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On algebraically compact groups of I. Kaplansky
. by
S. Balcerzyk (Torun)

In his paper [2] J. Lof considers a class of abelian groups, that are
direct summands of every abelian group which contains them as pure
subgroups. This class is denoted by D. Zos has proved the following
propositions, giving an interesting characterization of this class:

(1) A group G belongs to D if and only if G is a direct summand of a group
which admits a compact (= bicompact) topology.
(2) A group G belongs to D if and only if @ is a direct summand of group H

of a form
e
7Y 3 0,

P ty€T,

In his book [1] Kaplansky introduces the notion of algebraically
compact (abelian) group.

The purpose of this paper is to prove that class D is identical with
the class of algebraically compact groups. It gives another proof of
Kaplansky’s theorem, stating that every group which admits a compact
topology is algebraically compact.

For a prime integer p let R, be the ring of p-adic integers, and M
a R,-module with no element of infinite height, (i. ¢., the module satis-
fies the condition ﬁ};"ﬂI = {0}). Taking submodules p*M as neighbour-

n=1
hoods of 0 we get a p-adic topology in M.

Let us repeat Kaplansky’s definition:
An abelian group @ is algebraically compact if it has the form

G¢=C+)'D,,
p

C being a divisible group and D, a module over E,, with no element
of infinite p-height and complete in its p-adic topology (complete direct
sum over all prime integers).

The algebraical structure of algebraically compact groups is fully
known.
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The result of this paper is contained in the following
THEOREM. A group G belongs to D if and only if 1t is alyebraically
compact. l
The following theorems will be used in the proof of the above theo-
rem (see [1], p. 51-52). o
(8) Let M be a complete (in its p-adic topology) R,-module and T a pure
submodule of M. Then the closure of T is likewise pure.
Let M be a complete R,-module. Then M is the completion of a direct
sum of eyclic R,-modules.
L.et‘JII be an Rymodule, 8 its pure submodule with no element of in-
finite height which is complete in its p-adic topology. Then S is a di-
rect summand of M.
It can easily be verified that
Euery cyelic module over R,
finite or isomorphic to R,).
A complete direct sum of R,-modules that are complete is complete.
) The following property of an algebraically compact group 1s given
in [1], p. 56:
(8) A direct summand of an algebraically
ally compact group.
Proof of the theorem. Let @ belong to D; by (2) it is a direct
summand of a group H of g form as in (2). It is easy to see that group H

is algebraically compact. Let T; be such a subset of T, that 1, e T} if
and only if e, <co; then

H=C+Z*Z* Opa‘p
B

,
tpETp

(4)

(6)

is compact in its p-adic topology (it is

(7)

C being a divisible group. Bach of the groups Cpe, 18 a complete module

N " 4 .
over &,, and thus every group > Cpe, is such o module; H is then an
t€T,

algebraically compact group, and by (8) & is such a group.

Let G' be an algebraically compact group; by the definition @& has
the form G=C+ 4;*1),, » € and D, having the properties stated in the
definition. By a well known theorem ¢ is a direct sum of groups of
type C’,,c_x: and R* (additive group of rational numbers). Bach of those
groups is a subgroup of the (multiplicative) group K of all complex
numbers 2z with [¢]=1, which admits & compact topology. By the
known theorem of Baer € is a direct summand of group D,*K, (each

acd

I, being isomorphic to K) with 4 of sufficiently great cardinality.

compact group is an algebraic-
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By (4) every group D, is a completion in the p-adic topology of
a divect sum of eyclic R,-modules W= 3 R,r;. Let ;= 3 R,s; it is
BeB geB

obvious that A is a pure submodule of 1, and by (6), (7) I, is com-
plete in its p-adic topology. The eompletion M* of 1 (isomorphic to D)
is the same as a elosure of 1/ in JI,, and by (3) M* is pure in ;. By (3)
M* is a direct summand of 1/,. 1/, admits a ecompact topology, as a com-
plete direct sum of groups admitting such a topology. Each of the groups
D, and C is a direct summand of a group which admits a compact to-
pology, and their complete direct sum is such a group; by (1) everything
is proved. N

Let a group ¢ admit a compact topology: then & is in D, and hy
our theorem it is algebraically compact. We get another proof of Ka-
plansky’s theorem.
(9) If an abelian group @ admits a compact topology, then G is an alge-

braically compact group.

From our theorem, (1) and (9) follows.

COROLLARY. 4 group G is algebraically compact if and only if @ is
a dirvect summand of a group which admits a compact topology.
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