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Subdirect decomposition of distributive quasilattices

by
J. A. Kalman (Auckland)

Following Plonka [3], we define o quasilattice to be a nonempty set
with hinary operations A and v which are idempotent, commutative,
and associative, and o distribulive quasilattice to be one which obeys
the laws ‘

wA(yVe) = (@Ay)V(zA2),
It is easily checked that the tables

2V(YAR) = (BVY)A(zVe).

Al O 1L oo vl 0 1 oo
0] 0 0 oo 0] 0 1 oo
Ll 0 1 oo 111 1 oo

[eelie e ile v ool CO O oo

define a distributive quasilattice, X say. Let 8 and & be the sub-quasi-
lattices of X with underlying. sets {0, 1} and {0, co} respectively; £ is
a lattice, and & is essentially a semilattice (it obeys the law zAy = zvy).
The object of this paper is to prove the following , ’

ToeorEM. A distributive quasilattice with more than one element is
isomorphic 1o a subdirect product of copies of X, 8, and G.

This extends Birkhoff’s subdirect decomposition theorem for distri-
butive lattices ([1], p. 193, Theorem 15, Corollary 1), and also contains
a gimilar theorem for semilattices.

In any quasilattice an identity clement for A (resp. V), if it exists,
is unique, and will he denoted by I (vesp. 0) (ef. [1], p. 63, ex. 7, and [2],
but note thati the free distributive guasilattice with 0, I, and one generator
has five, noti seven, elements).

LuvmA 1. Let @ be o distributive quasilattice with O and I. Then, for
al » and y in (),

(i) ®AQ = O if and only if wvl=1;
(il) @Ay == I if and only if &=y = I; and
(ili) @AYAO = O if and only if sA0 =yA0 = 0.
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Also, we may define a congruence relation B on @ by setting By if
and only if x=1y or A0 # 0 and yAO # 0.

Proof. (i) If 2A0 = O then

I=0vI= (zAO)VI= (avI)A(OVI)= (@vI)AI=2aVI,
and dually. .

(i) If @#ry =1 then z=arl = zA(zry) = Ay = I, and similarly
y= I. The converse is trivial.

(i) If 22y 0 = O then, by (i), I = (zAy)vI = (wVI)A(yVvI), hence
#vI = yvI =1 by (ii), and hence A0 = yA0 = O by (i). The converse
is trivial.

B is obviously an equivalence relation, and is selfdual by (i). If xBy
then, by (iii) and its dual, (zAz)B(yAz) and (zvz)B(yve) for all z. This
completes the proof.

Leawa 2. Let Q be a distributive guasilattice, and let a Q. Then
. (1) we may define congruence relations Ca, Do on @ by setting 2 Cay
if and only if era=yra, and z Doy if and only if ava=yva;

(i) 2(Can Do)y if and only if xA(zva)=ya (yva); and

(iil) Ca= 0 if and only if Q hes an I and a= I, and Dy = 0 if and
only if @ has an 0 and a = O.

Proof. (i) is easily verified. To prove (ii), we mnote first that if
2{Ca N Dg)y then

zA(@va)y = zA{yva) = (zAy)V(zAa)
= yro)v(yra) = yr(xva) = yA(yva).
Conversely, if zA{zva) = ya (yva), then
ava= (@va)A(@va)va) = (wA(zva)va
= yr(yva)va= (yva)A((yva)va) = yva,

whgnce #Day; moreover the condition TA(zVe) = yA(yva) is equivalent
to its dual, hence, by duality, #Cyy. This proves (ii). By duality, it will
be sufficient to prove the first part of (iii). It is clear that if @ has an T
then (7= 0; conversely, if (=0, then, sinece (zAa)Aa = zra for

all # in @, we have zAa = z for all , and thus « is an I, This completes

the proof.

- LEnvnes 3. Let @ be o subdirectly irreducible distributive quasilattice.
en

() Q@ possesses elements O and I (ot necessarily distinet)

5 3 and
(i) aA0 =0 if and only if a=0 or a =1
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Proof. (i) Let ¢ = ﬂQ Cu. Then if zCy we have 2C,y and = Oy,

ie. #A® = yAx and 2AY = yAy, whence = y. Thus ¢ = 0. Since Q is
subdirectly irreducible it follows that C\ = O for some 4 in @, and @ = I
by Lemma 2 (iii). Dually, @ has an O.

(ii) If aAO = O then 0y ~ Dy = O: for
#=2V0 =zv(ar0)= (zVa)A(zV0) = sA(2Va)

for all #, and hence, by Lemma 2 (ii), if #(Cs ~ Do)y then z = y. Since Q is
subdirectly irreducible, it follows that (= 0 or D,= 0 and hence,
by Lemma 2 (iii), that a =0 or a= I. The converse of (ii) is trivial.
LemmA 4. A subdirectly irreducible distributive quasilattice  with
more than ome element is isomorphic to X, 8, or .
Proof. Let P= {zec@: 570 # 0} = Q\{0, I} (cf. Lemma 3 (ii)).
If P=0 then @ =~ £. Suppose therefore that P @ and let E= B n

~ (M (U ~ D)), where B is defined as in Lemma 1. We show that B = 0.
aepP

‘We wish to prove that if z Fy then 2 = ¥, and we may assume that 2 ¢ P
and y ¢ P for otherwise # =y since #By. But then z(C;~ D)y, and
hence, by Lemma 2 (ii), #A (V%) = yA(yva), i.e. 2= yA(yVe), whence
YAz = x; similarly, since 2(Cy, ~ D)y, #Ay = y; and thus z = y. This
proves that B = O, and, since €y 3 0 and Dg+ O for all a in P by
Lemma 2 (iii), it follows, since @ is subdirectly irreducible, that B = 0.
Hence P has just one element, and @ =~ & or @ =~ X according as 0 =T
or O =1,

The theorem stated in the first paragraph follows from Lemma 4
and Birkhoff’s general subdirect decomposition theorem ([1], p. 193,
Theorem 15). '
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