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Homeotopy groups of compact 2-manifolds
by

David J. Sprows (Villanova, Penn.)

Abstract, Let X be a 2-manifold and let I (X) denote the homeotopy group of X.
Several resulls ave been obtained concerning I (X) in the case X is of the form M —F,
where I is a closed 2-manifold and Fy is a set of » distinct points in M. In this paper
it is whown that these results give rise immediately to corresponding results for compact
2-manifolds. In particular, it is shown that if ¥ is the compact 2-manifold obtained
by removing the interiors of n disjoint closed dises from some closed 2-manifold M,
then H(Y) is isomorphic to H (M- Fy).

1. Introduction. Let X be a 2-manifold (connected, triangulated)
and let H(X) denote the homeotopy group (or mapping eclass group)
of X, i.e. H(X) is the group of all isotopy classes in the space of all homeo-
morphisms of X onto X. W. Magnus [4] and, more recently, J. Birman [1]
have obtained several results concerning H (X) in the case X is of the form
M— I, where M is a closed 2-manifold and F, is a set of # distinet points
in M. In this paper we show that these results give rise immediately to
corresponding results for compact 2-manifolds. In particular, we show
that if Y is the compact 2-manifold obtained by removing the interiors
of n disjoint dises from some closed 2-manifold M, then H (T) is isomor-
phic to H(M—Iy).

2. Notation. Let X be a 2-manifold and ¥ a finite subset of Int(X).
The homeotopy group H(X) can be defined as the quotient group
G (X)/Gy(X) wheve G(X) is the group of all homeomorphisms of X onto X
and G(X) is the normal subgroup of @ (.X) consisting of those homeomor-
phisms ¢ in G(X) which are isotopic to the identity (denoted g ~ 1x).
Similarly, we can define H (X, F) to be the quotient group G (X, F)/G(X , F)
where G (X, ) is the subgroup of ¢(X) consisting of those g in @ (X)) which
map B onto B and Gy(X, F) is the normal subgroup of G(X, I') consisting
of those homeomorphisms 7 in @ (X, F) which are isotopic to the identity
by an isotopy which keeps F' pointwise fixed (denoted h =~ 1 x(rel ).

Let M be a cloged 2-manifold. Let Dq for 1 < i << n denote a family
of digjoint closed discs in M with P;apoint in Int(Dy) for each ¢ between 1
VEd
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and n. Lot Iy = {Py, Py, ..., P»}. We will use the notation. M, to denote

w
the compact 2-manifold M— | | Int (D).
FES

3. Homeotopy gromps. Using the mnotation of Section 2, the main
result of the paper can be stated as: H (M) o H (M-—I,). The proof of
this reynlt uses the following lemmas.

LemMa L. If X is a compact 2-manifold and I' is a finite subsel of X,
then H(X—F) o H (X, I).

Lroof. This follows from Theorem 4.21 of [B].

Lmyinma 2. If T' is any permutation of n elements, then there carists o homeo-
morphism o Mp—My such that 1(ODq) = 8Dy for L -4 .

Proof. Straightforward.

Remark. In the above lemma, b can be chosen to extend to o homeo-
morphism. A on M which is isotopic to 1. In addition, we can areango
that h'(Pq) == Py where PyeInt(Dy) for 14 n,

LsmmA 3. If X is a compact 2-manifold and f: X—X is « homeomor-
phism which fiwes a finite set I in Int(X), then there exists a 1. L. homeo-
morphism h: X—X such that f = h(rell’).

Proof. Theorem 4A of [3] establishes this result for ' equal to w singlo
point P, e Int(X). In the case that X is a compaet manifold, the proof
given in [3] reduces to the following:

Given a diseD, in Int(X) with P, € 2D, it is shown fivst that there
exists an ambient isotopy H, of X satisfying: 1) H, is the identity owtside
a eompact neighborhood of D, 2) Hy(p,) = p, for all ¢ and 3) ¢ == H,f
is P. L. on &D;. Next it is shown that if a homeomorphisu, is . I.. on
a boundary component of a compact 2-manifold ¥, then this homeomor-
phism can be isotoped to a P. T. homeomorphism of ¥ by an isotopy whiel
keeps the component fixed. Thus g/I); and ¢/X—TInt (D) can be isotoped,
by isotopies which keep aD, fixed, to P.IL. homecomorphisms hy on D)y
and hy on X—TInt(D,). Since k2D, = hyfoD,, these isotopiey ean be fitted
together to yield an isotopy of X which keeps p, fixed and taloes ¢ o
a P. L. homeomorphism %,

The above proot ean be adapted to work for any finite set { {04y ey Pul
Renumbounw the points if necessary, we can decompose X so  that

= U Dy v X—Tnt(Dy) where each 1)y is u dise wilh D, CAnt(D ),

P EaJ)iy and D, C Int(X). Using the result in the first part of thoe ahove
proof we can, find a %equence of isotopies U}, ..., H} which ave such fhat

ig H)f is P. L. on | Jé)]) where each Hf keeps {p,, ..., pa} fixed. Note

that each Hf can be. ehoscn 50 as to leave D, , C Im,(.l){) fixed; thus, the
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action of H{ docs not destroy the effect of H{~* on 4D;_, . Finally, we use
the technique of the second part of the above proof to get f P. L. on each
of the subsets Dy—Int(D;_,) and X— Int(D,).

Remark. Lemma 3 iy true for arbitrary 2-manifolds. The only dif-
ference in the proof is that in the general case we may have to decompose X
into & countable union of compact submanifolds.

Lmma 4. If D is a disc with p € Int(D) and f: D—D is a homeomorphism
with floD ] p == 1pu,, then [~ 1p(rel 2D | p).

Proof. Thiy is the “Alexander trick”. See Theorem 5.2 of [3].

Lumma b. Let X be o 2-manifold such that every component of 8X is
compact and let b be o homeomorphism of X onto itself (which preserves orien-
tations if X is o plane, closed eylinder or open cylinder). If h is homotopic to
the identity, then h is isotopic to the identity.

Proof. This is Theorem 6.4 of [3].

TnroreM G, In the notation of Section 2,

H(My) o2 H(M, F,) .

Proof. This follows immediately from Theorem 6 in view of the
fact that by Lemma 1, H (M, ) ~ H(M—F,).

ProofofTheorewm 6. We fix, for each 4, a homeomorphism ¢, from .D;
to the unit dise in K? which takes p; to the origin. With these coordinates,
any homeomorphism of 80D, into 8D can be extended by “coning”™ to
& homeomorphism of (Dy, pi) into (Dy, p;). More generally, any homeomor-
phisim h e G(M,) can. be extended by coning to a homeomorphism
hoe G, ). Tor example, if T is a permutation of » elements and
h(8D),) = 8Dy, then hglw) = h@) for @ e M, and hele7{tey(w)+ (1—1)e(n,)))
= o5 tey (b (2))+ (1—1)e(p,)) for @ e 8Dy and j = T(3).

For fe G (My) and g e G(M, ), let f denote the equivalence class
of fin H (My) and § denote the equivalence class of ¢ in H (M, Fp). Define
pi H(Ma)—H (I, 1) by w(f) = fo. )

1)y is well defined.

If f and 7 are homeomorphisms of My, with f= F', then f'f s isotopic
to the identity by some mmmy H,. It we let H, = (H)), then fy o fg' = 1x
(relf%,) by the isotopy Hj. Henee Foy = To.-

2) g is & homomorphism.

This follows sinee (ff')g == fofe-

3) w is an epimorphism.

Proof of 8): let ge H (M, ).

3a. We can assume ¢(pe) = p¢ for all <.

SOROLLARY 7. H (M) &= H(M—TFy,).
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Assume g performs the permutation 25 on By, By Lemina 1 there
exists a homeomorphism & on M, which performs the permutation 7 on,
{8D;: 1 < 4 < m}. Henee, hoy (pe) == pofor cach 4. But it we can tind f e 1T (M)
with (f) = liyg, then ¢(hf) = §.

3b. We can assume ¢ is P, L,

By Tiemma 3 there exists o P.T. homeomorphism ¢" of M with
9 = ¢ (relT,). Hence §' = §.

3e. We can assume ¢ (De) = Dy Lor cach 4.

Ll n
Both CJ Dy oand g(LJ) Dy) are regular neighborhoods of Iy in I and
fms el
hence by 1?]1(1» regular neighborhood theorem (see Theoremn 8 of [6]), there
T n
is an, isotopy of M (vel By) which moves ¢ (1) 1) back to | J Dy That is,
P2 fnt
¢ is isotopic (rel ) to a homeomorphism which sends each 1)y o itself,
8o that we can assume the equivalence class of g iy represented by such
a homeomorphism.

Now, it g(Dy) = D; for cach ¢, then we ean define ¢': My—0L, by
g = g[,. gog™* is & homeomorphisni of AL which is the identity ou M.
In particular, gog~"/D; is a homeomorphism of Dy keeping 80y fixed. By
Lemma 4 there exists an isotopy H} of Dy, fixed on 8Dy aud py, which
takes gpg~ D, to the identity on D,.

Define H(#) == for we M, and I (x)= Hix) for wel, then
9o~ = 1y (vel B,) by the isotopy H,. That is, go = ¢ (vell,) and henee
p(g) = §.

4) » I8 a monomorphisni.

Given fe H(My,), we mush show fy o~ 1, (relF,) implies f is isotopic
to the identity on My, let »: M— Iy — I, be the map given by rvetracting
each Dy—p; onto its boundary and extending by the identity,
ie. r(wy=a if e M, and r(®) == 7 e @)/e,(®)]) it @ e Dy—p.. Suppose
fo = 1y(relF,) by the isotopy H,. Let H; -
Note that H, maps I, into M~ B, and ¢, maps M, into M,,. ¢ i8 & homo-
topy talking ) == vHy = rHo M, s= fy/ M, v nf o= f o Gy = 06y = r6 M,
which is the identity on M.

Since Gy is a homotopy of A, taking f to the identity, wo ean con-
clude f is isotopie to the identity once iti is shown that £ satisfios the hypo-
thesis of Lemma 5, i.e. we muyt eliminatiec the possibility that 7, is a plane,
open cylinder or closed eylinder and f is ovientation reversing, Obviousty i,
is nejther a plane nor an open eylinder, but it might bo o cdosed eylinder.
It that were the case and f were orientation reversing, then f,, would be an
orientation reversing homeomorphism of M ~ § and hence not isotopic
‘m{ 1, 11. Thus Temma 5 can be applied and the proot of Theoreny 6 is com-
pleted.

H M, and let G == rH;. .

icm°®
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