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Proof of Theorem 2. Let f: ¥,—»M Dbe an extendabl i
£ : e ma
denote by f: ¥—M an extension of f, and let ¢ be an unstable pointpoguj]%
By Theorem 1 there exists a homotopy H: M X [0,1]—M whieli

satisfies (i) and (ii). The required extension # of f can b i
the following formula: d © obtained by

F(y) = H(f(y), min{l, o(y, Yy)}) -

Tt is easy to see that ¥ is an extension of f and F '(a) = f(a)

Theorems 3 and 4 are proved in the introduction.

Proof of Theorem 5. By Theorem 1 there exi

' ; exists a homotopy

H .Hdef{O Z}{;11] —M which satisfies (i) and (ii). The mapping h: M x [0 If}
—M defined by A = — i i i :
rony. T y bz, t) = H (z, max[0, t—o(a, #)]) is the required homo-

h(z,0)= H(z, 0) =z for any = M;

hiz,t)=a iff 2=« and ¢t = 0;

if o(a, #) >1, then h(z, t) = z, which implies (iii), since % is continuous.

§ 3. Two problems.

ProBLEM 1. Is the assumption of ] :
n ThaoE ption of the local compactness of M necessary
eXiwﬁfRO]}BILEM 2. Let a subset 4 of a space X be called unstable if there
an;;, a tomotopy h: X x{0,1]—+X such that h(z,0)=x for all ze¢.X

e \(x,f ) gufi _for a}l xTe X and ¢ > 0. I it true that the set of all unstable
points of a finite-dimensional compact metric space is an unstable set?
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Transfinite metrics, sequences
and topological properties

by
Douglas Harris (Milwaukee, Wisc.)

The concepts of sequential, Fréchet, and first-countable space have
natural generalizations to higher cardinality, given by replacing the use
of sequences in their definitions with the use of transfinite sequences
of appropriate type. It is also known that sequential, Fréchet, and first-
countable spaces are the images of metrie (or psendometrie) spaces under
maps that are respectively quotient, hereditarily quotient or pseudo-open,
and open. We shall use the theory of transfinite metries to extend these
characterizations to generalized sequential, Fréchet, and first-countable
spaces.

The characterizations of sequential, Fréchet, and first-countable
spaces in terms of metric spaces are due respectively to Franklin [3],
Arhangel’skii [1], and Ponamarev [4]. The paper by Franklin contains
a complete discussion of these results.

1. w,-metrics. The most extensive work on transfinite metrics has
been done by Sikorski ([5] and [6]). The recent paper [7] by Stevenson
and Thron contains s summary of work done in this field. We shall adopt
the terminology of [7], and refer to that paper for terms mnot defined
herein. :
Tn the remainder of this paper the symbol w, will refer to an arbitrary
but fixed regular initial ordinal number. We shall not distingnish between
initial ordinals and cardinals. The symbol W, represents the least algebraic
field containing the set of all ordinals less than w,, a8 constructed in [6].

2. Transfinite sequential properties. The definitions of these properties
are natural extensions of the usual definitions in berms of ordinary -
sequences.

An w,-sequence in X is & collection of points of X indexed by the
ordinals less than w,. It is frequently in the seb A if for each 6 < w, there
is y < w, such that y > 6 and @, € 4; it is eventually in the set 4 if the tail
of some element is & subset of 4; it converges to the point ze X it it is
eventually in every neighborhood of 2.
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The subset 4 of X is w,-sequentially open if every w,-sequence that
converges. to a point in 4 is eventually in 4, and the space X ig - Se-
quential if every w,-sequentially open subset of X is open. We can also
examine the closed sets; a set 4 is w, - sequentially closed if no w,-sequence
that is frequently in A converges to a point not in A, and clearly this is
the case if and only if X—4 is w,-sequentially open.

The w,-sequentially closed subsets of a space can also be found as
the fixed points of the following closure operator (in the senge of Cech
(2}, p. 237]): w,-cld = {o: some w,-sequence that is frequently in 4
converges to x}. This operator satisfies three of the conditions for a topo-
logical elosure operator, but we need not have wp-cl(w,-el4) = w,-cl 4.
The ,-sequentially closed subsets of the space ave those for which
w,-cld = 4.

If the above operator is indeed topological, that is, it satisfies wy-cld
= wy-cl{w,-c14), then we say that X is an w,-Fréchet space. Clearly
every w,-Fréchet space is w,-sequential.

Ordinary sequential and Fréchet Spaces are closely associated with
spaces in which each point has a countable base; equivalently for such
spaces each point has a descendingly ordered base of type w,. Given
any initial ordinal w,, an w,-chained base for the point z e X is a de-
scendingly ordered base of type w,; the space X is called an w,-chainable
space if every point has an w,- chained base. It follows in the usual manner
that every w,-chainable space is an wy-Fréchet space, hence also an
w,-sequential space. An w,-psendometrizable space is clearly  w,-chain-
able, and thus w*-Fréchet and w,-sequential,

A space is said to be w,-additive [6] if any family of open sets of
cardinal less than the cardinal w, has open intersection, and a space will
Dbe said to have local character w, if every point has a neighborhood base
of cardinal mo larger than w,. Using the assumed regularity of w, one
can readily establish that a space is w,-chainable if and only if it is
w,-additive and has local character wy.

3. Convergent w,-sequences. The space to be examined next may be
thought of as the prototypical convergent wu-Sequence, in the same
sense as the one-point compactification N* of the countable discrete
space N is the prototypical convergent sequence.

Let D, be the collection of ordinals less than w, taken with the
discrete topology. Let D} be the collection of ordinals less than or equal
to w,, with each point less than oy € D isolated and basic neighborhoods
of o, the tails T, = {o: v < 7 < @u}. Define g: D577, by (o) =1jc
when ¢ # w,, ¢(w,) =0 {(we do not consider the ordinal 0 as belonging
to Df). It is readily shown that the function d: D x Dt —W, defined
by d(z,y) = abs{g(x)—g(y)) is an o,-metric for the topology of D%.

©
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The w,-metric space (DE, d) can be shown to ‘be w,,~eompletf.5 $0
that the topological space D is completely w,-metrizable. Clealtly it is
gero-dimensional, and it is easily sh'own to be m,‘—?pmpact *(1}§1ng tlllle
regularity of w). Thus any topological sum of copies of D is 1oeafy
w,-compact, completely w,-metrizable (usmg*the same ngethoq olr
cgnstructing a complete metric as is used for Do)., and zero-dxme‘n‘smn‘a .

Although the space Df is the unique one p})m’ﬁ wo-e.ompactl_ﬁcah.oi
of D, it is false that for u >0 the space D} is the unique fmelpomf
ws-compactification of D, in fact, the one 1):0}nt .compact‘.lfmahon o1
the discrete space D, is & one-point w,-compactification that is not equa
to D} when u > 0.

4. D-rosters, The connection between the topolf)gy of 2 s%z;c-e eu;u'll5
its convergent transfinite sequgnces can now 1eose examined using the sam
i ‘as are used for ordinary sequences. )
tec}lﬁ;estoéﬁologiml sum of copies of Dj is faﬂed 3 D,“:—roste;r).* G:)\;;r;
a topological space X we can form a space*D,L(X), ca:l;é thi ! 1:’3—1(-0 .
of X, by taking the topological sum +{ D ); g_G(D,L(X )}T(l)1 ﬁmeﬁgn
of D% for each continuous function from D} into X. The

r: DX X)—X given by r(4) = f() when 1eDj is called the Dj-roster
. r: D}

map of X. It is obviously continuous, and onto in view of the constant
ctions. N
" C:.‘here is clearly a Dbijective correspondence between functmx;
feC(D%, X) and pairs consisting of a w,-sequence {x.} and a poink ac-e e .
to Whigh the sequence converges. In fact, & u';ﬂ—sequence .com;ri:D
and only if there is a continuous extension of it as a function fro .
into X to a function from Dj into X. : . ‘
* When X is Hausdorff the correspondence above IS*Of course onle_ ogce
between convergent sequences and functions fe O(DF, X), since limits
are uniqgue. ‘ . )
Asgocia;ted with the Dj-roster and the roster map 7 ther;ia :(sX 1):]3;:
reduced D%-roster Ri(X) and the reduced roster map p: the .spaee il o
the quoti:;nt space obtained from the equivalence relation r(a) =

y i tient
" on DX), and p is the map such that pg=71, where ¢ is the quotien

map of D}(X) onto R¥(X). The functions p and g are of eourse continuous,
and p is a contraction.
- oot .
5. w,-sequential spaces. The fo]lowmg characteuza_m;)n ;Cfeswg,,i vsen
quential :paces generalizes the characterization of sequential spac
by Franklin [3].
THEoREM D. The following are equivalent for a space x.
(i) X is wu-sequential. .
(i) X ds the quotient of an w,-sequential space.

*
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(iii) X 4s the quotient of am w,-Fréchet space.
(iv) X is the quotient of an w,-metrizable space.
(v) X is the quotient of a zero dimensional locally w,-compact com-
pletely w,-metrizable space.
(vi) X is the quotient of a D}-roster.
(vil) The Dj-roster map of X is a quotient.
(vill) The reduced Dy-roster map is a homeomorphism.

Proof. In view of what has already been shown, we need establish
only that (i) implies (viii), (vi) implies (v), and (ii) implies (i).

That (ii) implies (i) is shown just as the corresponding result in
Franklin’s paper. That (vi) implies (v) is shown by observing that the
aippropriate properties are preserved under taking of topological sums.

Sinee (vii) and (viii) are clearly equivalent, we show that (i) implies
(vii). Now if r"[4] is open in DXX), z e 4, {x,} is an ,-Sequence eon-
verging to z, and f is the function in ¢ (Dz, X) associated with = and {z.},
then "[A] is a neighborhood in D}(X) of w, € DY, from which it follows

that {z,} is eventually in 4. Thus 4 is sequentially open, and therefore
open, in X.

6. o,-Fréchet spaces. The following characterization of w,-Fréchet
spaces generalizes the characterization of Fréchet s

paces given by Arhan-
gel’skii [1]. '

The characterization. is. in terms of hereditarily quotient maps, also
called pseudo

~open: a map f: ¥ -+X ig hereditarily quotient if it is continu-
ous and for each A C X the reduced map Ja: f[A]—A is quotient. Tt is
known that this is equivalent to the condition that for each z e X and
e&ch.neighborhood U of f"[#] we have z eintf[U]. Another equivalent
condition is that for each 4 C X and each z e cld there is y ¢ ¥ with
flg)=o and y eclf[4]

TesorEM E. The following are equivalent for a space X.
(i) X is w,-Fréchet.
(1) X is the hereditarily quotient image of an w,-Fréchet space.
(i) X is the hereditarily quotient image of an w,-metrizable space.
{iv) X is the hereditarily quotient image of a zero-dimensional locally
wy-conpact completely w,-metrizable space

(v) X is the hereditarily quotient image of a D%-rosier.
(vi) The Dj-roster map of X is hereditarily quotient.

.Ib’x_-onf. To show that (ii) implies (i) is straightforward using the
fiefm‘mons‘. The only other implication that requires proof is that (i)
Implies (vi). Now if 4C X and z e cl4 thers is by (i) a w,-sequence lying
in 4 and converging to z, Tf [ is the associated funetionﬂfrom D} into X

icm
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and y is the Limib point oy e Diy we have f(y) = » and y e clr"[4]. Thus
r is hereditarily quotient.

7. w,-chainable spaces. ‘The following cha!racter_iza]tion of w,-chain-
able spaces generalizes the eha,meteriza,tion. of flrst—coun'table spaces
given by FPonamarev [4]. As noted by Franklin [3] thex chain of’ charac-
terizations using the Dj-roster does not ex_tend ;uo this case, since the
rational space @ is not the open image of its Dj-roster. N

TagorEM C. The space X is w,-chainable ?'f .a‘nd ozzlg,.' if it is ﬂw_opm
image of an wy- pseudometrizable space, and if it is Ty it is the open image
of an w,-metrizable space. :

Proof. It is straightforward to shglw that the open image of an

i space i8 w,-chainable.

w”-P;?i(;g%ﬁ;iazfe fonverse :ve generalize the method of proof used
i ir able case. .

* thgoiéisgefosﬁf collection of w,-sequences (ordered by inc?usmn) }céf
open subsets of X that form' an w,-chained b.ase for some pO{nt a’teT,
such a sequence may be a base for several pomts_of X (if X 15.21(; n;,;
and we repeat a given sequence once for ea.ofh- pom’? for Wlfleh Zl ., é)rthe
a base, using the particular point as an additional mde?z. Tet

uch sequence-point pairs. ‘ )

- O]f):ﬁne a,qfunctioln 8(p,q) on ZXZ by isetting 8(p, @) = oy ]_ﬂtt?]};e
sequences represented by P and ¢ are identical, an.d ot]}zrzzlﬁzwse thaf-,
3(p, g) be the first ordinal for Whiqh the sequences dﬁée?ﬁ_ o9 0
for p, g, r<Z we have 0(p, Q) > mm{é(pﬂ),.é(w)}_-t N ;Eéi hﬁmwmd
it 3(p,q) = wa and d(p, g = }1/5(10;@1_) eWpﬂlli; 1;2;6,21 is g

8 is an w,-pseudometric on . )
“ blﬁﬁuﬁiﬁoz ;ns fjom #Zlinto X is defined by lettiflg h(p) 1‘36 the pcu:ﬁ
z e X represented by peZ. We shall show that 7 s a conltmuozlsmgpx
function from the space Z with the ,-pseudometric t0po gg}; i Whid;

Tor each p « Z and each 1 < w16t Pz be the open subse IE o adily
is the Ath member of the sequen’ce E-?fes?:;?e:b?zt 11)) eE Z e 1A

ab p; is the image under } of the ball & i
STlﬁ)ggfffi h :!1): an open fu%mtion. To show that 7 i8 conmnu‘oug Weeo;sizz
first that if V is & nonempty open subsei? of X tl}en t};e;)e ];: o'pf s 1
¥ = p,, from which it follows that 7" [V]- is the nnion ;) - ;;1 e 16
about points p e Z for which V = p%. ?Dhls all’)gllétrgent als

. he proof of Theorem F 1§ COMPIELS.

Ollton'll‘ 2113:2 1(i,ausepof first counbable spaces it i8 kn.ovim that tl.aeCZI;a.dcii&IZ)
can be taken to have the same total character (minimum ba;(silsoﬁl .
as X. This can also be done in the present insi?ance. Om? nee ; —cy;l e
that if % is any basis for X them for each point there is an Wy

basis of members of B.

10
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On Kan extensions of cohomology theories
and Serre classes of groups

by
Aristide Deleanu (Syracuse, N. Y.) and Peter Hilton (Ithaca, N. Y.)

1. Introduction. This paper constitutes o continuation of the investiga-
tion initiated in [4], [5]. In those papers we introduced & process, involving
the Kan extension of a functor, for extending a cchomology theory from
a category J, of based topological spaces to a larger category . This proc;
ess generalizes a characterization of Gech cohomology which has been noted
by .Bilenberg and Steenrod and studied by Dold. However, the process
partakes far more of the spirit of Kan’s work on extending funetors than
of the original description of Clech cchomology, so that the examples of
cohomolegy theories expressible as Kan extensions take one very far
from Cech cohomology, while retaining a certain generalized continuity
property. We should mention here that Lee and Raymond [11] have
studied generalized Cech theories in a somewhat different sense, more
strongly motivated by the classical deseription of Ceeh theory. There
is some small overlap with the present authors’ work, and a comparison
of the two approaches will form the subject of a later paper ).

A principal coneern in [4], [5] is that of deciding under what con-
ditions the Kan extension (3), h, to Jy of a cohomology theory & on J,
(or maximal extension in the terminology of [2]) is itself a cohomology
theory. We always require that the categories J considered suitable for
supporting a cohomology theory be admissible; that is, they should be
non-empty full subcategories of the category of based spaces and based
waps, they should admit mapping cones, and should contain entire
Lomotopy types. We can state the axioms for 2 or, move precisely, (%, o),
where ¢ is the suspension transformation =K1 E, to be a cohomology
theory in any admissible category; but the Kan extension of a cohorology
theory from an admissible category J, to an admissible category o, may
well fail to be a cohomoclogy theory. After rome preliminary algebraie
argnment in Section 2, we formulate a eriterien for the Kan extension

() Remark on (ech extensions of cohomology funclors, Proc. Adv. St. Inst. Aarhus
(1970), pp. 44-66.
() We use here the notation %, in preference to the b notation of [4], [5].
10%
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