98 , . ] R. F. Snipes

nit ball B,(0) = {x  I': [jz]] < 1}. Since the norm|[-||: *—» R is J—continuous,
By(0) is J-open and hence (I, I*)-sequentially open. However, the
norm [|-f: 'R is not o(%, I*)-continuous. Consequently, B,(0) is not
o(f, 1°)-open. Thus (I, o(T, 1)) is not sequential.
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An atriodic tree-like continuum with positive span
by
W. T. Ingram (Houston, Tex.)

1. Introduction. Tn 1964 A. Lelek defined the span of a metric space,
and he proved that every chainable continium has span zero [5], section 5.
In this paper we construct an example of an atriodic tree-like continuum
with positive span. The continuum is obtained as an inverse limit on
simple triods using only one bonding map. The question of the existence
of an atriodic tree-like continuum which is not chainable was mentioned
by Bing [2], p. 45, and Anderson [1] claimed in an abstract that such
an example indeed exists.

Throughout this paper the term space refers to metric space and the
term mapping to continuous function. The projection of a produet space
onto its ¢th coordinate space will be denoted by ;.

Suppose X and ¥ are spaces, d is a metric for ¥, and f is a mapping
of X into Y. The span of f, denoted by of, is the least upper bound of the
set of numbers ¢ for which there is a connected subset Z of X x X such
that my(Z) = my(Z) and d(f(@), f(y)) = & for each (z,y) in Z. (Of course of
may be infinite). The span of X, denoted by cX, as defined by Lelek, [5],
is the span of the identity mapping on X. )

Suppose X, X;, ... is a sequence of compact spaces and fi, fy, ... i8
a_ sequence of mappings such that f: X, +1—~X ;. The inverse limit of
the inverse limit sequence {Xi,fi} is the subset X of [] X; such that

>0

(1; @y, ...) is in X if and only if fyz,,) = @, for each 4. We consider
Il (X1, d;) metrized by

i>0
d(@,y)= D' 27 i, i) -
i>0
2. The mapping f and the continuum M. Let T denote the simple friod
0,0 0 o1 and 6 =0, 6 = 4w or 0= n} (in polar coordinates in
the plane). Define f: T-—+T as follows:

(1—dz, =) it o<a<i,
e-11m # i<o<i,
T@3m) =y 3 _yp im) it i<a<i,
(45—3,0) i f<o<l.
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(1—3z, nt) if 0oy,
_JBe—1,3n)" # i<e<i,
T ™) =1 e=sa,4n) # t<o<i,
(8x—2,0) if e,
0) — (1-22,n) i O0<a<},
F@0=1(e-1,0) i i1<a<i

For each n let T = T and f, = f. Then denote by M the inverse
limit of the inverse limit sequence {7, fu}.

Before we show that the simple triod-like continwum M is atriodic
and has positive span, we adopt some notational conventions which
will be used in this paper.

Denote by O the point (0,0) = (0,%r) = (0, ), by A the point
{1, in), by B the point (1, =), and by C the point (1,0). Thus the arc
04 of T is {(9,0) e 7| 6 =4r} while OB = {(0,0)eT| 6 = n} and OC
= {(0, 0) ¢ T} 6 =0}. If each of p and ¢ is a positive integer and p < ¢,
we will denote by % the point (g, g) while %Bi will denote (g, n-) and

1—;9 will denote (?2, 0) :

3. The continuum M is atriodic. In [4], Thesrem 3, itiy proved that if every
proper subcontinnum of a compact continuum XK is chainable, then K is
atriodic. :

THEOREM 1. Every proper subcontinuum of M is chainable, and thus
M is atriodic.
Proof. Suppose H is a proper subcontinuum of M. Then there is
an integer ¥ such that if # > N then 7n(H) i3 0t T, . We consider two cages.
Case I. If 7 is a positive integer there exists an integer j = ¢ such
that O is not a point of wi;(H). Suppose & > 0. Then there is an integer ¢
such that if & > ¢, mz is an e-mapping of M onto T%. There exists an integer
J =1 such that O is not ai(H). Thus n;(H) is an are. Therefore, if & > 0
there is an z-mapping of H to an are, so H is chainable.
- Case II. There is an integer % such that if j > % then O is in 7uy(H).
Suppose j =k and j > N. Then 0 is in 7, (H), s0 O and B = f(0) are
in 7;,4(H). Thus, [0B] is a subset of %i1o(H). Since f([OB]) = [0B] v

4
o 0CTu [o;] and [0A] is a subset of f([oi:-]), F4[OB]) = T. Therefore,
aj(H) = Ty, but l> N.

4. The continnum 37 has positive span,
the continuum M hag positive span.
of T will be denoted by zy.

In this section we show that
If z and y are points of T, the arc xy

e ©
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THEOREM 2. There ewists o sequence Z,, Z,, ... of subcontinua of TxT
such that for each n m(Z,)= my(Z,)= T, fxf(Z"H) =2y Z,=1Z7,
and if (p,q) is in Zy, then d(p, q) > }. Thus of*> §.

Proof. Let

Z, = (([0B]x {0}) v ({B}x [0C])) v (([00]x {B}) v ({0} x [0B])) v
w (([04]x {0}) v ([{A} X [00D) w (([00] X {4}) v ({0} x [04])) v
v (([04] % {B}) v ({4} X [0B]))  (([0B] X {4}) v ({B} x [04])) v

= ({lo3] @)« fa}xeoei) - o<l - x5
(5] <em) fapcomt)« (fom<{gl) o)~
“({o3] e for [Tl (7] o) fox{o5])

If (p,q) is in Z,, then d(p,q) > 1.
S,uppose Zy i; a subcontinuum of I'X T' such that (a) m(Zs) = mx(Zn)
=T, (b) Z is the union of twelve continua denoted by (OB, 0Cj,

A
<0G, 0B, (04,005, <OC,045 (OA,O0BS (OB,0A), <05,00>,

4 4 A\ /A 34 34 é>
<00,05>, <05,03>, <03,05>, <0,5,Z-A yand (4,03

where (t,u) denctes a continuum K such that =,(K)= t.a,nd mo{ K) =4,
and (e) <t, up"'= {u, ). Suppose further, (d) there exist four points

34 2B e
2y, %, By, a0d @, such that o, is in lz— A] , @y is In [’3— B], 2y is In [E G’] ,
34 4
A4 34, 4
and g, is in [Z -2-] and (1) <O4, OB, (OA, 0C>, and <4 4,0 2>
. 4 34
contain (z,,0) and thus (OB, 045, <0C,04> and <0-2-, —4—A>
4 tain (z,, 0)
contain (0, ), (2) <OB, 0A), <OB, 0C) and <OB, 0 5, oon 2 29
A .
and thus <OA, OB, <OC,0B) and <0§, 0B> contain (0, @),
A : .
(8) <00, 04y, <OC, 0B, and <00,0;> contain (7, 0) and thus

4 ~ o4 0B>
{04, 00>, ¢OB, 00>, and <05, 00> contain (0, z;), and (4)< 5

4 é>
and <01;1~, 00> contain (z,,0) and thus <0B,0~2—> and <00,o :
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contain (0, ,). Moreover, suppose (e) there are two points 2, and e, such
that 2, is in 00, z, is in 04, and (1) (B, #) is in OB, 0C) and thus (2, B)
is in <0OC, OBy and (2) (B, ) is in <OB,0A) and thus (z,, B) is in
(0A, OB>. Finally, suppose that if » >1, fxXf(Z,) = Z,_,.

Note that Z, satisfies all the conditions of the preceding paragraph.
We now construct Z,,,. The following notation will be convenient in
this construction. If <z, u) is a subcontinunm of Z, and v and w are arcs
in T such that f|v is a homeomorphism throwing v 01'1130 3 a,nd flw is
a homeomorphism throwing w onto w then L = (f[v)7™ X (f]w)™4({t, ud)
is a continnum, called the lifting of (#, u) with respect to v and w, such
that m(L)=v and a(L)=w. This continuum will be denoted by
L({t,u>,v,w) and in some instances, where no confusion ghould arise,
may be denoted by L.

Let ‘
(<0B 005, 02 gC)vL§(< 00> f Jj g )
Vzl(<09 ,0B> 5B 0) (< OB> 1232;2’ ) ‘

uL§(<00, 0B, ?B, o—g—) .

That e, is a continwum follows from the facts that ( (f == (J’)“Jl .703)) is

BB _,

. 0 i
in Ii ~ I}, ((f}~——} (), 9) is in Iy n L3, there is a point y, of OB

such that ( ,yl) is in <0— OB> 50 (5’ (f] ) yl)) is in I} ~n I},

2B
and (—— (f]O—-) acz)} is in I} ~nI}. Also, m0y) = OB, my(ay) = 0C,

and X f(a,) is a subset of Z,. Let o= o7 and a, is a con‘mnuum such

thatlalxlé ) = 00, mya;) = OB, and fxf(a,) is a subset of Zy,.
e ,

34
o = L”((OB 00),0_ _A)ULS(«)B 045, OC’ %1_311)

] . AA
uLg(QOB,OA),OB— Z‘))UL3(<OO OA),—O—C’,ji{];)
w1300, 08,5 0,0%)

That o, is a continuum follows from the facts that ((f |0 g)”‘(wz), i{l)
2 4
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is in I? ~ L2, there is a point y, of OB such thab (y,, 4) is in (0B, 04)
C\— Ay .. ¢ A A\ Lo

o ((1105) wa3) s m Bam, 50 (173 @) B ziaz
C N\ Ay ‘ 3 ¢

and ((fl— G) (ma),z) is in Li ~ I3, Also, my(as) = OC, ms(ag) = OA and

X flas) is a subset of Zn. Let a, = o3 and a, is a continuum such that

m(ay) = OA, mo(ay) = 00 and f X f(a,) is a subset of Z,.

Let

B3A

I (<OB 00y, 02 ,

B 434
) L§(<03,0A>,0 )u

3724

A 34 \ BB 494 A 34 \ BB 144
5 e 5 . - i
UL(09’4 ’32 216) L(<0 >32’162)U
A4 34 \ B2B T4A 9B A4
UL5(<0 = fA>,§—3—,EE«)uLZ((OG,OA),—B—B,ZE)u

9B 4
. L3(<00, 0By, B, OZ) .

34
That o is a continuum follows from the facts that ((f 10— ) (Zs) )

1
B A34 L. . ABA\
s in I§ A I4, (— (fI ) (@) s in T3} since (flar) ()
_ 3
=|f lé%) 1(5471) because #, is in —A there is a point y, of 0“

-1 Ay
such that (33, 4) is in < 9, A> (( ) (ys),E) is in I8 A I,

A .. A 34 .
there is a point g, in — A such that (n ,'y4) is in <0§ s A> 50
— . (2B T —
(g ) (fl %%) (.7/4)) is in I v L, ( (f[ ) (-%'1)) is in I§~Lg
A A\ A\-1 ... 34
since (ﬂZ?) () = (f\———:) (#,) because «, is in ;_J:A’ and

[l ) ")

Fx flag) is a subset of Z,. Let o= a5 ! and o is & continmum such that

is in IE ~I5. Also, m(a;) = OB, ma(as) = 04 and

my(ag) = OA, my(a;) = OB, and fx flag) is a subset of Zn.
Let
2B A4 2B
=L§(<OB,00>,0 ——B)uL7(<0A 00,553 B)u
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uL7(<:~3J—4A. Oé> 7——4% B2B v I} §:A:A 0é ™44 BB
Wae™72/7162 23] *\\4 772 ’EE’EE)“

AA B
v L§(<0A, 0B, <%, og) .
Tha - . A 2B _\~1
t a; is a continuum follows from the facts that (Z’ (f | —3—B) (ma))
e A A\ 2B L. A Ay~
i in IInLl, ((f]zg) (wl),—3~B) is in I ~ 7 since (f[z—2~) @)

T4 A\

N ¥
= (ﬂEE) () becanse x, is in — A, there is a point ¥, in 3% A

A, 3A A T4 A\~
s that v, ) s i (54,0 w0 (s 1<y4>,§) is

. A A\ B

. N
in II~II, and ((ﬂz?) (@), -3-) i in I} A L] Also, m(ar) = 013-,
my(a;) = OB, and fX f(a,) is & subset of Z,. Let a; = a;* and ag is & con-

s A
“tinuum such that m,(ag) = OB, my(ay) = O 7 and f X f(ag) is a subset of Z,.
Let

— T 4 0 AA C
Y L1(<0B, ocy, 0—4— , 50) uLg(«)A, 00>’Z§’ 50) v
uLg(<0A, om,%%i , og) .

That a is a continuum follows from the facts that 4 , 71 ¢ G) —l(wa))
2 2

.. A4\ ¢
is in 2~ g is i

1Ly and ((f] 1 2) (ml),~2—) is ih I§ AL}, Also, m,(a,) = Og
my(ag) = OC and fx f(a,) is a subset of Z,. Let 0= a5 ' and ay, is 2 con-

tinuum such that m(ay,) = 00, myayy) = 0%, and fXf(a,) is a sub-
set of Z,.
Let

— T A 34
Qyy —Ll (<0B, OG>, Oz, 4—A) UL];((OA, 00>’£é , i{i:fl )
427 4
. A 34 -1
Since (— - s
(4 ’ (f I 1 A) (”3)) Is in @' "I}, @, is a continuum. Also,

34
24 == — — .
A(ay) = 0 X o) = T A and f X f(ay;) is & subsest of Z,. Let @ = ap
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; . - 34
and o is a continumm such that m(ay) = TA’ o ) = 0112-, and

Fxf(a) is a subset of Zy,.

L1
Let Z,., = \Joi. Then Z,,, is the union of twelve continua
i1

(O.B, 00>’ = Oy, <OG; O0B)' = a,, <0-A-3 00>’ = Oy, <007 0A) = L)

A ’ ’
(04, OBY = ag, (OB, OAY = a, <05, oa> = a, <00,0§-> = ag,

A\ Ay A 84 N pBA AV
<0—2~,OB> - a,,<OB, 0§> =a5,<0—5, —4—A> =, (3 4, 0§> = ap

such that if K = <¢, u> then m(K) =1 and my(K)= w By construction
<ty wd™t = {u, ty. Thus (b) and (c) of the inductive hypothesis are satistied
by Zpys

. 3 -1 . 2B _\-1 ! o\t
Tt 4= (1%54) "o, s (175 3] s i = (150) ",

, -1 . . [34 ., . . 2B P
@£, = (f]%%) (2,). Clearly, =, is in [—‘i— A], 2, is In [?B], xg is in

, AA , . . .
[g 0], and #, is in [z; . Then, (z,, O) is 2 point of a4, a,, and a;, While

(0, @) is a point of a;, a5, and a;. The point (2, 0) isa point of o, aj,
and o, while (0, @) is a point of ag, a,, and a,. The point (5, 0) is a point
of ag, a3, and ay, while (O, ) is a point of ¢, a;, and a,. The point (z,, 0)
is a point of o, and a, while (0, &) is a point of oy and ay. Therefore,
{d) is saftisfied. ' )

Moreover, there is a point # in OC such that (B, 2 is in oy and (2, B)
is in ay, and there is a point 2, in OA such that (B, 7} is in a5 and (%, B)
is in a,. Thus, (e) is satisfied.

From the above, each set in the following finite sequence is a con-
tinmum: (g u gV @), (avava), (GYav ag), (a5V @V an)
(0p w0 g v ayo)y (ag\w 03U ). Moreover, each term of the sequence (except
the last) intersects the term that follows it and the sum of all the terms
of the sequence is Z,.1, 50 Z,,, is a continuum. Since, mlay v @\ 03\ )
= T tor =1, 2, m(Zp41) = ma(Zpsa) = T So, (a) is satisfied and Z,,, 18
a subcontinuum of T'x T.

Finally, we show f X f(Z,41) = Zn- The continua (OB, 00, {0A, 00>,

A 34
<OA, OBY, <0§,00>, <o§,03>, <0§, Z—A> are all subsets of
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4
Fxfloy o agU oy a) while <00, 0BY, (00, 043, (OB, 04, <oo, 05>,‘

<0B,0-§2>, %A,Og> are all subsets of fXf(apw a5 agu ay).:

Thus, Zs i a subset of fX f(Z,.,). Since for each 4, X flai) is a subset
of Zny fXf(Zp1) = Zn.

THREOREM 3. The continuwum M has positive span, and thus is not
chainable.

Proof. Suppose % is a positive integer and select Z,, Z,, ... satistying
Theorem 2. For each n let T, = T and let gn = f if # < k—1 while g, is
the identity on T if % > k. Then let ¥y denote the inverse limit of the
sequence {Tj,gi}. Let h: Tp—~Yi be defined by h(x)= (f*(2)
fl), #, @, ...). Then h is a homeomorphism throwing Tk onto Y. The
set W = & x h(Zx) is & connected subset of ¥z X Y with both prOJectlons
onto Yi. If (p,q) is a point of W, d(p,q) = d(f*"(px), fFa) >
since (f*(px), F"gs)) is in Z,. So o¥y > £

Since M is the sequential limiting set of Yy, X5, ..., c M = limsupo ¥y
> 1 [5]. So oM >0, and M is not chainable since every chainable con-
tinnum has span zero ([5], p. 210).

5. Remarks. In [6] Lelek asks: If X is tree-like, iy oX = lub {w(Y)] ¥.
is a subcontinuum of X} (where w(Y) denotes the width of ¥ [3])? Since
M is atriodie, M has width zero hereditarily [3], Theorem 3, so the
continmum M provides a negative answer to this question.

The following theorem could be used 130 argue from Theorem 2 that M
has positive span.

THEOREM 4. Suppose X is the inverse limit of the inverse limit sequence
{ X, fa} with each X; compact, e >0, and fr=fiofy o ofy_y. If aff ¢
for each n, then ¢X > 0.

Proof. Suppose (#;,,,..) is a point of X. Then hy: X;—[[ X
i>0

defined by hi(y) = (f{¥), vy fier¥), ¥, @iyr, Bipg, o) i85 & homeomorphism
for each 4. Since off > ¢, there is a connected subset Z; of X;x X, such
that my(Z;) = m(Zy) and it (z,¥) is in Z; then d(fi(@), fiy)) > e Thus
heX hi(Z3) i3 & connected subset of hy(X;) X hy(Xy) such that its two pro-
jections 5o hy(X;) are the same point set and if (a, b) is in hy X he(Z;) then
d(a, b) = te. Thus, ohy(X;) > 1e, and, since X is the sequential limiting
set of hy(X), h(Xy), ..., oX > ie.

In conclusion we remark that M is homeomorphic to a plane continunm
which can he constructed as the intersection of a defining sequence of

tree chains 7, T,,... each having only one junction link with 7.,
following the pattern suggested by f in T,.
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