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A mnote on the Hurewicz isomorphism theorem
in Borsuk’s theory of shape
by
Krystyna Kuperberg (Houston, Tex.)

Abstract. In ghape theory, the role of the homotopy groups =, is played by
the so eallod fundamental groups m,, introduced by K. Borsuk, and the homology
groups which ave useful there, are of the Vietoris-Cech type. The classical Hurewicz
isomorphigm theorom gives a connection between the homotopy. groups m, and the
singular homology groups M, with integral coofficients. An example of a compactum X is
congtructed, showing that there is no exact analogue of the Hurewicz theorem in shape
thoory. The examploe is simple: X is the double suspension of the 3-adic solenoid. The
compactuin X is arewise connected and it has the following properties: (i) my(X)= 0,
for ¢ == 1, 2,8, and (ii) m(X) and EQ(X) are not isomorphie.

In the theory of shape of compacta K. Borsuk introduced the funda-
mental groups z, (see [1], § 14) which are related to the usual homotopy
groups sz, in a fashion similar to the way in which the Vietoris-Clech
homology groups H, are related to the singular homology groups Hi.
The natural question that arose then was: is there any isomorphism theo-
rem of the urewicz type in shape theory? The following theorem, proved
in [3] (Thoorem 3.2), is one of that type.

TrworuM. If the pointed compactum (X, x,) is approximatively q-con-
nected for q == 0,1, .., n—1 (n>= 2), then the limit Hurewicz homomorphism
@ (X, wo)— I X, @) is am isomorphism.

T he coofficiont group for all homology groups considered in this
note is the group of integers.

One may ask if the assumption of the approximative ¢- connectedness
of (X, ) for ¢ == 0, L, ..., n—1 in the above theorem can be replaced by
the weaker assumption m (X, @) = 0 for ¢=10,1, ..., n—1, which would
mako the theorem completely analogous to the classical Hurewicz theorem.
Obviously, the independence of m, from the choice of the base point
must bo assured by an appropriste assumption. For some special classes
of compacta, o.g. for movable pointed compacta, the answer is affirmative
(see 3], Corollary 3.7), bubt as we shall prove, in gemeral it is not the
cage. The aim. of this note is to describe an arcwise connected pointed
compaetum (X, x,) with the following properties:
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(i) (X, m) is approximatively g-connected for ¢==0,1,2 (in par-
ticular 7 (X, 4y) = 0 for g= 0,1, 2),

(i) mo(X, m) = 0,

(ifi) 7 X, @) % 0,

(iv) Hy (X, 2) = 0.

Let us recall two well-known, congtructions.

Let 8% = {e: |¢| = 1} be the unit circle on the complex planc. The
p-adic solenoid (for an integer p = 2) is defined to be the inverse limit
of the sequence

Sl"f" St Sll- St .,

where f(z) = 2°.

For a topological space T, the suspension of 7T, denoted by 2T, i
defined to be the quotient space of I'x [0, 1] in which 7'x {0} is identiticd
to one point and I'x {1} is identified to another point.

Let ¥ be the 3-adic solenoid and define X ag the double suspension,
of ¥, X = X(XY). Assume that X is a subset of the Hilbert cube @ and
let @, e X. (8% a) will denote the %-dimensional sphere with the base
point a.

Since X is the double sugpension of a connected compactum, con-
dition (i) is automatically satisfied.

To prove (ii) observe that X is the inverse limit of the Hequence

P CI A R LA P

where ¢ isi a map of degree 3, L.e. the induced homomorphism g,: Hy(S?)
—Hy(8%) is gu(2) = 32. Hence Hy(X,x,) ~ 0 as the inverse limit of the
sequence

ZET 2 T,

where Z is the group of integers, and f(z) = 3¢. By the theorem quoted
above, my(X, @) =~ 0.
Property (iv) is easily verified: H,(X, z,) ~ 0 since dimX == 3.
) It is well known that the 4th homotopy group of &3, m,(8%, a), is
%somorphic to Z,, the group of integers modulo 2. In other words, theroe
15 an essential map h: (8% a)— (8%, a), and any two ossential maps from
(8% a) to (8% a) are homotopic. Now, lot ¢: (8% a)— (8% a) be :.L'jnmp of
degree 3. We claim that
() the homotopy classes [h] of » and [gh] of gh are idcntical.
The following, simple proof of (*) was suggested to the author by
A, Trybulec: '
The homotopy group m,(S8%, a) and the Borsuk’s cohomotopy group
7*(8% a). coincide (see for instance [4], §§ 1-6). Let h*: a3(Ss, a)»m“(ﬂ", @)
be the homomorphism induced by k. Since ¢ is of degree 3, we have
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[¢] = 3[4] in =*(S%), where ¢ is the identity map on §3. Thus, we have
[gh] = I*[g] = WXB[4]) = BW*[4] = h*[4] = [ik] = [R]. .
To prove (iii) observe that X has compact neighborhoods

A (k=1,2,...) in Q such that A, C 4z, N 4r= X, each Ay is homeo-

k=1
morphic to §2x @, and the inclusion j: 4y, —Ax is a map of degree 3.
Tt & (8% a)—(Aw, @) for k= 1,2, ... be an essential map. By)(*),
GEpae = Ei in (Ak, ). Henee &= [&x, (8% a)— (X, my)} is an a‘pprioxi‘m‘n-
tive map. Turthermore, for cach &, £ is essential in (4, @) which implies
that & is ossential. Thevefore, my(X, @) = 0 (as a matbter of fact,
wa(X, 00) = ), i.0. condition (ifi) is satistied.
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