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CHAPTER IX

PARTIAL DIFFERENTIAL INEQUALITIES OF FIRST ORDER

This chapter deals with systems of firsf order partial differential
inequalities of the form

) i 1 mo 1 i :
Uy TGy Yay eons Yy W'y ey w™y 0L, ey Uy,) (E=1,2,..,m)
and, more generally, with over-determined systems of the form

i ) 1 m 4 K
uw1<7i($11 e By Yig ey Yny Wy eony Uy Ugyyy oee,y '“/Un)

(i=1,2,..,m; i=1,2,..,p)

y

where the ith inequality involves derivatives of only.

In Chapter VIL we considered systems of equations of the above
form and obtained—among others—estimates of the solution and of the
difference between two solutions by means of maximum solutions of
adequate comparison systems of ordinary differential equations. Now,
the results of the present chapter will enable us to do the same by means
of solutions of adequate comparison systems of first order partial dif-
ferential equations. '

‘We begin by discussing systems of strong inequalities and then we
will pass to systems of weak inequalities. We want to stress here that—
unlike in the theory of ordinary differential equations—it is useless to
introduce the notion of a maximum solution of the Cauchy problem

 for first order partial differential equations. In fact, the notion of a maxi-
mum solution is very useful-—ag we have seen—but only in the case when
some regularity assumptions assure local existence and do not exclude
non-uniqueness of solution. Now, this situation does not occur in the
theory of first order partial differential equations. The practically least
restrictive regularity assumptions which guarantee local existence of
solution of the Cauchy problem in the non-linear case, viz. the requirement
that the right-hand sides of equations be of class (" with first derivatives

Lipschitzian, assure at the same time uniqueness (see Theorem 42.1 and
Remark 42.1).
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§ 57. Systems of strong first order partial differential inequalities. We
start by introducing the following definition:

DerINITION 57.1. A region D in the space (Z, U, Q) = (2, ..., 2,
Uy ey Wy Qry ooy o) WL be called positive with respect to U if whenever
(4,U0,Q)eD and V = U, then (Z,V,Q) e D.

THEOREM 57.1. Let the functions i@, Y1, vooy Y, Wy ooy U™, G1y eony Gn)
=fiw, ¥, U,Q) ({=1,2,..,m) be defined in a region which is positive
with respect to U and whose projection on the space (2, Yy, ..., Yn) contains
the pyramid
(37.1) O0<a—w <y, W~ <o—L@—m) HE=1,2,..,m),
where 0 K L < + o0, 0 < ap < + oo, ¥ <m}1;n(ak/L). Asswme the functions
filz, ¥, U,Q) (¢ =1,2,..,m) to satisfy condition W, with respect to U
(see § 4) and the Lipschitz condition with regard to @

(87.2) e, ¥, U,@)—f@, ¥, U, | < kZ | — Tl
. (1=1,2,..,m).
Let Ulx,Y) = (w'(z, ), .., u™=, X)) and Viz, ¥)=(v'(z, X), ...

vy U™w, X)) be of class D in the pyramid (57.1) (see § 37) and satisfy
initial . inequalities
(57.3) Uz, X) < V (%, Y) .

Denoting by D the pyramid (57.1) put =

B ={@,T)eD: Ulw, N)<TV(2, 1)} (i=1,2,..,m)

and suppose that, for every j, differential inequalities
(57.4) wi(a*, T*) < f(o*, T*, U(a*, ¥*), ug(m*, ),
dfz*, T*) > fila*, T*, V(a*, T*), vh(e*, T*))
are satisfied whenever (a*, ¥*) e B, This being assumed inegualities
(57.5) Ulw, Y)< V{z, ¥)
hold true in the pyramid (57.1) ().

Proof. By (57.3) and by the continuity, the sgt of %'such that
@, <% < @,+y and that (57.5) holds true in the intersection of the

it wi theorem remains true under less re-
(*) From the proof it will follow that our 2 ©
strictive assumptions on the regularity of U (x, ¥) and V (=, Y). Itis sufilcxeni; 1:41)”1 supl‘yiose;
that U(x, ¥) and V (#, ¥) are continuous in D and that, for ‘(m*, Y‘) eEZ ) :my:)
have first derivatives at (z*, ¥*) and, moreover, Stolz’s differentials if (x*,
belongs to the side surface of D.
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pyramid (57.1) with the zone #, < ® < ¥, is not empty. Let #* denote its
least upper bound. We have to prove that #* = x,+y. Suppose it is not
true and hence «* < x,+y. Then there exists an index j and a point ¥*
such that (z*, Y*) belongs to the pyramid (57.1) and

U, Y)<V(z,Y) for <o,

57.6
(57.6) wi(a*, T*) = oi(a*, T*).

By the last relations (z*, ¥*) e B/ and hence differential inequali-
ties (57.4) hold true. Now, there are two cases to be distinguished.

Case I. Suppose (#*, ¥*) is an interior point of (57.1). Consider the
function w/(z*, Y)—v¥(x*, ¥) depending on Y. By (57.6), it attains maxi-
mum at ¥* and hence, Y* being an interior point, we have
(87.7) wip(w*, T*) = vh(z*, T*).

Similarly, the function wi(z, ¥*)—vi(s, Y*) depending on # attains
its maximum in the interval [,, #*] at the point x*. Therefore
(57.8) ul(a*, y*)—v;;(w*, ) >0

On the other hand, by (57.4), (57.6), (57.7) and by condition W,
we get

up(a*, T*)—ri(a*, T*) < o, T*, U(a*, T*), w(a*, X)) —

_ji(w*: I+, V(.’E*, Y*)y '“’Y(w*7 Y*)) <0,

which contradicts (57.8).

Case IL. Suppose (#*, ¥*) is a point on the side surface of the pyra-
mid (57.1). We can assume (rearranging the indices if necessary) that
we have

¥p = ap—L(a*— a) r=1,2,..,9),
(57.9) Y7 = —ag+L(a*—u,) (¢=s8+1,..,847),
|9k < ax—L(z*—m,) (k=s8+7r+1,..,n).

Fix p and consider the funection
UWHE*y YTy ooy Yhoas Yoy Yoty ooy yn)—vi(a*, Yy ooy Y1y Yy Y1y <oy Yi)
depending on y, in the interval
—ap+L{z*—m) < yp < a p—Li(*— ) .

By (57.6) and (57.9) it attains maximum at Yp = ap—L(0*— x,),
ie. at the right-hand extremity of the interval. Hence, it follows that

(57.10) ul‘zp(w*’ Y)—”Upw*f =0 (p=1,2,..,s8).

§ 57. Systems of strong first order differential inequalities 171

By a similar argument, we get

11 Uhg(a*, T*)—v) (e, T <0 (g =s+1,..,5+7),
#71 uhlat, T —v)(a*, T*) =0 (b =s+r-+1,..,n).

Now, for z, < o < o*, put
Y (%) = (ap—L(5—ay), — a,+L(z—,), v)

and consider the composite function uf(z, Y (2))—vi{e, X (2). It attains
maximum at 2¥, by (57.6) and (57.9), and hence

(87.12) [uf(m Y(z))— vz, ¥(@)], . >0

But, #/ and v/ being of class D in the pyramid (57.1) (see § 37) and
the point (z*, ¥*) = (m*, Y(m*)) belonging to the side surface of (57.1),
the functions uf, v/ possess Stolz’s differentials at (z*, ¥ (2*)). Therefore,
we can apply to the left-hand side of inequality (57.12) the formula for
the derivative of a composite function and thus we get

(57.13)  al(aw*, ¥*)—ol(a*, ¥*)
=S PN SECATIS S EPHTACI SECACHS S P
» [
On the other hand, we have, by (57.4),
ui(w*, T*)— ol(a*, T%)
< [f’(m"‘, ¥*, Ulz*, ), u?i,(w*, Y*))—fj(m*, ¥+, V(x*, Y% ’u,y(m* Y*))]
‘|’[.fj(w*7 I,V (x*, X¥), "//7‘17(57*7 Y*))"fj(m*: X, Via*, ¥¥), ”I’(w*y Y*))] .

The first difference in the brackets is non-positive, by (57.6) and
by condition W, (see § 4). To the second difference in brackets we apply
inequality (57.2) and thus—taking advantage of (57.10) and (57.11)—we get

wha*, T*)—vla*, X*)
< L[Z (u;lp(m*’ Y*)_’Dijlp(‘”*7 Y*))—"Z (u{/q(w*7 Y*)——vi,q(a:*, Y*))] ’
»

a
which contradiets (57.13).

Since in both cages I and IT we obtained a contradiction, the theorem
is proved.

Reinark 57.1. Theorem 57.1 as well as all theorems to be provgd
in this chapter are true for more general domains than the pyramid
(see [49]). Indeed, in the case of Theorem 57.1, for instance, if we assume
additionally that the derivatives f,, exist, then the Lipschitz condition (57.2)
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has the following geometrical meaning with regard to the pyramid (57.1)
which we denote by D:

(«) for any point (#*, ¥*) on the side surface of D and for every
fixed ¢, the vector

(17 —fQ1(W*7 Y*7 Ua Q)} ey —fan(i”*s Y*’ U; Q))
is either tangent to the side surface of D or points to the exterior of D.
Now, the pyramid (37.1) in Theorem 57.1 can be replaced by an
arbitrary region D with the side surface being the union of a finite number

of surfaces of elass O* and having—in case of the existence of the deriva-
tives fg,—the geometrical property («).

§ 58. Overdetermined systems of strong first order partial differential
inequalities. Our next theorem will be derived from Theorem 57.1 by
means of Mayer’s transformation (see § 38).

TeroREM 58.1. Let the functions Folry veey By Yuy cey Yny W'y oery U™
Gy ) =X, Y, U,Q) (i=1,2,..,m; k=1,2,..,p) be defined
in a region which is positive with respect to U (see Definition 57.1) and
whose projection on the sPace (Wy, ..., Tpy Yiy -y Yn) cOntaing the pyramid

Yy b
(881) O<mi—&, D, (@m—d)<y, =il <e—D ) (@m—iu

k=1 k=1
I=1,2,.,p;r=1,2,...,n),
where 0 KL< 4+ o0, 0 < ap< + oo, v <min(a,/L). Suppose that, for
r

every fized %, the functions fy(X, ¥, U,Q) (i = 1,2,..,m), satisfy con-
dition W . with respect to U (see § 4) and the Lipschitz condition with regard
to Q

(58.2) X, ¥, U,Q)—fuX, ¥, U, <L D g~
r=1
(i=1,2,0,m; k=1,2,..,p).
Let U(X,Y)= ("X, T), .., w"(X, T)) and V (X, ¥) = (0(X, ¥),...

vy U™(X, X)) be of class D in the pyramid (58.1) (see § 37) and satisfy
the initial inequality

(58.3) U(X,y, Y) < V(X,, ¥).
Denoting by D the pyramid (38.1) put
: i
GF={X, T)eD: UX,)<KV(X,Y)} (=1,2,..,m)
and suppose that, for every fized j, the differential inequalities
u, <X, ¥, U(X, X), (X, Y))

(58.4) ; ; ; —1.9 ..
>l X, ¥, V(X, Y), v5(X, Y)) (k=1,2,..,p)
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are satisfied for (X, X)e . This being assumed, inequalities

U(X,Y)<V(X, )

Thold true in the pyramid (58.1).
Proof. Introduce Mayer’s transformation

X = X,+ 4w,

where A = (4, ..., 4p). For A satisfying

»”
(58.5) B>0 (1=1,2,.,0), D M=Ai<y,
k=1
pub
(58.6) U@, ¥; 4) = U(X,+ 4w, T),
1o Viw, ¥; A) =V (X,+ 4z, Y).

Tt is obvious that, for A satisfying (58.5), the funetions (58.6) ave

of class D (see § 37) in the pyramid

(38.7) 0<m<%, Wil < @e—ALw  (r=1,2,..,n),
“where
(58.8) Y>1.

A
By (58.3), functions U(w, ¥; 4) = (@(z, ¥; 4), ..., W@, ¥; 4)),
Ve, ¥; 4) = (7"(@, ¥; A4),..,5"(@, ¥; 4)) satisfy initial inequality
T, ¥; 1)< V(0, ¥; A). The functions U(X, Y) and V(X, Y) being

-of class D they possess Stolz’s differentials with regard to X; therefore,
‘we have

2 D
U, = Z MU Xy 4+ A0, X), Vo= g; V(Ko + A2, T) .

Jml
Denoting by D; the pyramid (38.7), put
B={@,Y)eDy Tia, T; A<V (@, T; A} (i=1,2,.,m).

Fix an index j and suppose that (w, ¥) e Bj. Then (Xo+ 4, ¥) e &
and hence it follows, by (58.4) and (58.5), that

%;: < Fj(my Y’ ﬁ(w, Y): %{V(m) Y)’ A)’
¥ > Fls, ¥,V Y), e, D) 4),
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for (2, ¥)e E; where

7
(88.9) F@, ¥, T,Q; 4) = D WfiXy+ 4, ¥, U,Q) (i=1,2,...,m).
E=1
In virtue of the hypotheses of our theorem we check, by (58.2), thai

.
Fi(@, ¥, U, Q; A)—Fw, ¥, U, §; A) <AL D 14—
ra=1

(i=1,2,..,m)
and that the functions Fi(z, Y, U,Q; 4) (i=1,2,..,m) satisfy con-

dition W, with regard to U. Thus we see that U(z, ¥ 3 A), ﬁ(‘w, Y; 4)
and Pz, Y, U, Q; A) satisty, for every fixed 4, subjeet to conditions
(58.5), all the assumptions of Theorem 57.1 in the pyramid (58.7 ). Hence,

we have in the pyramid (58.7)
U@, ¥; 4) < V(x, ¥; A)
and in particular, by (38.8),

(58.10) Ua,v; 4)<7a,1; 4).

Now, let (X, ¥) be an arbitrary point in the pyramid (58.1); then
A=F—-X, = (3,—&y, ..., #p,—&p) satisties conditions (58.5) and, by (58.6)
and (58.10), we get

U, Y)=00, % I-X)< V{1, ¥; X—X,) = V(X, T),
what was to be proved.

_§ 59. Systems of weak first order partial differential inequalities. In this
seetion we deal with weak differential inequalities (see [42]). Unlike in
§§ 57-58, we will have to make more restrictive assumptions on the right-
h.and sides of the differential inequalities, viz. assumptions which imply
right-sided uniqueness of the solution of the Cauchy problem for the
corresponding system of equations (see Corollary 60.1).

_ THEOREM 59.1. Let the functions fi(z, ¥, U,Q) (t=1,2,..,m) be
defined in o region which is Dpositive with respect to U (see Definition 57.1)
and whose projection on the space of points (z, Y) contains the pyramid (57.1).

Assume the functions f(w, Y, U,Q) to satisfy condition W, with regard
to U (see §4) and the inequalities

(9.1)  f(w, ¥, U,Q)~fle, ¥, 0,8) < ao—an, U 41 > g~

icm
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whenever U = U, where oi(t, U) are the right-hand sides of a comparison
system of type I (see § 14). Concerning the comparison system we suppose

that

ay(t, 0) = (t=1,2,..,m)

and that jor its right-hand mazimum solution Q(i; 0) through the origin
we have
(59.2)
La U(e, Y) = (ue, Y), .., w"(z, T)) and V(z,Y)= (s, ), ...
ey (@, X)) be continuous in the pyramid (57.1) and satisfy initial inequa-
lities
(39.3)
Denoting by D the pyramid (57.1) put

B ={x, ¥)eD: v, ¥)> o'z, T)}

Q(t; 0)==0.

Ulwy, ¥) <V (o, ).

(1=1,2,..,m).

Assume that for every fized j, whenever (z, ¥)e B, then o and o
possess first derivatives at (z, Y) and, moreover, Stola’s differentials if (x, X)
belongs to the side surface of D, and satisfy at (x, Y) differential inequalities

(e, ¥) < fle, ¥, Uls, ¥), wkle, X)),

(59.4) W@, ¥) > flo, T,V (@, T), vele, T)).

Under these assumpiions inequality

(59.5) U, Y)<V(z, Y)
is satisfied in the pyramid (57.1).

Proof. Denote by §, the projection on (yy, ..., ya) of the intersection
of the pyramid (57.1) with the plane # = %,+¢ and put, for 0 <t <y,

(1) = max (0, M(t)
(i=1,2,..,m).

M) = max [ (@, -+, T)— o'+, T)],

Tes,

BE) = (R, ..., I"(0) -

It is obvious that (59.5) is equivalent with
[0,7)-

Now, relation (59.6) will be proved by means of the fi.r‘f;t comparison
theorem from the theory of ordinary differential inequalities (see § 14).
By (59.3), we have

(59.7) B0y <o.

(59.6) M@ <o in
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From Theorem 33.1 it follows that JI*() are continuous on [0, y).
By Theorem 35.1, for every index j and ?* € (0, ) there is a point T* ¢ S;u
such that

(59.8) M) = ol (g1, T*)— o (@ + 1%, T*)

and whenever «/ and v/ possess first derivatives at (z,-+1t*, ¥*) and,
moreover, Stolz’s differentials if (z,+¢*, ¥*) belongs to the side surface
of D, then

59.9)  DTM(1*) < whmy+1*, T*)—o(mo+1*, T*)—

n
—L D) fub o+ 1%, T*)— vl w1+, T4
=1
Putb
Bi={e(0,y): @) >0 (=1,2,..,m).

Fix an index § and suppose that t* ¢ &;. Then, obviously, we have
(39.10) M) = M@y, D i) = D M%)
and consequently, by (59.8), there is a point ¥* ¢ S;» such that
{39.11) () = wl(wg 1%, T*)— o/ (y+1*, T*) .

Since I(t*) >0, we conclude that (z,-+1*, ¥*) < B’ and hence
inequalities (59.4) hold true at (w,+t*, ¥*); moreover, 4/ and v have at
{my+1*, ¥*) that regularity which implies (59.9). By (59.9) and (59.10),
we get

D™ I (1) < iyl +1*, T*)— v +1*, T*)—
-L Z Juf (g +1*, ¥*) — ], (2 + 1%, T¥)] .
=
From the last inequality and from (59.4) it follows that

(39.12)  DTIC() <7(w+1%, T*, Ut +t%, *), whlmy+1* T%)—
_]d(wu"i‘t*’ Y*; V(wo""t*v Y*)a 'l’jl’(wo +t*, Y*))"‘

n
—L D) (@041, T¥)— (1%, T¥)] .

r=1

Observe now that, by the definition of H(ty and by (59.11), we have
(see § 4)

Ulay+1*, ¥*) < V{@y+1*, X*)+ 11 (1% .
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By the last inequalities and by condition W, (see § 4) imposed on
the functions f(’)& Y, U,Q), it follows from (59. 12) that
D) < f’(w(. A%, T4, T (1%, T*) -+ 37 (1%), Wie(g+2* )
mff(‘”ﬂ + 0 Y V(@ + 0, T4, ”Ji'(‘z"o‘l‘t*s )~

I

—L > 1), (4 1%, T*)—), (wg-+1*, T*)|.
~1

Sinee 7 (1*) = 0, we get from the last inequalities, by (59.1), that
(59.13) D) < osftr, SE () .

Thus we have proved that, for every j, inequality (59.13) holds true
whenever * ¢ B, Hence and by (59.2) and (59.7), inequalities (59.6)

follow from the first comparison theorem (see § 14). This completes
the proof.

Remark 59.1 (*). Theorem 59.1 can be derived from Theorem 57.1
without having recourse to the first comparison theorem. Indeed, for
¢ >0, denote by 2(t; &) = (wy(t; &), -.., wm(; &) the right-hand maximaom,
solution through the point (0, ¢, ..., &) of the comparison system

Since, by (.)9.2), £(t,0) = 0, we infer, by Theorem 10.1, that, for
¢ > 0 sufficiently small, 2(?; ¢) is defined on [0, y) and

(59.14) limQ(;5) =0 on  [0,7).
Consider now the Enction
Ve, ¥) = Q@—wy; &) +V(z, ¥) = (2, X), ..., 5"(@, Y))
in the pyramid (57.1), which we denote by D, and put
B =, Y)eD: Uw, V) <@, T)} (i=1,2,..,m).

Fix an index j and let (4%, ¥*) e B'; then, since wj(@*—a; &) > 0,
we have (a*, ¥*) ¢ ' and hence, by the second inequality (59.4), we get
Flar, X*) = flla*, T, Vie*, T*), vh(e*, T*) + of(e* —o; €)

= fl(o*, %, V(a*, T*), vh(a*, T*)) + osfa* — @, (2% —o; €)) +&
= f(a*, X*, V(a*, X* ),vy(m* ¥*) +
[ (er, X*, V (22, T*), Tha*, T*)—
—f(a*, X%, V(a*, X*), 8(e*, X))+
—}-g,(m*-——mo,V(m y X~V (a*, T4)] +e

() This remark is due to P. Besala.
J. Szarski, Ditferential inequalities 12
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Since 17(:0*, ) -V (z*, T*) = 2(a*—uy; &) > 0, it follows from the
last inequality, by (69.1), that ®

(59.15) Fla*, T > filor, T*, V(@*, T*), 5h(a*, ) .
By (59.3), we have
Vo, X) =V (w0, ¥)+R(0—m55 &) >V (%0, ¥) > Ulo, ¥),

and ‘hence, by the first inequality (59.4) and by (59.15), we get from
Theorem 57.1 that

Ulw, ¥) < V{0, X¥) = Ve, ¥)+Q(@—u; ¢)

in the pyramid (57.1). From the above inequality and from. (59.14) we
obtain in the limit (letting & tend to 0) inequalities (59.5).

The usefulness of Theorem 59.1 with weak assumptions concerning
the regularity of functions »/ and v/ and differential inequalities in the
set B, will appear in the proof of Theorem 61.1.

Bxampre 59.1. Suppose u(xz, ¥) to be of class D in the pyramid (57.1)
and to satisfy there the differential inequality

n

U T D) Ny, (==L D) |u),

r=1 =1

where L > 0, and the initial inequality

u(me, Y) < (ulm, Y) =),

where 7.is a constant. Then we have in the pyramid (57.1)
w(m, Y)<n  (ulz, X)=7).
This follows immediately from Theorem 59.1 (for m = 1) if we put
vz, Y) =1

Remark 59.2. Theorem 59.1 remains true if inequalities (59.1) are
replaced by somewhat less restrictive omnes, viz. '

. ) ~ o~ N n
fla, ¥, U, Q~f(a, ¥, ¥, Q) < o (o—a0, max (uie W) +I D 06— Gl
- 4 Jem1 :
(1=1;2,..,m),
Whenefver U > U, wheré o(t,v) is the right-hand side of a comparison
faquat_lon (.)f type II (see § 14). The proof of this variant of Theorem 59.1
is quite similar to that of Theorem 59.1 and is carried out by,applying

the second comparison theorem (see § 14)‘11.0 the function M (t) = max i,
where #’ (t) are defined like in the proof of Theorem 59.1.
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In a natural way the question arises whether in Theorem 59.1 strong
initial inequalities (59.3) imply strong inequalities (59.5) in the pyra-
mid (57.1). We are going to answer this question in the case m =1,
introdueing some additional more restrictive hypotheses. We start by
recalling a definition from the theory of first order partial differential
equations.

Consider a first order partial differential equation

(59.16) Ug = f(@y Ty Uy Uy oony Uy)

and suppose f (2, ¥, %, @) to be of class (* in some region whose projection
on the space (z, Y) contains the pyramid (57.1). The characteristic equa-
tions, corresponding to (59.16), are of the form (40.5). Its solutions are
called characteristic strips. Let w(xz, Y) be an arbitrary function having
first derivatives in the pyramid (57.1). We say that u(z, Y) is generated
by characteristics of equation (59.16) if, for every point (z*, ¥*)
= («*, ¥}, ..., y5) in the pyramid (57.1), there is a characteristic strip

Y(@) = (’.’/1(‘”)5 () yﬂ(w)) , Q@)= {41("‘-'”'): ey qﬂ(m)) , (@)

defined on the interval [, #*], such that

Y(a*) = T*,
(59.17) lyu(@)—il < ap—Li@—m) for @ <z<ar (k=1,2,..,1n),
gx(@) = uyle, Y(@) (k=1,2,.,n), w@)= ulz, ¥ () .

Tt is a well-known fact that a function of class C* generated by char-
acteristics is necessarily a solution of (59.16).

We are now able to state the next theorem, whose proof resembles
that of Theorem 57.1.

TEEOREM 59.2. Suppose f(z, ¥, u, Q) to be of class O in some region,
whose projection on the space (x, ¥) covers the pyramid (57.1) with L > 0,
and to satisfy the Lipschitz condition

(59.18)  |f(@, ¥, u, Q) —1(e, ¥, u, DI <L D lax—Td

k=1

7
for Z Igx—arl > 0.
k=1
Suppose that solutions of system (40.5) are wuniquely deterw}necl by
initial data. Let u(z, Y) and v(w, ¥) be of class D in the pyramid (57.1)
(see § 37) and satisfy there initial inequality

(59.19) (2, ¥) < (%, ¥)
12%
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and differential inequalities
(59.20) U < f (24 Y!“y"‘{l’): v 2 (2, ¥, v, 09).

Assume finally that both u(x, Y) and v(x, Y) are generated by charac-
teristics (*).

Under these assumptions we have
(59.21) ) u(z, Y)< vz, ¥)
in the pyramid (57.1).

Proof. By (59.19) and by the continuity, there is an & (2, < F < 2, +y)
such that (59.21) holds true in the pyramid (37.1) for @, < # < @. Denote
by «* the least upper bound of such numbers Z. We have to prove that

* = @, +y. Suppose it is not true and hence 2* < ®,+7y. Then there is
obviously a point Y* such that (#*, ¥*) belongs to the pyramid and

(59.22) w(z*, Y*) = v(a*, Y*).

.

Now, there are two cases to be distinguished.

Case I. Suppose (o*, ¥*) is an interior point of (57.1). Then—Ilike
in the proof of Theorem 57.1—we have

(59.23) Ug(@*, T*) = oy (@*, T%)  (k=1,2,...,m).

By (59.22), (59.23) and by the uniqueness of solutions of system (40.5)
the characteristic strip corresponding to #(z, ¥) and satisfying (59.17)
is identical on the interval [a,, #*] with that corresponding to v(z, ¥).
Hence, for # = #, in particular, we have

“(a;oy Y(wo)) = ’l’(mo; Y(wo)) ’
which contradicts (59.19).
Case II. Suppose (2*, Y*) is a point on the side surface of the pyra-

mid (57.1). We can assume—like in the proof of Theorem 57.1—that
we have (57.9). Then, by a similar argument, we get

u”p(w*’ Y*)_'Dup(w*’ =0 =1, 2,..,8),
(59.24) Uy (0¥, Y*)—vy(2*, T*) <0 . (g = 841, ..,847),
Up(@*y X*)— vy (0*, ¥Y*) =0 (k= 8+r41,..,n),
and
(59.25)  ua(a*, T*)—uv,(a*, T¥)
> L[ Y (w0, T9)— v (%, 74)— 2 (uo*, T~y 2, )]
q

P

(*) This last assumption implies that if u(@, ¥) and v{z; ¥)
they are solutions of equation (59.16). ’

are of class O, then
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On the other hand, by (59.20) and (59.22), we have
Ug( 2%, Y*)—vg(a*, X*)
< f(”*, Y, u(a*, ), up(e*, Y*))“f(m*, Y*, w(z*, Y¥), vy(a*, Y*)) .

We can assume that

n
2, (e, T*)—oy(a*, T9)| >0,
=l
since otherwise we would have (59.23) and we would reach contradiction
like in case I. Now, from the lagt inequality we obtain, by (59.18) and (59.24)

x(@* ) X*) —vg(a*, T¥)

<L [Z (uz/p(-’”*5 %) — vy, (a*, Y*))" 2 (u‘yq(M*: T*)—vy,(*, Y*))]
D ]
what contradicts (59.25). Since in both cases we have reached a contra-
diction, the theorem is proved.

§ 60. Overdetermined systems of weak first order partial differential
inequalities. The theorem of this section will be derived from Theorem 59.1
by means of Mayer's transformation. Its proof is patterned on that of
Theorem 58.1.

THEOREM 60.1. Lot the functions i@, .., Bp Yuy ey Yy Uy weey U
Gy @n) =X, X, 0,Q) =1,2,..,m; 1=1,2,..,p) be defined in
a region which is positive with regard to U (see Definition 57.1) and whose
projection on the space of points (X, X) contains the pyramid (58.1). Assume
that, for every fimed 1, the functions X, Y,0,Q) (i=1,2,..,m) satisfy
condition W with regard to U (see § 4) and the inequalities

o~

(601) fiX,¥,U,Q—fiX,Y,T,Q

3 b0, U= 0)+L Y la— Tl

T k=1

=1
(6=1,2,..,m;1=1,2,..,p),

=

< o0y

whenever U = U, where oit, V) are the right-hand sides of a COMPATESON
system of type I (see § 14). What concerns the comparison system, we Suppose
that

oift,0)=0 (i=1,2,..,m)

and that for its right-hand mazimum solution through the origin Q(t; 0)
we have
(60.2) Q(;0)=0.
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Let U(X, Y) = (WX, X), .., w (X, ¥)) and V(X, Y) = (W\(X, Y), ...
e, (X, X)) be continuous in the pyramid (58.1) and satisfy initial

inequality

(60.3) U(Xy, ¥) <V (X, )

Denote by D the pyramid (58.1) and put

F={X,N)eD: w'(X,Y)> (X, Y)} (i=1,2,..,m).

Assume that for every fimed §, whenever (X, Y)e @, then /(X , Y)
and vi(X, Y) possess first derivatives with respect to ¥ and Stolz’s differen-
tials with regard to X at (X, Y) and, moreover, Siole’s differentials with
respect to all variables if (X, Y) belongs to the side surface of D, and satisfy
at (X, X) differential inequalities

) 7 1 m . f i
Uy <X, Yywy o, u™, Uy, ooy Uy,)

i 7 1 m 7 7
O 2 fi(X, X, v,y 0" 0, Vy,) -

(60.4) (1=1,2,..,p)

This being assumed, inequality

U(X, Y)<V(X,Y)
holds true in the pyramid (58.1).

Proof. Proceeding like as in the proof of Theorem 58.1 define, for
A = (L, ..., ) satisfying (58.5), U(x, ¥; 4), V(2, ¥; 4) and Fi(z, Y,
U, @; 4) by formulas (58.6) and (58.9) respectively. Then U@, ¥; 4)
= (@@, Y; 4), .., 8", ¥; 1) and T, T; 4) = @, ¥; 4), ..
-y 3@, ¥; 4)) are continuous in the pyramid (58.7), where y/A satis-

fies (58.8) and the functions F* satisfy condition W, with regard to U.
By (58.9) and (60.1), we have '

. p . o —_ 2
Pz, ¥, U,Q; A)—Fz, ¥, U,Q; A)< Aoy Ay U — U)—{—ALZ lqn— el
k=1
. (4=1,2,..,m),
Vv.rhenever U > U. Netice that for the comparison system of type I with
1'1ght-h.a,1_1d 'suies Aoi(2t, U) the right-hand maximum solution through
!:he origin is, by Thejorem 36.1, Q(A1; 0) and, therefore, by (60.2), it is
%dentmally zero. In virtue of (60.3), the funetions I and ¥ satisfy initial
inequality
T, ¥; )< 70, 7; 4).
Denote by D; the pyramid (68.7) and put

B = {(#, ¥) e Ds: W(w, ¥; A) > F(w, T; A)} (i=1,2,..,m).

icm
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Fix an index j and let (z, Y) ¢ Ei; then, obviously, we have
(Xo+Aw, Y) e & and hence o’ and p”' have at (X,+ 42, Y) that regularity
which was assumed at points of ¢ and they satisfy inequalities (60.4)
at (X,+ Az, ¥). From this we infer that, for (s, ¥) ¢ B}, the functions
Ww, ¥; A) and Bz, ¥; 4) have at (¢, ¥) the regularity required in
Theorem 59.1 and that they satisfy differential inequalities

W<, X, T, 4), WP, Y,7,%; 4

at points of E.. Thus we see that, for A subject to conditions (58.5),
the functions U(z, ¥; 4), V(z, ¥; A) and Fz, Y, U, @; A4) satisty all
the assumptions of Theorem 59.1 in the pyramid (58.7). Hence we have
in this pyramid . .

Ule, ¥; A)<V(2, ¥; 4)

and in particular, by (58.8),

(60.5) Ta,y; )<V, ¥; 4).

Now let (X, ¥) be an arbitrary point in the pyramid (58.1); then
A = X— X, satisfies conditions (58.5) and, by (58.6) and (60.5), we get

U(X,Y) =00, Y; X-X) <V, ¥; X-X) =V(X, 1),

what was to be proved. N
Since non-overdetermined systems of equations or inegualltles are
particular cases of overdetermined ones, from now on we will formulate
and prove theorems only for overdetermined systems.
From Theorem 60.1 immediately follows the next corollary on the
right-sided unigueness of the solution of the Cauchy problem.

COROLLARY 60.1. If the vight-hand members of the system of equations

i 1 mn i i
'U/;:; =X, Yy Uy ey @5 Uyyy oo Uy

(=1,2,.,m; 1=1,2, ey P)

(60.6)

satisfy assumptions of Theorem 60.1, then the C’quchy problem fo'; .:?/s-
tem (60.6), with initial data set on X = X,, admits at most one solution
of class D (see § 37) in the pyramid, (58.1).

§ 61. Comparison systems of first order partial differential equations.
A system of equations
17151 = h%(fly ooy &py X, ’”17 (S '”mi lvfll) L] ”;m)

(@ =1,2,.,m l=1721~";_’p)

(61.1)
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will be called comparison system of partial differential equations it the
following conditions are satisfied:

1° M(E, ¥,V,Q) (i=1,2,..,m; L=1,2,..,p) are defined and
non-negative for ¥ >0 and @ > 0 and for (%, ¥) in the pyramid

D
0< 4, ZEJ<V (Z=1,2,---,f1)),
=

»
e—inl <a—L D' & (k=

i=1

1,2,..,9),

where 0 <L < +o0, 0 < az <00, y < min(ayl);
k

2° for every fixed I the functions M(Z, ¥,V,Q) (i =1, 2, ey )
satisfy condition W. with respect to V;

3° inequalities

/]
(613) (%, ¥,7,Q—ME, ¥, 7, <o Y &, v—7)
r=1

"
+L D g —Tl
k=1

(i=1,2,..,m;1=1,2,..,p)

are satisfied whenever V > ¥, where oi(t, V) are the right-hand sides
of a comparison system of type I (see § 14) with o4(t, 0) = 0 (t=1,2,..,m)
and with the right-hand maximum solution through the origin
Q(t; 0) = 0.

By a solution of the comparison system (61.1) we will mean a sequence
of non-negative functions V (5, ¥) = W&, 1), ..., v™8E, Y)) of class D
in the pyramid (61.2) (see § 37), satisfying equations (61.1), and such that
(61.4) WE )0 (6=1,2,..,m).

Using the above defined comparison system we will prove the follow-
ing theorem on absolute value estimates:

. THEOREM 61.1. Let o comparison system of partial differential equa-
tions (61.1) be given. Suppose that the functions U (X, Y) = (w'(X, 1)
vy WX, X)) are of class D (see §37)

P

in the pyramid

61.5) D jm—dl <y,

=1 )2, 0, m)

»
r—gul Sa—L Y lm—4] (=1,
=1
and satisfy differential inequalities

(61.6) Jun| <H(X—X,|, ¥, U], |uk]) (i=1,2,..,m;1=1,2,..

1 D)5

icm
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where X = (B, -y &p). Let finally V(E, Y) (’ul(E, ),y ey
o solution of the comparison system (61.1) such that
(61.7) |U(X,, )| <V(0,Y).

Under these assumplions we have in the pyramid (61.5)
(61.8) |U(X, D LSTV(X-X, Y).

Proof. It is clear that the assumptions of Theorem 61.1 are invariant
under the transformation

Fy— by = gyl —B1) (1=1,2,..,p),

where |gl = 1. Hence, it suffices to prove (61.8) in the right-hand pyra-
mid (58.1). Put ~ - i
61.9) U(E,Y) =|UX+E, V)|, WEY,V,0)="nE,7Y,} QD
(fi=1,2,..,m;l= 1,2,..,p).

It is obvious, by (61.3), that

i n
RE, X, 7, Q—TE, 1,7, @ <o D) & 7—T) +Lk§ |gs— s

=1
(i=1,2,..,m; 1=1,2,..,D),

whenever ¥ = 7. By (61.7), we have
U, T)<V(©, ).

Denoting the pyramid (61.2) by D, put

G ={E, Y)eD: WE T)>NE T} (i=1,2,.m)-

i . 7’ -
Fix an index j and suppose that (5%, X*) :Gj. 7.Smcehu (eX, Y) is
of class D in the pyramid (58.1) and for (=%, Y*) e @ we hav

[ ( Xy -+ 8%, T*)| = w(E*, T*) > (B, ¥ =0,

(8, Y) has at (&%, X¥) first derivatives
to & and, moreover,
belongs to

it follows that the function @ ) 5 i
with respect to ¥ and Stolz’s differential Wlfjh rega.iE gl
Stolz’s differential with respect to all va:rla;l;l*es 1* (HG;
the side surface of D. Further we have at (8%, ¥*)¢

IEH = |u§7] .

ﬂ;lglu;l] (l 1127""p)’
= i
Hence, by (61.6) and (61.9), we get for (E*, Y e &

- — i
ﬁg‘(E*’ < h;(E*, X+, U(&*, X%, wr(E, Y*))
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On the other hand, V (&, Y) being a solution of system (61.1) we
have, by (61.4) and (61.9),

W(E%, T¥) = B(E, T, V(E%, T%), (8, %)  (1=1,2,..,p).

Thus we see that the functions U, V and B satisfy all the assumptions
of Theorem 60.1 in the pyramid (61.2) and therefore inequality

holds true in the pyramid (61.2). But this is equivalent with (61.8) in
the right-hand pyramid (58.1), what was to be proved.

§ 62. Estimates of solutions of first order partial differential equations
and a uniqueness criterion. In this section we deal with analogues of
Theorems 37.1 and 38.1 in the case when, instead of a comparison
system of ordinary differential equations, we use a ecomparison system
of partial differential equations. The next theorem iy an immediate conge-
quence of Theorem 61.1.

TEEOREM 62.1. Let the right-hand sides fi(X, ¥, U,Q) (i =1, 2, ..., m;
1=1,2,...,p) of system (60.6) be defined in a region whose projection
on the space of points (X, Y) contains the pyramid (61.5). Suppose the
inequalities

X, ¥, U, Q) < W(X—X, ¥, |0, Q)
(t=1,2,...,m; 1=1,2,..,p)

10 be satisfied, where Ky(E, ¥, V, Q) are the right-hand sides of a comparison
system of partial differential equations (see §6l). Let UX,Y)
= (WX, T), ..., w™X, Y)) be a solution of system (60.6) of class D (see
§ 37) in the pyramid (61.5). Suppose that V (&, ¥) = (&, X), ..., v™E, X))

is a solution of the comparison system (61.1) (see § 61) such that
[U(X,, T)| < V(0, X).
Under these asswmptions we have
U, DI<V(X-xy, )
in the pyramid (61.5).

The example we give below shows that, in general, the estimate

obtained by means of Theorem 62.1 is sharper than that given in Theo-
rem 37.1.

Examrre. Consider an equation

(62.1) Up = (@ Y, u, uy)
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and let its right-hand side be defined in a region whose projection on the
plane of points (#,y) containg the pyramid

™ ki T
(62.2) lo—al <v, !2/—1]<1—Llw—%1, Y <qf -

Suppose that
(62.3) 1@, 9,y u, )] < Klul+Llg|+C,

where K > 0, ¢ > 0. Let u(x, ) be a solution of (62.1) of class D (see §37)
in the pyramid (62.2) and satisfying the initial condition

(62.4) u(%g, y) = siny . |
It follows from (62.4) that
< s =1.
(62.5) [ (20, Y)| < b (@, ¥)]

If, in order to get an estimate of |u(z, y)], we want to a,p'ply Theo-
rem 37.1, then the comparison equation of type I (see § 14) is

do .
a*t" :K'UT(]

and its only solution through (0,1) is
. €\ C
w(t) == 61“<1—|—R—>-‘-F .
Hence, by Theorem 37.1, we get the estimate

—— gy ¢
(62.6) lulz, y)| < eXle- °(1+'K—‘ -7
in the pyramid (62.2). Now, if we apply Theorem 62.1, the comparison
partial differential equation iy
vy = Ko+ Lo, +C
and its only solution v(£,y) in the pyramid

K T

0 E<y, ly-4’g1_L§,
satistying the initial condition
(0, y) = |u (@, y)| = siny,
is
v(¢,y) = er[sin(erLs)Jr%]_KO ,
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Therefore, by Theorem 62.1, we obtain the estimate which is obviously
sharper than the estimate (62.6).

THEOREM 62.2. Suppose the right-hand sides of system (60.6) and
of system

(62.7) b =giX, Y, U,uk) (i=1,2,.,m;1=1,2,..,p)

are defined in a region, whose projection on the space of points (X, ¥) contains
the pyramid (61.5), and satisfy the inequalities

(X, ¥, U,Q)—d(X, ¥, T, Q)| <hi( XX, ¥,|U~ T, 19—Q))

(i=1,2,..,m; l=1,2,..,p),
where WS, ¥,V,Q) are the right-hand sides of a comparison system of
partial differential equations (see § 61). Let T (X, ¥) and U(X, Y) be two
solutions of system (60.6) and of system (62.7) respectively, of class D
(see § 37) in the pyramid (61.5). Suppose finally that V (5, ¥) is a solution
of the comparison system (61.1) such that
|T(X,, ¥)— U(X,, X)|<V(0, Y).

This being assumed, we have

17X, 7)-U(X, Y)| < V(X-X|, T)
in the pyramid (61.5).
Proof. Theorem 62.2 follows from Theorem 61.1 when we put there

UX,Y) =X, 0)-T(xX, 7).

From the last theorem we derive the following uniqueness criterion.

COROLLARY 62.1. Suppose the right-hand sides of system (60.6) are
defined in a region whose projection on the space of points (X, X) covers the
pyramid (61.5), and satisfy the inequalities

X, X, T, Q—/(X, T, T, ) < WX~ X, ¥,|U—= T, |[@—@)
(t=1,2,..,m; I=1,2,..,p),

where 7%5(5, .Y, V,Q) are the rvight-hand members of & comparison system
of partial differential equations (see § 61). Assume that

(62.8) (5, 7,0,00=0 (i=1,2,.., m; l=1,2,..,p).

This being supposed, the Cauchy problem for system (60.6) with initial

data given on X = X, admits at most one solution of class D (see § 37)
in the pyramid (61.5).
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Proof. Observe first that, by (62.8), V(&, ¥) = 0 is a solution of the
comparison_system (81.1), satisfying the initial condition V(0, ¥) = 0.
Hence, if lNT(X , ¥) and U(X, ¥) are two solutions of system (60.6), of
class D in the pyramid (61.5) and satisfying the same initial conditions, i.e.

U(Xy, Y)—U(X,, ¥) =0,

then, by Theorem 62.2, we have

Tx,Y)-0(X,2) =0

in the pyramid (61.5), what was to be proved.
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