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Since A ean be embedded into a square which is weakly chainable
by Corollary 2, we see that, unlike chainable continua, & subcontinuum
_of a weakly chainable continuum needs not be weakly chainable.
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On a family of 2-dimensional AR-sets
by

K. Borsuk (Warszawa)

In the present note we construct a family consisting of 2% two-di-
mensional AR-sets (compact) such that none of them contains a 2-di-
mengional closed subset homeomorphic to a subset of any other set. We
also give some applications of this family to the problem of existence
of universal n-dimensional AR-sets and to the theory of r-neighbours.

1. Zone of a triangulation. Let 4 be a triangle lying in the
Fuclidean 3-space F* and let b, denote the barycentre of 4. For every
positive ¢, let us denote by L(4,¢) the segment perpendicular to the
plane of the triangle 4 with length 2 and centre bs: By the g-zone of
the triangle 4 we understand the minimal convex subset of E? containing
the sets 4 and L(4, &). It will be denoted by Z(4, ¢). Evidently Z(4,¢)
is the union of two 3-dimensional simplexes having A as their common
bage and the endpoints of the segment L(4,s)—as opposite vertices.
The polytope Z(4,¢) is a neighbourhood of every point lying in the
interior of the triangle 4. The segment L(4, ¢) is said to be the axis of
the zone Z(4, &). )

Now let T be a triangulation of a polytope P. The union of all m-di-
mensional simplexes of T is said to be the m-skeleton of T. Evidently
the polytope P is homogeneously n-dimensional if and only if it coincides
with the n-skeleton of 7. In this case we understand by the boundary
of P the union P of all (n—1)-dimensional simplexes of T incident
exactly to one n-dimensional simplex of T, and by the edge of P the
set P* of all points e P such that no neighbourhood of # in P i8 homeo-
morphic to a subset of the Buclidean #-space E". Bvidently P* and P*
are unions of some simplexes of the triangulation T', bub they do mot
depend on the choice of this triangulation.

Now let us consider a homogeneously 9. dimensional polytope P C E*
with a triangulation T and let & be a positive number. One eagily sees
that for ¢ sufficiently small the common part of the zomnes of different
triangles of the triangulation 7' coincides with the eommon part of the
boundaries of those triangles. A positive number ¢ satisfying this con-
dition is said to be suitable for the triangulation 7. .
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Let ¢ be a suitable number for the trian ion T
. X gulation 7. By the e-
of the triangulation 7 we shall understand the polytope £-20ne

Z(Ty¢) =AUTZ(A’8)'

ﬁVidﬁnﬂy the poltytope P i a deformation retract of the zone Z(T, &)
ollows, in particular, that P i - i i Ao
an AR—se’t. ) is an AR-set if and only if Z(T,¢) is

2. Some geometrical constructions. L
_ lome  geon . Let P be a polyto
in F* which is disk (i.e. a set homeomorphic to a triangle) and i)ety’;’ ﬁ:

a triangulation of P wi : . :
s set:gul with the maximal diameter of simplexes < 1. Let

P =P, TI'=T,
& = a positive number suitable for the triangulation 7'.

. Given a sequence {nz} of natural numbers > 1, let us assume that
or a natural % a polytope Py, its triangulation 7% and a positive
number &, are defined, satisfying the following conditions:

(1x) Pr is a homogeneously 2-di ! ¥
Y 2-dimensional polytope in I8 ich 4.
AR-set with the boundary Pj, = P, powtope which g5 an

( k) k lk 8 a subset o] I E and its 00771270”67”8 are
2 -"“Li 3d90 I 0] k kAN

(3%) Ty is a triongulati i i i
2 g on of Pr with the maximal diameter of simplexes

{4x) For every point e Pp— Pk .
x— Pk the w ;
taining @ is o disk. g mion of all triangles of Ty con-

(Be)  ex 4s switable for the triangulation Ty and e < 1/

Z(TIt follovgs by (5x) that Pr is a deformation retract of the £~ ZONLO
z a’kI;eei;é)h:zl ﬁon;e((;[uex;;zly Z(Tk, ex) is an AR-gset. Moreover, Z(T%, )
urhood (in E®) of all barycenters b, of tri ,
infer that there exists a iti o hat overy potat a1
’ positive number ¢ such that ev i
lying at a distance < & fr anglo P T Delomgs
A ey ¢ from the barycentre b, of a triangle 4 ¢ T’ belongs
o nNt?v lelt us consider, f9r each triangle 4 « Tk, a system consisting
thatkb 1ianfhe§ 4y ey 4, lying in the interioir of the triangle 4 and such
et 4 fsthelr common vertex and that' 4; ~ 4; = (by) for i = j. Let a
b ;;as t0em :f (;ndpopts of th(,a axiy L(4, &) of the zone Z(4, s). Conside;
e T o Zv;; :rzxggles 1»1?1, ...,fAQm for which a4 i5 one of the vertices
1 vertices of on i
casily. soos hat tho et e of the triangles 4,, ..., 4,. One

By=a-Jayo(Jap

j=1
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is a homogeneously 2-dimensional polytope which iz a deformation
retract of the zone Z(4, ex). Setting

-Pk+1 = U -RA b
4Ty

we get a homogeneously 2-dimensional polytope which is a deformation
retract of the zone Z{T%, ). Since Pi is an AR-set, we infer that Prizx
ig also an AR-set. Moreover, it is easy to see that Pj.1 contains the 1-di-
mensional skeleton of T%, the boundary Pj+1 coincides with the boundary
P; = P, and the edge Pl coincides with the union of the efge P% and
of all segments @aby, with 4 e T. Since these segments are disjoint from
one another, and also disjoint from P%, we infer that the polytope Pris
satisfies the conditions (lgsi) and (2g+1) which we get from conditions
(1z) and (2¢) replacing k by %k-+1. Moreover, one easily sees that every
triangulation Tyiy of Pyyy with diameters of simplexes sufficiently small,
satisties conditions (3z+1) and (4r+1). We can find this triangulation in
such a manner that every 1-dimensional simplex belonging to T is the
union of some simplexes of Tiys. Consequently the 1-skeleton of T is
a subset of the 1-skeleton of Ty.:. Evidently the zone Z(Tk, &) s
a neighbourhood for all barycentres by of triangles 4 € Ty It follows
that, if we fix the triangulation Tht1, we can find a positive number
1 such that condition (5r+1) is satisfied and such that

(6x) If 4 is a triangle of Tk and A a triangle of Tri1 included in Z (4, &x),
then Z(4, exa) 7 Z(4, ex).

Thus the sequences {Pk}, {Tx} and {ex} satisfying conditions (Lx)-(4x)
are defined. Let us observe that condition (6x) implies the inclusion
(Tx) (T, enr) # Z(Ty &) for  k=1,2,..,

i.e. the sequence of polytopes {Z(Tx, &)} is decreasing.

Moreover, our construction implies that, for every m =1,2, ..,
the components of the edge P, coincide with the segnie_nps a4bs, where A
ig a triangle of a triangulation T with & < m. Since a4by is the common
part of exactly 2n; triangles among the triangles 4i, ..., din,; We shall
say that it is a segment of ramification of order 2mk. .

Finally let us observe that if 4 is a triangle of Tr and if T denotes
the system of all simplexes of Tyyy lying in Z(4, ex), then:

(8) For every triangle Ael the boundary A° of A4 f4s a retract of
[Z(T, ep1)—Z(d, ere)] v A"

In fact, it is evident that there exists in B a straight line I, perpendicuarl

to the plane of 4, which intersects R, at a single point belonging to the

interior of A. Then A° is a retract of B*— L, andAconsgquently also a retract

of the set (RA—Z) v A'CE"—P, and (Ry—A)w 4" is a retract of the

set [Z (T, err)—Z(4, ecra)] v 47 :
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3. Membranes. Every space X homeomorphic to the set
® P((n}) = (1 Z(Ts, )

will be said to be a membrane on P corresponding to the sequence {ny}.
Since Z(Tk, ex) =AL% Z(4,e) and the diameters of the zomes Z(A4, &)
€Ty

are < 2/k, and since for different triangles 4,, 4; ¢ T

(10) Z(4y, ex) ~ Z(dyy £8) C 41 N A3,
we infer that
(11) Every membrane i8 a compactum of dimension < 2.

It follows by the construction given in No. 2, that the simplexes A
of the triangulation T, contained in Z(4, &) constitute a triangulation
T4+ of the polytope B, which is an AR-get. Since R, is a deformation
retract of Z(Tyx41, xs1), we infer that the polytope Z(Ts i1, exty) i8
an AR-set. Consequently there exists a retraction r, of Z(4,exr) to
Z(Tap+1y exs1)- By virtue of the inelusion 4°C Ry C Z(Ty 11, rt1), We
infer that

(12)
Setting
1"],;($) =rA(w) MEZ(A, Ek) | E.Tk,

we infer by (10) and (12) that ry is a retraction of Z( Tk, ex) to Z(T
satisfying the condition ) (Tt o)

(13) 7'k(Z(A s Sk)) =Z(T gx+1, €r11)
Now let us set

(14)

7o) =z for every zed.

for every where

for every triangle A4 eTy.

(@) = rere_s...rgri(@)  for every . we Z(Ty,e).

Applying (7x), we easily see that 7 is a retraction of the zone Z (T, &)
'to the zone Z(Thy4, &x41). Moreover, we infer by (13), (14) and (6x) that,
Jf msZ(.’I’l, &) and if 4 is a triangle of the triangulation Ty4, such that
7i{®) € Z(d, ex1.), then each of the points Fupa(w) = r1417u(@), ..., Freri(@)
= Tk4aTkt1o1 - Tesafa(@) belongs to Z (4, ep).

Since the diameter of the zone Z (4, sx4) is < 2/(k+1), we conclude
that o(fu(@), Fesal@)) < 2/(k 4-1) for every point x e Z (T, &) and evéry
ky1=1,2,.. It follows that the sequence {f} converges uniformly to
a map r of Z(Ty, &) into P({nz}). Since for every point « € P({ni}) we
vhave'y @ € Z(Tis1, ) and consequently #i(@) = o for every k =1, 2, ...
we infer that r is a retraction of Z(T), &) to P({nz}). T

Thus we have shown that

(15) Every membrane is an’ AR-set .

icm
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The construction of the triangnlation T'; implies that the 1-skeleton
of Ty is included in the 1-gkeleton of Ty... We infer by (9) that P({n«})
contains the 1-gkeleton of Ty for every k =1, 2, .. In particular, the
boundaries P} of all polytopes P and also their edges P} are all included
in P({ny}). In particular, the boundary of the disk P, =P is a subset
of P({ng}). By virtue of (11) and (15), we infer that

(16) Bvery membrane is a 2-dimensional AR -set.

If % maps P({nx}) homeomorphically onto a membrane X, then
the simple closed curve A(P")C X will be said to be the boundary of the
membrane X and will be denoted by X".

As we have seen at the end of No. 2, the components of the edge Py,
coincide with the segments azb, of ramification for triangles 4 e T with
% < m. Since P% C P({nx}), the homeomorphism & maps a4b, into a simple
arc lying in X. This arc T (azby) will be said to be an arc of ramification
of order 2my.

Since, for every triangle A ¢ Tk, the segment wzby is a subset of the
zone Z(4, &), we immediately see the following:

(17) Let X be a membrane corresponding to a sequence {nx} and let {mx}
be a subsequence of {nx}. Then the union of all arcs of ramification
of orders my is dense in X.

Let us point out, however, that the definition of the boundary and
of the arcs of ramification of the membrane X = h(P({ns})) given here
depends on the geometrical construction of P({ny}) and also on the choice
of the homeomorphism .

4. Bits of a membrane. By a bit of a membrane X = P({nt})
we understand a membrane ¥ (corresponding to an arbitrary sequence
{my} of naturals >2) such that YCX and that YA X—YCY. In
particular, if @ is a disk which is the union of some triangles of the frian-
gulation T of Pn and if T denotes the triangulation of @ included in Ty
then by the same construction as in No. 2, but applied only to simplexes
of the triangulations Trmix—1 (k =1,2,...) lying in Z(T, &n), we get the
et ‘ ’

Xq = P({m}) ~ Z(T, &m)
which is a membrane on @ corresponding to the sequence {Nmt k1) Eviden-
tly the boundary Xj of Xo coincides with Q" and we have
‘ Xon X—XoCQ'.
Thus Xg is a bit of X. In particular, if Q = 4 is a triangle of the
triangulation 7T,, then Xo = X,C Z(4, &n) and, since the diameter of
Z(A, &) i8 < 2/m, we have

"(18) §(X,4) <2/m for every AeThy.
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Moreover,

(19) X=1J) X, forevery m=1,2,..
ATy

Using the notion of bit, let us prove the following .

Lemva 1. If Y is a closed proper subset of a membrane X, then the
boundary X' of X is a retract of the set ¥ v X"~

Proof. We can assume that X = P({nz}) and that X' =P°. By
virtue of (18) and (19), there exists in the triangulation Ty, for m suffi-
ciently large, a triangle A such that the bit X, lies in X— Y. In order
to prove our lemma, it suffices to show that X' is a retract of the set
(X—X,) v 4. We shall do it by induction.

If m =1, then 4 iy ene of the triangles of the triangulation T, of
the disk P, and we see at once that the set X — X, is a subset of the
union W of all zones Z(4',¢) with A’ ¢ T;—(4) and that P' =X is
a retract of W u 4°. Now we assume that the statement holds for some
m > 1 and that 4 e Typyi. Evidently there exists in the triangulation T,
a triangle A’ such that A4 C Ry (with R, defined as in No. 2). Then
X,C X4 and we infer (by the hypothesis of induction) that there exists
a retraction »’ of the set (X— X)) w 4" to P°. Moreover, we infer by (8),
No. 2, that, if 7 denotes the system of all triangles of T4, lying in
Z(4', &n), then 4" is a retract of the set

[Z(T, emer)— Z(4, empr)] v 4
Since (X,— X,) v 4" contains 4" and it is a subset of
[Z(T, emir)— Z(4, emsa)] © 4",

we infer that there exists a retraction r' of the set (Xy— Xa)w 4" to 4",
..Setting )
r'(s) for
T for

we(Xy—Xg)u A,
pe(X—Xg)uda”

rlll(w) i

we get a retraction 7' of the set (X — X,) u 4" to the set (X — X ) v 4",
Setting

r(x) = 1'r""(m)

for every wxe(X—X,) v 4’

we get the demanded retraction of the set (X —X,)uw 4° to P.

LevmA 2. A closed subset Y of a membrane X is 2-dimensional if
and only if Y contains at least one bit of X.

Proof. If Y contains a bit Xy of X then by (16) we have
2=dimXo <dim¥Y < dimX =2,
and consequently dim Y = 2.

icm
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Now let us assume that Y does not contain any bit of the membrane X.
We can assume that X = P({nt}). Given a positive &, let us consider
a natural m such that 2/m < e. Then
X = U -XA y
A4€Tm
where the diameter of X, is < e for every triangle 4 ¢ T'),, and there
exists a point ¢4 € X,— Y. Applying lemma 1 we infer that there exists
a retraction 7,4 of the set (X, ~ ¥)u 4° to 4". Setting

Hy) =7raly) for every ye¥,

we get a continuous map f of ¥ into the 1-skeleton of T\, and this map
satisfies the condition

for every yeXY.

elf(y),y)<e
But this implies that dim ¥ < 2.

5. Boundary of a membrane. Let us prove the following

LevMA 3. 4 point @ e X = P({mx}) belongs to X if and only if there
exists for every ¢ > 0 an open neighbourhood U of x in X with diameier < &
and such that X— U is a retract of X.

Proof. If ¢ X* then let us consider an index % such that 1/k < ¢/2.
By (2x), (3x) and (4x), the union of all triangles of the triangulation Tk
containing « is a disk @ with diameter < s. Evidently

Xogn X—XoCXHh=@Q",
and there exists a simple are L such that
Xon X—XoCLCXg—(m).

Setting U = Xy— L, we get an open neighbourhood U of # with diameter
< & Let rz be a retraction of X, to L. Setting

IL‘GXQ,
$€X—XQ,

re(z) for every

r(@) = @ for every
we get a retraction r of X to X—TU.
On the other hand, if #« X— X' then & = g(z, X) > 0 and, if U is
an open neighbourhood of = with diameter < e, then X' C X-U. It
follows, by lemma 1, that the simple closed curve X' is & retract of X—U.
Since X is an AR-gset, we infer that X— U is not a retract of X.
Let us observe that lemma 3 implies that the notion of the boundary X

of a membrane is topological.
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6. n-membranes. Let % be a natural number > 2. By an n-mem-
brane we shall understand a set ¥ which is the wiion of » membranes
X,, X,, ..., X, such that there exists a simple arc L satisfying the con-
ditions:

XYnX;=X;nX;=L for d#7j.

The are L will be said to be the edge of the n-membrane Y and it
will be denoted by Y*. By ¥° we shall denote the interior of the edge ¥*.
The membranes X;, X,, ..., X, -will be called the wings of the n-mem-
brane X. By the boundary Y° of the n-membrane ¥ we understand the
union of » simple ares .X;— Y°, with common endpoints. It is clear that
n-membrane Y is an AR-set, but its boundary Y° is not an AR-set.

Levmuma 4. Let Xy, ..., X, be the wings of an n-membrane ¥ and let M
be a closed subset of Y such that X;— M %0 for 4 =2,..,n Then Y s
a retract of the set M o Y.

Proof. By lemma 1, there exists a retraction 7; of the set (M ~ X;) w

v X; to X;, for every i =2, ..., n. Moreover, there exists a retraction r,
of the set X, to the simple arc X;— Y°. Setting
x for every weX',

(@) ={ relX,

we get a retraction 7, of the set X, v ¥ to ¥Y'. In order to obtain & re-
traction r of M v ¥’ to Y', it suffices to set

r(x) fore very

l 74() for zeMn X,
rz)=) rrsl®) for weMnX;, i=2,..,n,
| x for 2eXY.

7. Topological classification of points of a membrane,
Let n be a natural number > 2. By an #-bit of a membrane X we shall
understand a subset ¥ of X satisfying the following two conditions:

(i) Y 45 an n-membrane.

@) ¥Y2Y~nX-Y.

Condition (ii) implies that ¥ — ¥~ is an open subset of X.

Now we consider the following subsets of the membrane X:

Xy, consisting of all points x ¢ X such that for every &> 0 there
exists a bit ¥ of X with diameter < ¢ such that ¥ is a neighbourhood
o; a; in X and @ ¢Y". The points of X7 will be said to be frontier points
1) . .

Xy, consisting of all points # ¢ X— X7 such that for every ¢>0
there exists a bit ¥ of X with diameter < & such that @« ¥ — ¥". The
points of Xy will be said to be regular points of X.

Xti, (where n > 2) consisting of all points @ e X— X;— Xr such
that for for every z > 0 there exists an n-bit ¥ of X with diameter < &

icm
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such that @ ¢ ¥°. The points of XTrr will be said to be points of the rami-
fication of order n of the membrane X.

Xy =X—X1—Xp1— U?.X;LII. The points of X1y will be said to be
singular points of X. "

Since by a homeomorphic map of the membrane X onto another
membrane X' to every bit (resp. to every n-bit) ¥ of X corresponds
a bit (resp. an n-bit) ¥’ of X', and to the boundary ¥ of ¥ corresponds
the boundary Y of Y’ and to the set ¥° corresponds the set ¥Y’°, we
infer, by lemma 3 of No. 5, that the sets Xy, X1, X1 and Xy are topo-
logically invariant. Evidently

(20) XT-XIUXHU(UBX?H)UXW;
i
and
(21) the sets X1, Xmr, \J XTrr and Xyv are disjoint .

n=3

Let us obgerve that
(22) Xr=X".

In fact, if # € X', where X = P({m}), then we infer by (3x) and (4x)
that for every £ > 0 there exists a bit ¥ of X with diameter < & such
that # ¢ Y' and that Y is a neighbourhood of x. Consequently « e Xi.

On the other hand, if z ¢ X7 then there exists a neighbourhood Y
of z which is a bit containing z in its boundary ¥'. Applying lemma 3
of No. 5, we infer that for every ¢ > 0 there exists an open neighbourhood
UCY—X—7Y of « with diameter < ¢ and & retraction »" of ¥ to Y—T.
Setting

r'(y) for every yeX¥,

") = y for every yeX-U,
we get a retraction of X to X— U. It follows, by lemma 3, that z ¢ X',

According to (22), there is exactly one of three cases for each point
re X—X;. In fact:

1. There exists a natural m such that x belongs to the 1-skeleton
of the triangulation T, but # does not belong either to X* = Py, or to Pr,.

2. For every m =1, 2, ... the point # belongs to the set
U [Z(4,em)—4].

4€Ty

3. There exist a natural m such that = e Py,.

In case 1, one easily sees, by condition (4z) with sufficiently large %,
that # belongs to the interior of arbitrarily small ordinary bits of X, and
thus. o € Xrr.

Fundamenta Mathematicae, T. LI - 20
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In case 2, there exists every m =1,2,.., & triangle 4 e I such
that © e X ~Z(d, em)—A". But X ~ Z(4, en) is an ordinary bit of X
containing @ in its interior and its diameter is < 2/m. Thus also in this
case @ € X13.

Tt follows by (21) that only in case 3 the point x can belong to the
set U -XIII ) er, ie.

n=3

(23) Bvery point of ramification and every s_@gular point of X belongs
- to one of the segments of vamification asbs.

Finally, let us observe that if # belongs to the interior of azb,, with

A e Ty, then there exist 2nm; triangles among the triangles Ai, ..., Ain,
containing a,b, on their boundaries. Let us denote them by Al y - AW
Applying condition (4z) we infer that for every I =1, 2, the union

of all triangles of the triangulation T4 lying on 4, (Where » is one of
the numbers 1, 2, ..., 2n;) and containing the point # is a disk @,, and we
see at once that the union of corresponding membranes” @,({nr.1}) i
a 2m;-bit ¥ of X with diameter < 4/(%-1) and the point # belongs to . Y°
Tt follows that no point z lying in the interior of the segment aaba 18
singular. Consequently only the endpoints of segments of ramification
Wgbs can be singular.

8. Points of ramification. Now let us prove the following

Leama 5. Let ¥ by an n-bit (n > 2) of ¢ membrane X and let @ be
o point of Y°. Then w does not belong to any of the sets X1, Xn1 and Xin
with m # n.

Proof. Let Y,,..., ¥, be the wings of Y. First let us suppose that
2 € Xrr. Then there exists a bit ¥, of X such that

5e¥,~Y, and Y,€X.
Since ¥,— Y, is open in X, we infer that the set
G=Y,u Y,—(Yu T))

is not empty and that it is open in Y,. By lemma 1, there exists a re-
traction 7, of the set ¥,— @ to ¥,. Setting

ro(z)  for
z for

veYo—0G,

‘rl(w)_:{ zeY—Y,,

we get a retraction 7, of the set ¥ — @ to (Y — ¥,) v ¥;. But ‘YO is a neigh-
bourhood of # in X, and consequently Y;—[(¥—Y,) v XY;] #0 for

On a family of 2-dimensional AR-sets 293

i=1,2,..% It follows, by lemma 4, that there exists a retraction #, of
the set (Y—Y) v You ¥ =(Y—Y,) v ¥, to Y. Finally, it is evident
that there exists a retraction 7, of the ¥~ to the simple closed curve
0 = Y:u Y;—Y°. Setting

' 7(®) = 137y7y(2)  for every e Y,u ¥,

we get a retraction of the set ¥, w ¥ to the simple closed curve C. But
this it impossible, because ¥, ¥; is an AR-set (since Y,, ¥; and
Y, ~ ¥, are AR-sets). Thus the supposition that ¢ X leads to a con-
tradiction.

Suppose now that z ¢ X1 or » e Xfi, with 2 <m # n. We can con-
sider both these cases simultaneously, setting X} = X and supposing
that 2 e X% with 2 5 m # n. Since the hypotheses concerning m and n
are symmetric, it suffices to consider the case where

(24) ' 2Em<n.

Suppose that @ ¢ Xfir ~ X1rr. Then there exists a system of m mem-
branes Wi, ..., Wp CX ‘a,,nd there exists a simple arc M such that

M=W;AnW;=WinW; for 4+#7,
« belongs to the interior of M.
W=W,u Wyu..u Wy is an m-bit of X
(if m =1, W is a bit of X),
wCcY-Y,
WOWnX-W.

Since W; is 2-dimensional, there exists a point

4 e WemWi—J ¥, for

=1

The sets ¥,— ¥; being disjoint, there exists for every i =2, .., m exactly
one index %; such that a; e ¥Yi— Y. It follows by (24) that among the

indices 1,2, ..., # at least two are distinet from all indices k;; we can
agsume that
(25) 1+#£k #2 forevery =2,3,..,Mm.

Now let us assign to every ¢ =2,3, ..., m an open subset G; of X
such' that
ageG4C W{ﬁ Yh——W;-—Y;u

20¥%
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If m > 2, then, applying lemma 4, we infer that there exists a retraction
m J—

1, of the set W— [ G; to the set W'D W ~ X—W. An analogous statement
=2

is true also in the case of m =2, if we replace W by a simple are lying
in the boundary W' and containing the set W ~ X— W, Setting

rolw) for xeW-— linj (78
n(x) = i=2

@ for 2eY-W,

we geb a retraction r, of the set ¥ — | J G4 to the set (Y—W)u W'. Since
i=1

W is a neighbourhood of the point ¢ YY", it follows that ¥;}— ¥—W £ 0
for every j =1,2,..,m. Since Y—W D Y', we infer by lemma 4 that
there exists a retraction 7, of the set Y—W to ¥". Finally, it is evident
that there exists a retraction 7; of the set Y to the simple clogsed curve
0 =Y, u Y;— Y° Setting

r(x) =ryrpry(w) for every point wxe¥, U Y,,
we get, by (28), a retraction » of the set ¥, v ¥, to €. But this is im-
possible, because ¥, v Y, is an AR-set.

Thus the proof of lemma 5 is concluded.

In the case of X = P({nx}) we infer by this lemma and by formula
(20) that every point # lying in the interior of a segment of ramification
azbs, where A is a triangle of the triangulation Ty, belongs to Xi¥.
It follows, by (17), that:

(26) For every subsequence {my} of the sequence {ni} and for every open

subset G of X the set G  ( U Xm is of power 2%

On the other hand, only the endpoints of segments of ramification
may be singular points or points of ramification of orders which do not
belong to the sequence {2nz}. Consequently (23) implies thab:

(27) If N is the set of all natural numbers > 2 which do not belong to the
sequence {2ny} then the set UNX?H v Xy 48 at most countable.
ne

9. Main theorem. The fundamental result of this note is the
following

- THEOREM. There ewists a function @ assigning to every veal number {
a membrane ®(t) C B® in such a manner that for t =1 no 2-dimensional
closed subset of D(t) is homeomorphic to any subset of B(t').

icm
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Proof. Let wy, Wy, ...; Wy, ... be an enumeration of all rational
numbers. Let us assign to every real number ¢ an increasing sequence
{nx(t)} consisting of all natural numbers » such that w, <?. It is clear
that for ¢’ <t the sequence {nx(f)} contains, besides all numbers nx(t'),
also all natural numbers # for which ¥ < w, <. Therefore

(28) t' <t implies that in the sequence {mx(t)} there ewist an infinity of
terms which do not belong to {ng(t')}.

Now let P be a triangle in Z? and let us put
D (1) = P{{na(1)})

It remains to show that if there exists a homeomorphism b mapping
a 2-dimensional closed subset A of &(t) onto a subset B of @(i'), then
t =t

‘Suppose to the contrary that ¢ 1. Since dimA = dimB =2 and
since the inverse homeomorphism h—! maps B onto 4, we see that the
hypotheses concerning ¢ and ¢ are symmetric, and thus we can suppose
that ' < {. It follows by (28) that the sequence {nz(f)} contains a sub-
sequence {my} consisting of natural numbers which do not belong to
{nx(t')}.

It follows by (26) that the points of ramification of orders 2m; lying
in an arbitrarily given open subset ¢ 7 0 of the membrane 9(f) con-
stitute a subset of G of the power 9% On the other hand, we infer by (27)
that the subset of @ (i) consisting of all points of ramification of orders
2my and of singular points is at most countable. By lemma 2, the set A
contains & bit X, of P({n(t)}). Since X,—X; is open in P(t), we infer
from (27) that X,— X; contains a dense subset R consisting of points
of ramification of orders 2my of the membrane ®(t) such thal any point
of h(R) is neither a smgula.r point nor a point of ramification of order
9my of the membrane @('). If h(R)C ®(t')—h(X,) then h(X,) —h(R)
C & (') — h(X,). But this is impossible beeause h(X,) contains (by lemma 2)
a bit of @(#'). Thus we see that there exists a point a ¢ E such that h(a)
belongs to the interior of 1(X,). Consequently b maps every neighbourhood
of the point « in the set A C @() onto a neighbourhood of the point & (a)
in the space &(¢'). However, this iz also impossible, by lemma 5 and
formula (20), because a is a point of ramification of order 2ms of the
membrane @(f), and h(a) is neither a singular point nor a point of
ramification of the order 2m; of the membrane ®(t').

Thus the proof of our theorem is concluded.

for every real t.

10. The Lon-exnstence of a universal 2-dimensional AR-set.
The problem of the existence of a universal n-dimensional AR-set,
ie. of an m-dimensional AR-set which topologically contains every
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other n-dimensional AR-set, is old. Only in the case of # =1 it is
solved positively since the 1-dimensional AR-sets coincide with dendrites
and it is known ([1]) that there exists a universal dendrite.

Mr. Sieklucki has recently remarked that the existence of the funetion
& satistying the theorem of No. 9, allows us to solve the problem of the
existence of a wuniversal 2-dimensional AR-set in the negative sense
if we recall the following theorem ([2]):

In an n-dimensional ANR-set every- family of n-dimensional subsets
which are ANR-sets with the common part of any two of them at most
(n—1)-dimensional is necessarily at most countable.

In fact, using this theorem, we infer from the theorem of No. 9,
that no 2-dimensional ANR-set containg topologically all membranes
& (1), because the common part of two sets homeomorphic to & () and
to ®(#') with ¢ # t is necessarily of dimension <1.

11. An application to the theory of r-neighbours. A space
X is said to be r-smaller than a space Y (or Y is r-greater than X) pro-
vided X is homeomorphic to a retract of ¥ but ¥ is not homeomorphie
to any retract of X. If X is r-smaller than Y butb there exists no space
Z which is r-smaller than ¥ and r-greater than X, then X is said to
be an r-neighbour of ¥ on the left (see [3]).

It is clear that every space which is r-smaller than an AR-get is
also an AR-set. Evidently all membranes are r-smaller than the Euclid-
ean cube @°, because each of them is topologically included in EF, and
consequently it is homeomorphic to a subset of §® and this subset, being
an AR-get, is a retract of @°.

Now let us assume that X is an r-neighbour of Q* on the left. We
can assume that X C Q3. Since X is r-smaller than €% no open subseb
of @® is included in X and consequently dimX < 2. As we have already
geen, it follows that there exists a real number ¢ such that the membrane

@(t) is not included topologically in X. Now let us consider a Euclidean
ball B C @3 such that:

The interior of B is a subset of @*—
There exists & point #, e X lying on the boundary of B.

Evidently there exists a set ' C B homeomorphic to the membrane

@(t) such that F ~ X = (x,). We see at once that the get Y =X U F
is an AR-set which is r-smaller than @® but r-greater than X. However,
this is incompatible with the supposition that X is an r-neighbour of @*
on the left.

Thus we have shown that the 3-dimensional cube has no 7 - nelghbours
on the left.
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