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The local contractibility
~of the homeomorphism space of a 2-polyhedron

by
R. H. Reese* (Edinboro, Pa)

1. Introduction. It is proved by Cernavskil in [3] and by Edwards
and Kirby in [4] that the space of homeomorphisms of a compact manifold
(with the compact-open topology) is locally contractible. A natural question
to ask is whether this result holds for the homeomorphism group of
2 compact polyhedron. The main result of this paper is

TeworEM 1.1. The space of homeomorphisms of a compact 2-di-
mensional polyhedron is locally contractible.

2. Preliminaries. Let X De a topological space and 4 C X. The closure,
point seb interior, and frontier of 4 in X will be denoted cl[4] (some-
times 4), int[A], and frfd], respectively. A set UCX is a neighbor-
hood of ACX if A Cint[U].

By a complex we always mean a finite simplicial complex contained
in some Euclidean space. Small Greek letters represent closed simplexes
and we write a < J if a is a simplex of the complex J. The notation o
denotes the simplex less its boundary. We write K < J to denote a sub-
complex K of J. The notation |J| denotes the subset of Euclidean space
which carries J. If K < J and a ~ |K]| is a simplex of K for each simplex
a<<d, we say K is a full subcomplex of J. The star of ¢ in J is denoted
St(e,J); thus, St(o,J) = {a<Jje<f and o< f for some f<<J} If
8 is a set, we let N (8, J) = {o < J|o is a face of some simplex of J which
meets 8} and O(8,J)= {s<J|on 8§ =0}

Let X Dbe a polyhedron and 2 ¢ X. The intrinsic dimension of & in X,
denoted d(x; X), is the greatest integer ¢ such that there is a triangu-
lation J of X with a ¢-simplex containing # in its interior. The intrinsic
1-skeleton of X, denoted I(X), is defined to be the set {z ¢ X| d(z; X) < i}.
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Remarks. If e X and b is a homeomorphisn} of X thfan d(w; ).Z)
= d(h(w)-X), i.e., intrinsic dimension is & topological invariant. Akin
. i hat T = i ifold.

in T1] that I{X)—I"(X) is a manif i
PTOV;it X [bg a 2-polyhedron. The thin intrinsie 1- skeletog, denoted T'(X),
is the subset of INX) consisting of all points contained in the boundary
of some 2-simplex of some triangulation of X.

Remarks. The definition of T(X) is indgpendgnt of the triangu-
lation of X since a point z of I'(X) is contained in th_e bounc'.la,ry f’f
a 2-simplex of some triangulation of X i.f and 01.11y if # is contained in
the boundary of a 2-simplex of each triangulation of X. E?.ch of '?he
sets I%(X), I}(X), and T(X) carries a subcomplexo of emih t;rla,ngtﬂfmon
of X. Any homeomorphism of X maps each of I%X), I'(X), and T'(X)
OntOSﬁJi)lf).se X is a compact Hausdorff space. The space of homeo-
morphisms of X will be denoted ¥ (X). If Y CX then _JG(X , Y) deno.tes
the subspace of Je(X) consisting of those homeomorphisms of X which
are the identity on ¥.

Remarks. Let p be the usual Buclidean metric and
M(h,e) = |geR(X) olf(®), h(w)<e for each ze x}.

The co]iection {M(h,&)| h e R(X), s>0} is a basis for thejx compact—open
topology for J(X). It is well-known (see [2]) that Je(X) is a topological
group and the evaluation map (X)X X—X, defined by (f, z)~>f(2),
is continnous. ;

If M is a manifold and U C M, a proper imbedding of U into M is
an imbedding h: U-M such that A7}(0M) = U ~naM. An isotopy of U
into M is a family of imbeddings h: U->M, ¢« I (where I denotes the
unit interval), such that the map h: U x I M, defined by h(z, t) = hy#),
is continuous. An isotopy is proper if each imbedding in the isotopy
is proper. : '

If CCUCM,let I(U,0; M) denote the set of proper imbeddings
of U into' M which are the identity on . The topology for I(U, ¢; M) is
the compact-open topology. )

I PCI(U,C; M), WCU,.and &: PxI->I(U,C; M) is a defor-
mation (i.e., ®(h,0) =1k for each heP) such that ®(h,i)(w)=w for
each w e W and (k,1t) e P X I, we say & is modulo W.

Suppose A, 4y, .oy A, CI(T, C; M) and &y A;xI->I(U, C; M)
is a deformation of A, into 4., (ie, & (4,x1)CA4,,) for each i.
Inductively we define a deformation

DxD,_ %...xD: A, xI-1(T, 0; M)
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of 4, into 4,,, by letting, for each } €4,

j
2,

2, , 2 ; -
Bt Byt oew Byl gy = | Tt Pl 20) it 0<i<1
21,

@,L(Qnﬁl*.‘.*ﬁl(h,1),2t—1} it 1/

Lena 2.1. Let X be a locally compact Housdorff space and 1x be the
identity map on X. If P is a neighborhood of 1xin B(X) and ®: Px I (X))
is a deformation of P into 1x then

(1) we may assume (1xxI)=1x and

(2) if @ 1is a neighbourhood of 1x in R(X) and O(1xxI)
may choose P so that (P x I)CQ.

Proof. (1) Let &'(h,t) = O(1x, )" P (h, 1) for each (hyt) in Px1I.
Then ®': P x I-—3(X) is a deformation of P into 1x such that D'(1xx I)
=1x. Replace @ by .

(2)Since ®(1x X I) C Q,P7Q)is a neighborhood of 1y % I in J(X)x I.
Let 8 Dbe a neighborhood of 1y in 3(X) such that SxICPYQ)

and set 4 = D|S x I. Then A: §x I-»%(X)is a deformation of § into 1y
such that A(8x I)C@Q. q.e.d.

Let X be a space such that J(X) is a topological group. If there
exists a neighborhood P of 1x in #(X) and a deformation &: Px I —=J(X)
of P into 1x, we say Je(X) is locally contractible.

= 1x, we

Remark. To see that this definition of local contractibility is equiva-
lent to the usual one, use lemma 2.1 and the fact that, in a topological
group, local properties at the identity are local properties at every point.

3. The proof of Theorem 1.1. In this section we state two lemmas needed
in the proof of Theorem 1.1. Then we prove Theorem 1.1 assuming thesge

lemmas. The remainder of the paper is then devoted to proving the
lemmas. '

LemmA 3.1. Let X be a compact 2-dimensional polyhedron. There
exists a neighborhood P of 1x in 3(X) and o deformation ®: Px I3 (X)
of P into 36(X, I X)) such that O(1xx I) = 1x.

Lemwma 3.2. Let X be a compact 2-dimensional polyhedron. There
exists a meighborhood @ of 1x in J%(X,I'(X)) and a deformation ¥: @x I
=>8(X) of Q into 1x.

Proof of Theorem 1.1. By Lemma 3.1 there is a neighborhood P
of 1x in J&(X) and a deformation @,;: Px I->3(X) of P intq JB(X, Il(X))
such that & (1x X I) = 1x. By Lemma 3.2 there is a neighborhood @ of 1x
in J(X, I' X)) and a deformation &,: @ x I-3(X) of @ into 1x. By the
continuity of &@,, we may assume @y (Px 1) CQ. Let @ = &, ;. Then
?: PxI->J(X) is a deformation of P into 1x. q.e.d.
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4. Cell-sets. Throughout the remainder of this paper X, Y, and Z
will denote a fixed compact 2-polyhedron, (X— II(X)) v T'(X), and
cl[X—7Y]~ Y, respectively. The set Y is a homogeneously 2 - dimensional
compact subpolyhedron of X. The homogeneity of ¥ means Y contains
no open sets homeomorphic to & subset of 1-dimensional Euclidean space.
This implies each simplex of a triangulation of ¥ is the face of at least one
2_simplex. The set Z is & finite set of points each of which is in I°(X). A ty-
pical element of Z is a point of intersection of an arc in el[X— Y] with Y.

A triangulation J of X is fixed and taken to’ be the second bary-
centric subdivision of some triangulation L of X. Let K, L;, and I, de-

note the subeomplexes of J carried by ¥, IY(Y), and I’(Y), respectively.

Sinee any triangulation of X contains subcomplexes carried by ¥, I(Y),
and I(Y), each of K, L, and I, is full in J.

We now deseribe three types of cell-sets related to the vertices of L,.

Suppose » is a vertex of L, and 2 is a 1-simplex of L, with v <.
Let o, be a 2-simplex of K such that A< oy and 4; be the other 1-face
of o, such that v <7,. If 1, < IL;, we stop the process. Otherwise, there
is exactly one other 2-simplex of K, say op, having 4;-as a face. Let 1, be
the other 1-face of o, having vertex ». If A,<< L,, we stop the process.
Otherwise, we continue as before, Inductively, we get a finite sequence
0y, Gay .., Oy Of distinet 2-simplexes of K and a finite sequence A, 4;, ..., A
of distinet 1-simplexes of K such that oin oy, =4 € L, if i<n
9 < A~ oy for each 4, and A, < L;, where 1, is the other 1-face of os

havixig'v as & vertex. Let O = |Joy. If 4 5 1y, O is a PL 2-cell such that
i=1

CAINY)= Ayu Az and v = 1~ 1, is in the boundary of €. Xf A= A, ('is
a PL 2-cell such that ¢ ~ IYY) = 1 and v e int[(]. If 1 5 A», we say C is
a cell-set of type 1 at v. If A= Ay, we say C is a cell-set of type 2 at v.
Suppose v is a vertex of L; and ¢ is a 2-gimplex of K such that
< o and ¢ is not contained in any cell-set of type 1 or 2 at v. Then there
is a finite sequence oy, 6y, ..., 0y Of distinet 2-simplexes of K such that
6= 0y, 01" Gy, is & 1-simplex of K—IL,, o n o5 =0 if 1 < [i—jl < n—1,

n
and 0, » o, is @ 1-simplex of K—1I,. Let € = | o; and notice that C is
=1
a PL 2-cell containing v in its interior such that ¢ ~ I'(Y) = ». In this
case C is called a cell-set of type 3 at .

Remarks. If v < L, then each 2-simplex of K having » as a vertex
is contained in exactly one cell-set of one of the above types at ». If

© < Iy— Ly, there are no cell-sets of type 2 or 3 at v. If ¢, and C, are
distinet cell-sets at v then () ~ G, C I'(Y).

5. Neighbo‘rhoods related to components of I'( ¥)— I°( ¥). The components
of the 1-manifold I'(Y)—I%Y) are-either-open-ares- or simple- closed
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curves. If o is-an open arc component then v is either a closed polygonal
arc with endpoints in L, or a polygonal simple closed curve with g— a
equal to a single point of L,. We are going to use cell-sets of type 1 to

describe some nice simplicial neighborhoods which will be used in the
proof of Lemma 3.1. ,

We first consider the open arc components of Ii(y)_ 1Y) with
1-cell closures. Let a be guch a component. Then 7 i a polygonal closed
arc and there are 1-simplexes oy, ay, ..., o in L; such that a;~ a; =0

. ,
it [i—j| # 1 and iLJlaz = g. Liet v,_, and v; be the vertices of a; for each 1.

Then a; N Gy =Y fu.nd Vg, O <Ly Let 7,7, .., % be the set of all

2-simplexes of K which have a;, as a face. The 2-simplex 7; generates
(1) ’ ;

a cell-set 01, 1) = (Jo(1,7) of type 1 at v,, where each (1, j) is & 2-sim-

i=1
plex in K, such that C(1,)nIY¥Y)=qa uay, o(1,1)=17, and a,
< o1, n(1)). Next, the 2-simplex o1, n (1)) generates a cell-set C(1,2)
o , .
= |J0(2,]) of type 1 at v,, where each (2, 7) is a 2-simplex of K, such
j=1
that C(1,2)~ INY) = gy a3, 0(2,1)=o(1,n(1)), and o< o2, n(2)).
Continuing in this manner we get, for each i< r, a cell-set C(1, 1)
n{)

= |Jo(4,]) of type 1 at v;, where each ¢(4,7) is a 2-simplex of K, such
i=1 !

that C(1,4) ~ O(1, i—1) = o(i, 1) = o(i—1, n(i—1)) and O(1,i) ~ I{¥)

r—1
=o;v a, for i=23,4,..,7—1. Let 0,=|JC(1,4) and notice that
: i=1
C, is a PL 2-cell containing ¢ in its boundary and 0, n YY) = o In
a similar manner each 74, 2 < ¢ <, generates a PL 2-cell (; with a in
its boundary such that Oy~ I} ¥Y)=a. In fact, £ 1 <g<s <, Oy Cs

11
= a. It is easy to see that |N (e, K)| = | C; is a neighborhood of ain ¥

q=1

¢
homeomorphic to | JB;Xa, where in polar coordinates By= {(r, ;)
a=1

¢
eR 0<r<1 and 6= (g—1)w/q}. Let u: |JByxa->|N{a, K)] be
g=1

ahomeomorphism with the property that #,(B,) = 0, foreachg=1,2,...,1
and %,((0, 0), @) = @ for each @ e a. We will refer to the pair (17 (e, K, o4,)
as a type 1 neighborkood pair of a. -

Now let us turn our attention to the open arc components of INY)—
—IY) with simple closed curve closures. Let § be such a component
and v = B—p. Let By, Bz, ..., B be the 1-simplexes of Iy such that f; has
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endpoints v and v,, and f; has endpoints v;_, and o; for 1 <4 <7, §, has

- T N
endpoints »,_, and v, and § = U B:. Next, let 7;, 7a, ..., 7 be the 2-gim-

i=1
plexes of K which contain 8, as a face. By piecing together cell-sets of
type 1 at ¥, ¥y, ..., ¥, a8 in the preceding paragraph, each 7, generates
a seb (, which is a PL 2-cell with two points on its boundary identified.
Viewing O, as a pinched annulus, there is a homcaj)morphism ug: Byx
X /By % v Cg such that u5((0, 0),y> = y for all y ¢ B, where By X BBy x v
denotes the quotient space obtained by identifying all points of B, x v
and <x,y) denotes the quotient map image of (z,y) e ByX f. Since the
i

sets O,—p are pairwise disjoint and |N (8, K)| = |J Cy, we can define
a=1

‘ _
a homeomorphism uy: | By X 8/ BgX v—>|N (8, K)| by letting us{=z,y)
g=1

g=1

= Uy, y> if (z,y) eBgx f. The set [N (8, K)| is a neighborhood of g

- t t .
in X and can be viewed as |J B,x 8* with | JBy;X w pinched to a point
a=1 a=1

i
for some w e 8*. Notice that for z e | ) Bq, uﬁp(mxﬁ) is homeomorphic
g==1
¢ _ ¢ _t
to B, where p is the quotient map from | J By x § onto | J Byx g/ B, X .
. . =1 a=1 =1
‘We will refer to the pair (I¥ (8, K)|, u) as a type 2 neighborhood pair of .
Finally, we consider the simple curve components of I'(¥)—I%Y).
Let ¢ be one such component and a and B be open arcs in { such that «
and B are closed polygonal arcs which carry subcomplexes of I and
av fi={. Let L, and L; be the subcomplexes of K carried by o and E,
respectively. Piecing together cell-sets of type 1 at the vertices of I,
which lie in «, we construct a type 1 meighborhood pair (|¥(a, K)|, %,
ab o just as we did above. Similarly, we construct a type 1 neighborhood
pair (|N(8, K)|,u,) at §. It is easy to. see that |N(a, K)| v |N (8, K) is
& neighborhood of { and (|N(a, K)|v |[N(B, K)))nIN¥)=1¢(.

6. Proof of Lemma 3.1. Step 1. Let XX, be the set of open arc components
of IM(X)—TI(X) with 1-cell closures. Clearly, there is a neighborhood P;
of lny, in J(INX), I%X)} each homeomorphism of which maps each
component of I'(X)—I%X) onto itself, and a deformation ®]: P,xI
~R(I1X), I(X)) of P| into J(I'(X), I"X) U X,) such that &, is modulo
I'(X)— X, @,(h,1) maps each component of INX)—I%X) onto itself,
and P{(lpx X I) = Lyx. Let P, be a neighborhood of 1x in J8(X)
such that h|I'(X) ¢ P] for each & ¢ P;. Since I%(X) is a finite set of points
and each homeomorphism of X maps I°(X) onto itself, for P, sufficiently
small, each homeomorphism of P, is the identity on I°(X)
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Next, we describe how to construct a deformation @,: P,x I - 3(X)
of P, into (X, I%X)vw X,) with the properties &,(1xx I)=1x and
®,(h, )IX) = @;(BINX), 1) for each (h,t)eP,xI.

Let ¥, = {ay, ..., as} be the arcs of X, contained in 7T (X). For each

ae ¥y consider (I¥(a, K)|, %,), the type 1 neighborhood pair of a. Note
that if a and o’ are distinet open arcs in ¥, then

| (e, K)| ~ |N (o, K)| C a—a C I°(X) .
We now define @, partially by letting
O(WINX), t)(e) i zeD(X),
Me) it zeX—(INX)o( U |¥(a, K))))

ae¥;y

Dy(h, 1) (2) =

for each (b, t) e Py X I.

i
Let aeY, and recall that u,: |JB;Xa->|N(a, K)| is a homeo-
g=1

morphism such that ua((O, 0),#)=a for each v eca. Let {(j)quE
(0, 0)x y be the projection so that =,(z,y)= (0, 0),y)) for ,v;;clh pair
(#,9). For each we “Lnj) By, let m,, = (nalaa){t_z)“l. Notice that =, is
a homeomorphism froirzlo X o onto zx'a and m, (0, ¥) = (z,¥) for each

~ y <. Now for each 2 = u,(%, y) ¢ |N (¢, K)| and (h,t ) € Pyx I let By(h, 1) (2)

= Bt U *h DL (RITNX), ¢ (1~ lo])) um, . (2), Where |lal] = o(, 0). No-
tice that if ||zl =1 or # ea—a then &(h,?)(z) = h(z). Thus,

@y(h, O [|V (o, K)|] = h|fr[[N(a, K)[]

for each (h,t) e P;Xx 1.

If we define @, on each |N(a, K)|, ¢ ¥,, as above, we get & de-
formation @;: P,x I—-Je(X) with the desired properties.

Step 2. Let X, be the set of open arc components of INX)—I°(X)
with simple closed curve closures. Clearly, there exists & neighborhood P,
of 1p in JE(IY(X), INX) v X,) such that each homeomorphism of 'P;
maps each component of I*(X)—I%X) onto itself, and a deformation
@;: Pyx I->3e(IMX), IX)w X,) of P, info R(IMX), I"(X) v X, v X,)
with the properties @, is modulo I*(X)— X, ®;(h, t) maps each component
of I{X)—I°(X) onto itself, and ®)1lpxm X I)=lpx-. Pick a neighbor-
hood P, of 1x in %X, I(X) v X,) such that R|T'(X) e P, for each ¢ Ps.

We now describe how to define a deformation @,: PyX I-3%(X)
of P, into Je(X,I%X)u X, v X, with the properties Oy(lxxI)=1x
and @y(h, t)| 1Y X) = @(h|I(X),t) for each (h,1) ePyx I o
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Lot Xy = {fu; -+ Pu} De the open arcs of X, contained in T(X).
For each fe ¥,, let vﬁ=/§—— B and consider the type 2 neighborhood
pair (N (8, K)|, up) of B, recalling that

e _ e
“,53' U Bex Bl UquX '”ﬁ_>|N(.37 K)|
g=1 q=
is & homeomorphism such that %,<(0, 0), 4> =& for each ¢ 8. The gets
IN(8, K)| are such that |N(8, K)| » |V (B, K)| =D if v5+# v and = v
otherwise. Furthermore, |N(B,K)|~INX)=p for each fe¥,. For

Lo > s . . .
each peY,, let ay UBgxB~(0,0)xp be the projection given by
g=1
H8) _
as(w, y) = (0, y) for each (#,y) e |JByx B, and let
g=1

()] _ () _ug
g U Byx > U By X B/ J By X v
g=1 g=1 g=1

8 _
be the quotient map. For each = e | By, let m;, = (pﬁnp;p‘;‘l[pﬁ(wx “B))‘1
g=1

and notice that for each B; the map =, , is 2 homeomorphism fr(im P50 X B)

onto py(w X B) such that m, (py(0,y)) = ps(w,y) for each y p.
The deformation @, is now defined by letting :

[;gp;(h;Il(X), Bz) i zeIMX),
lih(z) it zeX— N8, K)l,

Be¥2
ihuﬂ nﬁ,w1o;1h‘1¢é(h{11(X) , 11— ][SDH)) Ug g u‘,‘l(z)

it z=wx,y)e|N(B, K)l, fels,

for each (k, 1) ¢ P,x I. Notice that Dy(h, 1)|fr[|N(8; K)|]1= h|fx[|N (8, K)[]
for each (h,t) e P,x 1. It is easy to verify that @, is the desired defor-
mation.

Step 3. Let Xy= {&, 0,y ..., la} be the simple curve components
of IMX)—I"X) and Yy= {{eX,| {CT(X)}. For each i, 1 < i< m, leb
{a(4,1), a(i, 2), a(i, 3)} and {8(i, 1), B(i, 2)} be sets of open ares satisfying

(1) the closure of each open arc is a polygonal closed arc which
carries a subcomplex of L,

2) (i, 2) v B3, 2) =,

(3) elfa(i, j)1C afi, j—1) for j=1,2, and

(4) el[B(i, 2)1C B4, 1)

o hid n
for each . Let S= HC;,A;: Uella(i,§)] for j=0,1,2, and Bj
= {=1 .

— UJel[Bs, §)] for j=1, 2.

=1

Dok, 1)(2) =
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By Th'eorem 5.1 of [4], there is a neighborhood Q, of the inclusion
nat Ao C 8 in I(A4,; 8) and a -deformation A,: Q. X I--1(4,; 8) of Q_ into
I(do, 43 8) such that 4, is modulo frgg4s] and Ay(n, I) = 5,..
As described in the preceding section, for each {i€ Y, there is
a type 1 neighborhood pair (|¥(a(i,0), X)), U] Of ali,0), where
1)

Uy 18 @ bomeomorphism from | Byx lfa(i, 0)] onto |N(ali, 0), K}

such that u,0((0, 0), y) = y for each y e clfa(i, 0)]. Notice that if a(i, 0)
and a(j,0) are distinet ares of Y, )

¥ {a(d, 0), )| ~ | N{a(j, 0), ) =@ .

Also, |N(a(i, 0), K)l ~ I'(X) = cl[a(i, 0)] for each a(i, 0) ¢ ¥,.

Let P; be a neighborhood of 1x in #(X, INX)w X, u X,) such that
hl4, €@, for each o € P;. As in step 1, we can use the neighborhood pair
(|N (a(é, 0), K)|, ua(i,o)) to smear 4, and get a deformation @ P;x I
»>J(X) of Py into J(X,IX)u X,v X,u4,) with the properties
Ol X I)=1x, Dyh,t)|de=A,(hl4,y,1) for each (h,t)eP;x1, and
@, is modulo X— (4, ‘; U e, 0), EJ))-

i€ L g

Applying Theorem 5.1 of [4] again, we get 2 neighborhood @, of the
inclusion: n;: By C 8 in I(By, By~ A5 8) and a deformation 4, @yx I
~>I(By, By~ Ay; 8) of @ into I(By, B, ~ (4, By); 8) such that 4, is
modulo fr,,[By] and Ag(n X I) = 7.

Let P}’ be a neighborhood of 1x in (X, IX)v ¥, v T, u 4,) such
that 7|B, € @, for each h e P;. In a manner similar to the above, we can
use type 1 neighborhood pairs of the A(i,1)s to get a deformation
o) PYxI-%(X) of P, into ¥(X,IX)vXvIud,v B,)
= J(X, I" X)) with the properties @;'(h, 1)|By = Ay(h|By, ?) for each (k, )
¢ Py x I, 8 is modulo X— B, u U |N(B(i, 1), K)|), and &;'(Lex I)=Lx.

tieTa

Step 4. By the continuity of &, &,, and &,, we may assume F(PyX 1)
CPY, ®,(P,x 1) C Py, and Py(P;x1)CP,. Let P =P, and $= Dy x Dy
+ @, @,. It easy to verify that @ and P are as desired. g.e.d.

7. Cuts. A subset! A of a topological space X is said to be thin if it
has empty interior. We say A nowhere cuts X if A is a thin subset of X
with the property: whenever s ¢ A and U is a neighborhood of z, U—4
does not split into two disjoint open sets each having @ in its closure.
Michael proved in [5] that if X is a Tychonoff space and A is a thin sub-
set of X then there exists an essentially unigue Tychonoff space X,
a-nowhere cutting subset 4, , and a map p: X, —X which maps X*_*'A*
homeomorphically onto X— A and maps A, (compact, totally discon-
nected)-to-one onto 4. A triple (X, , 4,, p) satisfying Michael’s theorem
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is called an (X, A)-cut. “Essentially unique” in the above theorem means
. if (X,,4,,p) and (X.,A,,p") are (X, A)-cubs then there is a homeo-
morphism k: X, X, such that p = p'h.

Returning to our problem, let M be the disjoint union of the 2-sim-
plexes of K and n: M—K be the natural projection. If o and o’ are
2-simplexes of M with faces « and ¢ respectively, such that n(a)
= n(a') < E—L;, we write z = o' whenever @ ¢ a, 2 € o', and = (z) = z(z’).
An equivalence relation R is defined on J by letting By whenever there
iS & sequence = &, &y, ..., &, = ¥ such that o, =, for 4=0,1,2, ..
., n—1. Let W = J/R be the quotient space and ¢: J—W be the quotient
map. Since xRy implies m(z) = n(y), there is a map p: W—|K| such
that == pq. Now let K, = {g(0)] o < M}. Since K is the second bary-
centric subdivision of some triangulation of ¥, K, is a complex and p:
K.—~K is a simplicial map of K, onto K. Notice that I'(Y) = |L,| is
a thin subset of ¥. Michael proved in [5] that (LK, |, |L,|, p)is a (Y, II(Y))-
cut, where I, = p~(L,).

Luvma. 7.1 |K,| is a 2-manifold and |L| comprises the boundary
of K| together with a finite set of points.

Proof. Since |Li| nowhere cuts |K | and each 1-simplex of I, is
the face of exactly one 2-simplex of K, for each point & of |L,| which
-is not a vertex of L_ there is a neighborhood V of # such that the pair
(V, ) is homeomorphic to the pair (R, (0,0)), where

{BY = {(m, @) e B 2, 0}.

Let v be a vertex is L, . Then p(v) is a vertex in I,. There are two
cases to be considered.

Case 1. Suppose p(v) e I'(¥)—I(Y). In this case there is a triangu-
lation K of Y containing a 1-simplex a which contains p (v) in its interfor
relI‘(lQ. If L; denotes the subcomplex of K carried by I}(Y) then a < I
Let (|K,], }L*],fo') be the (Y, I‘(Y))-cut determined by K and I,. By
an argument similar to the one given above, each point w of P (v) has
a neighborhood V(w) such that the pair (V(w), w) is homeomorphie to
(B2, (0, 0)). But, since (|K 4y L, [, p) is essentially unique, v has a neighbor-
hood V' in |K,| such that (V,v) is homeomorphic to (B2, (0, 0).

Case 2. Suppose p(v)eI(Y). Then [Bt(p(v), K)| = C:JOi where

, 1=1
the €is are the cell-sets at p(v). Since |L,| nowhere cuts |K,],
P"lﬂsﬂp(ﬂ); K)D=iL=j1-Di where the Di's are pairwise disjoint 2-cells

such that p(D;) = C; for each i. Let j be such that v « Dj. There are three
possibilities: )
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(i) if Oy is a cell-set of type 1 at p(v) then D; is a cell-set, of type 1
“at v and the pair (int,.y e, D;, v) is homeomorphic to the pair (B2, (0, 0)),

(i) if O is a cell-set of type 2 at p(v) then D; is a cell-set of type 2
at v and the pair (intg g, Dy, v) is homeomorphic to the pair (B2, (0, 0)),
and

(iii) if Oy is.aJ cell-set of type 3 at p(v) then Dj is a cell-set of type 3
at v and the pair (int,g e, Dy, v) is homeomorphic to the pair (B2, (0, 0)).
In (i) and (i} » is a boundary point of |K,| and in (iii) v is an interior
point of |K|. .

‘We have shown that each point z e |Z,| has a neighborhood V in |K,|
such that the pair (V,#) is homeomorphic to one of (B2 (0, 0)) and
(R2,(0,0). Since p|(|K,|—|L,) is a homeomorphism onto |K|—|L,|
= Y—IY) = IY)—I*(Y) which is an open 2-manifold, |K,] is & 2-mani-
fold. q.e.d.

Remark. The finite set of points in |L,| which are not boundary
points of |K_| are in one-to-one correspondence with the cell-sets of type 3
at points of I%(Y).

Lemma 7.2. (a) There is a 6 > 0 such that if b is a 8- homeomorphism
of |K| which is the identity on |L,| o Z then h, < %(K,|, |L,| v p(2),
where h, = p~hp on |K |—|L,| and is the identity on L, |

(b) If e > 0 1s given, & can be closen so that b, is an e- homeomorphism.

Proof. To prove (a) we choose a 6 >0 so that each §-homeomor-
phism € (K|, |L,| v Z) has the following properties:

(1) a(|St(a, K'"))) Cint[|¥ («’ K)|] for each 1-simplex a< I,
where a denotes the barycenter of:a and K’ denotes the second bary-
centric subdivision of K, ,

(ii) if a is & 1-simplex of L;, 6 < o(|0(a, St(a, ¢""))|, X— o) for each
2-simplex ¢ in K such that a <o,

(iii) A (|St(v, K')}) C [St(v, K)| for each vertex v < L;, and

(iv) for each vertex v < L, and each component D of the set
|o(I(T), St (v, EK"))|, the ¢ distance between D and the complement of
the component of |St(v, K)|—I¥) that contains D is less than 4.

Let h be a fixed 6-homeomorphism of Je(|K|,|L,jv Z) for the
remainder of the proof of part (a). )

Let « be a 1-simplex of L;. Conditions (i) and (ii) imply if ¢ and ¢
are components of [St(a, K")|—a and |St(a,X)|— a, respectively, such
that ¢/ C € then h((")C 0. From this it follows that if &, is & 1- simplex
of L, such that p(a,)= a and 2 <o} then the sequence {h,(2;)}: converges
to 2z for each sequence {#;}; in |K,| which converges to z.

Lt v be a vertex in L. Conditions (iii) and (iv) imply if ¢ and €
are. components of |St(v, K'')|— I} ¥) and [St(v, K)|—I'(¥), respectively,
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sueh that ¢ CC then h(C")C C. Consequently, if zep~(v) and {2k
is a sequence in [K,| which converges to #, then {lb*(Zz)}i converges to z,»

The above two paragraphs verify that h, is continuous at points
of |L, . Since RJ(|K,|— L) is a homeomorphism. onto |K |—I|L |, h_ is
continuous on [K,|. Since |K,| is compact and %, is one-to-one, continu-
ous, and onto, %, is a homeomorphism.

Pick ¢ > 0. To prove (b), we will assign to each ® ¢ |K| a number
8(z) >0 so that the §(2)-neighborhood of # in |K|, denoted V(z, é(x)),
will have certain properties. Next, we will choose a finite subcover of |K I
from {V(z, §(2))lz € |K|} and complete the proof by carefully choosing 4.

Let ¢ |[K|. There are three cases.

Case 1. Suppose z is a vertex of L. Let Cy, C,, ..., Op be the cell-

n
sets at # in |K| and .recall that |St(x, K)| = {J C;. There are subsets
=1

n M
Dy, Dy, ...y Dy of |K,| such that p~'(|St(x, K)|) = U Di, Dy~ Dy is at
. d=1
most one point of INY)—p~Hx) for is£j, and p(Dy) = Cp. If o
= p~(&) ~ D; then %, is a vertex of L, and D;= |St(ax;, K )| is the only
cell-set at @¢ in |K_|. Let d(z) >0 be such that V(m, 6(50)) C |St(z, E")]
and p~(V(z, 8(2))) A Di C V (@i, ¢[2).

Case 2. Suppose % € a°, where o is & 1-simplex of L,. Let oy, oy, ..., 0n
be the 2-simplexes of K having « as'a 1-face and obgerve that |N(a®, K)j
n- . :
= {Jo;. Let o;, be the unique 2-simplex of K, such that p(o;,) =0,
=1 .

and tet e, denote the unique 1-simplex of I, such that a,, < o and
P(e;) = a. Let 8(z) >0 be such that cl[V(z, 5 (2))] Cint[|N (e, K)] and
27(V(e, 8(@))) ~ oy, CV (a1, ¢f2), Where 2= p7(2) ~ ay, .

Case 3. In ease © e |K|—|Ly|, let 6(z) >0 be such that V{w, d(z))~
AL =9 and p~YV(z, 6(2)) CV (p7(a), ¢/2).

Let {1, ¥s, ---, 9} C X such that U Yy, 8 X and pick 6 >0
i=1

to satisfy conditions (i} through (iv) in the proof u. a) plus two more
conditions, namely, .

(v) 4 is a Lebesgue number for the cover Vg, sl i =1,2,...,7
and

(vi) if & is & d-homeomorphism in 3(|K|, |L,| v Z) and s a® for
some i and some 1-simplex «< T, then cl[h(V(yi, (5(%))) no]Caud
for each 2-simplex ¢ in K such that a<< g, :

It is stra.igh‘nfgrward to check that % is a 8-homeomorphism in
(1K1, [Iy]  Z) implies &, is an ¢-homeomorphism. q.e.d.
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8. Proof of Lemma 2.2. We will show that (¥, T(X)) is locally
contractible. But before doing so, we show how this implies the lemma

By the local contractibility of J(¥, T(X)) there is a neighborhood §
of 1y in #(¥, T(X)) and a  deformation A: 8xI->%(Y, T(X)) of &
into 1y. Choose a neighborhood @ of 1x in #(X, I'(z)) such that h|¥ e §
for each he@. The deformation ¥: @ X I—3(X) of @ into 1y is defined
by letting

W (h, 1) () ={/l(le, Hx) i we¥,
) hiz)=a if xeI(X)

for each (h,%) e@x 1.

To see that J(¥, T(X)) is locally contractible, let (¥,, Wi, p) be
a ( Y, IY Y)) -cut as previously described. By lemma 7.1 Y, is a 2-manifold
and W, =2Y, v (a finite set of interior points of ¥,). Let V,=W,u

u pH(Z). Then V, = 8Y, « (a finite set of interior points of ¥,). It follows

from Edwards and Kirby (see [4]) that 3(¥,,V,) is locally contractible.
Let 8, be a neighborhood of 1y, in (Y, ,V,)and ¥,: 8, x I-%(¥Y,,V,)
be a deformation of S, into 1;,. By Lemma 7.2 there is a neighborhood §
of 1y in 3¢(¥, T (X)) such that k8, for each h € S. Define a deformation
A: 8xI->3(¥Y, T(X)) by letting

p‘If*(h*, Hp~Hz) i ze¥Y-—-T(X),

hiz) =2 if zeT(X)

for each (h,%) e §X I. A deforms 8 into ly. g.e.d.

Alh, §)(@) ={
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