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Correction to the paper
¢On the hyperspace of subcontinua of a finite graph, I’

(Fundamenta Mathematicae 62 (1968), pp. 265-286)

by
R. Duda (Wroctaw)

Professor Jack Segal has observed that Lemmas 6.1 and 6.2 are
incorrect as they stand.

The aim of this note is to show that after some modifications these
lemmas can still be used in the proofs of all the theorems in which they
were originally applied, and that all those theorems remain true.

Here are the details.

Let X be a finite graph. If 4 C B is a pair of X, then each segment
of B—4 both end-points of which belong to A will be called dlosing for
the pair A C B.

If X is aeyclic, then obviously X contains no pair with a closing
segment.

Lemma 6.1 should read:

6.1. Let ACB and D CE be two distinct pairs of X such that A CD
CE CB. If each segment closing for the pair D C B is also closing for the
pair A C B, then Mpcr s o ball lying on the surface of the ball M.l

Proof of the old version of 6.1 remains valid (the hypothesis that each
segment closing for the pair D C E is also closging for the pair A CB is
needed to ensure that if k-+1< ¢ <, then the sets T; defined for the
pair A C B remain the same for the pair D C H).

Note that if X is acyclic or if A contains all internal vertices of X,
then the assumption on segments is satisfied and so Lemma 6.1 in these
two cases is valid.

Lemma 6.2 should read:

6.2. Let A CB and A’ C B’ be two distinet pairs of X. If the two balls
Mace and Macp meet, then their common part either is equal to a ball
Mpcr, where D CH is a pair of X (this is the case if, for instance, X is
acyclic or if both pairs A C B and A’ C B’ contain all internal vertices of X)
or consists of finitely many disjoint balls, each lying on the surface of both
Mace and Marcp.
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Proof. Since Macz ~ Macr # 0 by assumption, there exists a non-
empty continuum C such that

ACCCB and A'CCCH,

whence
1) : AVA'CCCBAB.
Therefore
(2) Macs ~ Macpr C{CeC(X): A A’"COCBANB}.

‘We shall consider three cases.

I. A=0=A’'. In this case B and B’ are distinct segments and
since, by (1), they meet, they have a common vertex » (by the assumption
of (y), one only) and B n B’ = (v). Clearly, (v) is the only subcontinuum
of both B and B’ and so :

Mace o Marcw = (v) .
On the other hand, however, (v) C (v) is a pair of X and

) = Mmycw) -

The two equalities imply our lemma in the case under consideration.

II. A v A’ is non-empty and connected.

In this case we shall show that Mscp ~ Macp either is the ball
MaoacBop or consists of finitely many disjoint balls, each lying on the
surface of Mycp (in view of the symmetry, we may leave out the case
of Mycp). For this purpose, let

(3) Lyy Ly ooey I

be the sequence of all segments of B—A. Denoting, if necessary, by L,
the empty set, we may assume that the segments (3) are ordered in such
a way that
. k ]
4) AvA=AvJLy and BnB =A4v JL,
i=0 =0
" where 0 KE<I< m
According to Lemma 5.2 there exists a homeomorphism % from

mn
the ball M4cp onto the Cartesian product X Ty, where each T, is either
i=1

the segment [0,1] (if L; meets A at one end-point only) or the triangle
of vertices (0,0), (0,1) and (1, 0) with the hypotenuse contracted to
a single point (if Ly ~ A consists of two end-points of L;). Let (0); denote
the point 0 in the first case and the point (0, 0) in the second, and let (1)¢

denote the point 1 in the first case and the point of contraction in the
second.
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We proceed to show that under the homeomorphism % the commeon
m

part Mace » Vs corresponds to the set X T'%, where each T either
i=1

is equal to the whole of T'; or is a subball on the boundary of T'; or consists
of two end-points of T'; (the latter case only if T} is the segment [0, 1]).

For 0 <i<k put Ti=(1); and for I<i<m put Ti= (0). Tt
remains to consider ¢ = k41,%k+2,...,1. By virtue of (2) and (4) each
CeMacs » Macy can be written in the form

i
C=4uvA v U CnL.
t=k+1 .

Consider segment L; and denote its end-points by a and b, L; = ab.
Since L; is contained in both B and B’, it meets both 4 and 4’

In view of the symmetry, the following four cases must now be
considered (note, however, that for X acyclic one has only subcase 3°,
and for 4 and A4’ both containing all internal vertices of X one has only
subcases 1° and 3°):

1°aeAd A, bed r\A','

2 aednd,bed—-4A,

3aednAd,b¢d A,

4 aed—A', bed'—A.

Subcase 1°. In this case € meets L; along two ares (virtually they
may be reduced to end-points of L; or cover the Wholg of L),

N O~ Li= Lt') v Lts) ,
where 0 << ¢+ <1

Here T;= T.is a triangle with the hypotenuse contracted to a point.

Subcase 2°. By virtue of (2) both end-points of L; belong to C.
‘We shall show that the component of L; ~ (' containing b is equal either
to b itself or to the whole segment L.

Suppose, to the contrary, that 0 ~ L; has a component N contain-
ing b and distinet from both L; and b. Let M be the component of 0 —A’
containing N. Since ¢ is a continuum and 4’'C ¢ by assumption, we
have A’ ~ M % 0, and since N ~ A’ = 0 by assumption, any are in M
joining b to a point of A’ ~ M must contain a segment (4’ is a subgraph
of X and so A’ ~ M consists of vertices of X). In view of (a) this implies

- that oM, A’ ~ M) >1, contrary to C e Mucp.

Thus we have proved what we claimed, and this means that the
common part ¢ ~ L; is a union of an arc L;(t) (which contains a and has
length ¢ < 1) and of the point b of ¢ which also belongs to 4 v 4"

Here T, is again a triangle with the hypotenuse contracted to
a point. Let T; be the subset of T, consisting of all points (¢, 0) with
0<t <.
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Subecase 3°. We have € ~ L= L(t), where Lit) is a subare of L;
containing @ and having length ¢ < 1.

Here T; is the real segment [0,1]. Let Ti= Ti.

Subease 4°. Reasoning twice as in subease 2° we come to the con-
clusion that ¢ ~ L; is equal either to the end-points @ and b of L; or to
the whole of L;. R '

Here T is the real segment [0, 1]. Let T consist of the end-points
(0); and (1); of this segment.

Tt is not difficult to see that under the homeomorphism & from Mycr

onto ;( T; (cf. Lemma 5.2) the common part Macr ™ Macn goes
i=1

m
onto ixl T;.

Tf all segments L; are of the type considered in subcase 3° (which
happens if X is acyclic) or in subcases 1° and 3° (which happens if both 4
and A’ contain all internal vertices of X; in particular, if both pairs A C B
and A’ C B’ are maximal fine — cf. § 7), then T;= T for each = k+1,
k+2,...,1, and since, by virtue of (4),

1
AvA'v | Li=BnB,

i=F+1
we have the equality
WMaceg ~ Marcw = Mavarcpap -

TIT. 4 v A’ is non-empty and not connected, i.e. 4 0 .4’ and
AnA =0T Dacs » Macp # 0, then, as follows from the inclusions

AUA'CBAB CQA,1)nQ4,1),

we must also have 4 CQ(A4’,1) and A’ CQ(4,1), ie. oi(4,4)<1L.
Since 4 and A’ are disjoint, both 4 and 4’ mustbe vertices lying at a dis-
tance 1 from each other. By assumptions () and (v), X must then
eontain a segment D joining them. But D C D is clearly a pair and so,
by virtue of (3), the proof will be completed if we show that B n B’ = D.
And this is obvious, because if § a segment distinet from D one vertex
of which is, say, 4, then, by assumptions («) and (v), for any point
2 e S8—(4) we have g(x, A’) > 1. In other words, z ¢ B'.

Thus the proof of 6.2 is completed. (Parts I and IIT were repeated,
part II is new. The remark following 6.2 in the paper remains valid.)

There are three theorems the proofs of which were based upon lem- .

mas 6.1 and 6.2.

Theorem 6.3 remains true, because nothing has been altered if X is
acyclic.

Theorem 6.4 remains true, because | JWMacp is a decomposition
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of C(X) into a finite number of topological balls any two of which meet
in such a way that their union forms a polyhedron or their common part
is empty.

Theorem 7.5 remains true, because the pairs considered there are
maximal fine and for such pairs new 6.1 and 6.2 hold. In the proof of 7.5
one should only replace the sentence “Hence ... see 6.2, case II” ap-
pearing in lines 7-11 on p. 279 by the following one “Hence 4 w A'CX
is & pair and by 6.2 (see 6.2, case II, and the Remark following 6.2)

Macx » Marex = Mavarcx .’
I should like to express my gratitude to Professor Jack Segal for

pointing out the incorrectness of the old Lemmas 6.1 and 6.2.

Regu par la Rédaction le 19. 5. 1969
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