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first half of that case would go through: if ¢ U,_;, then by the same
token as in the case of A, Wy ky Bvy iff Wy,_; ks fVy. The breakdown
comes in the latter half: if # ¢ U,_,, then, if y, and y, are the immediate
descendants of &, there is, in general, nothing to prevent that

Wn Ey, By Wnlty, By Walty v, Wnk,y,
whence
Wn Ey, BVY,  Un Fy, BVY
and
Uop, T BV
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A fine hierarchy of partition cardinals
by ‘
F. R. Drake (Seattle, Wash.)

Abstract. A modification is made to the definition of a partition cardinal; it is
ghown that this modified definition gives a finer hierarchy than that used, e.g., in Silver’s
thesis. Some propertios are proved and an application to the construetible universe
is given.

1. Introduction. Most of the definitions in use for large cardinals are
properties which single ont certain cardinals, which from the point of
view of all cardinals are few and far between. This in the case, for example,
with weakly or strongly compact cardinals, measurable cardinals, or the
varions sorts of indescribable cardinals — for all of these, if it seems
natural to assume the existence of any of them, it wonld seem almost
equally natural (but at the same time a definite extension) to assnme
the existence of many of them — perhaps even a proper class of them.

The partition cardinals introduced by Erdos and exploited by Row-
b ottom, Silver and others, stanid out from the other large cardinals in
thig respect. The sardinal x(a), for limit ordinal «, is defined as the least
cardinal » such that x—(a);® (the notation is explained in section 2),
and for any »' > x(a), »'—>(a)7* also holds. It is the purpose of this note
to show how the definition of »(a) can be modified to yield a notion of
“g-partition cardinal” which is more analogous to the other large cardinal
definitions in that it is a definite extension to assume that there are many
sneh cardinals, and it is relatively consistent to assume that there is
only one (or indeed any fixed ordinal number of them). Of course, the
usual definition givey the hierarchy {»(a)| o a limit ordinal}; our hierarchy
will be a refinemont of thig one. An application to the constructible uni-
verse is given,

An carlior parallel is provided by measurable cardinals: at first the
question was asked, whether there could be a countably additive, 2-valued
meagure defined on all subsets of a set, and a cardinal was called measur-
able if it admitted such a measure, Today we would say that this defi-
nition applies to all cardinals = the first measurable cardinal, and we
sall a cardinal » measnrable only if it earries a »-additive measure. Our
procedure i suggested by this change.
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7. Preliminaries. We shall use the usnal set-theoretic notations ag
in [1]. In particular, the parfition symbol x—(a)7®, where x, A and a are
any ordinals, means that for any funetion f: [#]<“—1 (wheve [»]<* is
the set of finite subsets of x), there is a set X Cx, with order-type a,
which is homogenecous for f, i.e. for any x,y CX with T=y< o, f(®
= f(y). We write x+(a)7® if this fails. (We want this notion mainly
for limit «, but the definition makes sense for any q.)

Tor a structure R with universe 4 contuaining a linearly ordered
gubset ¥, a set X C Y is called indiscernible over % if for any two finite
gubsets of X, @, < ... < @y and yy < oo < Yn, and any formuda ¢ of the
(first order) language for 9, with just » free variables, we have

WUEQ@y, ey on) L AE @, oy Yn) -

Some basic results on these notions are the following (for proofs
gee [1]):

Lemma 1 (Silver). n—>(a)2<,1“’ iff every structure A with a well-ordered
subset of order-type x, and with the length of A < A, has a set of indiscernibles
of order-type a.

LemMMa 2 (Rowbottom). If o és a Umit ordinal and x—(a)$, then
also #—(a)5r.

LeMMA 3 (Brdos, Hajnal). If x is the first cardinal such that sx-—>(a)y®,
then x+>(a+1)5°.

Another basic result is due to Jensen; a proof ig given in [2], but
we give a more direct proof here:

LEMMA 4 (Jensen). If a is a limit ordinal and x—(a)7® then also
n=(a) 3"

Proof. Let f: [x]<°—"2, and define ¢: [%]<®~>A-+1 ag follows: sup-
pose 2 Cx has 20 members @ << ... < @n << By < oo < Wy then g(z) ig
the largest ordinal y < 4 sueh that for all f <y,

F@ey oy 2a}) (B) = F({Bpgay ooes 0u}) (B) -

(le. y is the first argument where f({w,, ..., @n}) and f({Byprs oy Tan))
differ, or A4 if they don’t differ).

For 2 Cx of odd cardinal, g is wrbiteary (sel g(w) = 0), Now by
Lemma 2 we can assume 13 o, 80 A-+1~ 2, and sinee by assumption
#—(a);®, there must be a set X C »x of ovder type «, homogeneous for g.
We show that X must be homogéncous for f also.

For let 2,y CX have 2 =g < o, and sappose first that @ and y
are digjoint and do not overlap in the ordering of x; suppose @ comes
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before y. Since a is a limit ordinal, we can pick 2 C X above both

Lore y. B : o and
with 2 =2, and we shall have Y

gevy)=glove)=glyue)=y, sy.

But if y < 4, this means that f (), Fy) and f(2) are members of *2 which
agree for #<Cy but all differ at y; and this is impossible: so we must
have y = 4 and f(x) = f(y) = f(2). Similarly if z and y overlap, we can
take 2C X above both of them and we have fl@) = f(2) = f(¥); and
hence X i8 homogeneouys for f.

2. o-partition cardinals. We now give the basic definition of a-par-
tition cardinals for a limit ordinal :

DEpINITION. If o iy & linit ordinal, » is an a-partition cardinal it
for some =2, » is the first cardinal such that x—>(a)2®.

With this definition it is clear that x(a) as defined in [3] or [1], is
the fiest o-partition cardinal, and the second will be the firgt cardinal 3
such that y—>(a),;f;;. The main justification for this definition is the
following list of properties:

TumorEm 8. If a is a limit ordinal, and x is an a-partition cardinal, then

(i) 2 ds strongly inaccessible;

(i) se—(a)i® holds for every A<C

(i) If A ds any structure of length < w, with a well-ordered subset of
order-type x, then A has o set of indiscernibles of order-type a.

Proof. (i) follows by exactly the same arguments which prove that
the first a-partition eardinal, »(a) is strongly inaccessible: namely, one
shows that if § + (a)7* then also 2°-+» ()7 (when o is a limit ordinal);
and if £ is singular, say ¢ == | &, where each &+ (a)7*® and also § -+ (a)5*,

]

<

then ¢+ (a)7®. The proofs are standard (see e.g. [1]), and we shall not
repeat thom, (i) is also proved by an extension of the proof (due to Silver)
for the first a-partition cardinal: since this is a slight variation, we give
it here.

So suppose that ¢ iy o cardinal =2 guch that » is the first cardinal
sueh thab s> (@), and that A< x, Then A-4» ()5, and so let g: [A]<°—¢
be a funetion with no homogencous subset of order-type . Let f be any
funetion fr ] -

For each n< o, Jot fuldgy ooy ) =f{og, oy an}) i o< . < on,
and 0 otherwise; and gimilaxly let ga(ag, .oy ga) = ¢({ag, vy an}) H o
< v oy < Ay i 0 otherwise. Let % be the structure

(oy <<,y (fn)n<w7; (Fdncos (£)£<t> .

Now by Loemmays 2 and 4, x—(a)3” and »—>(a)3"; and so by Lemma 1,

since the length of A iy max (e, £), there is a subset of », X say, which


Artur


274 I R, Drake

is a set of indiscernibles for A, and X hay order-type a. (ii) will follow
when we show that X is homogeneous for f.

8o fix < @, n £ 0; since ne = « (@ is o limit oxdinal), we can split X
into a sequence (@), of non-overlapping subsets, each of cardinal n,
such that if < f'< a, each member of @, precedes each member of ag.
By indiscernibility of X in o, using the operation fn of A, woe must have

(a) f(g) < flag) for all f< B’ < a, OF

(b) flag) = f(zy) for all § <<p" < a, or

(c) flwg) > flmg) for all f<Cf < o
(¢) is clearly impossible since each f(ap) is an ordinal, and (¢) would imply
an infinite decreasing sequence. We want to show that (b) holds for each n:
then a further application of indiscernibility shows thati X is homogene-
ous for f, and (i) will follow. So suppose that (a) holds, and let yg = f(x,),
Y = {y5| < a}. Then ¥ will be a subset of A of order-type a; we show
that Y is homogeneons for g, which contradicts the assumption that g has
no such homogeneous set. For let 2z, ¢’ C ¥ be finite subsets of the same
cardinal, m say; suppose # has members y, < ..<<yp,,, and 2’ has
members yg, ..., v, Then if &= g(z), then

AF gm(fn(iﬂl)i ""fn(a;ﬂm)) = § 2

where £ is the constant symbol denoting &, and .'E,, ig the ligt of members
of @, in ascending order.
But now by indiscernibility of X in 9,

W E Gl Ful@pt) s ooy Ful @) = & also

ie. g(z')= & and Y is homogeneons for ¢, giving the required contra-
diction.

(iii) now follows from (ii) nsing Lemmas 1, 2 and 4.

Property (ii) or (iii) of Theorem 5 might also be used as a definition
of an a-partition cavdinal; but this seems less appropriate since it does
not imply regularity. It is eagy to see that any limit of cardinals satis-
fying (ii) will also satisty (i), but will not be an e-partition cardinal .
we have defined it. }

The following “transitivity” follows from Theorem 5; a direct proof
does not seem to be immediate: ‘

CoROLLARY 6. If a is a limit ordinal and if = -+ (a)7® and 2 4+ (@),
then also » -+ (a)5*.

Proof., I »—(a)7® and 1+ (a)7%, then if ' is the fivst cardinal
such that »'—(a);"%, we have x = » > 1. By (i) of Theorem 5, we have

%' —(a);7®, and hence also x—(a)5®.

The next result shows that we have a finer hierarchy of partition
cardinals than the usual one given by x(a).

icm®
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TumorEM 7. If a is a limit ordingl, and )= »(a+ o) is the first
(a- w)-partition cardinal, then there ave A a-partition cardinals < 2.

More generally, if a<C o’ are limil ordinals and u is any o'-partition
cardinal, then there are p a-partition cardinals less than p; and if v > p
is also anm o -partition cardinal, there are v a-partition cardinals between
w and v.

Proof. Tut 2 be »(a) (the first ¢-partition cardinal), and given x,,
leti g4, be the fivst cardinad » saeh that z—>(a)fﬂ”’. For limit ordinals ¢,
l,‘% g, Sinee for any £, £+ ()7, this gives a strictly increasing

s
gequence of ovdinals.
Now sinee A->(a-0)7® for any 6 < 4, if #; is defined and <1, then
A= (a-}- a»),fﬂ‘". Hence x,,, is defined and since Mﬂ+1~|->(a—|—1)fﬁ"’ by Lemma 3,
#pyy << A So since A is strongly inaccessible, << 2 for p<< 4; i.e. there
are A a-partition cardinals below A.
The general statement follows similarly.

4. a-partition cardinals and indescribable cardinals. A cardinal § is
d-indescribable if for any formula ¢ of the language of set theory with
one additional one-place predicate, and any subset 4 C Vg, if

<Vﬂ+67 &y Ay P
then also for some p'<< B,
<V/3r+d, g, A mVp/) i’-‘(P .

This notion was introduced by Silver to generalize the notion of II7,-
or Z -indescribable cardinals: if 6 > w and f is 8-indescribable, then f is
totally indescribable, i.e. II% -indescribable for all n, m < w. It was shown
that if « is »(a) for limit ordinal a, then there are many %-indescribable
cardinals below »; indeed, they form a stationary subset of % (they inter-
ool evory closed unbonnded subset of %). The same method proves the
following extousion:

Tunorem 8. If » is an a-partition cardinal for limit a, then the %-in-
deseribable eardinals form o stationary swbset of w.

Proof. Suppose that » iy the first eardinal snch that x—>(a);?, and
consider the strnetive

B == (Vs 8y 7, A, (E)gary s

where 4. i any closed unbounded subset of , and 7 is o 1-1 map from »
onto ¥, (so {hat using & we can choose from any non-empty subset of V3
such o = oxists ginee x is strongly inaccessible.)
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Now since B has cardinal » and length < x#, there will be a snbse, X
of % of order-type o which is a set of indiscetnibles for B. Now We repeat
the proof exactly as in [1] that if X is chosen with smallest member ag
small as possible, then we must have X C A and the members of X are
all wx-indescribable. Since the details are almost exactly as before, we
shall not repeat them here.

Since the x-indescribable eardinals are woakly compuact (sinco they
are 17 -indeseribable), they ave very highly Mahlo eardinals (e.g. they
are hyper-Mahlo, and hyper-hyper Mahlo, ete,). So we have also proveds:

CoROLLARY 9. If % is an w-partition cardinal Jor Vimit o, then » is
hyper-Mahlo, and hyper-hyper Mallo, ete.

5. An application in the constructible universe. Silver [4] shows that
if o is countable in I, then x(a) also satisties w->(a)y® in L. This proof
also generalizes to other a-partition cardinals:

TesormM 10. If a s a Uimit ordinal which s countable in L, and
#—>(a)7* holds (in V), then x=>(a)7 also holds when relativized to L.

Proof. Exactly as in [4] (or [11), we rewrite x—>(a)=® as the state-
ment that for each function f: [x]<0— Ay & certain partial order on a certain
set is not well-founded; the partial order and the sot involved are defined
absolutely from f and a given well-ordering ¢ of o in the order-type a.
This’ means that x->(a)F® iy a ITET gtatement in rand so (provided rel)
is preserved from V to L. ‘

(This is presumably one of the generalizations which Silver refers
to in [4] (4).)

CoROLLARY 11. If there is a cardinal » such that x—(0f)s®, then the
Jollowing is consistent with V = I

(*¥)  For each a< w,, there is a proper class of a-partition cardinals,

Proof. By Theorems 6 and 9, this will hold in L, if » i8 %(w¥) (where
wf is the first ordinal uncountable in ).

Note that (%) also implies that there will be a proper class of eardi-
nals x in I satisfying in I:
() %= ()7 for all a< w, and all A<,
80 that (%) is a strengthening of the statements of [4] saying that there
are large cardinals in L; (%) will be a formula of Silyer’s 0% .

(*) Professor Silver confirms this; many of the results used here were known to
him at the time he wrote hig thesis (1966). (Theorem 8 ig an, exception.)
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