Total and absolute paracompaciness
by
~ Douglas W. Curtis (Baton Rouge, La.)

A Hausdortf space X is totally paracompact [4] if every open base
for X contains a locally finite cover. If X is a closed subspace of ¥ such
that every open base for ¥ containg a locally finite (in ¥) cover of X , We say
that X is totally paracompact relative to ¥ [8]. Clearly, this implies that X is
totally paracompact. A paracompact space X iy absolutely paracompact [9]
it for every closed imbedding h: X-»¥ into a paracempact space ¥,
1(X) is totally paracompact relative to Y. Thus absolute paracompactness
implies total paracompactness. The space of rationals is totally para-
compact but not abgolutely paracompact [B]; the space of irrationals is
not totally paracompact [1], [3]. .

We show in § 1 that absolute paracompaetness is weakly hereditary,
‘and is characterized by a vanishing non-locally-absolutely paracompact
kernel. A countable sum theorem is obtained, from which it follows that
F,-subsets of totally paracompact spaces, and paracompact countable
sums ‘of closed absolutely paracompact spaces, are totally paracompact.

In § 2 we congider a modification of absolute paracompactness suitable
for metric spaces, and with applications particularly to c-locally separable
metric spaces. Tt is shown in § 8 that every Hurewicz space is: totally
- paracompact. ' : .

1. Absolute paracompactness.

1.1, Trmowem, Jfvery olosed subspace of an absolutely paracompact
space 98 absolutely paravompact.

Proof. Let A Dbe a closed subspace of an absolutely paracompact
space X, and h: A-+¥ a closed imbedding into a paracompact space Y.
It is easily verified that the adjunction space Z =X, Y is para-
sompact. We regard X and ¥ as closed subspaces of Z, with XnXY=4."
Let U be an open hase for ¥, and let U be an open hase for Z guch that
Ve and: VA Y %@ imply VY eW. Then there exists & locally
finite (in Z) subcollection 9, of U covering X, and Uy = {n TV ey,
VAY 0} is a loeally finite subcollection of W covering A
18 '
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1.2. Lemya, Bvery paracompact locally absolutely paracompact space is
absolutely paracompact.

Proof. Let X be such a space, and suppose X is a closed subspace
of a paracompact space Y. Let {G,} be a locally finite open cover of Y
such that G, ~n X is absolutely paracompact (or empty) for each a. We
may shrink {G,} to an open cover {@,} such that G,C G* for each q,
Let U be an open base for ¥. Then there exists for each a a locally finite
subcollection W, of U covering & ~ X, with each ‘member of U, con-
tained in @,. It follows that | W, is a locally finite cover of X.

Both of the above results hold also for tofal paracompactness. In
the case of 1.1 this is well-known and easy to see, and in the cagse of 1.2
was proved by Telgdrsky [8], whose argument we have virtually repeated.

1.3. LemmA. If a paracompact space X contains a closed absolutely
paracompact subspace A such that X\A is locally absolutely paracompact,
then X is absolutely paracompact. :

Proof. Let X =4 v (X\A) be such a space, and suppose X is
a - closed subspace of a paracompact space Y. Let U be an open bage
for Y. There exists a locally finite cover U’ of A; set V = [W']. Then
the closed subspace X\V contained in XN\A4 is locally absolutely para-
compact, hence absolutely paracompact, and there exists a locally finite
cover U of X\V. Thus U’ v U is a locally finite cover of X.

14. TeroREM. If every monempty closed subspace of a paracompact
space X is locally absolutely paracompact at some point, then X is absolutely
paracompact.

Proof. Define the derivative 4* of a cloged subspace 4 of X as the
set of all points of A which have no absolutely paracompact neighbor-
hood in 4. Clearly, A* is a closed subspace of A, and by hypothesis A* = 4
if 40 Set X¥= ¥, and X? =) (X)* for every ordinal §. Then

a<f
X is a closed subspace of X for each ordinal a, and for ¢ < g, X® is
& proper subspace of X unless X@ = @. Thus eventually X© = @,
Wfa show by transfinite induction on « that any paracompact space with
this property is absolutely baracompact. Suppose that any paracompact
space X for which X = ¢ for some a < B is absolutely paracompact,
and let ¥ be a paracompact space such that Y@ = @, Tt B is a limit
ordinal, then Y=a£%(Y\Y(“)) is locally absolutely paracompact, hence

absolutely paracompact. If = a+1, then ¥ = Y@L (¥Y\Y®) is the
union of & closed absolutely paracompact subspace and 2 locally absolutely
- paracompact subspace, and by 1.3 is absolutely paracompact.

The technique used above of forming the transfinite iterates of the
non-locally- P derivative of a space, with respect to a weakly hereditary
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-~property P, is well-known and is described, for example, in [7]. The

eventually constant closed subspace X = Y@+ i3 calleg the o
looally - P kernel of XX, and is the largest closed subspace which is nowhere-
locally-P. It should be noted that the theorem and Preceding lemmg,
do not hold for total paracompactness. This iy shown by the example
of [B]: & paracompact but not totally paracompact space § containing

_a closed copy D of the rationals snch that S\D is discrete.

A space is said to be O-scatiered if it has an empty non-locally-com-

) pact lkernel. It follows naturally from Theorem 1.4 that every para-
- compact C-scatbered space iy absolutely paracompact (this has been
" proved previously by Telgdrsky [9]). A completely regular space i fopo-

logically complete (in the senge of f)ech) if it is & G,-subset in its Stone-
Oech compactification. The following corollary is another direct con-
sequence of Theorem 1.4, \

1.5. CoroLrAryY. Hvery topologically complele paracompact space which
is the countable union of closed absolutely parasompact subspaces is absolutely
paracompact. ‘ ' SN

Proof. Topological completeness iy weakly hereditary, and implies‘
the Baire property. Thus the hypothesis of 1.4 is satisfied.

1.6. THrEoOREM. Hvery paracompact space X which is the countable
union of dlosed subspaces lotally paracompact relative to X is totally para-
compact. )

o ,
Proof. Let X' == | )4y, with each 4, totally paracompact relative
‘ 3

" 40 X, and let U be an open base for X. There exists a locally finite sub-

collection #, of W covering A,. Let £ be an open star-refinement of the
open cover 4w {X\4,} of X, and let W, be the largest subcollection
of U refining #;. Inductively, suppose a locally finite subeollection #:
of W, covering A; has been chosen. Let 47 be an open. star-refinement
of the open cover #; v {X\ A4} of X and let U, be the largest subcollection
of Uy_, refining +7. There exists a locally finite subcollection #;; of U

~ covering 4y, TFor each j, seb Vy= {V ek V\HWH&@}' Then

=]
Y= | J Uy covers X, and we claim that O is locally finite. Every # ¢ X
1

iy in some Aq, and in xome W ¢ 47, Suppose V AW s @ for Vi Ay C Uy
for j>d. Sinee Uy, rofines o, V Ct(W, W) Cst(W,£)C Uedky
and thus V ¢ Uy, . R .

1.7. COROLLARY, uvery paracompact space which is the countable union
of dlosed absolutely paracompast subspaces is lolally paracompact

A space iv a-locally compact if it is the countable union of c}ose.d 19-
cally compact subspaces. (OF course , every perfectly normal space which is
the eountable union of locally compact subspaces is o-locally compact.)
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1.8. COROLLARY (this answers Problem 3.2 in [9]). Every a-locally -

compact poracompact space is totally paracompact. .

1.9. LevmA (cf. [8], Theorem 1). If XCYCZ Z is totally para-
compact and X is closed in Z, then X is totally paracompact relative to ¥,

Proof. Let U be an open base for ¥. There exists an open base QY
for Z such that for each Ve, eithet VA X =0 or VA Y ¢, Let
Vo CU be a locally finite cover of Z. Then Wy = {V nY: V¢ U, and
VX £0}CU is a locally finite cover of X.

"1.10. CorOLLARY. Bvery F,-subset of a totally paracompact space is
totally paracompact. - '

1.11. ProBLEM. Is every topologically complete totally paracompact
space absolutely paracompact? C-scattered?

Since every 'nonempty’ nowhere-locally-compact - complete metric
space confains a closed copy of the irrationals, every totally paracompact
complete metric space is C-scattered. It is known that every topologi-
cally complete Hurewicz space is C-scattered [10].

1.12. PrOBUEM. Is every paracompact space which is the countable
union of closed totally paracompact subspaces totally paracompact?

- 2. J-absolute paracompactness. e say that a metric space X is
M- absolutely pamc;yn'pact if for every closed imbedding h: X —Y into
a metric space Y, %(X) is totally paracompact relative to V. It is eagily
seen that the analogues of Theorems 1.1 and 1.4 for 6-absolute para-

compactness are true. The analogue of Corollaty 1.7 can be strengthened:. .

2.1. THOREM. Every metric space which is the countable union of
dosed Mo-absolutely paracompact subspaces is M- absolutely paracompact,

Proof. Let X = GAQ with each-A; a closed G-absolutely para-
compact subspace, and ;uppose Xisa elosevd subspace of a metric space Y,
Then X — (3 64, with each G open in ¥ and &, C G. Let U be an
opén base f:n" Y. The proof of (1.6) is now repeated, with the following

modifieation: 4} is an open star-refinement of the open cover ;v -

U {GN\A} U {T\X} of . Then the locally finite cover U C U 4; is selec-

1
ted as before, subject to the condition that V ~ X = @ for each V € .

" 2.2, COROLLARY. :Bvery F,-subset of an Mo-absolutely paracompact
space is Ao- absolutély Dparacompact.
2.3. COROLLARY. Boery o-locally compact metric space s - absolutely
paracompact. ' ' :

Thus the rationals, while not absclutely baracompact, are A:-abso-
lutely paracompact. The class of Mo-absolutely Paracompact spaces is

e ©
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i fqﬁite extensive; we show that every o-locally separable totally meta-
_compact metric space is A6-absolutely paracompact, (A space is totally

metacompact if every open base contains a point-finite cover.) Lelek [6]
showed that every separable totally metacompact metric Space i3 totally

_pama.compact. In proving the following lemma Wwe ‘recast and extend
" his proof. N _
V0 2.4, LeMMA, Hvery separable tolally metacompact metric space. is
- M- absolutely paracompact. ' .

Proof. Let X" be a closed separable totally metacompact subspace

“of a metric space ¥, and let W De an open base for Y. We may assume .

that ¥ has a mefric whose restriction to X is totally bounded, since X -

: ;has a- totally bounded metric which can be extended to a metric on ¥

[2]. For each i, let X'y De a finite 1/i-net in X, and let ®,= {V, w):
V, WeW, diamV, diamW<1/i, d(V,W)<1/i,V ~X 20} Here,
a(V, W)= inf{d(v, w): veV,weW} Then for each i, 8= {(Vu W)~
AnX: (V,W)eR} is an open cover of X, with mesh 8i < 3fi, and

8= L‘jﬁ'ﬁ is a Dbase for X. Thus there exists a point-finité cover FCG;
1

since each X iy finite, the collection Uy = V,W: (V,W)eRyy (VU W)

nXeF} is finite. Sl Vy= {VeWy: VCUeUy only if i< j}, and
0 .

QY = G‘U't- Since moxh Wy - 1/i and () Uy covers X, U is a locally

. 1 1 ! . .

finite cover of X, o
2.6, LunMA, Hvery o-locally separable metric space is the countable
union of closed locally separable subspaces.

Proof. Liet A be a locally separable gubspace of a mefric space X.
Set A = {wed: A ix locally separable at ). Then A C A, 4 is locally

-separable, and A is open in A, Thus 4 is an ¥, -set in X, and the lemma ,

follgws. )
ﬁ 2.6, Turormm. Hvery o-locally separable totally metacompact meiric

space 48 Mo-absolulely paracompact,

Proof, Tt follows from 2.4 and the local character of Jﬁ-absolui?e
paracompaciness that overy locally separable totally metacompact metric
space s Jb-absolwtely paracompact, The theorem then follows frgm 21
and 2.5, o .
A rogular space A" is suid to ho Jurewies if, for every sequence ¥, Yoy e
of open covers of X, there exist finite subeollections a; C y; for each ¢ suqh
that a; v gyw ... covers X, Lelek [6] has shown that a sepg,rable meftic
space is tolally paracompaet if and only if it is Hurewicz. This qhara,cfﬁe.er,l— i
zation, together with Mheovems 2.1 and 2.6, leads to the fouomng
corollaries, :
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2.7. CoROLLARY, Bvery o-locally separable metric space which is the
countable union of totally paracompact subspaces is tefally paracompact.

Proof. It suffices to consider the separable case, which (as Lelek
has noted) is a direct consequence of the Hurewicz eharaeteriza.tion,
a countable tnion of Hurewicz spaces being Hurewicz.

2.8. COROLLARY. Hvery product of a o-locally separable totally para-
compast meiric space with a c-locally compact metric space is totally para-
compact. ’

Proof. We need only consider the product of a separable totally
Paracompact metric space with a compact metric space. A standard-type
argument shows that the product of a Hurewics space with a compact
space is a Hurewicz space [10]. .

2.9. .PB:OBLEM. Is every totally paracompact metric space .A(,~dbsolutely
paracompact? o-locally separable?

‘Not every totally paracompact metric space is c-locally compact,
since there exist Hurewicz metric spaces which are not ¢-compact (see [67).

3. Total paracompactness for Hurewicz spaces. Lelek’s theorem (see
above) may be generalized in one direction: -

3.1. TEEOREM. Bvery Hurewicz space is totally paracompact.

Proof. Let U be an open base for a Hurewics space X. There exists
a countable subcollection §, = {6} of U covering X, which by para-
compactness can be shrunk to a locally finite open cover ¥, 1= {Fy;} such
that F,C @, for each i Let W= {UeU: for each 4, UCE,, or
UnF,=0}. Clearly, U, is a Dbage. Inductively, suppose G, = {Gni} 1is
& countable cover of X from the bage g, a0d Fp = {Fpq} 2 locally finite
open cover such that Fu; C Gy for each i. Then WUn = {U €U, ,: for
each 4, UC Gy or UnFp=0} is a base, and contains a countable
cover 8,,, of X. Consider the sequence {5,} of open covers. There exist

finite subcollections ¥/ C &, Such that ¥ = ¥, covers X. L%‘%Q

. 1 L
= {Gni: Fys € F}, and let U= {G,; ¢G: G, C Gy; €8 only if n << p}. Then
UC U is alocally finite cover of X ; since each member of & meets only
finitely many members of .

3.2. PROBLEM, I every Lindeldf totally Paracompact space Hurewicz?
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