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PREFACE.

This edition differs from the firstl) by the new arrangement
of the confents of several chapters, some of which have heen completed
by more recent results, and by the suppression of a number of errors,
obligingly pointed out by Mr, V. Jarnik, which formed the object
of the two pages of Hrrata in the first edition. It is probable that
fresh errors have slipped in owing to modifications of the text, but
the reader would certainly find many more, if the author had not
received the valuable help of Messrs J. Todd, A. J. Ward and
A. Zygmund in reading the proofs. Also, Mr. L. C. Young has greatly
exceeded his role of translator in his collaboration with the author.
To all these I express my warmest thanks,

This volume contains two Notes by. 8. Banach. The first
of them, on Haar’s measure, is the tramslation (with a few
slight modifications) of the note already contained in the French
edition. of this book. The second, which concerns the integration
in abstract spaces, is published here for the firgt time and com-
pletes the considerations of Chapter L.

The numbers given in the hibliographical references relate
to the list of cited works which will be found at the end of the book.
The asterisks preceding certain titles indicate the parts of the hook
which. may he omitted on first reading.

S. Saks.

W arszawa-Zoliborz, July, 1987.

1) 8, 8aks, Théorie de I'Intégrale, Monografie Matemabyczne, Volume II,
Warazawa 1933,



PROM THE PREFACE TO THE FIRST EDITION.

The modern theory of real functions became distinet from. clas-
sical analysis in the second half of the 19-th century, a8 a reguh}x of
researches, unsystematic at first, which dealt with the foundations
of the Differential Caleulus or which concerned the discovery of
functions whose properties appeared to be very strange and un-
expected.

The distrust with which this new field of investigation was
regarded is typified by the attitude of H. Poincaré who wrot 34 Awidro-
fois quand on inventuit wne fonction nouwvells, ¢'ctall en vue e guelgue
but pratique; aujour@hui on les invente loul exprs powr meltre en diforut
les raisonmements de nos péres et on m'en tirera jamais que colt’.

 This view was by no means isolated. Ch. Hermite, in a letter
to T. J. Stieltjes, expressed himself in even stronger terms: ‘e e
détourne avee, effroi et horreur de cette plaie lamentable des fonctions
qui w'ont pus de deérivdes”. Researches dealing with non-analytic
functions and with funetions violating laws which one hoped were uni-
versal, were regarded almost as the propagation of anarchy and
chaos where past generations had sought order and harony. Even
the first attempts to establish a positive theory were rather scoptically
received: it was feared that an excessively pedantic exactitude
in formulating hypotheses would spoil the elegance of classical
methods, and that discussions of details would end by obscuring
the main ideas of analysis. It is true that the first resenrches hardly
went beyond the traditional, formal apparatus, fixed by Canchy
and Riemann, which was difficult to adapt to the requirements
of the new problems. Nevertheless, these researches suceeeded in
opening the way to applications of the Theory of Sets to Aualysis,
and — to quote H. Lebesgue’s inaugural lecture at the Collége
de France — “the great authority of Camille Jordan gave to the new
school o valuable encouragement which wmply compensated the few
reproofs it had to suffer’.

R. Baire, E. Borel, H. Lebesgue —these are the names which
represent the Theory of Real Funetions, not merely as an object of ve-
searches, but also as a method, names which at the same time rocall
the leading ideas of the theory. The names of Baire and TBorel
will he always associated with the method of classification of
functions and sets in a transfinite hierarchy by means of cerlain
simple operations to which they are subjected. Execellent accousnls
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Q)f this :subgut 21;.1‘0 1o ]JC’. found in the treatises: Ch. J. de la Vallée
i()‘ll(l) 5 leg-a £_31sz1sz>1.,\ (1;_67@&077}‘516, Intégrale de Lebesgue, Classes de EBaire,
016, F. Ha sdorft, Mengenlehre, 1927, H. Hahn, Theorie
der mmlla‘n‘, Fumktionen, 1933 (recent edition), . Kuratowski, third
volume of the present collection, and finally in the book of W.Sier-
pinski, Topolvgie ogilng (in Polish), and its English translation
Gencral Topology, to be published in 1934 by the Toronto Un.iz
versity Press.

The other line of researches, which arises directly from the
H!.]lldy of the foundations of the Integral Caleulus, is still more in-
timately connected with the great trains of thought of Analysis in
the last (‘,e.n.tﬂ:l.;'y. On several oceasions attempts were made to gen-
eralize the old process of integration of Canchy-Riemann, but it
was Lebesgue who first made real progress in this matter. At the
same time, Lebesgue’s merit is not only to have created a new and
more general notion of integral, nor even to have established its
intimate connection with the theory of measure: the value of his
work consists primarily in his theory of derivation which is paralls]
to that of integration. This enabled his discovery to find many
apphications in the most widely different branches of Analysis and,
from. the point of view of method, made it possible to reunite the
two fundamental conceptions of integral, namely that of definite
integral and that of primitive, which appeared to be forever
separated  ay soon as integration went outside the domain of
continuous funetions.

The theory of Lebesgue constitutes the subject of the present
volume. While distinguishing it from that of Baire, we have no
wish Lo ereet an artificial barrier between two streams of thought
which naturally intermingle, On the contrary, we shall have frequent
oceasion, particularly in the last chapters of this book, to show expli-
citly: how Lehesgue’s theory comes to he bound up not only with
the results, but also with the very methods, of the theory of Baire.
Iy not the idea of Denjoy integration at bottom merely a striking
adaplation of the idea which guided Baire? Where Baire, by repeated
application, of passage to the limit, widened the class of functions,
Denjoy coustruetoed o transfinite hierarchy of methods of integration
starting with  that of  Lebesgue and whose successive stages
are connected by two opergbions: one corresponding exactly to the
generalized integral of Cauchy and the other to the generalized inte-
gral of Harnaek-Jordan.



VI

Now that the Theory of Real Funetions, while losing perhaps
a little of the charm of its first youth, has ceased to be a“new” seience,
it seems superfluons to diseunss ity importance. It is known that the
theory has brought to light regularity and harmony, unhoped tor
by the older methods, conecerning, for instance, the existence
of a limit, a derivative, or a tangent. It is enough to mention the
theorems, now classical, on the behaviour of & power series own, or
near, the boundary of its circle of convergence. Also, many
hranches of analysis, to cite only Harmonic Analysis, Integral Equa-
tions, Funetional Operations, have lost none of their elegance where
they have been inspired hy methods of the Theory of Real Functions.
On the contrary, we have learnt to admire in the arguments not only
cleverness of calculation, but also the generality which, by an apparent
abstraction, often enables us to gragp the real nature of the prohlen.

The object of the preceding remarks has been to indicate the
place occupied by the subject of this volume in the Theory of Iveal
Functions!). Let us now say o few words about the structure of thehook.
It embodies the greater part of a course of lectures delivered hy the
author at the University of Warsaw (and published in Polish in
a separate book?)), which has heen modified and completed by
several chapters, The reader need only be acquainted with a few
elementary principles of the Theory of Sets, which are to be found
in most. courses of lectures on elementary analysis. Actually a sum-
mary of the elements of the theory of sets of points is given in one
of the opening paragraphs.

Several pages of the book are inspired by suggestions wd
methods which ¥ owe to the excellent university lectures of my
teacher, W. Sierpitiski, the influence of whose ideas has often
guided my personal researches. Finally, I wish to express my warmest
thanks to all those who have kindly assisted me in my task, partic-
ularly to my friend A. Zygmund, who undertook to read the manu-
script. T thank also Messrs Q. Kuratowski and H. Steinhaus for
thei¥ kind remarks and bibliographical indications.

8. Saks.
Warszawa, May, 1933.

1) In this preface, I made no attempt to write o history of the carly
days of the theory, and still less to settle questions of prierity of discovery.
But, since an English Edition of this book is appearing now, I think L ought to
mention the name of W.H. Young, whose work on the theory of intoegration
started ab the same period as that of Lehesuue. »

' #) Zarys teovji calli, Warszawa 1930, Wydawnictwo Kasy im. Mianow-
skiego, Instytutu Popierania Nauki,
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The first numbers refer to pages, the second to lines; starred numbers
denote lines eounted from the foot.

for: rend:

4, 14 P. J. Daniell [2], P. J. Daniell [1; 4; 5],
4,‘12* 8. Bochner [1], G'Bjrl;]foéfu[;]f'ofé]?;;;inerm’
8,14* a/0= +co. af0=z£00 according ag a3=0 or a <0,
17,9* W. Sierpinski [3], W. 8ierpinski [14],
30.13% P. J. Daniell [2] P. J. Daniell [4]

’ spaces, (For various examples of
418" spaces. Carathéodory measures in metrical

spaces see also A, Hadar [1]
and A. Appert {1])

all the sets X for which
TI'(X)=0 (in particular, it
ineludes the empty set).

93,0 authors, authors. Cf, alse N. Duunford [1],
110,38 (dm41)"a M| Epl<(dm+1)"e 1 (dm1) el DB <(dm+ 1) a8
" n

the empty set and all the sets X

. 1t
£4,17-—10 for which I'(X)=0.

T, Radd[I;1;4]; alko E.J.
MeShane [1], C. B, Morrey[1]
and T, Radbd [5]

183.8* T. Rado [I;1; 4]
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f-integral which for funections belonging
(2). We then have
represented by the

Now let ' be an :
to G ecoincides with the functional f subject to

P(z) = lim F(2,) = UM fa (&) If further f. 18

formula (4), then

Plr)= limf... fm(&” 80,0, @ (B s 9,) 49 o 8,

n >
LA sl

and, in particular, if g, is given by (5),
' ’ A%y ...
F(aﬂ)zlimf...fm(&,, coor Py 0y 0’"')9""’1——-_—_157?...]"1—192—-...»——9‘,11_“1

n,
#2F8E

This formula defines explicitly a certain f.integral for all func-

tions bounded and continuous in H. _
The above considerations may be extended to certaln

of the type (B) (cf. 8. Banach [1, Chap. V]), e. g. the spaces
¥ with p>1. |

spaces
T(”)
I
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Almost, 14.

Angle, 310.

Area, of an iuterval, 59; Elewmentary,
of a polyhedron, 165; of a continuous
rurface, 165.

Bawnda-%y of a set, 40.

Centre, of an open sphere, 40; of a ¢los-
ed sgphere, 4{.

Chain of points, 122.

Classes of sets, Additive, 7; Completely
additive, 7; Additive in the weak sense,
7; Complete with respect to a meas-
ure 88,

Closure of a set, 40.

Coefficients of an approximate differen-
tial, 300.

Complement of o sel, 6.

Condition, of Lipschitz for functions of
two variables on an interval, 169; (I,
192; (17), 192; (1), 192; Lusin’s, (N),
224; of Lipschitz for functions of a
real variable on aset, 264; (T,), 277;
(Ty), 277; (B), 282; (D}, 290; of Lip-
schitz for functions of two variables
on a set, 304.

Contingent, 263.

Coordinates of a point, 56.

Oubes, 57; Open, 57; Half open, 37.

Covering in the sense of Vitali, 109.

Curves, 121; rectifiable on an interval,
122; Reetifiable, 122.

Decomposition, Jordan, of a function
of a set, 11; Jordan, of a funetion of
an intevval, 62; Lebesgne, of a fune-
tion of a set, 35; Lebesgue, of a funce-
tion of an interval, 120.

Denxities, Outer upper and lower, 128:
Upper and lower. 129; Right-hand
and left-hand, 215.

Derivates, Greneral upper and lower, 106;
(Ordinary) upper and lower, 106;
Strong upper and lower, 106; Unique,
106; Extreme, 106; Bilateral, 108:Unij-
lateral (right- and left-hand)108; Dind,
108; relative to a set, 108; with res-
peet to a function, 108; Intermediate,
108; Symmetrical, upper and lower,
149; with respeet to a measure and a
sequence of nets in a metrical space,
154; with respect to a sequence of
nets of infervals, 188; Approximate
right-hand and left-band, wpper and
lower, 220; Approximate hilateral,
upper and lower, 220; Opposite, 269.

Derivative, General, 106; Ordinary,
106; Strong, 106; Unilateral, 108;
relative to a set, 108; with respect to
afunetion, 109; with respect to 2 mea-
sure and a sequeunce of nets in 2 me-
trical space, 154; with respect to a se-
quence of nets of intervals, 188; of
a complex function, 198: Roussel,
210; Approximate, 220.

Diameter, 40.

Difference of sets, 5.

Differential, Total, 300; Approximate,
300; Upper and lower, 369; Extreme,
309.

Direclion of a half-line, 262,

Distance, of points, 39; of a point and
a set, 40; of sets, 40; of points in an
Eunclidean space, 56; of points in the
torus space, 157.

Element of a set, 4.
Expressions of de Gedeze, 171,

Flaces of an interval, 57; of a polyhedron,
164.

Families of sets, see Classes of sets.

Figure, 58, Elementary, 58.
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TFunction of singularities, of a funetion
of a set, 85; of a function of an inter-
val, 120.

Functions (of a compler mriablc:), Com-
plex 195; Holomorphie, 195; Deri-
vable, 196, .

Functions (of an inferval), 59: Contm«
uous, 59; continuous and disccn.puv
wous at a hyperplane, 60; Additive,
61; of hounded variation, 61; Mougto-
ne non-decreasing and non-increasing,
81; Absolutely continuouns, 98; Sin-
aalar, 93; Major and minor, 191; Maj-
or and minor, with respect to a fune-
tion, 207. (See also Functions (of a real
variable).)

Funetionz(of a point), Finite 6 ; Character-
istie, of sets, 6; Simple, 73 Measurable
12; Integrable, 2¢; Upper and lower
semi-continuous, 42; Continuoug, -I_@E;
integrahble in the Lebesgue-Stietjes
sense, 63; integrable in the Lebesgue
sense, B3: SBummable, 65; Approx-
imately continuous, 132; Equi-mea-
surable, 143; Cylindrical, 159, (See
also Functions {of un interval) and
Funetions {of a real variable).)

Funetions (of a regl variable), 96; of
hounded variation, 96; Absolutely
continuous, 96; Singular, 96; Regular,
97; Raltus-, 97; integrable in the
sense of Newton, 188; J-integrable,
201; integrable in the sense of Per-
ron, 201; Approximately derivable,
220; of hounded variation (in the
wide sense) 221; VB, 221; of genera-
lized bounded variation (in the wide
sense), 221; VBG, 221; absolntely
continuous (in the wide seuse), 223;
AC, 228; generalized absolutely eon-
tinnous (in the wide sense), 223; ACG,
223; of hounded variation in the res-
tricted sense, 228; VB,, 228; of gene-
ralized bounded variation in the res-
tricted sense, 228; VBG,,, 228; abso-
lutely continuous in the restricted.
sense, 231: AC,, 231; geuneralized ab-
solutely contiunous in the restricted
sense, 231; ACGy,, 231; D-integrable,
241; D.qntegrable, 241; continnous
in the sense of Darboux, 272; Inner
and outer, of a superposition, 286;
Inverse, 286. (See also Functions (of an
interval} and Funelions (of ¢ point).)

Functions {of a set), Additive, 8; Mono-
tone. 8; Non-decreasing and non-in-
ereasing, 8:; Ahsplutely continuows
30, 68; Singular, 30, d4d.

Functions (of tworealvariables), of bound -
ed variation, 169; Absolnfely contin-
wous, 169; Totally ditferentiable,
300; Differentiable, 300; Appmox-
imately differentiable, 300.

G-mph, of a funection, 88; of a cuve, 121.

Half-plane, 263, 264.

Half-space, 263, 306.

Half-tangent, Intermediate, 262.

Hyperplane, 57; orthogonal to an axis,
57; Intermediate tangent, 268; Fx-
treme tangent, 263; Unigque tangent,
268; Tangent, 263.

Inerement of a funetion, 96.

Integrals, Definite, 19, 20, 46, 254; In-
definite, 29, 254; Lebesgue-Stieltjes,
65; Lebesgue, 065; Upper and lower
Burkill, 166; Definite and indefinite
Burkill, 166; Mean value, 178; Perron,
201, &, 201; Perron-Stieltjes, 207;
#3., 207; Denjoy, in the wide sen-
se, 241; Denjoy-Khintehine, 241;
Do, 241; Denjoy, in the restricted
sense, 241; Denjoy-Perron, 241; 9, -,
241; 4, 241; &, 244; Compatible,
254.

Interior of a set, 40,

Intervals, 57; Closed, 37: Open, 57;
Half-open, 57; Degenerate, 57; in the
torus space, 157,

Length, Quter, of a set, 54; of aset 54; of
an interval, #9; of arc of &4 curve, 122;
of a curve, 122.

Limdt, of a sequence of sets, 5; Upper
and lower, of a sequence of scts, 5;
of a sequence of points, 39; Approx-
imate, upper and lower, 218; Approx-
imate extreme, 219: Approximate,
219; Approximate bilateral and uni-
lateral, 220.

Lines, Straight, 56, 57.

M aximam, of a funetion at a point, 42;
Striet, 261.

Measure, 18; Outber Carathéodory, 43;
of a set, 46; Outer, of a set, 46; Reg-
ular outer, 50; Outer Lehesgue, 65;
Lebesgue, 65; - function, 117; Outer,
in the fiorus space, 157; in the torus
space, 158; Outer linear, of a set on
a line, 297.

Mesh of a nat, 153,

Mintmum, of o funetion at a point, 42,
Strict, 261.
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Neighbourhood of u point, 40.

Net, of closed intervals, 57; of halt open
intervals, 57; in a metrical space, 153;
Normal, of intervals, 188,

Nucleus of o delermining system, 47.

Number, Characteristic, of a family of
sets, 40.

Operation (A), 47.

Ordinate-set of a function, 88.

Oseillation, of a function of a point at
a point, 42; of a function of an inter-
val on a set, 60; of a function of an
interval at a set, 60.

Forameter, of regularity of a set, 106;
of a curve, 121.

Part, Common, of sets, 5; Non-negative
and non-positive, of a function, 13;
Absolutely continuous, of a funetion
of an interval, 120; Real and ima-
ginary, of a complex function, 195.

Ploane, 56, 57, Whole, 264. (See also
Hyperplane.)

Poinis, of a space, 6; of accumulation,
40; Isolated, 40; Internal, 40; of a cur-
ve, 121; of outer density, 128; of
dispersion, 128; of density, 129; Right-
and left-hand, of aceumulation, 215;
isolated on the right or the left, 215;
Unilateral (right- and left-hand), of
outer density, 215; of linear density
in the direction of an axis, 208.

Pulyhedron, 164,

Portion of a set, 41.

Primitive of Newton, 186,

Product of sets, 5; Combinatory, 82; Car-
tesian, 82.

Radi-us, of a neighbourhood, 40; of an
open sphere, 40; of a closed sphere, 40.
Relations, Denjoy, 2069.

Sequen-ccs, Convergent, of sets, 5; As-
cending and descending, of sets, §;
Non-decreaging and non-inereasing,
of sets, 53; Monotone, of sets, 5; Con-
vergent, of points, 40; Regular, of
nets of intervals, 57; Regular, of nets
in a metrical space, 153; of mean
value integrals, 178; Normal, of nets
of intervals, 188; Binary, of nets of
intervitls, 191,

Sets, Fmpty. +; Enumerable, 4: Meas-

urable, 7; Bounded, 40; Derived, 40;
Closed, 40; Isolated, £0: Perfect, 40:
Open, 40; Non-overlapping, 40; (),
£0; (), 40; (B), 11; measurable (B),
11; Borel, £1; closed in a set, 41; open
in aset, 41; everywhere dense in a set,
41; non-dense in 2 set, 41; of the first
and the second category (in a set), 41;
Separable, 41; measurable with res-
pect to an outer Carathéodory meas.
are, 44; regular with respect to an
outer Carathéodory mensure, 50; of
zero length, 54; of zero area, 54; of
zero volune, 54; of finite length, 54;
of finite ares, 54; of finite volume, 54;
Linear, 56; Plane, 56; Ordinate-, 88;
Measurable, in the torus space, 158;
Cylindrieal, in the torus space, 159.

Side of a hyperplane, 263; Empty, 263.
Space, Abstract, 6; Metrical, 39; Com-

plete, 54; Euclidean, 36; Toras, 157;
Whole, 806.

Sphere, Open, 40; Closed, 40.

Square, 57.

Rubdivision of o jfigure, 185.

Subsets, 4.

Sum of sets, &,

Superposition of functions, 286.
Surfaces, Continuvous, 164

System, Determining, 47; Degenerate

determining, 48.

Tangent. Intermediate, 263: Extreme,
263; Unique, 263.

Torus space, 157.
Translation, of a set by a vector, 9l;

in the torus space, 158,

Variation, Relative (upper and lower)
and absolute, of a funetion of aset, 10;
Relative (upper.and lower) and ab-
solute, of a function of an interval,
61, 62; of a function of a real variable,
96; of a funection of an interval at a set,
1686; Weak, 221; Strong, 228.

Vertex, of a polyhedron, 164; of an angle,

310.

Volwne, of an interval, 5¢; of an intervat

in the torus space, 157.



NOTATIONS.
CHAPTER L. ¢,4; (T, 4(264); 0),=,4; Z,5(258); I, 4+, —, liminf, lim sup, &;
Lim, 5 (39); (€), G4, €, (where Eisa class of sets), 5; C, 6; op (where & is a set), 6;
(o0 Bys oons B Bt (where E,, ..., B, are sets and o}, .-, Y, nembers), 7; W, W, W,
10 (61, 96); E, 12; f,j {where f is a function), 13; (%)f)‘d'u (where % is a class of
sets, f a fonction of a point and @ a measure), 20,

CHAPTER IL ¢, 39(40); lim, 39{3);0, 6, 4, 40; 8, 41 (122,165);8,41; 4", 4, A°
(where A iz a set), 42; 6, F, 40; B, 41; M, m, 42; o, 42 (60); L, (where I'is an
outer Carathéodory measure), 44; (I, f faI' (where I' iz an outer Carathéodory
measure and f a function of a po'mt): 46; N,47; A, 53

CHAPTER IIL R, 56; (%, .., T,,) (where x, ..., @, are real numbers), 56;
[@ys By eeni @pps B e oy bys es @ By (s bys ity boly (Bys Byyeens @ by (where
B> bys s iy, by, ATe real numbers), 57; G, S, 59; 0,60(254); o, 60(42);
W, W, W, 61 (10, 96); U* (where U is o function of an interval), 64; _ffclU (whers f is
a function of a point and U a function of an interval), 64; L, |(, 65 (117); fj'(m)dm
(where f is a function of a point), 86; x, 76 (82); UV {where U and ¥ are functions
of an interval), 76; x, 82 (76); ¥ (where ¥ and Y are classes of sets), 82; uw
(where ¢ and » are measures), 86; & (where T is a class of sets and * 8 measure),
87; A, 88; B,88 (121); Q@ (where § is a set and @ apoint), 91; W, W, W, 96
{10, 61); f(u+), fle—) (where j is a function and & a point), 87; F{I) (where
F is a function of a real variable and I an interval), 99; F[#] (where F is a fune-
tion of a real variable and ¥ a set), 100.

CHAPTERIV. r,D, D, D, 106 (154); €, 9,9, 8, &, &, 106, F T, F T, F F
FE,EE,FTE, f"l}r,E‘L‘,',ff’?, Iy, Ty (where B isaset, and ¥, U functions of areal vari-
able), 108, 109; L, 117 (65); p, 121; B, 121 (88); S, 122 (41, 165); /. j™,1%,1® (where
{ is a function of a real variable), 144; ]‘-8 (where f iz a function of two real vari-

ables), 147; D, ., D, ., 149; (a, D, (4, M) D, (0, M)D (where u# is & measure
and M a sequence of nets), 154 (106); Q,, 157; Q. &, &, (where m is an integer

and & a point in the torus space), 1687; L, L%, 157; 4., 158,

CHAPTER V. 8, 5165(41, 122); U(F) (where U is a funetion of an interval
and J a gystem of intervals), 165; J'U, fU, _[' 7 (where U is a function of an inter-
val), 166; W, W,, 169; Gy, Go, G, 171; Hy, Hy, H, 174,

CHAPTER VI. (MF, (ME, (M)F* (where N is a sequence of nets of inter-
valg and F a funection of an interval), 188; Jy,J,, J, 195; (c‘?)f, 201; (c‘/”.:"')f, 208,

CHAPTER VI, (— o0, a), (—oo, a}, (g, 4 0), [a, + o0} (where a is a real
number), 215; lim sup ap, lim inf ap, lim ap, 219; F;E,Ej;, F;I),E&B,Fup,ljap, F;[J
{where I" is a function), 220; V, 221; V,, 228,

CHAPTER VIII. (9)], (:ﬂ*)f, 241; (s‘)f, 244; 0O, 254 (60); (C, 254 (4);

gt &, gt {where € iz an integral), 255 and 256; 3, 258 (&).
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CHAPTER IX. conts, 263; FL ,Ft 7= ,F— ,F

:
- ipy? = ap, 'apx' S ap, up,’
F a_py,F ary (where F is a function of two variables), 208; liminf,, imsupp, lim,

(where F is a set), 304.
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