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On a property of sets of positive measure
by
B. Sodnomov (Ulan-Ude)

1. For any subsets 4, B of the real line we put A+ B = {a+b:
acd, beB}, A—B={a—b: aecd, beB}, D(4,B)={la—b]: aecd,
beB}, D(4)=D(A, A). D(A) is called the set of distances of 4.

For every subset B of the real line, B® denotes the symmetrical
reflection of E, & being the center of symmetry. It is evident that

A+B=A—-B", A-B=A+BY,
D(4,B) =[(4—B) v (B—4)] [0, ), D4)=(A-4)n[0, ).

If B, denotes the intersection of ¥ and E® then E, is symmetric
with respect to & If £ is a metric density point for ¥ then £ is also a metric
density point for E.

mE denotes the Lebesgue measure of E.

We say that a system Z, of 3" congruent and disjoint segments
Attty Where tr € {0, 1, 2}, is quite symmetricif for any natural number k,
1<k < n, it satisfies the following conditions:

(%) Abyyotistiritn NG Aiy il th 8, aTE Symmetric with respect to the
center of Ay, ten1n,.a provided the sequence B, thii, oy tn 48 obtained
from the sequence ti, tiyry -.., tn DY the substitution O for 2 and 2 for 0;

(%) Aitantoosynponyn Wil cotncide with Ao e,,..00-1,0.55.09nekn if the
real line will be translated at o distamce such that As,..,4-11.,..1 C0INCIdes
With dg,,...00-1,1,11¢ :

A perfect set F' is called guite symmetric if there exists a sequence
of quite symmetric systems Xy, Zy, ..., Zn, ... such that the segment
Ay patn 0F Zn containg the segments Aip,..tnt) te{0,1,2}, of Z,;; the
centers of Ay, 4,1, a0d Ay y,... a1 coincide and F = nﬂl Sy, where Sy =Ag 4.

2. TuEorEM 1. If F is a quite symmetric perfect set, then there exists
a perfect set P such that P+P = F. v

Proof. We denote the length of dug,.m bY 2a-
Let be 4; = [de, be}, te{0,1,2}
13*
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Now we define two segments

12
50=[§01

These segments are congruent and’ digjoint. Put P, = d, v §;. It is
evident that ;16 = dys for 4, € {0, 1}, i.e. P;+P; = 8. Let us assume
_ that 2" congruent and disjoint segments 8i,4...in) ix € {0, 1}, have been
obtained and for these segments the following condition is fulfilled:

(1) Biginnint Otiamenin = Distis iatigentnting WHETE ik, ji € {0, 1},

Now we consider the segment 4,=[a,bd], where o denotes the
sequence 0,0,..., 0.

Since 8,4 6, = 4., we have 6, = [a/2, b/2]. The centers of 4, and 4,,
coincide; therefore, ‘

a-+b
Adop = ["‘—g" — Tty a,-}2—

a, a, a
§0+"'1]7 61=[a1———2—°, “1_—29"}""1]~

b
+"‘n+1] )

dop =[at o, a+ o+ 2rn41]
App = [b— 0— 27341, b—g]

Since Ao, Aoy, 4o are disjoint,

where ¢>=>0.

a+b
a4 0+ 2rn41 <——2t“ —Tniry  O—0— 271 >2:g—é +Tppr

- .. In the segment &, we define two segments

a-+t+ b— b—
) g +7"n+1] ’ 0,1 = [_2__2 —Tn+1y 9 9] .

atp
2 b

50,0 =

Obviously 8gi+ 8s7 = dgiyy fOr 4,5 €{0,1}. Now We DUt Opipini

= 85,i+ {£—a} for i € {0, 1}, where & is the center of dy .., and a i8
the center of 4.
Since Su,ntnt Oninwin = Aivtisiatisemsinting dot 8p = 4z and ba,0+
+ 065 = dgivgy It 18 evident that 5{1,‘..,1?,,,4—!'57‘1,.,‘,1,,,7‘ = Aix’)‘?’hu-yfn-i‘imf‘i'f
for 4,4 € {0, 1}, -
. T]'ms, a system of segments iy, i:€{0,1}, »=1,2,38,
satisfying (1), is- constructed.
Put P” = Uiﬂdgl_;,,,__,i,,.

Ty 8a5e0ny

'.It follows from (1) that Pp+ Py = 8, for n =1, 2,3, .. The inter-
section of all set§ P, is some perfect set which is denoted by P.

Sinco P+P =) (Pa+Pa) and PytPy = S, we have finally P+
+P=F.

veey
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Remark. If F'is symmetric with respect to 0, then P ig also symmetric
with respect to 0. In fact, it is easy to check by induction that a system
of segments Oy 4.5 18 symmetric with respect to 0 if a system 2, is
symmetric with respect to 0.

CoROLLARY. If F is a quite symmelric perfect set then there exist two
perfect sets A and B such that A—B =F.

Tt iy sufficient to put 4 = P, B = PO,

3. THEOREM 2. Ewvery linear set of positive Lebesgue measure contains
a quite symmetric perfect subset.

Proof. Let E be a certain perfect subset of positive measure of
the given set. Now we take a certain metric density point & of B and
put P = B ~ B®. Let &, & < £, be an other metric density point of P.
We take a number ¢ such that 0 <e<}.

Since &, £ are metric density points of P, there esists a number
5> 0 such that the following inequalities hold:

’m:(.P () [50“"": EO+T])> 1—

m(P ~[&—r, §1+7'])> 1—
2r

2r

€,

&

provided 0 < r < 4.

Tet 7, be such a number that 0 <7< m;in(é, (&— 50)/2). Put
H = (P ~ [0y foF+7])e- Let Py =P~ [&—1, &trln (HE {&1— &o})-
Then, since mH > 2ry(1—2¢) and m(P ~ [&—1, E470]) > 2r(1—¢g), We
gee that mP; > 2r(1—3¢) > 0.

PFurthermore, & is a metric density point of P;.

Now we put Py = Pi—{&—&} Po= P+ {&,— &} Since P is sym-
metric with respect to & and P,C P, we have that P,C P.

Let us assume that 3" congruent perfect sets Pips...tn) v € {0,1,2},
of positive measure have been obtained and for these sets the following
conditions are fulfilled:

(i) there is a quite symmetric system of segments Attt Which
correspondingly contain the sets Piytaitn}

(ii) the center of Abpy,...tn coincides with the center of symmetry of
Prtgyentn’

(iii) the center of symmetry of Pijats 8 Simultaneously a metric
density point of Py ts.tn- )

1% we make one of these sets Pi,..t., for instance Poy,...0; t0 Dlay
the role of the set P, then we shall obtain three perfect sets Po,..0.is
i€{0,1,2}). Now for every sequence By oy oy tn WE DU Pyt
= Poq,..0i4 (v—a), where » is the cenber of Anu..tr) and o is the
center of Agy,..0-
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Thus, we shall obtain 3" congruent perfect sets P,

which conditions (i)-(iii) are fulfilled. bt 100
Having supposed F, =, U Putatsy We obtain EDF,DF,D ..

Loeestn
2F,D

o0
Let F = () Fy. From conditions (i)-(iii) it is easy to see that I ig

n=1
a quite symmetric perfect set.
CorOLLARY 1. For every linear set E of it ‘
. positive Lebesgue
there exists a perfect set P such that P+P C B. e medsure
CorROLLARY 2. If a closed set B has 0 f;—w a melric densi )
' metric densit 7
there ewists a perfect set P such that D(P) C H. Y powh, Hen
We take a quite symmetric subset F' WI;iGh is 8 fric wi
_ § yymmetric with res
to 0. There exists a perfect set P such that P+ P = F. R respect
+P(OS)mceP P li)s also symmetric with respect to 0, we have P—P = P+
CF_C_ITJ. +P and D(P) = (P—P)~ [0, oo] = F [0, o). Thus, D(P)
Corollary 1 solves a problem stated b felslki i
; ry y J. Mycielski in § 4.2 of [1
J. . s . ks . ]‘
T lj\flyclzlskl mform.s us, while this paper was still in preparation,*that
he found a more direct proof of Corollaries 1 and 2 which is to appear
in [2]. T am greatly thankful to him.
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On distributive quasi-lattices
by
Jerzy Plonka (Wroctaw)

Introduction. In the present paper we are concerned with certain

‘algebras which we call distributive quasi-lattices (DQL). These algebras

generalize distributive lattices and the main result proved here is 2 re-
presentation theorem which essentially reduce their structure to that
of a certain direct spectrum of distributive lattices. To get this we need -
first analogous results on certain semigroups called here idempoiem quasi-

Abelian semigroups.
Finally, we characterize the independence in idempotent quasi-Abelian

semigroups and in distributive quasi-lattices.

. § 1. Idempotent quasi-Abelian semigroups. Let us consider
an algebra P = (X; <> in which the fundamental operation o satisties
the following axioms:

1) ' @oy)ez=a°(y°2),
(2) ToX =10,
(3) Boyoz="=0oZY .

In view of (1) and (2)%P is an idempotent semigroup. Such semigroups
will be called idempotent right quasi-Abelian semigroups (QAS).
If - fulfils (1), (2), and

(3" » ' Loyorz=YyoBoZ,
then P is called an idempotent left quasi-Abelian semigroup. In the sequel

we deal only with idempotent right quasi-Abelian semigroups. The left

cage is dual.
We shall give now some examples -of such semlgroups.

BxamprEs. 1. Let a be a positive real number. Let the set X of the

algebra P be {z: 0 < o] < a}-
Operation o will be defined as follows: If sgna = sgny then @ o § = 3
in the remaining cases, oY = lz|. It is easy to see that here o depends

on. both variables.
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