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On essential cluster sets
by
S. N. Mukhopadhyay (Vancouver)

Abstract. Let f be a real function defined in the open half plane H bounded by
a line L. The fine cluster set of f at a point % in T, designated by W(f, x), is the set of
all y such that for every &> 0, » is a point of positive lower density for the set
F @y~ &, y+ ¢£)}. The fine cluster set of f at x in the direction 6, designated by W,(f, =, 8),
is defined analogously by restricting f on a line Ly(x) in H emanating from =z and making
angle § with L. It is shown that each of the sets {a: = ¢ I; Wolf %, 8) ¢ Wy(f, 2)} and
{6: 6€(0,7m); Wyf,,6) ¢ W(f,®)} is of measure zero when f is measurable and is
of the first category when f is continuous, and some consequences are studied.

1. In a recent paper [3] Goffman and Sledd have obtained certain
interesting relations between the total essential cluster sets and the
directional essential cluster sets. They have proved that if a measurable
function f is defined in the upper half plane above the z-axis and if § is
a direction then except a set of points x of measure zero the essential cluster
set of f at o is a subset of the essential cluster set of f at # in the direction 6.
If further f is continuous then this exceptional set is also of the first
category. Regarding the ordinary cluster sets there is an analogous
result [2]. In this paper we study further properties of these sebs by
weakening the density conditions. We have defined the fine cluster sets
and obtained certain relations between the fine cluster sets, essential
cluster sets and ordinary cluster sets.

2. The function f is taken to be defined in the open half plane H
above a line L, which, in particular may be taken to be the z-axis. The
point on the line L, viz (x,0), will be denoted simply by « while any
other point in H will be denoted by p. u(4) and u*(4) will denote the
Lebesgue measure and the Lebesgue outer meagure, respectively, for the
set 4, linear or planar, according as A is linear or planar, which will be
clear from the context. For § > 0, Sy(#) will denote the set of all points- P
in H, whose distance, |p— |, from # is less than §. For 0 < 6 < 7, Ly()
denotes the half ray in H, in the direction 6, terminating at x and Lz, k)
is the open line segment in H in the direction 6, of length k, and having
@ a8 one of its end points. ’
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If EC H is measurable then the upper and the lower densities of B
at x are

d =1 (E Sb(m))
z) = limsup [k S A
d(Ey ) 0 M(S,,(a;))
and &
_d(E , &) = lim inf ( S"(“))

o0 14 (Su(a:))

respectively. If E ~ Ly(z) is measurable then the upper and the lower
densities of E at z in the direction § are
(B ~ Ly, b))

- . "
| A, @) = W o, W)
and ( |
. plEn L, h)
&, o) = W = e, )
respectively.

Let f: H—~R be measurable. The fine cluster set of f at  is the sef
of all points y such that for every open set G containing y the set f~(G)
has positive lower density at . The essential cluster set of f at # is, as
usual, the set of y such that for every open set G containing y the set f~(4)
has positive upper density at z. The fine cluster set and the essential
cluster set of f at z are denoted by Wy(f, #) and W(f, ») respectively.
The cluster set of f at x, denoted by C(f, x), is the set of all y such that
for every open set @ containing y, # is a limiting point of the set f~(@).
The fine cluster set, the essential cluster set, and the cluster set of f at @
in the direction § are defined analogously by restricting the relevant
sets to Ly(z) and are denoted by Wy(f, =, 8), W(f, =, 6) and C(f, =, )
respectively. It is clear from the definition that

Wof, 2) CW(f,2)C C(f,2), Wof, @, 0)C W(f, =, 0)CC(f,x,0)
and :
limsupf(p) = sup C(f, #), limsupf(p) = sup C(f, «, 6),
Pz Px,0
limsupapf(p) = supW(f, ), limsupapf(p)= supW(f, =, 0).
] i Pz,
3. LEMMA 1. Let B C H be measurable. Then for fized 0, the set -
R 1
Spn = {w: u(B ~ Lz, 1) e for 0< < ;?—}

8 measurable for all positive integers m and n.
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. Proof. Let .
B, = {w: /A(EnLe(x, R) = %} .
Then '
Bun= [\ E,.

0<h<iin

Since u(E ~ Ly(z, b)), is a continuous function of &,
(1) Sﬂm == m E By

0<hp<liin
where h, are the rational values of % in (0, 1/n). Since ,u(E A Lz, h)) is
a measurable function of » for fixed %, the set Ej_is measurable for each h,
and so the measurability of Sm. follows by (1).
_ LewuA 2. Let B C H be measurable. Then d(E, v), (B, z), d(B, v, 6),
d(E, =, 0), are measurable functions of .

Proof. Let
u(B ~ 8,(=))
w(z,r) = 4——7-—"7~
’ #(8))
Then
d(B, ) =lm inf u(x,r).
k=0 0<r<k

Since u(z,r) is a continuous function of » in (0, k) the infimum is
the same if only rational values of r are considered. Since u(z,r) is

a measurable function of z for each », inf u(z,r) is measurable for fixed k.
o<r<k
Since inf w(z,r) is a monotone function of k, d(¥, z) is measurable.
o<r<k

LevmMA 3. Let £ C H be measurable. Then for fixed 6, the set
8= {r: d(H, »)=0; d(E, x) >0}

is of measure zero.
Proof. Let

h 1
Smn = {1‘ d(B, x)= 0; u(E ~ Lz, b)) Zﬁ for 0<h< ;} .

Then
(1) 8C U S

where the union is taken over the set of all positive integers m and .
By Lemma 1 and 2 the set Su, is measurable for each m and n. Suppose
#(8mn) > 0. Let @, be a point of S,, which is also a point of density
of Spun. Let e > 0. Then there is §,, 0 < §, << 1/2n such that for 0 < § < 6,

@) p(Smn  (— 8, @5+ 8)) > 26 (L—¢).
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Let 8, 0<< 6 << &y, be fixed. For & e (2,— 34, %+ 39) let h(z) denote the
length of the line segment in the direction 6 joining « to the circumference
of 8,(z,). Then writing F = Sun ~ (@%,— 30, 25+ 36)

u(B o~ 8y()) = sin f-p (B ~ Lz, h(2))do

smB [h(
6 6 '] é )
;%_ 5@, M) =g for we (wn 5 m°+§)
S8 S e by @).
m 2
Hence
p(E nS(mo)) ?Eg(l— g) .
( a(wo))
Letting 6->0,

B, 7)) > — (1— £).

This contradicts the faet that 2y € Spn. Hence p(Sma) = 0 and the proof
is completed by (1).
LrevMuma 4. Let EC H be measurable. Then the set

8= {x: (B, 2) < 4, (B, x)}
is of measure zero, where 6, and 0, are any two fized directions.
This is proved in [3].

Lemma 5. Let BC H be measurable. Then for any two directions 0,
and B, the set

= {;o: 4o (B, 2) > 0; 2 ¢ B ~ Ly (@)}

is of measure zero, where, for example, A denotes the closure of A.
Proof. For each #, let

- 1 1
8, = {m: dal(E; ) >ﬁ; »_E' "Ls,(w: ﬁ) = gp} .

Let 8 > 6,. Suppose p*(Sa) > 0. Let x, be a point of 8, such that
%, iy a point of outer density of S,. Since I, @) n E is measurable for
almost all # eI, we may suppose that Ly (2) ~ B is measurable. Then
for each m € 8, 2 < u;, let L, () intersect Ly, (z,) at the point g(w). Since

©
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%, is a point of outer density for the set S,, w, is also a point of outer
density (one sided) for the set

Q= {g(x): ®eBn; < 1y}

Since @, ¢ 85, we conclude from the above assertion that there is an in-
terval J C L (2,) with x, as one of its end points such that

1 siné,
(1) ,“(J)<n -S_Il-é;
2 JnE J)- 3
(2) u(d ~ By > u(J) T’
* 1
®) W > )| —5)-

From (2) and (3) we conclude that J ~ F and J ~ @ have common points.
Let pyed @ ~E. Then there is @, < #,, @, € S», such that q(z)= Do-
So, py € Ly,(w;, 1/n) by (1). Sinee =, € 8,, this contradicts the definition
of S,. Thus u(8s)= 0 for each #. Since

8C ()8,

n=1

8 is of measure zero. The case §, < 6, can be similarly treated.

LEMMA 6. Let HCH be measurable. If for a point x, d(B, z)= 0 then
the set of directions

8={6: 0< 6< m; d,(B, ) >0}

18 of measure zero.
Proof. Denote

: h 1
S,,.,,:{ez 0< < my Iu(EnL,,(a:,h))>E for 0<h<£}.

Then § C | 8mn Where m, n run over the set of positive integers. It can
be shown as in Lemma 1 that the sets Smn are measurable. If possible,
suppose u(Sma) = ¢ > 0. Choose 0 < § < 1/n. Then

ulB ~ 8z)) = f [6(B ~ L, 8))Fas
Smﬂ

062

m2 Smn)
-
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So,
/‘(E n SJ(“")) -
wSse) T am’

Letting 60,

AUE,2) >

But this contradiets our hypophesis.
TEEOREM 1. Leét f: H->R be measurable and let 0 be any direction.
Then the sel
= {m: Wy(f,, 0) ¢ Wy(f, 2)}
is of measure zero. If f is continuous then 8 is of the first category.
Proof. For fixed r,s,r<<s, we write

=fr,9), BSn.={z: Ad(E,2)=0; &(E,s)>0}.

Then SC |J8,, where r,s run over the set of all rational numbers. By
Lemma 3, ,u(S,_s) =0 for all » and s and hence the first part of the theorem
follows.

For fixed r, s, r< 8, m, n, m = 2, let F,,,,, denote the set of all » for
which the following relations are true:

& al{p: 7 <f(p) <5}, 2)=0
@ alip: p Lo, b); r <flp) < g})>ﬁ for ‘0<h<%‘
Then

(3) SCU rsmn

where the union is taken over the set of all pairs of rationals r, s, r<Cs,
and over the set of all positive integers m, n, m > 2. We shall show that
P, is nondense for all r, s, m,n.

Suppose that Fym, is dense in an interval (a, b). We may suppose
that 3(6+3) € Frsma and b— a << 1/n. Hence by (1) there is a semi ecircular
region ( in H bounded by a semi circular are I" with centre %(a-+b) and
radius B << $(b—a) such that

R
(4) plip: p e 05 v <f(p) <s}) < - (sin26,+26,)
where 6,= 6 if 0< 0 < }x and 6,=n—0 if jn< 0 < . Let I, be the
diameter of ¢. Then from (4) we conclude that there is a point x, in the
interior of I, such that
k(=
,u({p: P € Lyjay, bz, M)

N r<fw) <sl)< -~

©
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where k() denotes for each x e I, the length of the line segment joining
to I'in the direction 6. Let ' < r << s < ¢’ be such that

bz,
,u({P: P € Lfmo, h(a)); ' < f(p) < 8’}) < % )

Choose 0<< o << k(wy)/2m, such that

#l(Es P e Ia; 0 < lp—af < e 7' < F(0) < #)) < o (bla)—a).

Let r<r’"<r<s< s” < s Then
’ 1
wl{p: p e Lolwe); o < |p—ao| < h(@o); f(p) ¢[7", 8T} > ( ——) (B (26)— o) .

Since f is continuous, it is uniformly continuous in any bounded closed
region in H and hence there is 6 > 0 such that |#— %,| << § implies

ulp: P < Io); o< |p—a] < hize); F(p) ¢, sTY) > (1~i) ((@o)— o)
> (1—-%) hia,) -

Hence

| h(@)
() #llp: p e Lfa, hiag); v < flp) < sf) <~

But since (2) holds on a dense subset of I, and since h(x,) << 1/n,
(5) provides with a contradiction. Hence F;ny is nondense and by (3), 8 is
of the first category.

TarOREM 2. Let f: H—R be measurable and let © be any fizved point

iwn L. Then the set of directions

8= {0: 0 <0< m; WS, =, 6) ¢ Wo(f, )}

is of measure zero.

If f is continuous, then S is of the first category.
Proof. As in Theorem 1, denote

E=f_1((7':8))7
Srs={0: 0< 0<; A(B,x) = 0; d(E, x) > 0}.

Then 8 C |8y where the union is taken over the set of all pairs of
rationals r,s, *< s. By Lemma 6, u(Sy)= 0 and hence u(8)=0.
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To show that S is of the first category, eonsider for fixed rationals
r,s, r<s, and for fixed positive integers m,n, m > 2, the set Fromn of
all 6 for which

h 1
1) plppeLfa b r<flp)<sl) = for 0<h< .

Then

(@) 8CUFom

where the union extends over the set of all rationals 7, s, » < s, for which
8) al{p: p < H; r <f(p) < s}, ) =0

holds and over the set of all positive integers m, n, m > 2. Suppose Frsn, 18
dense in an interval I C (0, z). By (3) there is a semi circular region €
in H with centre x and radins R < 1/n such that

R2
(4) ulip: 2 05 r <fp) <sl) < gz D) -
From (4) there is at least one 6, in the interior of I such that

2{p: p e Ly(m, R); v <f(p) <s}) <
Let r' <r<<8< 8 Dbe such that

ul{p: p e Lyfm, BR); v < f(p) < s} < % .
‘Choose 0 < ¢ << B/2m such that
Hlip: 2 e L@ 0 < lp—al < B ' <f(p) < ) < 5 - (B—0).
Let r<r’"<r<s<s’<s. Then
Hl(p: 2 <Znf@ls 0 < lp—al < B 1t2) 07", 4") > (1= 5 ) (=),

Binee f is continuous, it is uniformly continuous in any bounded closed
region in H and hence there is § > 0 such that |6— 6, < § implies

1
He: p e Tdo)s o < lp—al < B 12) 47,1 > (1- 2] (o)
> (1—%)13 .
So,

1) Klip: p e Ifa, B); 7 <) <o) <.

©
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Since (1) holds on a dense subset of I and R < 1/n, the relation (5) is
a contradiction. Hence Frymy is nondense and from (2) § is of the first
category.
Remark 1. The analogue of Theorem 2 considering W(f, x) and
W(f,x, 6) is not true. For, consider the closed subsets [4m, +n] and
[27,27] of (0, ) and consider a continuous f in H with values in [0, 1]
such that

fp)=1 for pe{p: pelya); 0<|p—a|<1; 0 e[in, Lal}
and

fp)=0 dfor  pe{p: pelya); 0<|p—a|<1; 0e[n,ial}.
Clearly

37, 3] v [E=, 1] C{6: W(f,2) ¢ W(f, =, 0)} .

Theorem 2 yields the following result:

TesorEM 3. Let f: H—R be measurable. Then for every <L there
exists a set of directions @ (x)C (0;n) such that u(®(z))= = and

UAWo(f, 2, 0); 6 e D(2)} C Wy(f, ) .

If f 4s continuous then the above is true with ®(x) residual in (0, ).
TEHEOREM 4. Let f: H—R be measurable and let 6, and 0, be fized di-
rections. Then the set

= {m: Wy(f, 2, 8;) ¢ W({, @, 6,)}
is of measure zero.
If f is continuous then 8 is of the first category. .
Proof. If x € 8, then there are rational numbers 7, s, » < s such that

Gy(H, 2) >0, 4, (B, 2)=0

where B = f~((r,s)) and hence the first part follows by an application
of Lemma 4. .

To prove the second part consider for fixed rationals r,’,s’, s,
r<r'<s<s and for fixed positive integers m,m, m >2, the set
Fopgrsmn 0f all points 2 such that 0 < k< 1/n implies

‘ h
@) pl{p: D € Ly (@, b); < f(p) < 8}) <z
and
@) rl{p: p e Lylo, B); v <f(p) <87} >—
Then :
(3) 8 C UFrr’s’smn

12 — Fundamenta Mathematicae, T. LXXIX
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where the union is taken over the set of all quardruple of rationals », 7,
8'ys, r<r <s' <s, and over the set of all pairs of positive integer’s
m,n, m = 2. We shall show that F,..g,, is nondense for every 7,7,
s, 8,m,n. ) )

Suppose that one of the sets I, is dense in an interval I. Since
f is continuous, the set of points # for which (1) holds is closed and hence
(1) holds for all # in I. Let us consider a triangle T with base [a, b]C I and
other two sides, I, and L,, are in the directions 6, and 6, respectively.
We take the triangle 7' in such a way that the length of the sides Z, and L,
are less than 1/n. For each x € (@, b)) we denote by hy(x) (resp. hy(x)) the
length of the line segment in the direction 6, (resp. 0,) joining z to L,
{resp. L,). Since (1) holds for all x € (a, b) we conclude

T
(9 ulis p e Ts r< @) < s <L)

From (4) we assert that there is #, ¢ (@, b) such that

ul{p: p e Lofan, hofe))s 7 <f(p) < 8}) < ==

Choose 0 << g << Ry(my)/2m, such that
1
#({P: P e Ly (@); 0 < [P—m| < halrg); 7 < flp) < 8}) < %(hz(xo) — ‘7) .
Choose r< 7" < 7' < 8" < ¢'' < 5. Then
’ rr 1 \
P‘({p: P e Ly (m); o < [p— @l < holo); fp) ¢[0", 6 ]}) > (1“2‘;7“%) (h(“’o)—a) .

From the uniform continuity of f we conclude that there is 6 >0 such
that |z—z,| < § implies

L .
H(E: 2 <L) 0 <92l < Bz ) ¢, ) > (1—5 ) (e o)

1 1 )i
>( “’w;) (o)

]9
® wl(p: p e Lofo, hala))s  <flp) < 8] < L)

But since (2) holds on a dense subget of I, (5) provides with a contra-
diection. Hence the sets F,..... are nondense and the proof is com-
plete by (3). ;

Bemark 2. Tt is known [3] that there is a continuous function fin H
sueh that for every @ e L the upper approximate limit of f at # is 1 in the

icm

©
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vertical direction and in any other direction the upper approximate limit
of f at » is 0. From this we conclude that W(f, z, 8,) cannot be replaced
by W(f,®,6,) in the above theorem..

TEEOREM 5. Let f: H->R be measurable and let 6, and B, be fized
directions. Then the set

8= {a: W(f,z,0) ¢ O(f, 2, 6,)}
is of measure zero.
If f is continuous then 8§ is of the first category.
Proof. If z ¢ 8, then there are rational numbers 7, 8, < s such that

Eal(Ea #) >0, x¢FnIL(x)

where F = f‘l((r, s)} and hence the first part follows by an application
of Lemma 5.

To complete the proof suppose f is continuous. Then by a known
result [2] the set

Z = {z: C(f, =, 0,) # C(f, @, 02)}

is of the first category. Since 8 C Z, we conclude that § is of the first
category.

COROLLARY. Let f: H—R be measurable and 0., 0, be directions. Then
the set

8 = {z: limsupf(p) < limsupapf(p)}

P02 Di,6;
is of measure zero.
If f is conmtinuous, then 8 is of the first category.
Remark. These are proved in [4] in less general form.
4. In this section we shall consider a result of Belna [1] on the di-

rectional essential cluster sets concerning real funetions. We require the
following simple lemma.

Levwa 7. Let f: H—>R be measurable. Then the sets W(f,z) and
W{f, =, 8) are nonvoid.

Proof. Suppose that W(f, z) = ®. Then since oo ¢ W(f, z), there
is M >0 such that

(1) {p: peH; f(p) > M}, a) =0,
) d({p: p < H; f(p)< —M},z)=0.
Also for each y e[ —M, M], there is g, >0 such that

dfp: p e H; y—e, <f(p)<y-+e},2)=0.

12%
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So, there are finite number of points y, say, ¥, ¥, ..., ¥x sSuch that

[—3, M] CTL;I (Yr— 2y Yrt&y,)

and
(3) d{{p: peH; yo—e, <fB)< Yp+e,} @) =0 for r=1,2,..,k.
Let

4 ={p: peH; f(p) > 1},

B ={p: peH; flp)< —M},

Co={p:pel; e, <fO)<yte,}, r=1,2,.,k.
Then

H:Au(ij C,)uB.

Hence ~

1=3(H,2)= A (

Ca

C,)v B, x)

T

k
(4o (g 0,) v B) ~ 8,())

]
-

= limsup #
- F(Sa($))
k
<1l B4~ 8y(x) B(Cr ~ 8y(w)) (B~ Sa(m)))
<t PIEES) +Z wlS@) T )

3 .
g&(A,m)-{—ZE(C,,xH—E(B,m):0, by (1), (2) and (3).

r=1

Thus we arrive at a contradiction and hence the result follows. The proof
for W(f, z, 8) is similar.

THEOREM 6. Let f: H—R be measurable and let {0} be any countable
collection of direction. Then the set

8= {z: "\ W(f,x, 6.) = @}
n

i8 of measure zero.

If f is continuous then § is also of the first category.

Proof. From [3, Theorem 2] it follows that for each # the set

Su={&: W(f,2) ¢ W(f, 2, 0a)}

is of measure zero when f is measurable and is of the first category when
J i8 continuous. Hence we conclude that the set

- {m: W(f’ x) Q‘ﬂ W(.f: z, Bﬂ)}

©
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is of measure zero when f is measurable and is of the first category when
f is continuous. Since by Lemma 7 the set W(f, ) is nonvoid, the proof
is complete.

From Theorem 6 we deduce the following known result

COROLLARY. If f: H->R is measurable and 0,, 6, are dirvections then
the set
8 = {: limsupapf(p) < liminfapf(p)}
p—>x,01 U p—x,0a
is of measure zero. :
If f is continuous then 8 is also of the first category.

These are proved in [3] and [2] respectively.
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