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G. A. MILLER.

ON THE GROUP OF ISOMORPHISHS OF AN ABELIAN EROUP
(0 GRUPIE IZOMORFIZMOW GRUPY ABELOWEJ.)

STRESZCZENIE ARTYKULU.

Niechaj P bedzie grupa abelowa rzedu p* (p jest liczby pierwsza), zas
Py, By, ..., P, szeregi podgrup grupy P=P, rzedéw, odpowiednio réwnyeh
PP ..., p%, tak ze kazda z nich jest zawarta w nastgpujgcych po -niej.
Kaidy holomorfizm grupy F, ktéry otrzymaé mozna, dobierajac operatory
podgrupy Py, nie znajdujace si¢ w podgrupie P, tak, aby odpowiadaly sa-
mym sobie, pomnozonym przez operatory podgrupy P;_i, odpowiada operato-
rowi rzedn p* w grupie jzomorfizméw I, grupy P; wszystkie operatory, kto-
rych rzedy sg potggami liezby p, mozna otrzymaé w tenze sam sposéh.

Jezeli generatory niezaleine ¢, s by - s b grupy P sg odpowiednio rze-
déw p, pre, L., pm, wtedy I, zawiera podgrupe abelows A, bedaes
wprost iloczynem m grup izomorfizméw grup cyklicznych, utworzonych oso-
bno przy pomocy #, &, ..., %,. Liczba grup sprzgzonych grupy A4 pomieg-
dzy grupami izomorfizmow 1, ‘véwna sie liczbie réznych ukladow podgrup,
tworzgeyeh grupy P. Rzad podgrupy 4 Jjest pa—m(p—1)" i obejmuje wszyst-
kie operatory niezmiennicze izomorfizméw I; . Jedynie operatory grupy I,,
przeksztaleajgce podgrupe 4 na samg siebie i nie zawarte w 4, przeksatalcajg
m podgrup cyklieznych, utworzonych przez t, %y - . ., s N3 same siebie, prze-
mieniajac porzgdek niektérych z nich. Stad podgrupa A jest niezmienna
W grupie szerszej, niz nig jest sama, tylko wtedy, gdy przynajmaiej dwie
2 tych podgrup majg rzad réwny.
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If the order of any abelian group (@) is written in the form:
g = 2pppy ... Pt
(Pry Pay v vne- , Pu—s being distinet primes) it is well known that G is the

direct product of its m subgroups of ovders 2%, px, ..., p,"T" respectively.
Tt is also known that the group of isomorphisms (I) of ( is the direct pro-
duct of the groups of isomorphisnis of these m subgroups . The group of
ixomorphisms (I,) ot any abelian group (P) whose order is p* (p being
any prime) is therefore of especial interest. By making all the operators
of P correspond to the same powers of themselves, the @ (p™)=p»~!(p—1)
invariant operators of I, are obtained; where p* is the highest order of any
operator of P2, We proceed to consider the holomorphisms of P which cor-
respond to subgroups of order p* in I, .

Let Py, Py, ..., I’oa, P, be any series of subgroups of P=~F,, whose
orders are p, % ..., p*t1, p* respectively, such that each is included in all
those whiceh follow it; and consider all the possible holomorphisms of P which
may be obtained by multiplying the operators of these subgroups only by
operators in a Hrecedin'g subgroup. It follows from a known formula:

w(n—1)... (n—:’_—fi)
" 8 P == S 8 ! - Sy Sas
where t—lsgi==sp18; (B=ua,0+1,..... ,a-tn) ¥ that each of these
holomorphisms of P corresponds to an operator in I; whose order is a power
of p.

The total number of these holomorphisms depends, in general, upon the
type of P, the subgroup .2;, and the way in which the subgroups P, ....., £umr
are chosen after P, has been selected. For instance, when P is eyclic, this

alo—1)
number is p*—* and when P contains no operator of order.p? it is p 2
In these two cases it depends only upon the type of P. However, whe P is
of type (a—1,1) this number may clearly have either of the vwo values p=,
p*1, and is therefore not entirely determined by the type of P.

A1l of the possible holomorphisms which correspond to a particular
series of subgroups such as P, P, ..... , P, must correspond to a subgroup
of order p* in I, . Moreover, from the fact that every invariant subgroup
_ of any group of order p™ contains at least p invariant operators, it follows

. s T
atn—1 * ° * Satu—r

1y Transactions of the American Mathematical Society, vol. 1, 1900, p. 396.
%) Loc. cit., vol. 2, 1901, p. 260.
3) Bulletin of the American Mathematical Society, vol. 7, 1901, p. 351.
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that all the holomorphisms of P which correspond to a subgroup of order
p*in I, can be obtained in the above manner. If two subgroups of order p,
can be made to correspond in any holomorphisms of P the corresponding
subgroups of order p* are conjugate under I,. Tt shonld, however, be ob-
served that the subgroups which may be obtained by a different selection of
Py, ....., Puyafter P; has been chosen are not necessarily conjugate. In
fact, they may have different orders.

Let t, 45 ... , ta be any set of independent generators of P. and
suppose that their orders ave p*, pm, .. ... , p"m vespectively. Consider the
holomorphisms of £ in which each of the operators &, ¢, ..... , tm COITES-

ponds to some power of itself. The total number of these holomorphisms is
p==m (p—1)" and it is easy to see that they correspond to an abelian sub.
group () of I, whieh is the direct product of the m cyclic groups of orders
=1 p"L, (p—1)p™1, .. ... , (p—1) p"»—" respectively. The only cyec-
lic subgroups of P which correspond to themselves in all of these hoiomor-
phisms are powers of the separate independent generatos #, fy, .....,bn-

Since any set of independent generators of P may be made to corres-
pond separately, in some holomorphism of P, with any other set, it follows
that the number of conjugates of 4 under I, is equal to the number of dif-
ferent sets of independent, generating subgroups of P. All of these conju-
gates have the p«(p—1) invariant operators of I, in common. The ouly
operators of I; which transform A4 into itself without being included in A.
are those which transform the m cyclic subgroups generated by #,%s,....., %n
into themselves but interchange their order. Since the generating sub-
groups of the same order may be permuted according to a symmetric group
it is easy to determine the total number of different sets of independent
generating subgroups of P. Iu particular, when no two of the operators
t, 83, o ... , tn have the same order this number is the order of I, divided
by the order of 4.

In all the holomorphisms considered in the second and third paragraphs
each of the subgroups Py, Py, ..... , P corresponds to itself. AIl the holo-
morphism of P in which this is the case correspond to a subgroup (I, of I,
which contains only one maximal subgroup (I;) whose order is of the form
p*, viz. the subgroup considered above.

Let s; be any operator of Py which is not contained in Pp ,
f=12,..... ,a. In every holomorphism of P wbich corresponds to an
operator of I, the product of s; into some operator of Py_; corresponds tn sz.
In the remaining holomorphisms under consideration the quotient group of
some Py with respect to Pp—; must correspond to the 2,3,..... , orp—1
power of itself; i. e. the totality of the operators s; must correspond to one
of these powers of itself.
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In the particular case, when P involves no operator of order pEitiseasy
to see that the operators of each of these quotient groups may correspond
independently to all of these powers, so that I, includes I, and the direct
produet of m eyclic subgroups of order p—1. In this case the quotient group

of I, with respect to I, —112— is of order (p-1)". Itisclear that this quotient

group is always contained in the largest subgroup of A which includes no
operator of order p and hence is always abelian irrespective of the type of P.
‘We proceed to find its order.

"To attain this end it is convenient to observe that after the indepen-
dent generators of P have been selected in any particular manner, it is
always possible, by changing at most one of them, to assume that any arbitrary
operator of order p in P is a power of one of its independent generators. In
the group generated by the remaining independent generators we may select
an independent generator in the same manner, ete. Liet P, be the smallest of
the subgroups P, Py, .. ... , Po which contains an independent generator
(t;) of P such that the powers of # include P,. TLet Py (B=a,) be the
largest of these subgroups which is generated by t,. The operators of Pyts
which are not contained in Py, (Py41 — Pp)do not include any power of 1.
If they include any operator of order p, this is necessarily true when §, =aq,,
let #, be the independent generator of # whose powers include this operator.
It is clear that in the holomorphisms under consideration the independent
generators #,, 7, can be made isomorphic with their various powers indepen-
dently of each other.

On the other hand, if Py 4; — Py, contains no operator of order pall

its operators are of order p+* and #, may represent an independent gene-
rator of P which includes an arbitrary operator of order p obtained by
multiplying one of these operators of order pht! into a power of t,. In this
case the holomorplhisms under consideration require that %, should correspond,
to its y power (y=1,2,..... ,p—1) multiplied by an operator of Pg,. whene-

ver ¢, corresponds, to this power of itself, T.et Py, be the largest of the .

subgroups Py, P,, ..... » P which is generated by # .and ¢, None of these
operators are found in Py, — Py . If this contains an operator of order p
the independent generator (4,) of P whose powers include this operator, may
again be made to correspondtoits 1,2,..... »#—1 powers indepenpently
of the correspondence of the others, etc. Hence the order of I, is equal to
the order of I, multiplied by (p—1)*, wher [ is the number of times that
a set of operators like Py 1; — Ps includes operators of order p.
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A. PRZEBORSKI.

NIEKTORE ZASTOSOWANIA TRORYI KONGRUENCYJ LINIOWYCE

WSTEP.

Poczgtek teoryl kongruencyj liniowych, t. j. ukladéw linij prostych
w przestrzeni, ktérych réwnanie zalezy od dwu parametréw, dal Mon ge
w 1781 r. w Rozprawach Akademii nank w Paryzu. Dalsze rozwiniecie tej
teoryi w przypadku, w ktorym proste kongruencyi tworza uktad normalnyeh
do pewnej powierzchni, znajdujemy w znakomitej pracy tego geometry.
sAppiication de I'’Analyse & la Géométrie” oraz w jego ,Théorie des déblais
et des remblais“. Badanie tego szczegélnegn przypadku kongruencyj linio-
wych wigze Monge scisle z naukg o krzywiznie powierzchni, t.j. z pyta-
niem, majacem znaczenie pierwszorzedne w teoryi powierzchni.

Z innego zupelnie punktu widzenia rozwazajg kongruencye normal-
nych Malusi-Dupin?® Geometrowie ci doszli do badania tych kon-
gruencyj przy rozpatrywaniu pytania o rozchodzeniu sig¢ §wiatla w osrod-
kach izotropowyeh, a zwlaszeza przy badaniu zalamania i odbicia §wiatta.
Wynikiem tych badaf byl caly szereg twierdzen, odgrywajacych wazng
rolg w optyce geometrycznej. Najwazniejsze z tych twierdzen znajdzie
czytelnik w pierwszym rozdziale pracy niniejszej.

Szczegélnie waznem jest twierdzenie, noszace nazwe twierdzenia M a-
lusa-Dupina; istota jego polega na tem, Ze uklady promieni' normal-

) Malus. Optique. Journal de 1'Beole Polytéchnique, XVI Cahier 1807.

? Dupin, Surles routes suivies par la lumidre et par les corps élastiques en
général dans les phénomdnes de la réflexion et de la réfraction (Application de géométrie
et de méchanique & la marine, anx ponts et chaussés, ete. Paris 1822).
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