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A similar but easier argument establishes the following result,

THEOREM 3.2. Let X and Y be compact metrizable EC spaces, let A
be a retract of X, let f: A Y be continuous, and let Z = X w; Y. Then Z
iz EC.
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Decomposable circle-like continua *
by

W. T. Ingram (Houston, Texas)

1. Introduection. In [6] J. B. Fugate proved that a necessary
and sufficient condition that the sum of two chainable continua be
chainable is that the sum be atriodic and unicoherent. In this paper it
is proved that a necessary and sufficient condition that the non-chainable
sum of two chainable continua be circle-like is that the sum be atricdie
and the common part of the two continua be not connected. The techniques
used in proving this also yield a strengthened version of Fugate’s theorem.

Space is assumed to be metric with metric . For definitions of terms
such as chainable (snake-like) or circle-like, see [2]; the conventions used
there for denoting chains (or circular chains) are employed in this paper.

The subcontinuum H of the compact continuum M is said to be
a terminal subcontinuum of M if and only if for each two subeontinua K
and L of M which intersect H either K is a subcet of H w Lor L is a subset
of Hu K. .

A chain € is said to be regular (taut) if and only if the distance
between non-intersecting links of C is positive. In [4], Theorem 1, p 12,
H. Cook proved that if M is chainable and D is a chain covering M then
there is a regular chain covering M which is a strong refinement of D

TEEoREM (Fugate, [6], Lemma 1, p. 461). If H is a terminal sub-
continuum of the chainable continuwum M and e > 0, then there is & regular
e-chain C(cy, €y .., Cn) covering M such thal e,— (6, ~ Cy) intersects H.

2. Terminal continua and decomposable atriodic continua.
Theorem 1 is a generalization of a theorem of Bing ([1], Theorem 14, p. 661)
concerning opposite end points. The argument is similar to that given
by Bing.

TarorEM 1. If H and K are mutually exclusive terminal subcontinua
of the chainable continuwm M and M is irredueible with respect to containing
H o K and & > 0, then there is an e-chain G(ey, 65y vy ¢n) covering M such
that ¢,— (¢, ~ &) intersects H and en— (6o N En-1) intersects K.

* Work on this paper was supported in part by NASA Grant NGR 44-005-037.
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Proof. Suppose £ > 0. By the theorem of Fugate there is an ¢-chain
D(dy, dsy ..., &) covering M such that d,— (dy ~ d,) intersects H. Moreover,
we assume that d; intersects M — H but dj— (& ~ d;—.) does not interseet K.
Since M is irreducible with respect to containing both H and K, there
is a positive number & less than s such that if ¥ is a §-chain covering M
there is a link of F contained in d; which is between the links of B which
intersect H and the links of E which intersect K. Let F(ey, ey, ..., éx)
be a 6-chain covering M such that e,— (¢, n &) intersects K. Denote by i
the least integer such that e; is a subset of d; and e is between the links
of E which intersect H and the links of B which intersect K. Let N = ¢
U €41 ... U e;. Then the chain C(e, ¢y, ..., ¢2) Where

=8N, tg=dnN, .., g=&~N,

Cj41 == €3y «evy Cp= 6

is the desired &-chain.

Levwa 1. Suppose that A and B are compact continua and A ~ B
has ot least three components. Then A v B contains a triod.

Proof. Suppose that H, K, and L are three components of A ~ B.
There is an open set D, containing K L such that H does not intersect D, .
Let 0, be the component of B—(B ~ D,) which contains H. Since €,
intersects the boundary of D;, C; contains a point of B— (4 ~ B).

There is an open set D, containing (; v L such that K does not
intersect D,. Let C, be the component of B— (B ~ D,) which contains K.
Since C, interseets the boundary of D,, C, contains a point of B— (4 ~ B).

There is an open set D, containing €, v C, such that L does not
intersect D,. Let C, be the component of B— (B ~ D;) which contains L.
Since C; intersects the boundary of D;, O, contains a point of B— (4 ~ B).

Thus, 4w 0, 4w 0y, and A © O, are three continua containing
a common. point and no one of them is a subset of the sum of the other

two. By a theorem of Sorgenfrey ([7], Theorem 1.8, p. 443) their sum
contains a triod.

Lewma 2. Suppose that A and B are compact continua, A ~ B is
the sum of two mutually exclusive continue H and K, and A o B is atriodie.
Then H and K are terminal subcontinua of A and A is irreducible with
respect to containing H K.

Proof. Suppose that there exist subcontinua L, and I, of A each
intersecting H and there is a point P of I, not in H u L, as well as a point @
of L, not in H v L. There is an open set D containing K such that no
point of H is in D. Denote by C the component of B— (B ~ D) which
contains H, and note that (' intersects B— (4 ~ B). Then by Sorgenfrey’s

th.eorem [T, Cv(HUL)v (H v L,) contains a triod. Thus, H is a ter-
minal subcontinuum of 4.

©
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Suppose that A is not irreducible with respect to containing both H
and K. Then there is a proper subcontinuum 4, of 4 which contains
H v K. There is an open set D containing K such that H does not in-
tersect D. Denote by C the component of B—(B ~ D) which contains H.
There is an open set R which contains € such that R eontains no point
of K. Denote by E the component of B— (B ~ R) containing K. Then
A v (4,v 0)v (4, E) contains a triod.

Lemya 3. Suppose that A and B are compact continua, A ~ B is the
sum of two mutually exclusive continua K and L, and A v B is atriodic. If H
is a subcontinuum of A v B which intersects A— K but does not intersect L,
then H ~ A is a continuum.

Proof. Suppose that H ~ A is not connected. Since H « 4 contains
no triod, by Lemma 1, H ~ A has only two components I, and L,. Then I,
and L, are mutually exclusive continua. Since H ~ 4 is not connected,
H intersects B— K. Further, both L, and L, intersect K. If, for example,
L, does not intersect K, then L, and L, v (B ~ H) are mutually exclusive
closed. point sets whose sum is H. Since H intersects 4 —X, one of I,
or L, intersects 4 — K. Suppose that L; is not a subset of K.

Case 1. Assume that K is not a subset of H. If L, intersects 4—K
and B ~ H is connected, then K v IL;, K v L,, and B~ H are three
continua which contain a common point and no one of them is a subset
of the sum of the other two. By Sorgenfrey’s theorem [7] their sum contains
a triod. If L, intersects 4 —K and B ~ H is not connected, then using
Lemma 1, B~ H is the sum of two mutually exclusive continua M,
and M,. One of M, and M, intersects B— K. Suppose that M, intersects
B— K. Since M, intersects K, (K v L;) v (K v L) v M, contains a friod.

Tf L, is a subset of K and H ~ B is connected, then L, intersects
H ~ B. If not, I, and (L, v (H ~ B)) are mutually exclusive closed point
sets whose sum is H. Thus, K v L, v (H ~ B) contains & triod (since K is
not a subset of H).

If L, is a subset of K and H ~ B is the sum of two mutually exclusive
continua M, and 3,, then M, or M, intersects B— K. Suppose that M,
intersects B—K. If M, also interseets B—K, (K wlI,) v (K v M) v
o (K v M,) contains a triod. If M, is a subset of K, then L, intersects Af;.
If not, M, intersects I, since I, intersects B H and thus M, does not
intersect L, for M, is a subcontinuum of A. Then (L, v M,) and (L, v L.[l)
are mutually exclusive closed point sets whose sum is H. Thus L, in-
tersects M,. Any point common to L, and M,isin K, s0 Lyv My v
contains a triod. .

‘We have shown that Case 1 does not occur, so we have that K is
a subset of H.

Case 2. K is a subset of H. Then K is a subset of L, or of L,. Assume
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that K is a subset of L,. Then L, and L, v (H ~ B) are mutually exclusive
closed point sets whose sum is H. Thus, A ~ H is connected.

3. Main theorem.

THEOREM 2. Suppose that A and B are chainable continua which
intersect. Then

(1) A v B is a chainable continuum if and only if A v B is atriodic
and A ~ B is connected.

(2) 4 v B is a non-chainable, circle-like continuum if and only if
A U B i3 atriodic and A ~ B is not connected.

Note that (1) is a refinement of Fugate’s theorem ([6], Theorem 1).
The technique used below to argue (2) can be modified somewhat to
argue (1).

Proof of necessity. Suppose that 4 and B are chainable continua
such that A v B is a non-chainable, circle-like continuum. Since 4 v B
is cirele-like, 4 v B is atriodic ([3], Theorem 1, p. 654). Using Fugate’s
theorem ([6], Theorem 1, p.466), A v B is not unicoherent. By [3],
Theorem 5, p. 656, A v B is bicoherent 80 4 ~ B is not connected.

Proof of sufficiency. Suppose that 4 and B are chainable continns,
such that 4 ~ B is not connected and 4 v B is atriodic. By Lemma 1,
4 ~ B is the sum of two mutually exclusive continua H and K.

Suppose e > 0. Let 6 be the smaller of ¢ and }o(H, K). There exist
mutually exelusive open sets R, and R, containing 4—(4 ~ B) and
B—(4 ~ B) respectively. By Lemma 2, H and K are terminal subcontinua
of 4 (and of B). By Theorem 1 and [4], Theorem 1, p. 12, there is a regular
d6-chain C(ey, ¢, ..., cs) covering A such that ¢,—(e, ~&,) intersects H
and 6s—(¢s ~ Cn—s) intersects K. Moreover, we may assume that if ¢ is
a link of ¢ which does not intersect H w K then ¢ is a subset of R,. There
i8 a positive number ¢ less than & such that if D is an e-chain covering H
or K then D is a refinement of ., There is o regular e-chain D (d,, d,, ..., dm)
.covering B such that d;—(d; ~d;) intersects H and dn— (dm r\j —1)
intersects K and if d is a link of D which intersects H or K then d is a subset
of some link of ¢. Moreover, we may assume that if d is a link of D which
does not intersect H v K then d is a subset of R,.

) -Denote by ¢; and d; the last links of ¢ and D respectively which
mte.*,rseet H. Denote by ¢, and dy the first links of ¢ and D respectively
which intersect K. We assume that djisu djysw .. dp does not in-
tersect e, v o v . veandd, vd, U ... U dy—» does not intersect ¢z w Cxi1 W

;1181: zr,.u:nce C1y €2y «ery 61 BN Czy Czy1, ooy €n can be modified so that
Consi _ . .
chain ider the closed set ' = B ~ [dyey— (& w d;19)]. Since Dis a regular

F i3 a point set. There is an open set R containing F such that R
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is a subset of d;4;. By replacing d;4: by R in D we obtain a chain D’ which
covers B and has the property that the closure of the (j+1)st link of D’
does not intersect 4. Similarly, we may replace in D’ the (y—1)st link
with one such that its closure does not intersect 4, thus obtaining
a chain D' covering B such that if d is a link of D" which does not in-
tersect A then d does not intersect A. For notational convenience we will
denote D’ by D.

Denote by dr the last link of D which is a subset of ¢, and by dw
the first link of D which is a subset of ¢,. Then, also, we assume that
Qiesz \ oo dm does not interseet ¢, and dy U ...  dy—z does not intersect ¢,
and that d;;; and dy—, each intersects only one link of C (respectively
one which contains d; and one which contains dy).

We consider the case that dj.. does not intersect ¢, and dy—, inter-
sects cn. We note the similarity in the other cases (e.g. ds+1 does not in-
tersect ¢, and dy—, does not intercset ¢;,) and omit the arguments.

Denote by J the point set (4 wB) A [(6 6w ..o v e)—e] and
let Ny = J ~ djy and N, = J—[J A (dks1 7 ... ¥ dm)]. There is a point P
of B in B(d)  ds31. Since P is in d;, P is in one of ¢, €5, «e; €1, DG dysa
does not intersect ¢, so P is in J. Then P is a point of ;. There is a point @
of A4 in (i) A ¢4+ Then @ is in J. The point is not in B because @ is
in ey and ¢;4, containg no point of B. (¢i41 contains no point of H by
the choice of 4, ¢;+1 contains no point of K by choice of 8, and 80 644, containg
no point of B—(4 ~ B) by choice of E;). Then @ is in no link of D, 80 @
is in V,. Moreover, N, and N, are mutually exclusive closed subsets of J.

No subcontinuum of J intersects both N, and N, for suppose that M
is a subeontinuum of J intersecting both N; and N,. Since M intersects Ny,
M intersects B— (A ~ B). If M intersects A —(4 ~ B), then, by Lemma 3,
M~ A and M ~ B are continua. Thus H U (M ~n 4A) v (M ~ B) contains
a triod, so M does not intersect A—(4 ~ B). Therefore M is a subseb
of B, so M intersects one of di, day ..., &k and, thus, M intersects dx.
However this is impossible since J does not intersect ¢,. Therefore, J is
the sum of two mutually exclusive closed sets J; and Jy containing N,
and N, respectively.

There exist mutually exlusive open sets U and V containing J; and J,
respectively. Then B(dj ~ U, djma n U,y ey Qe U, 0,6n TV, wmen?,
vy Ony @yty wery Gy21) s 2 cireular chain irreducibly covering 4 v B.

Cit1y -

TarorEM 3. If M is a compact continuum and every proper sub-
continuum of M is chainable, then M is atriodie.

Proof. The only possibility is that M is & triod, so suppose that M
is the sum of three continua M, M,, and M, such that M, ~ M, = M, ~
A My= My~ My= M, ~ My~ M; is & proper subcontinuun} of eafeh
of M,, M,, and M,. Let H= M;n M, and suppose that P is & point
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of M, which is not in M, v M,. Then P is not in H so there is a region R
containing P such that B does not intersect H. Let N be the component
of M;—R containing H. Then N v M, v M, is a triod which is a proper
subcontinuum of M.

THEOREM 4. If M is a compact continuwm such that every proper
subcontinuum of M is chainable and M is neither chainable nor circle-like,
then M is indecomposable.

In a recent conversation with the author Professor H. Cook raised
the question: If M is a compact continuum such that every proper sub-
continuum of I is chainable, is M chainable or circle-like? From Theo-
rem 4 it follows that the answer is “yes” if M is decomposable. However,
in [5] Cook presents an example showing that, in general, the answer is
Hno)’.

Using a theorem of Bing ([1], Theorem 11, p. 660) and the results
of this paper we have the following theorem.

TEEOREM 5. Suppose that M is a compact, hereditarily decomposable,
non-chainable continuum. Then M is circle-like if and only if M is atriodic
and M is not unicoherent but every proper subcontinuum of M is unicoherent.
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Vonoraesus HA OHKOMIIAKTHI ¥ CBA3L
¢ OMKOMIAKTHBIMH PACHIHPCHHAMH H C perpakmgei *

10. M. Cmapmor (Mocksa)

Vnaomueniamy HASHIBAIOT B3AMMHO-OFHO3HAUHBIE nenpepsiBrble (schlichte)
orobpakerust ,Ha“. DT OTOGPMKEHHA ABJIAKT CoBOH AOCTATOWHO ,xopommii”
Kace oTobpaykenult, yIOoOHBIM A MHOTHX nesel, KaK B TOIONOTHYA TaK H B aHa-
m3e.

Tlosumumomy srepbble I, C. AJeKCaHIpOBBIM OBLT IOCTABIEH BOIPOC
0 HaxoscOenut Heohx0dUMBIX U OOCMAMOYHBIX YCA0SULE OAR MO020, 4MOGH MON0A0-
euneckoe npocmparcmeo (V) (xorst 61 co cutrHolt Gasod) mouto Oumb ynaomHeno
na xomnaxm (Guxommaxr). OH ke 3amayn crepyromuil Gojiee KOHKPETHBIA BOIPOC:
HMOSICHO /1L YNAOMHUMG HA KOMHOKML CEASHOE, AOKAALHO-CEA3HOE, NOAHOE Mempu-
weckoe MPoCIpancmeo co cuémmotl 6azoil, AGARNWUIECCA CYMMOU CuémHOz0 wucaa
romnaxmos? B ceasu ¢ stum A. C. TTapXOMEHKO CIIPOCHIL MEHS ! MOMCHO AU 8 YCA0-
sut 3M020 BOMPOCA DONOAHUIMEABHO NOMPeBOsamS, UIMOGEL NPOCHPAHCMEO Gbla0 00HO-
MEPHBIMD

3mech MbI JAEM OTBETHI Ha BCE OTH BONDOCHI IIPH TeX HIM MHBIX, KK HaM
K@KeTCs, JOCTATOUHO IIHPOKHX IPENIIONOMKEHUAK.

IIpefBAapUTENBHO 3aMETHM, UTO IO CHX [OpP HCKANMCh JIMILb 6HympeHHue
He06X0IMMbIE ¥ JIOCTATOUHEBIE YCIOBHA. MHe KaXKeTCH, Wro HbIHE CHIBHO Das-
BHTAf TEOPHUA GMKOMIAKTHBIX DACIIMPEHFH FODKHA 3/(€Ch MIPATH BAKHYIO POJB.
VIMEHHO C HOMOLIBIO 9TOM TEODHM s NAI0 3NECh Hewutiue ReODXOJUMBIE M JIOCTA-
TOUHBIE YCUOBHS JUIE JIEOOBIX BIOJHE PEryJsPHBIX IPOCIPAHCTR (Teopema 1).
Ha cnemyrommit ,KOHKPETHEIH® BOIPOC II. C. Anexcannposa OTBET OTpHIaTe-
TEH: A Cmpow npumep Muovcecmsa A, sexcauje0 8 mpEXHePHOM mpocmparcmee,
Komopoe 0baadaem cemu MpetyeMbimy COOUCMEANIU, HO, MEM HE MEHEE, A ne ynsom-
HAemeR Hi e 00ur Guxomnaxm (mpemep 1). Pemerme oToi 3a1aws TeCHO CBA3ANO
C BONPOCAMH DETPAKITMH: A JOKAIbIEAID, YO MHOHCECHISO A nemsn pempazuposams
na nexomopoe nodunosscecmeo Ay (%) (oHO sBRACTCH OKDYKHOCTEIO), HO 8 1m0 ice

* Tlokmaz 06 9THX Pesy IBTATAX ObLI IpouuTan 17 Mast 1967 r. B Maremaruqeckom Hacrn-
TyTe ITAH. . )
© (1) Tloa IpPOCTPAHCTROM MbI BCIOIY LOHHMAEM 3/1ECH BIOJHE DEryilIpHO: -~ IIPOCTpaH
CTBO.
(*) Uepes Xy Mbr 0BO3HAUAEM MHOMKECTBO BCEX TEX TOHUCK NpOCTPAHCIBA X, B KOTODBIX
X He JIOKATBHO GMKOMIAKTHO, a uepes Xy — JOTIOJHHTENILHOE MHOYKECTBO X\Xy (rme X mo-
KaJIBHO-GAKOMIIAKTHO).
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