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Homeomorphisms of inverse limits of metric spaces

by
W. Kulpa (Katowice)

Abstract. It is shown that for every homeomorphism f: XX of a completely
regular space X there exists an inverse system of metric spaces satisfying some additional
conditions such that f is represented by homeomorphisms fo: Xg-~X, of the spaces of
the system.

In [3] (Example 2) J. W. Rogers has shown an example of an inverse
limit of polyhedra and a homeomorphism between them such that the
homeomorphism cannot be represented by maps between the spaces
of the system. An example is also known (see e.g. [2], Example 7) of
a. compact space which cannot be an inverse system of polyhedra with
bonding mappings onto. Thus the question whether every homeomorphism
f: X=X of a completely regular space onfo itself can be represented by
homeomorphisms f,: X,—>X, of metric spaces X, forming an inverse
system with bonding maps and canonieal projections onto becomes quite
natural. In [1] it was proved that every map f: XX of a completely
regular space X may be represented by maps far X,—~>X, of metric
spaces X, forming an inverse system. Using the same methods as in [1},
we shall show that if f is a homeomorphism, then the maps f, can be
chosen in such a way that they are homeomorphisms.

In this note we use symbols and notations from [1]. To answer the
question it suffices to prove a lemmas:

TeMMA. Let f: (X, W)—(X,ab) be a uniform homeomorphism of

a uniform space (X ,%U). Then there ewists o set M, directed with respect
to snclusion, of pseudouniformities contained in W such that if a € M, then

() i@ Ca, fl@Ca,
(b) weighta < Ny
(e)' ‘ U M is a base for W,
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and, in addition, if dim W < n and dweight W < (y, 7), then
(d) dima <n,

(e) dweighta < (%, 7) ,

() card M <

Proof. Without loss of generality assume that $ is a base of
cardinality <y consisting of coverings of cardinality = and of 01der
< n4+1. Let P e $. Define f~°(P) = f%(P) = P and frm NPy = fUfP
Fm(P) = ffP)). Put Wy={QeUs Q=f"(P),m= o £1,42,. }
Assume that Wy, ..., Wi are defined. Define ZV,H_, as a cou;ntable family

of coverings of 9L such that for every @y, @, ¢ { W there exists 2 @ e Wy,
=1

and @ >, 01, @ &+Qay [™Q) e Wiy for every m= 0,1, £2,.. It is
easy to see that such a family W, exists.
o]
Let ap be the pseudouniformity induced by a base | J Wi. It is
k=1
obvious that the pseudouniformities ap and a set M'= | J{ap: P e B}
satisfy the conditions (a)-(f) of the lemma. Hence it is easy to see that
for every ap, ap ¢ M’ there exists a pseudouniformity a3 ap v ap which
satisfies the conditions (a), (b), (d), (e). Thus by countable operations
we may choose a directed set M which has the-required properties.
Consider the commutative diagram

X, W) > (X, W) T (X, W)
(X,luo X (X,l 2
by hulg |h

-]

0 ¥
(X, ha)—->(hX ha)—> (hX, ha)

0

WDadf,a,feM

Q
22 E,a: a

i 58 4
(hX, hB)— (X, hB) 5 (R, 1)

The condition (a) of the lemma assures that the maps f: (X, a)—=(X, a)
and ' (X, a)=(X, a) are uniform. From Lemma 1 of [1] it follows
that » is a functor of the category of pseudouniform spaces onto the
category of uniform spaces; hence fI'= (f7%),, (the umiqueness of f,
and f,f;' = f7f.= 1x). Using the same arguments as in [1], we obtain:

THEOREM. Let f: (X, W)—(X, W) be a uniform homeomorphism of
a uniform space (X, W). Then there exists

1. an . inverse system 8= {(X,,a),n3, M}, card M = weight U,
weight a < & with bonding maps 5 and canonical projections onto,
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2. & umiform embedding g: (X, W)—~>(X*, V"), (X%, W*)=1Lm§,
which is onto if U is complele, -
3. uniform homeomorphisms f,: (X,, )= (X,

o @)y e, inducing
a mapping of the system such that the diagram

(X, W) — (X, W)
U\L g f*= Hmf,
(.X* %*) _>(X* CU)*)
is commutative.
In addition, if dim W< n and dweight U
and dweighta < (ag, 7) for every ae M.
COROLLARY. If f: X—X is a homeomorphism of & completely regular
space X, then there exists am tnverse system Sy= {X,, 3 , M} of metric
spaces X,, dimX, < dimX, card M = weightX, with bonding maps ”ﬂ
and canonical projections onto, and there ewist a dense embedding g: X - X%,
X* =1im8; and o family of continuous maps f,: X,—~X,, ae M, mducmg

< (y,7), then dima<<n

a mapping J: 8,8, such that the diagram

b4
X —X
|, L o
X+ AN X+
is commutative.
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