;%s,s,%,%,? iz of order 3 by means of the equation
(818,)*=1. In fact

55751%555:%83%5,7 . 852817558, %8y%8,7 . 5,%5,%5,5, 28,76, % = 8,%5,25,%,8,2 . 5,8:8,%, 25,75,
=(s% =117
Moreover, the product of s,%s,%s,8,28,%, and s,s,8;5, is of order 4 since:
(82817 55"t = 557517 8, 8,7 53 8,25y81 %8, = 5y (88,282 = 1.

Since two operators of orders 2 and 3 respectively whose product is of
order 4 must generatethe symmetric group of order 24 it follows that
§8325,%55 8,28, 6,2, 8,8,85,} is this symmetric group. This group contains
8§17 515,555 . 5925, 855, 28,75, 2. 5, 5, 5; 5, and hence it isidentical with s, 5,8,8,].

To prove that @ is the simple group of order 168 it is only necessary
to find a cyclic subgroup of order 7 and to show that all the operators of
G can e arranged in the usual rectangular form. The required subgroup
may be generated by s,2s,5,%s,%,;* since

3, 2. 3o 2 2 20 2 4
81%8981%85%81% . 5,%5,8,%5,%8,2 . 5,%545,%83%5,% . 5,%5,5, 25,25, % . 8,2545,25,%8,% . 8,25,5,%5,78,% . 5,%8,5,25,%5,2

== 5178,81%89 751898, 28,7518,8, 7657915951 %5,7815, 5128, 7515951 %5,518,51 %878, 828, 28,75
— 2 259 26 2 o o 203 o 22 2 o9 2
= 5,%5,5,5,28,%5 . 5,%5,75,8,5:%55% . 5,28,28,5,6,%5,% . 55%5,8,5,%5,%,%
¥) This resnlts also from the fact that 8,%2,s,8,°s,%8,* is the transform s, with re-

spect 10 §,8;8;8s.
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Sinee s,%s551%8,%5,555,? == 5,%, 5,5, %8.%0; and 5,2 5,8, %5,%5,558,? == 5,%8,%, 855,25, 2,
The last member of the equation under consideration reduces to:
85781 85512893188 %8575, 259261898, 3858, 8.5, 25,8, >
= 837815351 785818478, 525, 2505125581858, 28,75, 2
== 5,°81%85%51 8,75, 25,78, %5, 25,5, %8, 20, %5, %555, 8,%, 2 =
The last equation is readily obtained from the preceding by obser-
ving that s,s,s, is of order 4 and hence 518987858, 18 equal to its inverse.
Having proved that s,%s,s,2s,2s,2 is of order 7 the possibility of arran-
ging all the operators of & in a rectangular form, the first row being the
given symmetric group of order 24 and the first column the cyelic group of
order 7 generated by t==s,2,s,%,%,2, is proved by the following equations:
811 == 5,828,785, ? =1 (8,8,5,) 1, 8189918yt = 195,288, 8, . ,8,5,8,%
By making use of the defining relations given by Dyck?)
A7=1, di=1, (44,)=1, (Ay4,5)t=1
the above proof can be considerably simplified since we may let

Ay = (51%55,25%,%) = 805:°5:7818581, Ay ==35,%,%, °5951528,%8,%5,

Ay = 5:%5,%8,%5,2, Ay 4,5 = 5,%,%, 255515551 289%51 . 8,8,%5,%5,28,8, 85 == 892818457

It is very easy to prove that 4,3=1 and (454,%)*=1, and the other equa-
tions vere proved above. To prove the existence of G we may let

sy =abe . edf sy = aey . bfe
and observe that

8,8y = afbg . cd 8:89% = acdb . ¢g.
The preceding results prove the following theorem: If two o perators
satisfy the conditions sf-:sf:(slsz)*:(slsf)‘*=1 they gene-
rate the simple group of order 168 unless each of the ope-
rators is the identity.

§3 sl=s’=1, (us)=(u5)=1

‘We shall first prove that every group which contains two operators

which satisfy the condition s,°= 58 == (8380) = (5,%%° =1 must include

the icosahedral group. This fact follows from the equations:

1) Dyck Mathematische Ammalen, vol. 20 (1882), p. 41.
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(51°538,5,)" = 8175981835,7525189%,25251 59825281508, 252813
= 515,78,7825, 835 5551 5578, 25,751 5,5, 545, 25,5, 5
== 8155781758, 28951 25,5, 26,75, 95, Sy == 5,8, 898,535,5y = 1.
Since s; and s;8,5,8, are of orders 2 and 3 respectively and their product is
of order 5 they generate the icosahedron group.

Let #=abc.def and ly=cde. Then #t,=abdc.ef and tt,°== abefe.
Hence 1,, % are two substitutions which satisfy the conditions imposed upon
81, %. Ast, f generate the alternating group of degree 6 it follows that
{51, 8o} Is either this simple group of order 360 or it has an (a, 1) isomorphism
with it.

Suppose that the commutator of s, s, is of order 5. That is:

(81785781 89)% == 5178,%5,525,25,%5,805,%528, 8,5, 25,78, 858,%8,25,8, = 1.
Since (s,%8,%)* == (s;8,)* =1 we may write this product as follows:

9 2 2 N
8175528155751 595189812898, 2855, 5,25, 25,28, 8478, 85 75,85, 525, 25,
== 81285755575, 535, %5, 25, 8551555, 25,25, 8,5, %5,

== 8,259%8;5,75,8,5,%65 . ;7542818578 8,8,%, = 1.
Hence s,%,2585%5;5,5,%s, is of order 2. If we let
b=s;8, and ¢=1s,%,%;,

the commutator b—Iche—" == s,%s,8,%5,%,8,25,8, is of order 2 since its inverse
is of this order. Moreover,

(B%)> = 518958,5,%8,25,28951528,84%8) == 8525,%8,%818,25,28,81 5,828, 75,.
This is of the some order as
512857 . 8;89°61785 . 818,00, 8,% == 8,%8,%5, 8,28, 857 . 8,285,578, 5,75, 5,2,
|«
Since $,%8,%8,5,% 5, == 5,5,%,25,5,%, the preceding operator reduces to
5,855,%8,°8,%,5,% = the transform of s,%,2s,%,>

with respect to s,5,%  As§ 5,%8,28,%,2 is of order 2 it follows that #% is of or-

der 4. Hence b and ¢ satisfy the following conditions:

=1, =1, (cbeip=1, (Bu)}=1.
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As two operators which satisfy these conditions generate the simple
group of order 360') we have proved the theorem:

If two operators whose commutator is of order 5 sa-
tisfy the conditions s =s%=(5,8,)'=1(5,8"=1 they generate
the simple group of order 360.

‘While two operators of order 8 whose product is of order 4 may gene-
rate any one of an infinite system of groups of finite order, it follows from
the above that one additional condition may completely determine one of
these groups. It may also be added that the order of the commutator of two
such operators of order 3 must always exceed 2, since two operators of or-
der 3 whose commutator is of order 2must generate one of four groups
whose orders are respectively 12, 36, 144, and 288; and in these groups the
product of two generating operators of order 3 is not of order 4. Hence the
theorem:

If two operators of order 3 have a product of order
4 the order of their commutator exceeds 2.

)} Diekson, Bulletin of the American Mathematieal Soclety, vol. 9 (1903), p. 303
1t should be observed that b, ¢ generate the some group as &, 8,
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