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Structure of self-dual torsion-free metric LCA groups*

by
M. Rajagopalan ** (Madurai, India)
and T. Soundararajan (Urbana, I.)

Since Pontrjagin [3] and Van Kampen [5] introduced the notion of
the dual of a locally compact Abelian group, many examples of self-dual
LOA groups have been given in the literature. However, the structure
of all self-dual LOA groups has been. an open problem till to-day (see [1]).
As a matter of fact, there is even no conjecture about how a self-dual
LCA group should look like. In this paper we give the structure of all
metric self-dual LOA groups which are torsion-free as abstract groups.

Notations and Conventions. All topological spaces occuring
in this paper are taken to be Hausdorff ones. We usually follow [7] for
notations and concepts related to topological groups which are not defined
here. We write LCA group as an abbreviation for a locally compact
Abelian group. The dual of the LCA group @ with the usual topology
is denoted by @. We use the additive notation for groups. If HC & is
a subgroup of the LCA group &, then H*' denotes the annihilator of H
in @. R™ denotes the usual Buclidean group (» > 0). If p is a prime, then Jjp
denotes the group of all p-adic numbers and I, the group of all p-adie
integers with the usual topology. (We use the symbol @ for topological
direct sums). The definition of a local direct sum of LCA groups is given
in [1], [6] and [4]. But we prefer to repeat this definition here for the
sake of completeness.

DeFmNITON 1. Letb (G.) be a family of LCA groups indexed by a set 4.

Let H, C G be a compact and open subgroup of @, for each a<.4. We

define the local direct sum ) @, of the family (G.) with respect to (Ha)
a€d

of subgroups as follows:

> 6= {(@)| (@2 € ]—A[ Gos @ e H,

acd
for all ae A except possibly for a finite number of indices}.

* An announcement of the result presented here appeared in [4]. The main theorem
there should have been only for the metric case instead of for all the groups.

** Mhis author was partially supported by a NSF grant No. NSFGP5370 while
this work wags being done.
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The group addition in Z' @, is taken to be coordinatewise addition. We note

that [] H.C G. By declaring [] H, with its product topology to be open

in > @, we get a natural topology = for ZA @, 50 that ( ZA Ge,y7) is an
ace. €

a€d o
LCA group.

DEFINITION 2. An element z, of an LOA group @ is said to be compact
if the closed subgroup generated by z, in & is compact.

DEFINITION 3. An element x, of an LCA group @ is called topologically
p-primary if prr,—0 as n—oo.

DEFINITION 4. A map T: G;—@, between two LCA groups G, and G,
is called a topological isomorphism if it is a group isomorphism and a home-
omorphism. In this case we write Gy ~ G5. An LCA group & is said to be
gelf-dual if there exists a topological isomorphism between G and é.

Remark 5. Let 5 be a collection of primes. For each p e ¥ let K,
be an index set. For each p ¢ $ and i e Ky let J5 denote an LCA group
which is topologically isomorphic to Jp. Let Hi be a compact and open
subgroup of J3 for all p ¥ and ¢ « K. Then we can form the LCA group
8, =, é' Ji with respect to (Hj). Now each S, contains A, =, ]g H) as

-p €.
a compact and open subgroup. So we can again form the loca,ly direct

sum 3 8, with respect to (4p). We call this group > 8 as D, ( 3 J3).
ped ped peT ieKp
We call such groups the local direct sum of Jp's. By 25.34 (b) of [1] on

page 422 we see that Z:‘r (i ZK JE) is always a self-dual LOA group. Moreover
pe €Kp

such groups are torsion-free.
LEMMA 6. Let G be an LOA group of the form B*"@D@D® X { 3 J3)
peT ieKp

where 7, Iy and K, are as in Remark 5 and Dis a torsion-free divisible group
with the discrete topology. Then G is self-dual and torsion-free. If D and K,
are countable for all p, then G is metrisable.

Proof. This follows from Remark 5 and the standard theorems on
duality.

The rest of the paper is devoted to proving the converse of Lemma 6
in order to get the structure of self-dual torsion-free metric LOA groups.

Lemma 7. Let G be an LCA group which contains a compact, open
subgroup H. Let @ be torsion-frec and let G/H be isomorphic to the group
0 (p™) for some prime p. Then there ewists a closed subgroup A C G such that
A+H=G and A ~ J,.

Proof: Consider H* C & Then H* is the dual of G/H and hence is
topologically isomorphic to I, (see [1]). Let 4, be a monothetic generator
of H* (see [1] fgr the definition of a monothetic generator). We claim
first of all that @ is a divisible group. Indeed, suppose that ¢G = & for
gome prime ¢. Now ¢@D gH* and so it is an open subgroup of G. Thus

©
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the anmihilator of ¢@ in @ (being the dual of &/¢@) contains a non-zero
element of finite order. This is a contradiction. Thus @ is divisible, and
hence we have 2 SeqUence Ly, L[, Lo/p?, ... in @. Then the group J gen-
erated by H* and z,/p, @o/p?... is topologically isomorphic to the p-adie
number group. J is now open and divisible and hence is a topological
direct summand. Consequently G contains a p-adic number group 4.
This is obviously not contained in H and its image in G/H, being divisible,
is O(p®). Thus A+ H=@G.

LeMma 8. Let G be a torsion-free LCA group and let p be o fized
prime. Let G contain an open subgroup J which is a local direct sum ‘Es Jh of
i€

a family (J%) of LCA groups indexed by a set 8. For each ¢ S let Ji = dp.
Suppose further that @ contains a family (D.) of closed subgroups D. indexed
by @ set K such that the following hold:

@) IEl <8
(2) D, = Jp for every aeK.
(3) The algebraic subgroup gemerated by the set J v (%D,,) is @G.
Then @ is =~ to a local direct sum of p-adic numbers.
Proof: Let 3 J5 be the local direct sum with respect to the compact
ieS 3
open subgroups H} of Ji and let H= [] Hy. Then H is compact and
i€S
open in J and hence in @. Thus, for any D., H ~ D, is compact and open
in D,, so that for any y, e D, there is an integer » such that ny, e H.

Thus for any y = 0 of @ there is an m such that my eJ and my # 0. Now

T1J}% is a divisible torsion-free group econtaining J and so there is a homo-
ie8

morphism of G into ]:]q J% which is an identity on J. This homomorphism
ie

can easily be verified to be an isomorphism and also unique. Thus we can
consider G to be a subgroup of [[Jy (as an abstract group only).
ie8

For each J}; we shall suppose that Jfo is generated topologically by
a*, a'lp, a¥lp*... with o' a monothetic generator of Hj.
We can then define a continuous character z* in [] J} with its product
topology as follows: z* on Q Jh =0 and z%(a®) = 0 and y*(a*p") = 1/p",
7

n=1,2,3... We can define (1/p™) * for eachm by (1/p™) y¥(a*p™) = a¥[p™t™.
This colleetion (1/p™) g%, m = 0,1, 2... distinguishes any two points of Jp.
Each (1/p™)y' is a continuous character of @ when restricted to G. We
denote this restrietion by ((1/p™) %) G- Let us consider the group generated
in by all ((llp’")xf) @ for all i ¢ § and all non-negative integers m. This
group distinguishes any two points of G- If K is the closed group generated
by the set of all {((1/p™) Zi)G’ j # 4, m non-negative integers}, then the
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closed subgroup L; generated by {{am x")Gl n varying} and K, are
topologically independent. Let M be the closed subgroup generated
by #° in Li. Then M; is compact and open in L; and H* = [] M;. Also
each I is =~ to Jp. It follows that 3 L¢ with respect to the groups M;
is a closed subgroup of @. Sinece it is dense in &, we get G is a local
direct sum of p-adic numbers. Consequently G is & local direet sum of
p-adic numbers.

Lmywa 9. Let G be a torsion-free LOA metric group with a compact

and open subgroup H = [ By such that each By ~ I,. Let {Du} be a sequence
of closed subgroups in G, each isomorphic to Jyp, such that the family
F,—= Dy~ H generate a dense subgroups of H. Then we can find closed
subgroups “Hy such thai

(1) each Hy, = Ip;
(2) Hy are topologically independent,
(3) H= H HM

(4) each H, is contained in a group generated by a finite number of
the Fy.

Proof. Let us consider F,. Since F, = D, ~ H, F, is a pure sub-
group of H, and so H/F, is torsion-free. Thus the annihilator of F,in H
is a divisible subgroup and so splits H. So F, is a topological direct sum-
mand of H. We can assume that H = [] By, with B, = F, = H,. Thus H,
has a generator h,= (¢,0,0,..), where ¢ is a generator of F,. The
open set (pE;, By~pEy, By, By, By, ...) in H has to intersect F, the
algebraic group generated by Fy, Fs, ... Let (pag, 65, ay, ...) be an element
in the intersection. Since Hy = F, C H, we. can -take this element to be
(0, €3, Gy, -..). Lot us write hy = (0, €, @z, ...). Here (0,6,,0,0,..) i8
a generator for F,. Let H, be the closed subgroup generated by h,. Since
hy € {Fiyy ooy Fin}y H, satisfies condition (4) of the Lemma.

Again the open set (pEy, pE,, By~ pHs, By, By, ...) intersects ¥, and
g0 we get an element (pdy, Dds, €5, Ggy, ...) We can take ay to be 0, so
that we have (0, Pag, €5, Gsyy...). Now H, is a compact subgroup of H
and is ~ I,. The projection of pH, on E, is a ecompact (closed) subgroup
of B, containing pe, and hence contains pH,. Thus there is an element
in pH, whose projection on F;, is (0, pay,, 0,0, ...). This element has the
form (0, Pdas, Pbysy Pbyy, ...) since it belongs to pH,. Subtracting this
element from (0, Paqy,, 64, Gsy, -..), We geb an element hy = (0,0, 6, Gy, -.-)
where ;== 63— Dby, 0Gay= Ggy—Pbyy, ... Now ¢; ¢ Es~pH;, and hence
(0,0,6,0,0,..) i8 » monothetic generator for E,;. Let H; be the closed

subgroup generated by hs. Since ke, H, satisfies conditions (1)
and (4).

icm
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Proceeding thus by induction, we get a sequence of elements
= (€1,0,0,..)

= (0, €3y @, ...); (Liet us write ¢y = ay for uniform notation),
7f3= (0,0, €3y Cay +o)s

}I/n= (0, 0, ey 0, €ny Cnnt1y ...),

and a sequence of groups H,, Hy, ... such that each H, ~ I, and each Hy
satisfies condition (4) of the Lemma.
‘We assert the following:

(a) The groups Hy, H,, ... are topologically independent.

Suppose that H; is mnot independent of the remaining, i.e.
H;~O{Hy, o, Hioyy Hgay oo} = 0, Lo, their intersection is some prH,.
In particular, the element = p*h; is a limit from the other groups.
Let (¢,) be a sequence from {Hy, ..., Hi, Hita, ...} converging to p*hs.
Then &n = Yn+2n, Yn € {H, woy Hi s} 80d 25 € {His, ...} Since {Hy, ...y Hea}
is a compact subgroup, we can have a subsequence (Yn.) converging to
somey € {H,, ..., H;_1}. So the sequence (zn,,) converges to x—y e {Hy,...,H}
Now every element in (2n,,) has the first ¢ coordinates equal to zero. Hence
in #—y the first i coordinates are zero. But z = (0,0, wery D¥O4y Ogyiaty ooe)s
8o y=(0,0,..., P*e;, diisa,y ...). NOW (Ynp) Y.

Consider the open set

(p*HLEy, PFHE,, .., pFH B, By~p*t B, By, o)
This must wltimately contain all the (yn,). So this open set intersects
{H,, ..., Hy_1} for which the algebraic group generated. DY Ry .oy hi-1
is dense. So this open set contains an element #,%+ Nghgt ooo + i1 g1
Hence

j’hh1+”zh2+ vt g1 b
= (ny6ry Maay (MabatMali), ey PP PP Y VP U S|
€ (PP By, pEriH,y, ..., PP, By PRI, L)

We conclude that eaéh ni is & multiple of p*+1, so that the ith term in
Ny byt Nghy ..My hey is also a multiple of p*+ and thus does not
belong to Hi~p*+iH;. This is a contradiction.

(b)  The algebraic group {Hy, ..oy Hay .} generated by Hy, ... is dense in H.

We show that every element (0,0, ..., €4, 0,0,..) is a limit point
of this group. Oonsider an open set (phk, pesByy ooy byt Pl B,
pFoss Bty cory DB, Byyq,...) containing (0,0, ...,6s,0,0, 0,..). It is
enough to show that this intersects {H,...}.
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Start with the element hy= (0,0, ..., ény Cpnt1s -..). Then consider
Fing1 = (0, 0, «ey €nq1, -..). BY suitably choosing m, we get C‘nn+1—~mlen 1
Epk"“En.H Then b — ﬂﬂ,lhn+1— (0 0 y 6ny (cn,n+1 mle,,+1 ) Now we
can start with this element, consider h.,m and repeat the process. Pro-
ceeding thus, we prove our assertion.

Now Hy, ..., Hu, ... is an independent family and {Hi,..., Ha,..}
is & dense subgroup of H. It follows that H = [ H,.

This completes the Lemma.

LemMa 10. Let G be a torsion-free self-dual LCA group. Then G = B"®
OH®D DG, where R" (n=0) is the Buclidean vector group with usual
topology, D is & divisible torsion-free Abelian group with discrete topology,
H is the dual of D, and G, is a self-dual LCA group which s totally disconnected
and torsion-free.

Proof. Now let & be the dual of G. Let o: G—G be a topological
isomorphism. Let G, be the connected component of identity of ¢. Then
G = G,®8 where § is a totally disconnected group (see 25.30 (e), p. 418
of [1]). Now G, = E@H where E is a closed subgroup of ¢ isomorphic
to gome R" (n> 0) and H is a compact and connected group. Then
G= E(—DH @S Now let Go be the connected component of identity of é.
Then §, = B @®F where Fisa compact connected group. By consndermg
the projection of Fon ki @H we get #cRl sinee 8CG and smce G is
torsion-free, we find that § is torsion-free. Therefore §= F®G1 So
8= F®G, where G, isthe dual of G, and F is the dual of F. Therefore
G=FEaHOF®G,. Now @, C 8 and hence i3 totally disconnected. G, is
clearly totally disconnected. Hence all elements of &, are compact. From
this it follows that H @, is exactly the set of all compact elements of G.
In the same way ¥ (4367 is the set of all compact elements of @&. So the
isomorphism o maps H @6, onto I @G, . Since o is also & homeomorphism,
we must have o(H)=F. (Note that H is the connected component of 0
in H®G,.) Hence o induces a natural topological isomorphism between
HOGH and Fod/f. Bt HOGJH ~ ¢, and FOG/F ~ G,. Hence
it follows that @, is self-dual and already G, is totally disconnected. This
establishes the Liemma.

LevuMA 11. Let @ be a self-dual totally disconmected torsion-free LCA
group. For each prime p let Gy be the closed subgroup of all topologically
p-primary elements of @. Let H be a compact open subgroup of G and
H,= Gy, ~H for any prime p. Then @ is the local direct sum Z:;' Gy with

pe

respect to the compact open subgroups Hyp; where § is the set of primes for
which @p # 0. Moreover, each G is self-dual.

Proof. We observe that every element of G is compgct. Now,
adopting the proof of Theorem 1 on p. 86 in [6], we gét G= 3 @,. There-

&
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fore @ = Y @,. By adopting the proof of Theorem 17 on p. 145 in [6]
we get Gp = (G) If ¢is & topologlca.l isomorphism from @ to G then
it is clear that ¢ maps G, onto (G)p Hence @ is self-dual.

LeMMA 12. Let G be a totally disconnected self-dual torsion-free metric
LCA group. Then G is isomorphic to 2> Jp where T zs a collection of

pef ieKp
primes and Ky is a countable index set for each p «§ and Jh =~ Jp for each p
in§ and i in Kp.

Proof: Now, by Lemma 11, & = 3 @, where § is a eollection of
ped

primes, and G, is topologically p-primary and self-dual for all p e¥.
Since @ is torsion-free, totally disconnected, and self-dual, we conclude
that the compact (metric) open subgroup H, is of the form n H, where o
varies over a countable index set K, and each H, ~ I,. Moreover, Gy/H,

is a direct sum 2 L; where each I; ~ O(p®) and |S| = |K,|. We claim that G,

is a local du'ect sum of p-adic numbers: By Lemma 7, to each L; we can
find a closed subgroup Ji = J, such that the image of J; is L; under the
canonical map @ from G, to Gp/Hy. Let Fy = Hy A J;. Clearly the family (J5)
is independent (algebraically only). If J is the subgroup generated by
all the J¢, then J = G, itself. Otherwise Gp/J is compact (since it i3 the
image of Hyp), which implies that Gy, has elements of finite order. Since H,
is compact and open and J is dense, we have Hy = Hp ~ H, ~J. If |8] < oo,
it is easy to see that @, is a topological direct sum of a finite number of
p-adic number groups. So we can assume |§| = K,, and then the con-
ditions of Lemma 9 are satisfied by Gp. Hence H = [| Hy,, and we find
from the proof of Lemma 9 that each of these H, can be extended to
a p-adic number group J, in G, and that @, contains the local direct
sum Y J}, with respect to H,. This local direct sum 3, Jj is an open sub-
group of @, since it contains Hy.

Now Gp/H, is a direct sum 3 D(J7) + Z,‘Dﬂ where | M| < |E,| and

where each Dj ~ C(p®). To each D; we can ﬁnd by Lemma 7 a closed
subgroup Dy =~ J, such that the image of Dp is Dp. Now Lemma 8 com-
pletes the proof considering 2 J; and the Ds.

TrrorEM. Let G be a torsion-free metric LOA group. Then @ is self-dual
if and only if G is of the form R"@®D @D(-B 2 ( 2 Jp) where T is a subset

peT ieKyp
of primes amd for each p €T, Ky is a certain coumable index set and Jy = Jp
foralieKy, and p e (md D is a torsion-free divisible countable discrete
group.

Proof. The sufficiency has been established in Lemmsa 6. The necessity
follows from Lemmas 10 and 12.
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Addendum (August 14, 1969)

TaporEM. Let G be a torsion-free LCA group satisfying any one of the following
conditions:

(a) @ is separable.

(b) G satisfies countable chain condition, i.e. any family of disjoint open sels in
@ is countable.

(¢) @ is o-compact.

(d) G iz Lindelof.

(e) Any uncountable family of open seis has an uncountable subfamily with mon
emply intersection.

Then G is self-dual if and only if G is of the form mentioned in the preceding
theorem.

Proof. If Gis of the form mentioned in the preceding theorem then it is
self-dual by Lemma 6. Suppose now G is self-dual. Then &= R"® A where A has
a compact open subgroup H. & ~ B*@®.4 where 4 has a compact open subgroup H*
which is the dual of the discrete A/H. Let G satisfy anyone of the conditions (a)-
(). Observe that (a)=- (b) and (c) = (d). We assert that A/H is countable. If not,

A =\ Hato, & set union of disjoint cosets and I is an uncountable set. Each of these
a€l

cosets is open in A. If we now consider {B"+ Hua}aer We easily arrive at a contra-
diotion. So A/H is countable. Now & ~ R"@A where 4 has a compact open sub-
group HL which i8 now the dual of the countable diserete group 4/H. Hence HL is
metrizable. Since & is isomorphic to &, by a similar reasoning we get A/HL is count-
able. Hence H, the dual of A/HL is metrizable. Since H is metrizable and A/H is
countable discrete and hence metrizable we get 4 is metrizable. Already " is metric-
Hence G is metrizable. Then the preceding theorem completes the proof.
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Results on o,-metric spaces
by
F.W. Stevenson (Oberlin, Ohio) and W. J. Thron (Boulder, Colorado)

§ 1. Introduction and preliminary results. A linearly ordered
abelian group is a set 4, together with a binary operation -, and an order
relation >, such that (4, -) is an abelian group (4,>)isa linearly ordered
set and the following condition is satisfied: if @ >b then ac> bo. The
group A has character w, iff there exists a decreasing w,-sequence con-
verging to 0 in the order topology on A. Here o, denotes the uth infinite
cardinal number. Cardinal numbers are considered as initial ordinal
numbers and each ordinal coincides with the set of all smaller ordinals.
The power of w, is denoted by x,. We will be concerned with only that w,
which represents the least character of A and it is easily shown that
such an w, must be a regular cardinal number.

Let X be a set and ¢ a function from X x X to (4,

() e(,y) =0 iff z=y,

{il) elx,y)=e(y,®)>0if z#y,

(iil) e(x,y) < e(z,2)+elz,9),
then ¢ is ealled an w,-metrie and (X, o) is an w,-metric space. Sikorski [10]
has done the most extensive study of w,-spaces; other references include
Hausdorff [3], Cohen and Goffman [1] and [2], Parovicenko {6], and
most recently, Shu-Tang [7].

The w,-metric ¢ on X induces a topology © on X; a base
for the topology congisting of sets of the form N,») where Na(z)
={yeX:o(w,y)<a}, acAd, and a>0. Also ¢ induces a uniformity
U, on X: & base for the uniformity consisting of sets U, where Ua
= {(, ¥):0(%,¥) < a}, @ ¢ A, a > 0. It is easily shown that the w,-metric
topology and the w,-uniform topology are identical.

An w,-additive space is a topological space (X, ) which satisfies
the condition that for any family of open sets , of power < x, it follows
that M) ¥ is an open set. Clearly every topological space is an wo-additive
space. It is easily shown that if (X, o) is an w,-metric space then (X, )
is an w,-additive space. Sikorski defines the following concepts on an
w,-additive space (X, B). The space (X, B) has a basis iff it has a base

-,>) such that
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