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DRUKARNIA UNIWERSYTETU JAGIELLONSKIEGO W KRAKOWIE

On some applications of infinite-dimensional manifolds
to the theory of shape(

by

T. A. Chapman (®) (Lexington, Ken.)

1. Infroduction. In this paper we apply some recent results con-
cerning the point-set topology of infinite-dimensional manifolds to the
concept of “shape”, as introduced by Borsuk in [5].

Let the Hilbert cube I be represented by H I;, where each I; i

=1

the closed interval [—1,1], and let s denote H I, where each I% is the

open interval (—1,1). We let § denote the eategory whose objects are
compacta in s and whose morphisms are fundamental equivalence classes
of fundamental sequences (in I®°) between these compacta. (This consti-
tutes a subcategory of the fundamental category introduced in [5].) We let
P denote the category whose objects are subsets of I, with complements
in I* which are compacta in s, and whose morphisms are weak proper
homotopy classes of proper maps (see Section 2 for a more precise definition).

The first result we establish enables us to translate problems con-
cerning the shape of compacta to problems concerning contractible open
subsets of I%.

THEOREM 1. There is a category isomorphism T from P onto 8 such
that T(X) = I"\X, for each object X in P.

We also show that the shape of a compactum in s depends on (and
determines) the homeomorphism type of its complement in I%.

TaroreM 2. If X and Y are compacia in 8, then X and Y have the
same shape (i.e. Sh(X) = Sh(X)) ¢ff I"\X and I\ Y are homeomorphic ( ==).

This result enables us to give a short proof of the following Corollary
concerning fundamental absolute retracts (abbreviated FAR), as intre-

() Report ZN36/71, Department of Pure Mathematics, Mathematical Centre,
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duced in [6]. The Corollary is originally due to Hyman [11], who used
different methods to prove it.

CoroLLARY ([11]). If X is a FAR, then X is the intersection of a de-
creasing sequence of Hilbert cubes.

2. General preliminaries. Concerning the fundamental category § we
will use the results and notation from [3] and [6].

Concerning the proper category P we define a map (i.e. a continuous
function) f: X—Y¥ to be proper iff for each compactum B C ¥ there
exists a compactum A CX such that f(X\4) "B =@. (This is just
& reformulation of the usual notion of a proper map.) Then maps I
XY are said to be weakly properly homotopic it for each compactum
BCY there exists a compactum A CX and a homotopy F —= {F:}:
XxI-+Y (where I = [0, 1]) such that Iy = f, F;, = ¢, and P((X\A)x I) ~
NB=4@. (If, in fact, there exists a proper map F: X x I»Y¥ which
satisties Fy = f and F, = ¢, then we say that f and g are properly homo-
topic.) \We write f~ g to indicate that f and g are weakly properly homotopie.

I f: XY and ¢: Y- X are proper maps such that feog~idy (the
identity on ¥), then we say that X weakly properly homotopically domi-
nates ¥. If, additionally, g  f~ idx, then we say that X and Y have the
samae weak proper homotopy type. If f: X ¥ is a proper map, then we
use {f} to denote the class of proper maps of X into ¥ which are weakly
properly homotopic to f. .

It is easy to see that ~ is an equivalence relation on the clags of
proper maps from a space X to a space Y. It is also easy to see that if
[,f*X-+>Yand g, ¢+ XY are proper maps such that f~f’ and g~ ¢/,
then ¢ of~sg' o f’. This verifies that the composition of the equivalence
classes {f} and {g} can be well defined by {9 o f}. Thus we can define
a category P whose objects are subsets of I, with complements in I®

which are compacta in s, and whose morphisms are weak proper homotopy
equivalence classes of proper maps.

3. Infinite-dimensional preliminaries. We will need the following defi-
nition, as infroduced by Anderson in [1]. A closed set K in a space X is
said to be a Z-set in X iff for each non-null, homotopically trivial open
set U in X, U\X is non-null and homotopically trivial. From [1] we find
that compacta in s are Z-sets in s and I* and compacta in I®\s are
Z-sets in I’f. More generally it is easy to see that if K is a Z-set in
a space X and U is open in X, then U~ K is a Z-set in .

‘We will need the notion of a Q-mianifold, which is a separable metric
space which has an open cover by sets homeomorphic to open subsets
of I, Tn [2] it is shown that if X is a @ -manifold, then X xI™ = X.
Thus for each Q-manifold X we have ¥ o X x[0,1]. From [9] it follows
that if X is a @-manifold, UCXis open, and KC U is a Z-get in U
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which is closed in X, then K is also a Z-set in X. This fact will he used
in the proof of Theorem 2. The following results on @ -manifolds are also
established in [9].

Lenwia 3.1. If X is any Q-manifold, then there is a locally-compact
polyhedron P such that X x[0,1) = Px I™.

Leaywa 3.2, If X ds a Q-manifold, P is a locally-compaci polyhedron,
and ¢: P~»X is a closed embedding such that ¢(P) is a Z-set in X, then
there exists a closed embedding h: PxI®—X such that k(x,((),(),...))
= ¢(#), for all »eP, and BA(h(Px I*)) = h(P x W*).

(For the representation I° = [] I; as given in Section 1 we use the
1

notation W* = {{w) € I°| ;= 1} and W~ = {(a:) e I*] 2, = —1}. We also
use Bd for the topological boundary operator.)

Let X and ¥ Dbe spaces and let AU be an open cover of Y. Then
funetions f, g: X +¥ are said to be U-close provided that for each z e X
there exists a U e U such that f(z), g(z) e U. A function F: X xI-+Y is
said to be limited by U provided that for each z ¢ X there exists a U ¢ W
such that F({z} x I) C U.

If X is a metric space and K C X is closed, then from [3] there exists
an open cover U of X\K such that if »: X\K->X\K is any homeo-
morphism which is W-close to id gz, then h can be extended to a homeo-
morphism %: X-> X which satisfies #| K = idg . Such a cover of X\ K will
be called normal (with respect to K).

We will need the following mapping replacement result which appears
in [4].

Lemaa 3.3. Let X be a Q-manifold, VU be an open cover of X, A be
a closed subset of a locally-compact separable metric space ¥, and let f: ¥ - X
be a proper map such that f|A is a homeomorphism of A onio a Z-set in X.
Then there exists an embedding g: ¥ —X such that g(X) is a Z-set, gl4
= fl4, and g is U-close io f.

We will also need the following version of Lemma 3.3 for @-mani-
folds X which are [0,1)-stable (i.e. X =2 X x[0,1)). The proof is
given in [4].

Levmma 3.4, Let X be a @-manifold which satisfies X = X x[0,1), 4
be a closed subset of a locally-compact separable metric space ¥, and let
f: Y- X be a map such that f| A is a homeomorphism. of A onto a Z-set in X.
Then there exists an embedding g: Y —>X such that g(Y) is a Z-set in X,
glA =Tfl4, and g~f (i.e. g is homotopic fo f).

(Note that if X is any Q-manifold, then

(Xx[0,1))x[0,1) = (Xx[0,1])x[0,1) =X x[0,1).

13*
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We will also need the following homeomorphism extension theorem
which is established in [4]. For its statement we will need the following
notation: if U is a cover of a set X, then St(U)= U and St"+i(W,)
consists of all sets of the form |J{U e W|U ~ K # @}, where K runs
through St*(W,).

LEMMA 3.5. Let X be a Q-manifold, U be an open cover of X, A be
& locally-compact separable metric space, and let f,g: A—-X be closed

embeddings such that f(4) and g(A) are Z-sets in X and such that there -

ewists a proper homotopy F: A X I—+X which is limited by U and which
satisfies Fo=1f, F,=g. Then there exists a homeomorphism h: XX
which satisfies h o f= g and which is St4(W)-close fo idx.

We now combine these results to prove the following lemma which
will be needed in Section 5.

Lemma 3.6. Let X and Y be Q-manifolds such that X ==X x[0,1)
ond let f: XY be any continuous function. Then there ewists an open
embedding g: XX which satisfies g ~f.

Proof. Let h: ¥Y->¥Yx[0,1] be any homeomorphism. It is clear
that & o f is homotopie to a continuous function f': X—+¥ %[0, 1). Let
Y’ = h(¥ x [0, 1)) (which is an open subset of ¥) and define f" = h~* of’,
which is a continuous function of X into ¥’ which is homotopic to I
Note also that ¥’ =2 ¥'x[0,1).

We know that X =2 Px I*, for some locally-compact polyhedron P.
Thus without loss of generality assume that X —= PxI™. Using
Lemma 3.4 there exists an embedding ¢: P x {(0, 0,..)}—>Y" such that
p(Px {(0,0,..)})is & Z-set and ¢ ~F"|Px {(0, 0, ...)}. Using Lemma 3.2
there exists an open embedding g: P x (I°\ W+) - ¥’ such that 9, (0,0, ..))
= g(z, (0,0,..)), for all zeP. Let  Px (I\Wt)>P x {(0,0,..)} be
the retraction which satisties 7(z, )= (z, (0,0, ..)), for all (z,t) e Px
X A(I"\W*). Then we observe that 7= 1dpy sy We thus have

g=geidagor=gor=(fIPx{(0,0,.)}cr=F"arofoid=f".

We will also need the following resuls.

LEE:E\EA 3.7. Let X be a Q-manifold and let K C X be a Z-set. Then
there exists an open set UC X such that EC U and U == Ux [0, 1).

Proof. From [8] it follows that there exists a homeomorphism
h: XX x[0,1] such that h(K)C XX {3}. Then U= h~YXx [0, 1))
fulfills our requirements.
. A subset K of a space X is said to be bicollaied provided that there
exists an’ open embedding h: K x(—1,1)= X such that h(z, 0) = 2, for
all z €« K. We will need the following result, which appears in [12].

icm
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Lmnvwma 3.8. Let f: 1%+ I be an embedding such that J(I®) is bicollared.
Then INf(I*®) = A w B, where A and B are disjoint sets such that Cl{4) ~
~ CL(B) = f(I*) and Cl(A) == C1(B) =2 I, where CL denotes closure.

{Note that f(I*) is & Z-set in each of C1(4) and Cl{B).)

4. Proof of Theorem 1. We will need the following result in the proof
of Theorem 1.

LevyA 4.1, If X C I is a Z-set, then there exists a homotopy F: I® %
X I—1I* which satisfies the following properties:
(1) F,=id, :
(2)  for each open neighborhood U of X there exists a i, « (0,1) such that
F(U)CU, for 0 <<t ty,
(38) FyI?)nX =@, for all t(0,1].

Proof. Using Lemma 3.5 we can assume that X C W+. Then the
construction of F is straightforward.

We will use the notation F(X) to denote the class of homotopies
F: I°x I—>I* as described in Lemma 4.1,

We now construet an isomorphism 7' from P onte S. As indicated
in the statement of Theorem 1 we let T'(X) = I™\X, for each X in P.
We now show how T assigns morphisms.

Let {f}: X=X be a morphism in P, choose any F e #(I*\X), and
for each integer & > 0 let fr = f o F,;. We show that f= {fz, '\X, I\ ¥}
is a fundamental sequence. To see this let ¥V CI™® be an open neighbor-
hood of 7\ Y and use the fact that f is proper to choose an open neighbor-
hood U CI* of I°\X which satisfies f(T' ~ X) CV. Now choose # (0, 1)
such that FyU)C U, for 0 <t <t,. If k,1 are positive integers such
that 1/k, 1/ <1, then f|U = f o Fyy|U=fo FyylU (in V) =T, as we
wanted. Thus f is a fundamental sequence.

To see that f is uniquely defined in terms of F choose ¥’ ¢ F(I°™\X)
and let f' = {f o—Fl,k, I\X, I°\Y} be similarly defined. We show that
faf. Let V CI® be an open neighborhood of I\ Y and choose U CI™
an open neighborhood of I\ X satistying (T ~ X) CV. Choose {, ¢ (0, 1)
such that Fy(U)C U and Fy(U)C T, for 0 <t<<t,. If £ is & positive
integer satistying 1/k <4 we clearly have F,,|U ~F;,|U (in U), with
the image of the homotopy possibly intersecting I™\X. If this is the
case we eannot use f to transfer this homotopy to one joining fo Fy,|T
t0 f o Fj,|U.

~ To remedy this let @: UxI->U be a homotopy which satisfies -
Gy =F\U, G =F,;|U, and let H: UxI->U be defined by H.
Z‘Ft(l—t) o Gt' We note that .H“ = Fl/'k!U’ Hl == Fll;k]U, and for 0 <t<1
we have HyU)= Fy_y(G(U)) CFyu_(T)C U~ X. Thus fo- H, defines
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a homotopy which joins fo Fy,|U to f o Fy,|U. This means that f=f.

This gives a means of assigning to each proper map f: X -¥ (whére
I®\Y and I°\X are compacta in s) a fundamental sequence f from IN\X
to I\ Y. In order to see that this assignment depends only on the weak
proper homotopy class of f assume that g: XY is proper and f~ o
We wish to show that if FeF(I\X), f={foF),, I°\X, I\Y},
9 =149 o Fuyp, I°\X, I”\X}, then f~g. To see this let ¥ C I* be an open
neighborhood of I°\ ¥ and choose a compact set A C X and a homotopy
G: XX I->Y such that Gy=f, G;=yg, and G((U~X)xI)CV, where
U=TI"\A. Let # ¢(0,1) be chosen so that Fy(U)C U, for 0<t<1,.
Then for each positive integer & satisfying 1/k < ¢, we find that @ o B lU
gives a homotopy (in V) which joins [oFylU to goFy,|U (in V), as
we needed.

Thus to each morphism {f}: XY in P we have shown how to assign
2 unique morphism [f]: I'\X—+I°\Y in &, and we write T =1Lf1
We now demonstrate that T is a functor and it is an isomorphism from P
onto 8. To show that 7'(id) = id choose an object X in P and F e F(IP\X),
and let f= {F,;, I"\X, I"\X}. We must show that f~i, the identity
fundamental sequence on I°\X. Choose an open set U co_ntaining INX
and ¢, e (0, 1) such that F(U) C T, for 0 < t < ;. Clearly F,| U ~id;e|U
(in U), for all positive integers % satisfying 1/k < t,.

To show that T preserves compositions choose morphisms {f}: XY
and {g}: ¥->Z in P and choose FeF(I\X), G <F(I°\Y). We must
show that {gof o Fyy, I°\X, I"\Z} = {g Gyp of o By, I°\X, I'\Z}.

Choose open neighborhoods U C I*™ of INX, VCI® of I™\Y, and
WCI® of I®|Z such that f(U ~ X)CV and g(V ~ Y) C W. Also choose
t e(0,1) such that Fy(T)C U-and G{V)CV, for 0 <t <{,. Then for
each positive k satisfying 1/k < #, we have goGpofoF|Uxgofo FolU
(in W). :

To show that 7T is an isomorphism we show first that if {f}: ¥-¥
and {g}: XY are morphisms in P such that T ({f}) = T({g}), then
{f} = {g}. Choose F eF(I™\X) and note that {foFyp, I\X, I\ Y}
2{goFy,, INX, I*\Y}. Choose BCY a compact set and put T
= I"\B. Then there exists an open neighborhood T C I*® of I°\ X and an
integer % >0 such that & > n, implies that f oH | U=g el |U (inT)
and ¢ < 1/n; implies that F(U)CU. Clearly fIlU~X ~fo By | U~T
(In V), for each k>n,. Similaly g¢|U NX=goFy|Un~X, hence
IUAnX>g|lUAZX (in V).

Choose an open neighborhood 7’ C I®® of I\X such that CL(U")C U
zmc} use the above remarks to obtain a homotopy G: (CL(T’) ~ X)x I->T
which satisfies @, = FICU' Y~ X and @& = gIC(TU') " X. Tet A4
=(U{T)~nX)yxIo ((I\CL(T")) x {0, 1}, which is a closed subset- of
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Xx I, and let a: A->I* be defined by of([CHTU) N X)xI= &, a(z,0)
= f(#), and a(z, 1) = g(z), for all x ¢ I\CL(T"). Extend a to a continuous
function f: X X I»I*. Then for tel let y; = Fy ;o0 f:. e see that
y: Xx I-Y is a continuous function which satisties y,=f, ;= g, and
»(CL(T’") x I) C V. This implies that f~ g.

Now choose a morphism [f]: X—Y in §. We must show that there
exists & morphism {f}: I"\X>I*\Y in P such that T({f}) = [f]. Using

techniques like those wused above we can choose a representative
f={fx, X, Y} from the class [f] such that fx(I*) " ¥ = @, for all k > 0.

Choose a sequence {U,}, of open sets in I such that X =[) U; and
=1

U; D CL(U;,,), for all ¢ > 0. Also choose a sequence {V,}, of open sub-

o0

sets of I such that ¥ = (| V. We can pick a sequence {n;)%.; of positive
integers such that n; < 11; % ... and for each ¢ > 0 and k, 7 > n;, we have
Cl ~ f|C1(T,,) (in V3). )
& g’fi’? )(piif ZII"°(~>€(t)), 1] be)a continuous function suc].a that gi(2) =0,
for @ e I°\U,,, and @i(z) =1, for x e C1(U,,,,)- I{et e OI(UM)XI—TVi
be a homotopy such that Fi'= £, |Cl(T,,) and Fi=f, |CL(T,,). Us1?1g
tricks similar to those already employed we can additionally require
that FYCL(T,,) X I) n ¥ =@, for all i > 0. Then definek f: INX—-I"\Y
by f(&) = fo,(®), for @ e I°\U,,, and f(z) = Fj.2), for z ¢ CHUNU s
It then follows that f is a proper map. It remiains to be shown that
T =[]

To see this choose F ¢ F(X) and note that T({f}) = [{f ¢ Fypy X, Y}
Thus we must show that f=~{f o F;, X,¥}. If V is an open neighbor-
hood of ¥, then we can choose ¢ and 7 3> 14 such that 7::, 1 > n; implies
that fz|U,, ~fi|U,, (in V) and such that 0 << 1/n implies that Ff( Uﬁ“)
C U,,. If we can show that & = implies that f|U,, ~f o FiplUy, (in T),
then we will be done. For such a fixed k=n we have F,u(U,)
C Gi(Uni)\Uﬂj, for some j>i. We can now use a finite induction to
conclude that fIF(U,) 2 fulFriu(Uy) (in V). In order tg see the in-
duction define functions g CH{UNTU,, =V, for i<1<], a8 follows:

7 on CL{U,N\U,; ,
" {fm ,on CH{UNT,,.
Note that g; = f,| CL{U,\U,, and g; = f|CL{U,\Uy,. T.hus all we need
do is prove that g;~g;,, (in V), for 1 <1< j—1. To this end note that
f@), # e CLUU NV
Foo@), @eCUUNT,-

k71

Gr4alx) = {
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Define h: (CL{UN\Up) X IV by
fl=),
F f@l(z)(w) ’

Then it easily follows that 7,=g, and hy= g,,. Hence foPyl Uy,
= fr o Fuyp) Uy, (in V) = fal U, (in V), and we are done.

zeCl ( Um)\\ U’m ’

hy(x) = { @ e C{U,NT,,-

5, Relative fundamental sequences. We will need to define a relative
notion of a fundamental sequence. Let 4 and B be subsets of a space A,
Then o relative fundamental sequence f from A to B in X consists of an
open set & containing 4 and a sequence {f;}i., of continuous functions,
frx: G- X, such that the following properties are satisfied.

(1) fu is homotopic to the inclusion map of & into X, for all k> 1 (we
will incorrectly write this as fi ~idg),

(2) - for each open neighborhood ¥ of B there exists an open neighbor-
hood UCG of A and an integer n, > 0 such that if %,1>n, are
integers, then fx|U~f|U (in V).

If X =1I" and f= {fi, 4, B} is a fundamental sequence, then it
is clear that {fil@, A“, B, G} is a relative fundamental sequence, for each
open neighborhood G of 4. If 4, B, C are subsets of X and {fs, 4, B, ¢},
{gz, B, 0, H} are relative fundamental sequences, then there exists an
integer #; >0 and an open set @ satisfying ACG@' CG such that
{gr o fl@, A, O, G}, is a relative fundamental sequence. We will agree
to identify relative fundamental sequences {fx, 4, B, G} and {gz, 4, B, H}
provided that there exists an open neighborhood ¢'C G ~ H of A such
that flG’ = gx|@, for all but finitely many values of k. Thus composition
is well defined.

It f= {fx;A,B, @} and g = {g, A, B, H} are relative fundamental
sequences then we write f~ ¢ iff for each open neighborhood V of B there
exists an open neighborhood U C G ~ H of A and an integer #, > 0 such
that fr|U ~gx|U (in V), for all integers % > #,. In analogy with [5] we
say that A relatively fundamenially dominates B (in X) iff there exist
relative fundamental sequences f={fx, A, B, G} and g = {gx, B, A, H}
such that feygx 113, i.e. for each open neighborhood V ‘of B there exists
an open neighborhood UCV ~ H of B and an integer n, > 0 such that
k> n, implies that U is in the domain of fj o g5 and f o g&|U ~idy (in V).
In like manner we can also define what is meant by relative fundamental
equivalence.

‘We now establish a result which plays a key role in the induetive
step in the proof of Theorem 2. We do it in two steps.
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TEmMMA 5.1, Let X be a Q-manifold and let A, B be compact Z-sets
in X such that A relatively fundamentally dominates B in X. If W is an
open subset of X containing B, then there ewists an embedding ¢: A>T
such that ¢(A) is a Z-set, ¢ ~ida, and p(A) relatively fundamentally domi-
nates B in W.

Proof. Choose relative fundamental sequences f= {fz, d,B, G}
and g = {gx, B, A, H} such that fog=~ig. Choose an integer n, > 0 and
an o—pen set U such that ACUCGE, fs(UYCH AW, and f|U~f)|U
(in H~W), for all k,1>n,. Using Lemma 3.7 we may assume that
U 22 Ux[0,1). Now apply Lemma 3.6 to get an open embedding
@: U->W such that @~f, |U (in W). We can find an open neighbor-

hood VCH AW of B and an integer n, > n, such that giV)C U, for

all k> na, gulV gV (in U), for all %,1>=n,, and fro g2V ~idy (in
Hn~W),forallk > n,. Nowlet o = 0|4, ¢ = O(U), H' =V, f=feo 07,
and g, = @ o gi|V, for all &k > n,.

To see that f' = {fx, »(4), B, 6'} is a relative fundamental sequence
in W first note that for each k>mn, we have fi=fro® 'xf, o ®™"
(in W)@ o®™' (in W)=1ide. Now let V/C W be an open neighbor-
hood of B and choose an open neighborhood U’ C U of 4 and an integer
1y 3> M, such that fe| U ~f1U (in V'), for all k,1 > n,;. Then @(U’) is an
open seb in W containing ¢(4) such that fz|®(U") ~f;|@(U") (in V'), for
all k,1> ms.

To see that g' = {g;, B, (4), H'} is a relative fundamental sequence

in W we have gj = @ o (gx|V) =fr o (gx[V) (in W)=xidy (in W), for all
%> n,. Now let U’ be an open set in W containing ¢(A4) and choose an
integer m; > n, and an open set V' CV containing B such that gu{V”)
Co™ U ~@(U)), for all k= n;, and gV’ =gV’ (in U ~D(T))),
tor all %, 1 > ny. Then it follows that g, [V’ ~g,|V’ (in U’), for all k, 1 > ms.

To see that f’' o ¢’ ~ir choose an open neighborhood ¥’ CW of B.
Now choose an Bpelf neighborhood V" CV’' ~nV of B and an integer
7y > g such that fi o gx|V' ~idp. (in V'), for all k> n,. Then it easily
follows that f;, o g3/V'’ =idp. (in V'), for all k > n,. Thus @(A) relatively
fundamentally dominates B in W. It is clear that ¢ = ®|4A =~ S A =idy
and it follows from the remarks proceeding Lemma 3.1 that ¢(A4) is
a Z-set in X, Using a similar argument we can establish the following
result.

Tevma 5.2. Let X be a Q-manifold and let A, B be compact Z-sets
in X such that A and B are relatively fundamentally equivalent in X.
If W is an open subset of X containing B, then there exists an embedding
@: AW such that (A) is a Z-set, p ~ida, and @(4) is relatively Sfunda-~
mentally equivalent to B (in W).
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6. Proof of Theorem 2. We note that if 7°\X = I*\Y, then I™\X
has the same weak proper homotopy type as I\ Y, and we can thus use
Theorem 1 to conclude that Sh(X)= Sh(¥).

On the other hand assume that Sh(X) = Sh(Y), where X and ¥ arve
compacta in . We will inductively construct sequences {U,}7; and {V,},
of open subsets of I* and a sequence {A;};., of homeomorphisms of I*
onto itself such that the following properties are satisfied.

1) X=NU, and U,,CU; foral¢>0,
=1

(2) Y=NV: and V,,CV; foralli>0,
i=1

{(3) hog_q 0o y(X)CVy, for all ¢>0,

(4) hlI\V;=1id, for all j > 2i—1,

() hgz o o hy(U) D X, for all i >0,

(6) Rj\TNhgg © o 0 By(Ug) = id,  for all j > 2.

Before proceeding with the construction of these sequences we will show
how to use them to construct our desired homeomorphism of I*\X
onto I\ Y.

For each # ¢ I\ X we haive & ¢ Uy, for some ¢ > 0. Thus /y; o ... o hy(a)
€ hy; o ... o hy(Ts) and we therefore hawve Iy o ... o hy(2) = hy; o ... o hy(), for
all j > 24. This means that h(®)=limh;o... o hy(a) is defined, for all

J=>
ze IP\X. It follows from (5) above that h(z)e I*\Y¥. Thus we have
defined a function h: I™\X-+I*\Y. To prove that % is onto choose
¥ e I”\Y and choose an integer 4> 0 such that y ¢ V;. By (4) above we
have hi(y) =y, for all j >2i—1. Put & = (hy;_, o ... » b))~ Yy) and note
that (3) implies that # ¢ I°\X. Thus h(z) = Limby o .. o By(®) = hoyy © ...

. © Iy(z) = y, which implies that % is onto. T01 po;ove that & is one-to-one
choose @,z e I'\X such that z; # 2, and an integer 4 >0 such that
¥y, By € I\ Uy, Thus Rg; o v o ly(®1), Togo o o hy(a,) € I NDg; o v 0 By (TUy).
By (6) we have Iy{hy; o ... o hy(my)) = hyy 0 ... 0 hy(w,) and Buy(Rig o oo o Tog(s))
= lag 0 .o o In(,), for all j > 2. Thus (@) = Doy 0. o Ry(a;) and h(a)
= Ng; 0 ... o Iy(®,). Since hy;o... o ky is one-to-one we have i () = h(@,),
as we nfeeded. To prove that % is continuous choose y e I™\Y and an
open. neighborhood ¥ CI® of y. Then there exists an open. neighbor-
hood V' CV of y such that V' ~ Vi= @, for some integer ¢ > 0. By (4)
fxbove 13.h1's implies that A~}(V') = (Bageq © ovv 0 hy)™HTY). Sinee fy;_, o ...
is continuous this implies that BTYV') is open, as we needeff—éimilarly

one uses (6) to prove that h is an open m X )
phism of I°\X onto I™\¥. P ap. Thus % is a homeomor

o 7L1
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Now for the construction of the necessary sequences. \We start by
choosing {U3%.; and {V;}2., to be decreasing sequences of open subsets
of I® such that X = U; and Y =) F;. For any integer n > 0 let

=1 =1
{a}%_y, {D:}}-, e increasing sequences of positive integers and let us
choose {h}3", to De a sequence of homeomorphisms of I° onto itself.
Then we say that the triple ({a:}}_., {bi}t;, {hi}3",) satisfies property P,
provided that the following five conditions are met:

(1) hggg 0 eer o My(Ug) CVy,, Tor L <4 <

(ii) BglI\Vp, = id, for 1 < i< n and 2i—1 <j < 2n,

(i) Ry 0 o R{Up) D Vs, for 1< i< n,
(Av) Ryl INhg; © oo 0 y(Tp,) = id, for 1 < i< n and 2 < < 2n,
(V) Top © ... o hy(X) iy relatively fundamentally equivalent to Y

{in gy o vev 0 By Ug,)-

We first show that there exist positive integers a;, b, and homeo-
morphisms 7y, hy, of I® onto itself such that ({a}, {b,}, {h:}i,) satisfies
property P;. Choose b; =1 and use Lemma 5.2 to get an embedding
fit XV, such that f,(X) is a Z-set in V3, and fi(X) is relatively funda-
mentally equivalent to ¥ (in V; ). Then extend f, t0 a homeomorphism
By I®°—>I®. Choose a; to be a positive integer large enough so that
U, Chr(Vy,). Once more using Lemma 5.2 let fi: Ty U,) be an
embedding such that f, ~idy (in V), fo(¥) is a Z-set in ¥, , and fo(¥)
is relatively fundamentally equivalent to iy(X) (in %y (U,,))- Since fo=idy
(in ¥;,) we can extend f, to a homeomorphism f,: ¥, —V,, which in turn
can be extended to a homeomorphism f;': I®—I® which satisfies
folI\V,, = id. The construction of f, requires an application of
Lemma 3.5, where f; is limited by an open cover of ¥, which is normal
with respect to I*\V, . Then we put %, = (f;)"* and note that ({a],
1B}, {h:}2_,) satisfies property P, (with (iii), (iv) being vacuously satisfied).

Now suppose that for some n >0 we have a triple ({a:}i, {bi}i=1»
{h}2") which satisfies property P,. “We will construct integers a,.,,
bpy; and homeomorphisms fiy,.., fopy. of I onto itself such that
(@222, {biEd, {hi}3t?) satisties property P,.,. To construct b,,, note
that (v) implies that ¥ C gy, ... o 1y(Uy,), thus we can choose by, > by
large enough so fhat Vi, Clgy 0 - 0 I U,,). Since ¥ is a Z-set n I7
and Ry, o ... o iy(UL ) is a neighborhood of ¥, it follows from the first
paragraph of Section 3 that ¥ is a Z-set in iy, o ... o (Ug,). AlS0 Ty, o ...
o hy(X) is a Z-seb in Ry, o ... o iy Ug,). Using Lemma 5.2 there exists
an embedding fopii: fon © e 0 1a(X) >V, such that fo,~id (n
o hy(U%)), Fonsalhan © e o 1a(X)) is & Z-set I figp o v o o U, and
fgnﬂ(hmo ve © hl(X)) is relatively fundamentally equivalent to Y (in

foy o ...
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Viea)- As in the construction of %, we can extend fz,n“,to a.homem
morphism hg, .0 1% such that fgy [ I\ligy, o .. 0 By (U, ) id. Now
choose @, > ay to be an integer such that lgy,y; o ... o hy(TU,,. ) C Vi -
Applying the same procedure once more we can construct a homeo-
morphism h,,, ot I I% such that 712n+2 wo 0 In(X) is relatively funda-
mentally equivalent to ¥ (in hyyyq o .0 By(T,,,)) and Prgpyol L N2

=1id. It is now easily seen that ({a:}}37, {b}i), {(h}i™?) satisfies pro-
perty B, ;.

We have just shown above that we can inductively construct in-
finite increasing sequences {a:}7.,, {b:}32, of positive integers and a se-
quence {A¢32; of homeomorphisms of I® onto itself such that ( {ady .,
{bifi_y1, {hi}i~,) satisties property P, for all n > 0. If we put {TUg%,
= {Ul}e, and {ViJ2, = {V;}., then these sequences together with
{h}7, satisfy the properties (1)—(6) as we wanted.

7. Proof of corollary. Let X be a FAR and without loss of generality
assume that X Cs. Using Theorem (7.1) of [7] we have Sh(X)
= Sh({point}). Using Theorem 2 there is a homeomorphism #: I\ w+

—=I\X. Then I“\X:IL[G([ 1 1——]X]_[I¢)]: We note that each

i=1 =2

f=2

h({l—l} X ]o—ofI;) is a bicollared copy of I® in I\ X. Thus I*\} ({l—l}

X HI;) = Asv By, where 4; and B, are disjoint sets such that CL(4:) ~

i=2

i=2

AOUB) =1 ({1—{} H Ii) and Cl(4;) = Cl(B;) =2 I*. Choose notation

so that Cl(4,) = h([ 1——] x[] Iz) and thus we have X = ﬂ CL(Bs),

=2

& decreasing sequence of Hilbert cubes.
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