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(a) If i=p-1, then denote b the first
which is in the set’ v b o clement of W
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E—[{ UK\ U{psle<a
{Km§ g U {pel s <a}).

Since. U M <780 < T, i i
e§<”ﬂiz§<ﬂﬁx.,<E, the element p, certainly exists.

(B) If A is a limit number, then Ilet i

f 2 is 8 P, be the first e

of (1) which is in the set E—{p,|6<a}. ! emen
; Let _JII= {'p§]§<a.),,}.. The set M is an element of H, and yet
for no p, is peBM. This is so since if PeBIM, then from the manner
in W.hlc.bh Pgyq Was selected, p, . cannot be in M. As this is & con-
tradietion, it follows that for some element ¥ in E, there are ab
least Ry sets kb for which y R, g.e. d. ’
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A generalization of a theorem of Miss Anna Mullikin.

By

W. T. van Est (Utrecht).

Introduction. In 1923 Miss Mullikin proved the following
theorem 1):

Eet Fy,F,,... be a sequence of mutually disjoint closed subsets of
the euclidean plane E,, such that jor every i, B,—F; is connected,
then E,—XF; is connected. -

A new and simpler proof of this theorem was given by 8. Ma-
zurkiewicz in Fundamenta Mathematicae 6 (1924), pp. 37-38.

The above mentioned theorem may in an obvious way be
formulated as a property of the 2-sphere, and as such it appears
essentially as a theorem of Phragmen-Brouwer type. Generaliza-
tions in this direction of Miss Mullikin’s theorem seem to have
received but little attention hitherto.

Recently the simplification and modernization of Miss Mul-
likin’s proof of her theorem was proposed as a problem by Wis-
kundig Genootschap at Amsterdam?) (apparently in ignorance of
Mazurkiewicz®s proof). The present author succeeded in giving such
a proof and at the same time generalized Miss Mullikin’s theorem
for n dimensions (equally ignorant of Mazurkiewicz’s article). Owing
to several useful hints of Prof. H. Freudenthal he realized that
with the same methods the generalizations indicated here below
{ef. Theorems I, IT, TTT) could be proved. The method of the proof
of theorem IT strongly parallels Mazurkiewicz’s arguments.

1) A. M. Mullikin, Certain Theorems Relating to Plane Connected Point
Sets, Trans. Am. Math. Soc. 24 (1923), pp. 144-162. :
2} Programma van jaarlijkse prijsvragen, 1950.
12%
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Notations and Conventions.

8p=mn-dimensional sphere.

E,=n-dimensional euclidean space. } (n=2

J=void set.

~ = “homologous to”-relation.

continuum = eompact connected set.

Chaingroups, groups of cycles ete. will i i
for conngroup ) ¥ . be taken over a field

Throughout the following sections 4 will denote a fixed closed
subset of 8, and 3 a fixed cycle of 4 of dimension n—F%.

If k==, then 3 is taken to be a 0-dimensional cycle ~0 in S,.

1'. A subset # (?f Sn is said to be an Lk-set (with respect to
the pair 4, 3), or 3 is said to be linked with F, it

(1) F is closed,

(2) F-A=0,

(3) 3 not ~0 in S,—F, where ~9 ig i i

~9 is equivalent o~
a compact subset BDA of :S‘,.~F” 3). ¢ ene i 0 on
o g .Fllss s‘aJid tfo be a 0-Lk-set if (1) and (2) still hold and if 3~0
S—F, i. e. if there exists a compact subset i

o B P ubset B4 of 8,—F with

;Sfo ﬁl au% (;thets are automatically understood to be closed

is a 0-Lk-set a ’ .

N a k-set and F'CF a closed subset of F, then F' is

If F is an Lk-set, and F'DF a clos i
B s osed set not meeting 4, then

A closed subset of S, not meetine A is ei i
a 0-Lk-set, g is either an ILk-set or

For 0-Lk-sets we have

Theorem of Phragmen-Brouwer-Alexandrofﬁ Let T,
and F, be Oth-sets, such that Fy-Fy is (k—2)-acyclic, or if k=2 suclt
that ¥y -F, is connected, then Fy-+F, is a 0-Lk-set.

In the following section we shall prove the following two

theorems (stated separately though i i i
the secont, ¥ gh the first is a special case of

3) The OGech theory will be adopted as

Dach spaces the homology theory for com-
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Theorem I. Let Fy,F,,... be a sequence of mutually disjoint
0-Lk-sets and F a compact subset of IF;, then F is a 0-Lk-set.

Theorent II. Let Fy,F,... be a sequence of 0-Lk-sels such that
there is a fived point p é 4, with Fi-F;C(p) for i=j. Let F be a com-
pact subset of LF;, then F is a 0-Lk-set.

By omitting p, S» hecomes Ej, and theorem II may be re-
phrased as follows: .

Theorem ITXa. Let 4 be a compact subset of En, and 3 a cycle
of 4. Let F,,F,,... be a sequence of mutually disjoint closed subsets of
E,, each of which is not linked with 3. Then, if F is a closed (with
respect to En) subset of TF: F is also not linked with 3.

From theorem IT Miss Mullikin’s theorem may be derived
directly. We shall however obtain it as simple consequence of theo-
rem III (ef. section 3).

As may be expected beforehand the proofs of theorems I and 1T
proceed on parallel lines, with the only difference that the proof
of theorem IT involves a certain property (o) of irreducible Lk-sets
which is not needed in the proof of theorem I.

2. Proposition 1. Let F,,F,,... be a sequence of Lk-sets such
that lim sup Fy=F4%) does not meet A. Then F is an Lk-set.

Proof. Suppose F to be a 0-Lk-set. Then there exists a com-
pact subset BDA of 8,—F such that 3~0 on B. Since B-F=¥,
there exists an open neighbourhood U of F with U.B=#. F being
lim sup Fy, U contains almost all Fy, and hence almost all F; would
he 0-Lk-sets, which contradiets our hypotheses.

Corollary 1.1. If F; is a convergent sequence with limit %)
under the same hypotheses as above, then F is an Lk-set.

Corollary 1.2, The intersection F of a non-inereasing sequence
FOF,D... of Lk-sets is an Lk-set.

Proof. In this case we have F=1m F;. Furthermore since
FiA—§ we bave F-A=0. Hence we may apply corollary 1.1.

Corollary 1.3. Any Lk-set F contains an irreducible Lk-set,
i.e. an Lk-set Fy such that no closed proper subset of Fy is an Lk-set.

Proof. The assertion is immediately obtained from corol-
lary 1.2 by application of Brouwer’s reduction theorem.

4) The concept of lim sup is taken in the sense of topological limes superior
(¢f. F. Hausdorff, Mengenlehre, 3-xd ed., pp. 147, 149, 150, 163).
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, _P‘rog)ositvio'n 2. Let F and F' be closed subsets of Sn. Let B
ae ch} L(]u—td_j)l-aoyglw set, or, if k=2, a connected set. Then F4F g

n Li-set if and only if for of least one Ent V7 >
an Dhsol component Z of F, Z+F" is

Proof. The sufficiency of the condition i
ition is clear. Now I

conversely sgppose that +F* is an Lk-set. ¥ being a corsfmléis;
stlat, there exists a dyadic system Fisig, iy (=1,2,..5 4;=0,1) of
closed subsets Py ;, ., of F with the following properties:7
: (@) For a fixed % the system consisting 6f the 2% sets A
is a system of mutually disjoint closed subsets of F with TF =

i ifrvnerig =L
(B) Given Fy  ;, then for any choice of iy, sl

sennyig

‘F’il,-u,ilz,ilz+1CFii,---,ilz‘
{(v) Given any sequence 4,4 ith 4
i y 1y U9y ..y With =0, 1 for k=12
then the intersection 7 -Fy, Fiig-n I8 a _compo;lent Z of F’ o
Now we have .

(Fo-+F') 4 (Fy+ F)=F L P,
(Fy+F) - (Fy + F) =7,

Since F+F’ is an Li-set, it follows from Phragmen-Brouwer Al
xandroff’s theorem that either Fy+-F' or F1+F’°is an Llc-s‘e\—t‘e 1-Su ?
;[;()354; jnﬂ(ftef]g:;g; 1:_ 31;;1, i}k-;:at. T;en repeating the same arg{lmeilt
T el 00 T " i a -8
struct 'a non-increasing seqiél—llzze llf"si—;il-nFlI;)kF?etil—eFteD Thz: gz cots.
According to corollary 1.2, (Fil+F;)~(Fi1 —;—111';’)- =’2+F’ .'Sets-
Lk-set, where Z is a component of I acelogrdino' to (v) -
By setting #'=8 we find ) v

Corollary 2.1. A closed subsei F of Sy 18 an Lk

' v -set if and onl;
if at least one component Z of F is an Lk-set. ondenty

Corollary 2.2. An irreducible Lk-set is connected.
Proof. Corollary 1.3 and corollary 2.1.
Now the proof of theorem I ig immediate.

" Z;r(;(;lf of theqrem I. Let F be a compact Lk-set contained
o ¢~ Lthen according to corollary 2.1, ¥ contains an irreducible

ence connected Lk-set F,. Since F,CFCXF;we have F, — ;- F
2F;-F,.

The sets F; being mutually disjoint, so are the sets F,--FO—

we have obtained a representati X 0y and thus
of a countable P ation of a continuum Ty ag the sum

system of mutually disjoint closed subsets. Accor-
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ding to a wellknown theorem of Sierpiriski?) this is only pos-
sible if for at least one index 4, Fy=F;-F,, and hence for the other
indices j, F;-Fo=0. So Fy is already contained in some F;. Since
F, is an Lk-set, F; must be an Lk-set, which is a contradiction. -

For the proof of theorem II we need the following property
(o) of irreducible Lk-sets:

(¢) Let F be an irreducible Lk-set and p an arbitrary point
of F. Then there is a non-decreasing sequence of continua
E,CEK,C...CF—(p) with F=XE;, where the bar denotes the closure
operation with respect to Sn.

The proof of (¢) will be given in section 3.

From (o) there may be derived

Proposition 3. Let F be an irreducible Lk-set, p an arbitrary
point of F, and FF,,... a sequence of compact subsets of F with
Fy-F,C(p) jor every pair i, 1], and F=XF; Then there is an
index i such that F=F;, and hence for j==i, F;C(p).

Proof. Let K denote a subcontinuum of F—(p). Since F;-F;C(p),
and XTF;=F, we have .

(E-F)-(K-Fp=8, i=+j,
K=XK-F;. :
Hence according to Sierpinski’s theorem for at least one index ¢,
K -Fi=K,i. e. KCF; Let K'OK also be a subcontinunm of F—(p).
Then there is an index j for which K'CF;. Let us suppose that
K0, then on account of p ¢ K,K’, we have
F,-'Fz—(p)3F1~K~Fj-K’DK#5.

This is only possible if i=j. Using (o) we find: There is an
jndex i such that F;OF.

Proof of theorem II. Let F be a compact Lk-set CXF;,
and F, an irreducible Lk-subset of F. Then the rest of the proof
proceeds in the same way as the proof of theorem I, using Sier-
piniski’s theorem if p ¢ F,, and using proposition 3 if p e F,.

8. We still have to prove (o). In fact we shall prove a some-
what more general property which includes (6) as a special case.

Proposition 4. Let F be an Lk-set, and p an arbitrary point
of F. Then there exists a non-decreasing sequence E,CR,C... of sub-
continua of F—(p) such that TK; is an Lk-set.

5) of. F. Hausdorff, loc. cit., p. 162..

7
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Proof. We suppose &, to be metrized as geometrical sphere
in Eryq. Then a closed s-neighbourhood of a point is a closed sphe-
rical region. Furthermore if ¢ is sufficiently small, which will be
supposed henceforth, the closed s-neighbonrhood U, of p does not
meet 4. Since F is an Lk-set, F+U,=(F—U,) +U, is an Lk-set.
Then according to proposition 2 there is at least one component Z,
of (F—U,) such that Z,+U, is an Lk-set. For every & >0 we choose
& fixed Z, with this property. Suppose & to be a decreasing se-
quence of positive numbers converging to zero. Now we define
a double sequence of continua ZfCF—( p) as follows:

We set Zf=Zq, for j>k.

Let for a fixed %, Zf with i<k already be constructed as a sub-
continuum of Z¥, such that

Z}C8 Uy,
ZF+U., is an Lk-set.

Then z* +Ug+ Uy, is also an ILk-seb. Since U DU, we have
Zf+ U,,_,1s an Lk-set. Now take Zf_I as a component of (Zf—Ug. )
such that Zf;+Ue_, is an Lk-set. The construction of the -
quence Z} for j=%, k—1,... will be finished as soon as 7% is con-

structed. Thus we have obtained a double sequence with the fol-
lowing properties:

(1) it i<k then Z{C(N,—Us),

(2) ZE4U,, s an Lk-set, i<k,

3) it i>k then Zi=Zi=2.,,

4) ZiCZEy for ki1,

(5) Zf is a subcontinuum of ¥ for ,j>1.

By the diagonal procedure we can select a Subsequence Zs,
¢4

ﬁjom the sequence Zs, such that ZJ, for any fixed 7, 18 a conver-
ging sequence okf continua?). As a consequence, for any fixed k;,
the fzequen(ie Zy, converges also. Hence we may suppose that the
efmtmua; Zj are already constructed in such a way, that for any
fixed j, the sequence Zf converges. We sef

Ym Z}=2,.
k

=T
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According to (4) we have Z}‘CZ}Z-H, and hence
(6) ZiC .
According to (1) we have
(7) Z;C(8,—Uey).
Furthermore ZfCF according to (3), and F being closed in &, we have
(8) Z;CP.

Finally applying corollary 1.1 we have
(9) lim (Zf +Ue)=Z:i+TU, is an Lk-set.
k

(For any fixed i, z} +Us is an Lk-set for almost all k)

From (6), (7), (8) we may conclude that {Zi} is a non-decrea-
sing sequence of subcontinua of F—(p). (Every Z;is a continuum
sinee it is the limit of a sequence of continua?)). Furthermore we
get from (9) by applying corollary 1.1:

tim (Zi + U =2Z1+ ()
i

is an Lk-set. According to proposition 2, either IZ; or (p) is an
Ik-set. Since (p) is not an Lk-set, ¥Z; must be an Lk-set. So pro-
position 4 is completely proved.

Tt will be seen that (o) is an immediate corollary of propo-
gition 4.

4, Tt will be seen that theorems I and IX are of Phragmen-
Brouwer type. To render the analogy more complete we shall esta-
blish the implication (A)—(B) of the following properties (4) and (B):

(A) 3 is not linked with any compaet subset of IFi.

(B) 3~0 in S,—IF;, where the Cech-homology theory ®) is
taken as the homology theory for 8,—XF;.

Let F, he a countable sum of closed subsets of S,, and let Gs
denote its complement. The (ech-homology theory will be taken
as the basic homology theory for Gs. Let 4 denote a fixed compact
subset of G5 and let 3 denote a fixed cycle in 4. We shall prove

Proposition 5. If 3 is not linked with any compact subset B
of Fg, un other words if any compact subset B of Fs is a 0-Lk-set with
respect 1o the pair A3, then 3~0 in Gs.

The proof depends on two lemmas.

8) f. Lefschetz, Algebraic Topology, New York 1948, Chapter VII.
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Lemma 1. Let S be o melric space and B a subspace of 8. Let
{U...,Un} Ue a covering of R with sets U;CR, which are open re-
lative R. Then there emists a system {04,...,04} of open subsets 0,CS,
with ;N\ R=U;, and such that the two systems {Uy,..., Un}, {0y,...,0,}
have isomorphic nerves.

Proof. The distance function in § will be denoted by p. Let
p ¢ R, then the (e R)-neighbourhood (£>0) of p is the set of all
points ¢ e B with o(p,g)<<e. Let pe S, then the e-neighbourhood
of p is the set of all points g 8 with o(p,¢)<e (¢>0).

Let p e R, and p ¢ U; for a cerfain 7. Then g (p) is defined as
the largest s such that the (g, R)-neighbourhood of p is CU;. Now
we define 0, as the sum of all g,(p)/3-neighbourhoods of the points
p eUs It willbe evident that Uy, - Uy, ... Ug==8 implies Oy,...,04 0.

Suppose now that Oy-04-...-04=E8, ¢. g. O-...-0p==0. Let
q€0;-0,-...-Og. Then according to the definitions of the sets Oy;...,0x
there exist points p; e U; (i=1,...,k) with p(q,p;) <oyfp;)/3. There
is no loss in generality in supposing g,(p;) < 0;(9;), i=1. We have then

Yo(p, 29 < ol(p, @) -+ 0la, )< (o) + 2:{p ) /3
< 2/3 odpy) < 04())-

Hence according to the definition of p,(p;), we have p, eU; for
each 4 (i=1,...,k), i. e. Uy-...-Up=E0. From

Oty Oy 04> Uy Uy =0

it follows that the nerves of the systems {U,,..., Up}, and {Oy,...,0,}

are isomorphic.

Lemma 2. Let S be a topological space. Let 3 be a cycle of S,
and let RCS be a carrier of 3, with 3~0 on B. Then 3~0 on S.
Proof. We have to prove: Given a finite open covering {0y, ..., 0.}
of § with nerve @. Then if 30 is a representative of 3 in @, 30~0in @.
The system {Ui,...,U,} with U;=0;NR is a relative open
covering of R with nerve @g. Then in a wellknown way &p may
be considered as a simplicial subcomplex of @, and 3@ may be con-
sidered as a cyele of @z. Since 3~0 on R, we have 3P~0 in Pp,
and @p being a simplicial subcomplex of @, 30~0 on & too.
Proof of proposition 5. Let there be given & finite rela-
tive open covering {Uj,.... U,} of @5 with nerve @, and let 30 de-
note a representative of 3. According to lemma 1 each U; may be
enlarged to an open set O; of S, such that the system {O...,0.}
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has also the “same” nerve @. Let XO; be denoted by G. Then
B=8,—6C8,—XU;=F,. Since B is a compact subset of F,, 3 is
not linked with B, i.e. 3~90 on a compact subset of @. According
to lemma 2, 3~0 on G. Hence any representative of 3 in the nerve @
of the covering {0y,...,0,) is ~0. Since 3@ may be considered as
such a representative, 30~0 in @. Thus we have found:

Let {U,,..., Un} be a finite relative open covering of G5 with
nerve @. Then if 39 is a representative of 3 in @ we have 3@~0 in @.

This is precisely the significance of: 3~9 in Gs.

5. From the foregoing there follows

Theorem III, Let Fy ... be o sequence of 0-Lk-sels such
that there is a fived point p é 4 with F;-F;C(p), 1==j. Then 3~0
mn SH—ZFL .

Proof. Theorem II together with proposition 3.

From the above theorem there follows

Theorem of Miss Mullikin. Let F\,F,,... be a sequence of
compact subsets of Sp with the jollowing properties:

(@) there is @ fired point p e Sp, such that F;-F;C(p), i=j,

(B) jor every i, S,—F; is connected.

Under these conditions S,—ZF; is connected.

Proof. Let ¢; and ¢, denote two arbitrary points of §,—2F:.
The zero cycle g;—g, is not linked with any F, since S,—F; is con-
nected for every 7. Hence according to theorem III, g;—g~0 in
8,—ZXF;, i.e. ¢, and g, belong to the same quasi-component of
Sp,—XF,;7). Since ¢, and g, are arbitrary points of Sp—XFy, S—ZF;:
can only have one quasi-component and hence S,—XF; is con-
nected 7).

Added in proof: After submitting the above paper for publica-
tion, the paper of S. Kaplan: Homology propertics of arbitrary
subsets of Euclidean spaces, Trans. Am. Math. Soc. 62 (1947) pp.-
248271, came to my attention.

In this paper Kaplan develops a homology theory for sepa-
rable metric spaces based upon the family of countable starfinite
open coverings, which family derives its importance from the fact
that any open covering of a separable metric space has a coun-
table star-finite refinement. The homology theory thus obtained

7) Lefschetz, loe. cit., pp. 257-261.
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geems to be an appropriate tool for treating duality theorems of
the kind studied above. The same homology theory has been de-
veloped also by P. Alexandroff in: A general law of duality jfor
ron-closed sets in n-dimensional space, Doklady Akad. Nauk SSSR
(N. 8.) 57 (1947) pp. 107—110 (Russian).

Using the Kaplan-Alexandroff homology, theorem III may
be formulated as follows

Theorem IIXa. Let F,,F,,.. be a sequence of closed sets not
meeting A and such that there is a point p é A with F;- F;C(p), 7.
Then 3~0 in 8o— 2Ty if and only if each F; is a 0-Lk-set.

The proof of Miss Mullikin’s theorem utilizing this homology
concept remains verbally the same.

AMathematisch Instituu;;t der Rijksuniversiteit te Utrecht.

Enden und Primenden *).
VYon
H. Freudenthal (Utrecht).

Ein nichtkompakter Raum kann immer auf vielerlei Weisen
kompaktifiziert werden; eine Gerade z. B. durch einen oder durch
zwei ,unendlich ferne” Punkte, die Ebene durch eine uneigentliche
Gerade zur projektiven Ebene oder durch einen uneigentlichen Punkt
zur funktionentheoretischen Ebene (zweidimensionalen Sphiire), Sucht
man nun eine ,natiirliche” Kompaktifizierung, so kann bei diesen
Beispielen die Wahl nicht schwieiig sein: Die Gerade besitzt zwei
deutlich unterschiedene Unendlichkeiten — warum sollte man die in
einen Punkt zusammentallen lassen? Die Ebene dagegen steht nicht
in einer topologisch eindeutig bestimmten Beziehung zu einer etwa
hinzugefiigten Geraden; die Einfiihrung eines uneigentlichen Punk-
tes befriedigt hier das Kompaktifizierungsbediirfnis.

Man wird die ,ideale” Kompaktifizierung [2-5] durch zwei
Forderungen erzwingen:

1. Die hinzugefiigte Punktmenge soll mbglichst ,diinn” sein
(z. B. kein Kontinuum, wenn ein Punkt ausreicht).

2. Die Menge der neuen Limesrelationen soll moglichst klein
sein (nicht jede divergente Folge soll zu einer konvergenten ernannt
werden, wenn man sich mit bescheideneren Festsetzungen begnii-
gen kann).

De Groot [5] hat diese Forderungen folgendermafen pré-
zisiert:

Das Kompaktum F heiBt ideale Kompakiifikation des separa-
belen metrisierbaren Raumes R, wenn

*) Der Inhalt dieser Arbeit ist auf der Topologischen Tagung des Mathe-
matischen Centrums in Amsterdam (1948) vorgetragen worden. Bei der Aus-
arbeitung habe ich von kritischen Bemerkungen des Herrn R. Lijdsman dankbar
Gebrauch machen kionnen.
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