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Non-archimedian metrizability of topological groups

by
G. Rangan (Madras)

A non-archimedian right (left) invariant metric on a group G is a reak

valued function d(z, y) of pairs of elements @,y ¢ @ such that
(i) d{z,y)=0 if and only if z =y,

(i) d(z,y) =d(y, ),

(iif) d(z,y) < ma’X{d ©,2), d(z, y)}: ze@

(iv) d(za, ya) = d(®,y) for any ae@ (d(aw,ay) = d(z,y) for any
aed). ‘

The metric is said to be two sided invariant if it is both right and.
left invariant. A topological group & is said to be non-archimedian
metrizable if its topology is induced by a non-archimedian right (or left)
invariant metric.

The main object of this note is to prove a crlterlon (Theorem 1) for
non-archimedian metrizability of a topological group analogous to the
classical Birkhoff-Kakutani criterion ([1], [4]) for ordinary metrizability..
As supplementary results we prove (Theorem 2) that the quotient of
a non-archimedian metrizable group by a closed normal subgroup is
again non-archimedian metrizable and that (Theorem 3) a two sided
invariant non-archimedian metric group can be imbedded in a complete
non-archimedian metric group.

THEOREM 1. For a topological group G to be non-archimedian metrizable.
it is necessary and sufficient that there ewisis a countable base of neighbour-
hoods at the identity ¢ of G consisting of subgroups of G.

Proof. Let G De a non-archimedian metrizable topological group-
and ¢ a iight invariant non-archimedian metric on ¢ which induces the
given topology on G. Then U, = [#] d(z,e) <1jn], n=1,2,.., form
a base of nelghbourhoods at ¢ for G If # € Un, the right mvarmnce of d.
implies d(e, ™) < 1/n and hence 2~ 1 e Up. Also

Aoy, o) — d(m, y=) < max{d(z, ¢), Ao,y <fn i &yeUn.

Thus U, n=1,2,.., are subgroups, ie. the condition is necessary.
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To prove the sufficiency, let us suppose that G has a countable base
of neighbourhoods {H,} of subgroups of G. We assume without loss of
generahty, that Hyy1 C Hy (see[5], p. 50). Now, Du(w, y), defined for every

n=1,2,.., by )
0 if oy eH,,
Dy, y) =

(%, Y) {1 it oy ¢ Hy,
is a non-archimedian pseudo-metrie. By a familiar argument (see [T7],
p- 473) it follows that
1 D
d( , y) ( ! y)

=P 1T B, 1)

i8 a non-archimedian metric on @. The essential part of this argument
.can be outlined as follows. If

. _ D2, 9)

@,,,,(60, y) - 1+¢1:(£137 y) ’

then @ - y
’ ’ max {Gn(®, 2}, Pnl2, ¥)} /
>
ma,x{(bn(m, 2‘), @ﬂ(z) y)} = 1+ma,x{d§”(m, z)’ @ﬂ(z, y)} > an(m’ y)

and hence each of the @.(x, y) is a non-archimedian pseudo-metric on G.
Consequently d satisfies condition (iii) of the definition of a non-archi-

median metric. The other conditions are easily verified and d is a right
invariant metric. -

It remains to show that the topology defined by the metric d is the
same as the topology of G. To this end, we observe that

Un= [ d(z,e) <1)2"™], n=1,2, ...,
form a base of neighbourhoods at e for the metric topology. Further

1 1 Dy, €) 1
2n+1 211- 1_{_@71({3 €) < 2%-}-1

zeUs=>diz, ) <

=>Du(w,6) <1=>Py(z,6) =0=>2eH,, ie. U,CHy.

Tt & € Hays, then Bpys(0, 6) = 0. As Hyyy CH, C...C Hy,
Dr1a(, 6) = (@, €) = ... = Dy(w,6) =0 .
‘We note that
1 Dz, e) < 1 1
7 IT @, 0) = S+
1 Dr(w, e) 1 . ,

it k>n+t2,

)

‘Hence
1 Di(x, 6) 1 1

U@, 0) =S 2 T g, 5y S g g
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If @ ¢ Hot1, bt @ € Hy, then @@, 6) =1 for k¥ > n--1, so that

1 Di(z,e) 1 1 .
I (w6 gra S 10T k>adtl,

1 Di(x, €) 1

0:.-§.iﬁk—(—ﬂ;,—05<2—n_—;2 for k<mnil.
Thus .
1 Dr(x, €) 1 1
d(w,e) = sup2,c T+ aua, o~ 2,H_2<2—"+—1,
Hence

0 ¢ By =@, 0)< L wel, ie. H,CT,.

As we have already shown that U, C H,, it follows that H, = U,. This
completes the proof of the sufficiency of the condition of the theorem.
Theorem 1 is thus proved.

Remark. The metric is two sided invariant if and only if there
exists a countable base of neighbourhoods consisting of normal subgroups.

TEEOREM 2. If G is a non-archimedian metrizable topological group
and H a closed normal 'subgroup of @, then G/H is also non-archimedian
metrizable.

Proof. Let d be the metric on G which gives its topology. For
2H,yH « G/H define

d*(zH , yH) = inf[d(a, b)| a ezH,bcyH].

Then an eagy argument (cf. [8], p. 36) shows that d* is a non-archimedian
metric. If d is right (left) invariant, d* is right (left) invar%ant. Also

1
{wH[ d*(«H, H) < ;] [mHl (=, <9—"] for #n=1,2,..
For,
1 1

d(w, e) <5z=>d (zH, H) < d(x, ¢) <;;

and, conversely, )
*eH, H) < Azlz:»inf [d(oa, D) o, e H] <.
1

Hence, corresponding to n there exist a, b ¢ H such that d(za, b) < a;

i} 1
d(va, b)< :21; ~afeab™, ) <3

ol (= wab™H) < [le ia,0) < 5|

2
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Thus the topology of the metric d* on G/H and the quotient topology
of G/H coincide. This completes the proof of Theorem 2.

The proof of Theorem 3 below illustrates the use of Theorem 1.
Theorem 3 can be proved alternatively by introducing a non-archimedian
metric in the set of Cauchy sequences in. & (cf. [6], p. 485).

TrrorEM 3. If @ is a two sided invarient non-archimedian metric
group, then there emists a nom-archimedian complete metric group & such
that @ is a_dense subgroup of G. .

Proof. & being a two sided invariant non-archimedian metric group
(consequently a metric group, in the usual sense), it can be imbedded as
a dense subgroup of a complete metric group @ ([6], p. 485, (1.4)). Since
the non-archimedian metric on & is two sided invariant, there exists
a countable base of neighbourhoods of normal subgroups at the identity ¢
of @ (see Remark following Theorem 1). The closures in & of these sub-
groups, which are also normal in a ([3), p- 46, 5.37 (c)),, constitute a base
of neighbom'l}oods ([2], p- 30, Proposition 7)(*) at ¢ for G. Hence, by
Theorem 1, ¢ is also non-archimedian metrizable. Further G is complete
with respect to this non-archimedian metric (see [5], p. 212, Exercise @ (d)).
The proof of Theorem 3 is now complete.

(%) It is sufficient to take a base at e for @, instead of all neighbourhoods at e, for
the validity of the proposition referred to.
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A three-dimensional spheroidal space
which is not a sphere

by
Steve Armentrout (lowa City, Ta.)

1. Introduction. In [1], we described an upper semicontinuous
decomposition of E® into straight ares and singletons such that
the agsociated decomposition space E°J@ is topologically distinet
from E° In this note, we study local properties of the decomposi-
tion space. )

We shall show that E%G is locally peripherally spherical, i.e., each
point of E%/G has arbitrarily small neighborhoods bounded by 2-spheres.
In fact, each point of E°/@ has arbitrarily small closed neighborhoods
which are compact absolute retracts and have 2-spheres as their topological
boundaries. In particular, each point of the space has arbitrarily small
compact simply connected neighborhoods.

We shall also use the decomposition of [1] to settle a question of
Borsuk’s concerning spheroidal spaces. A metric space X is a spheroidal
space if and only if for each point p of X and each neighborhood U of p,
there is a neighborhood V of p such that ¥ C U and XV is a compach
absolute retract. It is known that each spheroidal space of dimensions
0, 1, and 2 is a sphere [3]. In [3], Borsuk describes an example (due to
Ganea) of a spheroidal space of dimension 4 not a sphere. Borsuk [3]
raises the following question: Does there exist a 3-dimensional spheroidal
space which 4s not a sphere? We give an affirmative answer to this question.
Regard §° as the one-point compactification E* o {oo} of F°. Let G* de-
note the upper semicontinuous decomposition of §* consisting of all the
elements of @, together with {co}. Then associated decomposition space,
§°G%, is a 3-dimensional spheroidal space which is not a sphere. In fact,
§/G* has the following property: Each point of §° has arbitrarily small
open neighborhoods V such that the closure of V is a compact absolute
retract, the complement of V ‘is a compact absolute retract, and the
boundary of V is a 2-sphere. . )

Throughout this note, we retain the notation of [1]. @ denotes. the
decomposition of E® described in [1], E*G denotes the associated
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