APPENDIX

HOLDER AND MINKOWSKI INEQUALITIES

Let a space L”(2, X, u), p >1, be given (see Example 3.2, BI).
We shall denote the norm in this space by

lell, = ( [ le()Pap)™

We shall prove that if @ e IP(Q, X, ), y e I4R, Z, p) and 1[p +1/g=1,
then oy e INQ, 2, p) and

D) lzylh < llell, llyllg -

Inequality (D) is called the Holder imequality. In particular, if p = ¢
= 2, inequality (D) is called the Bumiakowski-Schwarz inequality.

Proof. Let s= f(i) = 1% where a> 0. Since f'(t)= at®* >0 for
t > 0, the function f(¢) is strictly increasing for ¢ > 0. Hence the inverse
function g(s) = §'® = ¢ is well-defined. Let & and 7 be arbitrary positive
numbers. We draw two segments parallel to axes 0s and 0¢ starting
with points (£,0) and (0, %), respectively, as far as the point of inter-
section with the graph of the function f(f). We obtain two curvilinear
triangles 8; and S, with areas

+1 (1/a)+1

_&
]SII _'E'__E__l and ]Sﬂi 1/a+11

respectively.

On the other hand, the sum of the areas of the triangles 8, and 8,
is not less than the area of the rectangle bounded by the coordinate axes
and by the straight lines parallel to the coordinate axes and passing
through points (£, 0) and (0, ), respectively:

184]+[8e] > &n

(the equality holds only in the case of 5= &*). Hence

§a+ 1 ﬂl.fa +1
g
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Substituting in the last equality

E=la@®)|/llelp, 2= ly@l/lyll,
where

2eIP(Q,Z,p), yeI¥Q,Z,p), p=a+l, g=(lja)+1,
we immediately obtain 1/p+1/g =1 and

oyl _ g, £ o [0(OF | WOF
lllpllylle » ¢ opl=ip 4yl -
Thus oy e L2, X, p). Moreover,
p a
leny < 2o | Jole 1, 2
plielz  dlyle » g

— 3

whence
eyl = llzllp Yl l1Enlh < 2l iy lle 5

which is what was to he proved. m
We shall now prove that if @,y e LP(2, X, u), p > 1, then

(DY) lle +yll, < llll, + liyll, -
This is the so-called Minkowski inequality.
Proof. If 2z e I?(Q, X, u), then

e eI, Z,p),  where —4+T=1.

k3
|

Indeed,

. (Il = (Jo[* oD = Jelp

Hence
(Iz[P7) e MR, Z, p) .

Now, we apply twice Holder’s inequality to functions =, y e I?(Z, Q, u)
and to |24y[P~! e LYQ, 2, u). We get

le + iz < lllo+ 3P~ |1l + [l o+ 1P~ ly1 |l
< e+ 917 llell, + e +y [Pl Il
< (o + 9l llell, + Ny ll,)

< llo+ 912 kel +liyll,) -

Dividing both sides of this inequality by [z +y|5™" we obtain the ine-
quality (D'). m
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