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n=1,2,..and img(p, v») = 0, by (9) and (10). Therefore limo(p, U,)
=0 and an infinite subsequence Uy, Un,, ... (Where n, < n, < ...) of
mutually distinet sets can be chosen since no continwum U, contains p,
according to (1). Then the points

8 Uy, < Uy < v’

constitute a converging sequence with limus; = » ¢ B, whence 4 € 4 ~ B,
by (1), and % %« ¢, by (4). Thus s < u ¢ § follows, contrary to (6).
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A remark on duality
by
S. Eilenberg (New York) and K. Kuratowski (Warszawa)

We shall consider triples (X, U, 4) in which

(i) X is a connected compact Hausdorff space,
(ii) U is a connected open subset of X,
(iii) 4 =X—-T.

If U is dense in X then we say that (X, U, 4) is a compactification
of U. If further 4 is zero-dimensional then we say that (X, U, 4) is
a light compaetification of U. For each triple (X, U, 4) we may construct
a light compactification (X, U, 4)* of U by regarding each connected
component of A as a single point. Thus (X, U, 4)* = (X, U, e(4))
where ¢(4) is the component space of A.

For every locally compact Hausdorff space U we have the Cech
compactification (8(U), U, 8(T)) which gives rise to the standard light
compactification ((U), U, S())* = (B(1), U, &'(U)) of U. This one is
characterized by the property that for each light compactification
(X, U, A) of U there exists a unique map (8/(U), U, 8"(U)) (X, U, 4)
which is the identity on U.

The purpose of this note is to show that, in a sense that will be
specified below, among all the light compactifications (X,U, A) of U, the
standard one can be characterized by the fact that X has the lowest possible
connectivity in dimension 1. Thus if X is 1-aeyclie then (X, U, 4) is nec-
essarily the standard light compactification. These considerations imply
that in any triple (X, U, 4), if X is 1-acyclic then ¢(4) and &'(U)
are homeomorphic. In particular, this holds if X = 8" is the 2-sphere,
2> 1. In this case the result has been established recently by M. K. Fort,
Jr. [1] solving a question raised by Kuratowski. Much earlier the case
n =2 was considered by L. E. J. Brouwer (see e.g. [2], p. 386).

The considerations are based on cohomology in dimensions 0 and 1.
‘We summarize briefly the relevant facts.

(1) For each compact pair (X, 4) we have an exact sequence

0>HYX, A)>HY(X)~HYA)~>H(X, A)—~H(X)~>HY(A).
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(2) It f: (¥, B)>(X, 4) then f determines a homomorphism of
the sequence of (X, 4) into that of (¥, B).

(8) If f: (¥, B)—(X, A) is such that f maps Y—B homeomorphic-
ally onto X— A then HYf): H{X, A)—-HYY, B) is an isomorphism.

(4) If X is connected then HO(X) = 0.

(6) It f: Y—-X, Y # 0 and Hf): HY(X)-»HY(Y) is an isomorphism
then f is a homeomorphism. .

(6) If X is zero-dimensional then H(X) = 0.

(7) ¥ f:¥—X is monotone-and surjective then Hy(f): A{X)—>
-HYY) is a monomorphism.

The conditions above are satisfied by the augmented Cech coho-
mology groups (based on finite open coverings) with any non-zero coef-
ficient group.

A system satistying (1)-(7) can also be constructed without making
appeal to homology theory. To this end consider the exact sequence

O—)Z—ZRLS-»O

where R is the additive group of real numbers (with the usual topology),
Z is the group of integers, 7 is the inclusion map, S = R/Z is the circle-
group and ¢ is the canonical factorization map. For each pair (X, A)
we define HX, 4) as the group of all continuons maps f: X —Z which
are constant on 4, divided by the subgroup of maps constant on X. The
group HY(X, 4) is defined as the group of all continuous maps f: X—8
which are constant on A divided by the subgroup of all maps of the
form gg where ¢: X—R is a continuous map constant on 4. The homo-
morphism HYA)->HYX, A)is defined as follows: given f: A—Z, consider
an extension f': X —R and take the element of HYX, A) given by g¢f.
The verification of (1)-(7) is straightforward.

TemorEM 1. Let f: (Y, U, B)—>(X, U, 4) be a mapping of two light
compactifications of U, which s the identity on U. Then the map HYX)—
—HYY) induced by | is an epimorphism. This epimorphism is an iso-
morplism if and only if f is a homeomorphism. )

Proof. If B= 0 then U is compact and U =Y = X. Thus we
may assume B = 0. Since X and Y are connected, we have H(X)= 0
= HY) by (4). Since 4 and B are zero-dimensional, it follows from (6)
that HY4) = 0 = HY(B). Consequently, we obtain a commutative diagram

0—>HY(A)> H{(X, A)—H(X)—0
'z Vo Ve
0—~HYB)—~HYY, B)~HYY)->0

icm
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with exact rows. Further, ¢, is an isomorphism by (3). It follows that ¢
is an epimorphism, and that ¢; is an isomorphism if and only if ¢, is an
isomorphism. By (5), ¢, is an isomorphism if and only if the map B—A
is a homeomorphism, i.e. if and only if f is a homeomorphism.

Let (X, U, A) be an arbitrary light compactification of U. Let

g: (B(0),U,8(U)~(X, T, 4)

be the map of the standard light compactification of U in (X, U, 4)
which is the identity on U.

CoROLLARY 2. g induces an epimorphism E(A)—»Hl(b’( U)). This
epimorphism is an isomorphism if and only if g is a homeomorphism.

CorROLLARY 3. If (X, U, d) is a light compactification of U such
that H{(X) = 0, then g is a homeomorphism and (X, U, A) is essentially
the standard light compactification.

CorROLLARY 4. If (X, Uy, 41), (X,, U,, 4,) are light compactifications
such that HY(X,) = 0 = HYX,) then every homeomorphism U< U, admits
an extension X, «>X,. This extension is a homeomorphism (X,, Uy, A}
(X, Us, 4s). .

E. Michael and E. G. Skliarenko have recently announced (*) that
this extension theorem remains valid without the assumption that U; and
U, are open.

THEOREM 4. Let (X, U, A) be a triple and let

hi (X, U, 4)>(X, U, Ay = (X', U, ¢(4))

be the canonical map. If HYX) =0 then HYX') =0 and (X', U, c(4))
is essentially the standard light compactification of U.
Indeed, X->X’ being monotone, it follows from (7) that HY(X')

~HY(X) is a monomorphism and thus HY(X') = 0. Thus the conclusion
follows from Corollary 3.
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