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plus all limit points of such elements. ﬁowever
”2 aw,——z ﬂjvj“ = ”2 o0 + 2 ﬂﬂ),” =1
lem Jjea’ iem jen

and the same holds for the limit points. Hence each Sy lies on
the surface of the unit sphere. If zUwx’ is all the positive integers
then S, is a face of the unit sphere. Also every point of unit norn;
is in such a set, for otherwise it would be in a set Sp» with zNa’
non empty and could be approximated by a point of the form

Z:Z aﬂ)i—Zﬂjv,

iem Jjent

= 3 avi+ 2 (ax—Pr)or—

iem—(mM\n) kem\n!

> By

Je n'—(n\n’)
with {a;}, {8;}, finite sets of non negative numbers such that

St Sh=1.
J

By properties K8 and X 9 it can be seen that ||2| <1. Hence
the 8n with #0 %' empty and zUa'=1, consist of all the faces.
of the unit sphere.

The faces S determined by vz and {—v;}, j==k, represent sub-
sets o of minimal positive measure, since the only face for which
F38 is Fy. If 8, is any face, then S8, for all k for which ke .

Thus every measurable subset contains an atomic subset
and since the space Q is of finite measure, the space of integrablé.
functions represented is the space 1.

University of Wisconsin.
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Undecidability of Some Topological Theories.
By

Andrzej Grzegorczyk (Warszawa).

The purpose of the present paper is to prove the essential
undecidability of some elementary theories or closure algebral),
of Brouwerian algebra, of the algebra of bodies, of the algebra of
convexity and of the semi-projective algebra. This is attained by
means of the mathod of interpretation based on the general theorems
of Tarski?) and on the theorems of Mostowski, Tarski and Ro-
binson 3) concerning the essential undecidability of a finitely axio-
matizable arithmetic. The main idea of the proof is that this
arithmetic ean be interpreted as an arithmetic of finite sets. Hence
each theory in which we can define the class of finite sets and some
operations on the finite sets is undecidable.

The elementary theories Gy, Gy, - discussed herein are assumed
to be formalized in the lower functional caleulus, they all have
the same logical constants (connectives, quantifiers, identity sym-
bol), logical axiom schemes and rules of inference. Each theory
Gul%,01,0,,0;> is determined by its non-logical (primitive) con-
stanbs: X,0;,0,,0; and non-logical axioms. The terms: X,0;,0,, T4
denote ,univers du discours”, and certain relations. The non-
elementary theories &y,d,,... of order contain the simple theory
of (finite) types. (L. e. each type of the order n-1 is the class of
all subclasses of the types of order =). The non-logical (primitive)
constants: ¥/,0%,0}, 03 of anon-elementary theory S.2%,01,04,05>
denote only the relations and operations defined over the indi-
viduals of the lowest type. The variable letters A, Ay, Ayy As will
be used to designate theories which can be Gr O Sn. A" will be

1) The undecidability of the closure algebra has been proved in another
way hy Stanistaw Jaskowski in 1939. See [2].

2) See Tarski [11] and Robinsen [10].

) See Mostowski [9].
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the theory obtained from the theory A by adding to the theory A
the rule of introducing of new terms defined by means of primitive
constants of A. In all cases which we shall encounter in the sequel
the theory A} will contain all definitions established in the section
(?oneerm'ng the theory HA,. We say that a relation O, is definable
in an elemgntar way in A if there exists in HA' a definition D
of the relation D, and D contains only the variables of the lowest
type. A theory HA is contained im the theory A, if each theorem
of A is a theorem of A,. A is consistent with A, if there exists
a consistent theory A, which contains both A and HA;. A space
satisfying all the theorems of the theory A will be called a space A.

§ 1. The arithmetic of finite sets.

Let: “Z.;}(Q, Ty X, 6,0,~> be the arithmetic of finite sets.
Before writing the axioms defining the theory ‘G, as a formal system,
we shall give an interpretation of its symbols. The primitive con-
stants of G, may have the following meaning: ‘

L(A)-=-4 18 a finite set,

+A4BO0)-=-4-+B=0C,

X(ABO)-=-1-B=0,

S(4B)- = -B=A+1,
AnB = L=,
D is the empity set,

where 4 =the cardinal number of the set 4 and +4- , . are the

familiar operations on natural numbers.
Gy has the following axioms:
1. 84)>4A=~4 2. {(4)- AxB-—-8(B)
3. 80) 4. AnB-Br(C-—-Cx 4
3. ArD -~ ~(S(B4))
6. YA) ~(A~0)-—-(EB)-{(B)-G(BA)
7. £(4)-—-(EB)-YB)-S(4B)
8. S(AB)-§(0D)-—>:A~(0-=-BaD
9. 8(4)-&(B)-—-(HCD)-L(0)-8(D)-1(4BC)- X(4ABD)
10. Q(4)—>+(4ADA) 11. 8(4)> X (400)
12, H(4ABC)-{(DEF)-A~D-BxE-—-CnF
13. $(4ABO)-HAEF)-S(FK) - S(EB)-—-C~ K
14. X(AB(C)- X(DEF)-A~D-BaE-—-C~F
15. X{ABC)-G(DB)- X(ADF)-t(FAE)-—:C~E
Theorem 1. The theor i ! i ‘
Tinitoly wotomtione y Gy is essentially undecidable and
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~ Proof. G éan be interpreted-as the arithmetic of natural
numbers: T, X, S are interpreted as the operations of addition,
multiplication and succession, 8=the class of natural numbers,
O=the number zero, s is interpreted as the relation of identity.
It is the result {yet not published) of Mostowski, Tarski and
Robhinson that this arithmetic is essentially undecidable.

§ 2. Undecidability of a closure algebra.

A theory HALB, +, -, —, 0,1, C>%) will be called a closure
algebra it F contains the axioms of a finitely additive Boolean
algebra 5) (A0) and the following specific axiom of the closure
algebra 6): ; '

Al %(4‘1}'23(3)'%‘*4+CA+CCB“—ﬁO(A-‘;—B)'——C(o)‘

The primitive symbols of & closure algebra denote respectively:
+the class of elements of the algebra, the Boolean sum, the Boolean
product, the Boolean complementation, the zero-element, the
unity-element, the closure operation. These operations will be inter-
preted in the sequel as set-theoretical and topological ones. The
elements of the algebra will be called sets of points. The element 1
will be called the space of the algebra A.

Let S<B, +, »— 0,1, C)> be a non-elementary closure
algebra. The remaining axioms of &, state that:

A9 Each element A=0 contains an atom. Bach atom is closed
and there emist at least two atoms.

A3 is the awiom of normalily.

A4 is the second awiom of countability (of the basis) 7).

AB The space 1 is connected.

A6 If A and B are two closed, isolated disjoint sets such that
A+ BCE, and E is a connected open set, then there are two connecied.
open disjoint sets C and D, such that ACC, BCD and C+DCE.

4) The symbol ,,-* will be used in continuation as logical sign (of con-
junetion). The Boolean product 4B will be denoted by AB.

5) Based e. g. on Huntington’s axioms: See [1] and Tarski [13].

8) The axiom (A1) is equivalent to four axioms of the closure algebra
established first by K. Kuratowskiin [4]. See also Me Kinsey and Tarski [7]

Definition 1.1 and Kiyosi Iseki [3].

7) Axiom Al—A4 are equivalent to the fundamental axiomatisation of
topology of metrizable spaces given by Kuratowski (axioms I—V) plus the
assumption that there exist two points. See [5]. A4 is the single non-elemen-
tary axiom of &;.
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Theorem 2. The relations L,1, x, &, O, ~, of the arithmetic
of finite sets are definable in an elementary way n the theory S1-
Proof. In &, we can establish the elementary definitions:
~of the class of closed elements (GI), of the class of open elements (Op),
of the relation of inclusion (C), of the class of atoms (UAt), of the
class of connected elements (€n), of the relation of ecomponent
{4 Cmp B) and of the class of isolated sets (Js):
Cl{d) =-B(d) d=04
Op(4)-=-Cl(—4)
ACB-=-B(4)-B(B) - 4B=_{
Wt(A) =:B(4)-A+0:(B):BCA-B+0- > B
Cn(Ad).=:B(4):(BC):A=B+(-B+0==(.CB(=0. - -BCU =+ 0
ACmp B =:Gn(A4)-ACB:(D):En(D)- ACDCB —-A=D
Ss(A)- =:B(4):(B):AH(B)- BCA -—- (B )-Op(C)-B=—=4 (.
The primitive relations of the arithmetic of finite sets are
obviously definable in &, because &, contains the simple theory
of types. These relations may be defined in an elementary wayv
in &, in the following manner: ) ’

AmngB = :CI1(4)-CUB)-Is(A)-Js(B)-AB=0- A +BCG:
(D):DEmp @-—-UH(DA)- AL D).

|

f

It is evident that if 4 ~gB then there exists a one-one cor-
respondence R:

ORD-=-AL(C)- Ut(D)- ((CA-DCB-(HE)-ECmp G C=AE-D=BE

between the atoms contained in the element A and the atoms
contained in' the element B. Conversely if there exists a one-one
mapping (R) of A into B, and 4 and B are two closed isolated
disjoint sets then for some @, 4 ~gB. Namely it follows from A0-Ad
that A and B are finite or at most countable sets. Also we can
agsume that A=4;,44,4 .., B=B,+By+.. and 4, RB,, where
Ay 4s, ...y By By,..., are atoms. From A5 and A6 it follows that
there exist two open connected disjoint elements ¢, and D; such
that A;+B,;C6¢ and (4+B).—(4,-+-B)CD,. Similarly there exist
two open connected disjoint sets @, and D, such that A,+B,C G,
Q2+D?CD1, and (A-l—B)'——(111—}—Az+li’1—+-BZ)CD2 ete. Also b\:
induction we can show that for each pair 4,, B, there exists a,n
open connected element @, such that 4,— G, 4 and B,=@G, B
and Gn'Gn=0 for n=tm. Pulting =3 @,, we obtain that ANZB.
n
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AxB =-(HG) - A—BrngB—A

Q(A) - =:35(4)- CL(4):(BOD): W4(B) - BCC-4 = (+D-(D=0.

CrD-—-~(C(—B=~D)
S(AB)-=-2(B)-(H0)-AL(0)-CCB-A~B—(
1(4BC)-=-2(0)-(ADE)-(=D+E-DE=0-AxD-Brx E
X(ABQ) - =:2(C) (DM :F~B-FCD-CCD:

(B):ECmp D — At(EF)-EC~ A
D=0.

Tt is necessary to make remarks concérning only the necessity
of the ,,definiens” of the last definition. If x (ABC) and A=n, B=m
and C=n-m, then there exist sets: By,B,,...,Bm, such that B;mA
for 1<i<m, and C=B,+By+...+Bn, and B;-B;=0 for i=j.
From A5 and A6 it follows that there exist two open connected
disjoint sets @&, and D, such that B;C@ and B,+ .-+ BnCD;. By
further similar applications of the axiom A6 we can prove that
there exist m open connected sets Gy,...,Gm such that By=G; 0
and G4 Gy=0 for i%j. Let F be an element containing only one
atom from each B;, and put D=Gy+ ..+ Gn. It is easy to show
that 4, B, O satisfy the conditions of the .definiens“ of the last
definition.

Theorem 3. The arithmetic Gy is contained in Sy

Proot. We obtain in SY all the theorems of the arithmetic
of finite sets in a well know set-theoretical manner, since &y contains
the whole simple theory of types and from A2, A3, AF it follows
that there exists an infinite number of atoms.

Theorem 4. a) There exists an elementary theory G, of the
dlosure algebra which is 1. essentially undecidable, 2. findtely awioma-
tizable and 3. contained in &;.

b) Each theory T of closure algebra consistent with Gy (or
with &) is undecidable. :

Proof. a) Let G, be a closure algebra containing all axioms
of the arithmetic G, written down by means of the primitive terms
of the closure algebra. From Theorem 1 we can prove that G, is
essentially undecidable and finitely axiomatizable. From Theorem 3
it follows that G, is contained in ;.
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b) If G is consistent with B, or with & then G, is con-
sistently interpretable in G. By an application of Tarski’s theorem. 8}
it results that G is undecidable.

A theory T(B, +,,— 0, 1; p> Wwill be called an algebra
of topology based on. the topological mnotion ¢ if the terms
B, -+, -, —, 0, 1 denote the class of the sets of points, the Boolean
operations of sum, product, complementation, zero-element, unit-
clement, and ¢ denotes a topological notion, and all theorems
of the theory G are true in a certain topological space in a wide
sense 9). From Theorem 4 it follows that each algebra of topology
T is undecidable, if ‘G is consistent with S7 and G is based on
one of the following 9 notions: 1. the operation of closure, 2. the
operation of interior (or exterior), 3. the operation of derived set,
4. the operation of frontier (or boundary), 5. the relation of neigh-
bourhood, 6. the relation of mutual separation, 7. the class of closed
sets, 8. the class of open sets, 9. the class of isolated sets. It is well
known that the closure operation is definable in an elementary way
by means of each of these notion.

Let &, be a theory of closure algebra containing all axioms
of the theory &, and the following axiom:

AT.If ACB, A is an atom and B is an open set, then there
ewists an open set C such that ACCCB and —C s connected.

From Theorem 4 it follows that each algebra of topology
based on the notion of the class of connected sets (€n), and consistent
with &7 is undecidable. The closure operation is definable in each
algebra of topology containing A0, Al, A2, A7, and based on the
notion of connectivity, in the following manner:

}-DCA-=

A=0B = :(D):-Ut(D
: ‘lIt ):(B):Cn(E)- BCE - Cn(H+D)-

“The questions as to whether the closure operation can be
defined by means of the notion of the class of boundary sets, or
by means of the class of dense sets (or: non dense, or dense in them-
selves) remain open. !

We can also draw from Theorem 4 some conclusions concerning
the axiomatizability of topological theories:

8) Theorem IV from Tarski [11].
9) See Mc¢ Kinsey and Tarski [7], Definition 1.1.
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Corollary 1. There exists no recursively countable set of axioms
of the system of all sentences of the closure algebra true in an Euclidean
space E, for n>=2.

Proof. Such 2 system is complete and undecidable. From
the theory of recursive functions it follows that no complete and
undecidable theory can be based on a recursively countable set
of axioms.

N From this it follows in particular that a well known non-
elementary and categorical system of topology of the sphere ™)
8, contains undecidable sentences of elementary closure algebra.

Corollary 2. There exists no recursively countable set of avioms
of the system of all sentences of the closure algebra true in all Euclidean
spaces.

Proof. If this system had a recursively countable set A of
axioms, we could obtain the set of axioms of the complete closure
algebra of the plane by adding to the set A an axiom stating that
the space is strictly two dimensional.

Tt is evident that for the algebras considered 'in the next
séctions analogous corollaries can be proved.

The problem whether the algebras of topology of the straight
line E, are decidable remains unsettled.

§ 3. Undecidability of Brouwerian algebra.

A new decision problem arises, if we consider the partial
algebras of topology, i. e. theories in which we consider not the class
of all sets of points, but a narrower class of sebs (e. g. the class of
closed sets) and the operations restricted to the elements of this
class. In this section the algebra of closed sets (Qf) will be examined.

Let 4, @, =, denote the operations of sum, product and
difference, defined over the class of closed sets in the following way:

AJ.B=0-=-CI(4) -Cl(B)-C=4+B .

(where GI(4)-=-B(4)- A= CA))

AQOB=(-=.QI(4)-Cl(B)-C=4B

A+~B=( = CI(4)-CYB) - C=C(4-—B).

A theory HALECIL 4, O, =, 0> will be called an algebra of
closed sets if there exists a olosure algebia A, ‘such that A is

10) See Kuratowski [6], p. 374 (with blbhogra.phy).
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contained in AY (provided that AT contains the definitions stated
above). In confurmity with the theorem cf Me Kinsey and Tarski!)
each algebra of closed sets contains the axioms. of the Brouwerian
algebras.

Let &<B, +, ,— 0,1, C> be a non-elementary closure
algebra containing all the theorems of the theory &, and the fol-
lowing axioms A6’ and A8:

A6.If A and B are two closed isolated disjoint sets and
A-+BCE, and E is a connected open set, then there ewist two con-
nected open sets C and D such that OC-OD=0, ACC, BCD, and
0+DCE.

AS. If A and B are two closed isolated disjoint sets, and there
ewists a one-one mapping of A into B, then there ewists a closed set C
such that A+BCC, and every component D of the set O contains
cxactly one point of the set A and one point of the set B.

(From the Axiom A 6’ it follows that there exists such a set 0,
but not always closed).

Let Gy(Cl, 4, O, =, 0> be the elementary algebra of closed
sets rontaining all theorems' provable in 87 and meaningful in Gj.

Theorem &. The arithmetic G <K&, 1, X,6,0,3> is con-
tained in Gs. '

Proof. In Gf we can define notions similar to those considered
it the preceding section.

ACB-=-A}+B=B-Cl(4) CI(B)
A=1-=:Q14):(B):CI(B)-—-BCA -
Nt(4)-=:C1(A)-4+0:(B):BCA B4 -— -B=0
En(d) =.C1A):(DR):CID) CUE)- A=
D+E-D+0£E -— -DOE+0
ACmpB-=:Cn(4)-4CB:(D): ACDCB-En(D) -~ A=D
D3(d) =-Cl(d) A=1-+(1-4)
(D3=the class cf closed domains)
Fs(4) =: CLA): () :N(C)-CC A~ (ED) D) - O=
AOD - CO(I=~D)=0
ArngB-=:J5(4)-35(B)-AOB=0-C(@) -4+ BCG:
(C):CCmyp G- — ALAOC) - AHBOC
ArnB-=-35(4)-3s(B)-(HG) A-BxgB-4

1) Theorem 1.14 in Mc¢ Kinsey and Tarski [8], p. 150.
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L8(4)-=:35(4):(BCD): AL(B)-BCC-A=C4D-(OD=0-
: OnD-—-~(C=B=aD)

&(4B)-=:2(B)-(H0)- A{(C)-CCB-A~B-C

1(4BO) - =-2(C)-({DE)-C=D4{+E-DOE=0-AxD - B~ E

Y (ABQ) -=: QL) : (LPHF):CUD)-FxR-FCD-CCD:

o—0 (B): BECmpD-— - UHEQF)-EOC~A

The "arithmetical reldtions defined above are the same as
those of the preceding section. It is evident that they satisfy the
axioms of G;.

Theorem 6. a) There emisis an elementary theory G, of the
algebra of closed sets such that G, s 1. essentially undecidable,
2. finitely axiomatizable, and 3. contained in G;.

b) Every Brouwerian algehra G{CL 4, ©, —, 0> consistent
with G, (or with &F) is undecidable.

Proof. From Theorem 5 in a manner similar to the proof
of Theorem .

From Theorem 6 it follows in particular that the abstract
algebra of projective geometry and the general lattice-theory are
undecidable?). It is well known that the Brouwerian algebra as
well as the abstract algebra of projective geometry and the general
lattice theory can be based on two primitive terms: €I, C, denoting
the class of the elements of the algebra and the relation of inclusion
defined in the familiar way. On the other hand every theory of the
Brouwerian algebra contains both the axioms of the general lattice
theory and the axioms of the abstract algebra of projective geometry.
Hence each of these theories is consistent with G, and undecidable
aceording to Theorem 6.

§ 4. Undecidability of the algebra of bodies.

Hvery theory HA(Do, U, 0O, -, A> is said to be the algebra
of bodies, provided that: 1. A contains all axioms of Boolean
algebra for the terms: Do, U, N, -, denoting respectively the class
of elements of the algebra, and the Boolean operations of sum,
product, and complementation, and 2. A contains the following
axioms determining the meaning of the relation A (of mutually
tangent sets):

12) The undecidability of the abstract algebra of projective geometry and
of the general lattice theory was proved in another way by A. Tarskiin {12].
Fundamenta Mathematicae. T. XXXVHIL. 10
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1: AAB-—»-ANB=0
. 2. ANB=0-CCA-DCB- CAD —-BAA
3. (CUD)AB-~(CAB)-D—-AB.

Let the terms Do, U, N, 4, A, be defined in closure algebra
in the following manner: -

Do(A)-=-B(4d) - A=—C—CA (the clags of open domains)
AUB=~-C—C(4A+B).

ANB=4-B (where 4 and B are open domains)
~(4)=—C(4)

AAB-= -Do(4) Do(B) - 4B=0-CAOB0.

It is easy to verify that, if ALV, +, -, —
algebra, and H (Do, U, N, -, A> [is eonmmed in A" (provided
that A’ contains the deflmtmns stated above) and A; contains
all theorems provable in FAY and meaningful in A, then HA; is
an algebra of bodies. (The seecond dual topological interpretation
of the algebra of bodies is the algebra of closed domains:

Do(d) = -B(4)-A=C—C—A (the clags of closed domains)
AUB=A+B (where A and B are closed domains)
ANB=0—C—(4-B)

“H(4)=0—-A4

AAB=Dp(4)-Do(B)-AB+0-—C—4 -—C—B=0).

Let &$¢B, +, ", — 0,1, C> be a non-clementary closure
algebra. containing the axioms of &, the axiom A6’ and the fol-
lowing axioms A 9-A11:

A9. If A is an isolated closed set, thm there exist two open
domains B and C such that B-C=0 and CB:CC=A4.

A10. Iy A and B are open domains, D 1s an atom and 4 -B=0,
DCCA - CB, then there exist two open domains B and F such that
ECA, FCB and D=CE-CF.

All. Ij A and B are closed zsolated sets, A -B=0, and there
exists @ one-one mapping of A into B, then there exists an open
domain C such that A-+BCC and every aompo'nmt D of set 0 is an
open domain, and D contains exactly one point of the set A and one
point of the set B.

Let Gg(Do, U, N, 4, A> be the elementary theory containing
all theorems provable in &, and meaningful in G;.

4 0,1, C> is a clogure .
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Y

Theorem 7,
pretable in Gy.

The arithmetic G<L, T, X, G, D, x> s inter-

Proof. As in the preceding sections the proof will consist
in a series of definitions. The finite sets will be interpreted as pairs
of open domaing 4, B, such that the set C4-OCB is finite.
AVB-=:Dpo(4) - Do(B)-AAB:((D):(CA-(AB-DCB-DAA-— CAD.

The open domains 4 and B are mutually
one point

NB(ABC)-=.". Do(A)-BVC.".(D):DCB-DAC-— DNA=+0 .
(E) .. Do(E):(D): DCB-DAC —-EAD:—-EO4+0.

The open domain A4 is a neighbourhood of the contact point
of the domains B and C

AB=CD-=:AVB-CVD:(E): Nb(EAB)-

tangent in only

=-NB(ECD).

The contact point of the domains 4 and B is the same as the
contact point of the domains ¢ and D

(;n(A)-E:DD(A):(BC):A:BUC-B:&:O:{:C-BOG:()»ﬁ-
(EEF)-ECB-FCC-Rb(AEF).

The open domain A is connected

ACmpB-=:Cn(4)-ACB:(C):En(0)-ACCCB —-4=C(.

A is a component domain of the domain B

s(AB)-=:Do(d) -Do(B)-ANB=0: (EF): ECA-FCB-EVF —

(D)6 (DEF)- ANDVBND.

The set of contact points of the domains A and B is isolated
and closed

ABE) (CDF-=:Ss(AB)-Ss(CD)-Do(E)-Do(F)-ENF=0:
(§HKL): GCA-HCB-GVH -KCC-LCD-KVL-
— - NB(EGH) - Nb(FEL)
(& EF) ... ABE) (CDF-Do(&):

ABrgOD = .-.
- (H);:HGmpG-—-HNENAVHOENB:
HnFnUVHmFmD (KL):ECA-LCB-KVL- ,

> -(LH)-HCmp G No(HKL) .. (KL): KC(-
LCD-KVL-—(EH) -HGmp G- N6(HEL)
10%
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(AB)-=::36(AB)::(FHG DE):: DONE=0..(KL)..KVL-KCA-
' LCB-—>: M6(DEL)- v - Ro(EKL) ... Ro(F, FNA,FNB)-
FCD-BENA, ENBrgDNA, DNB ..~ ~
(ENA, ENBagANDOAF, BAD O AF)

AB~CD-=::8(AB)-2(CD)::(AEFGH):: ANE, BOE ng COF,DOF
Do(B)-Do'F) - Do(H) - ENF=0=ENH=FNH."
(KL):-EVL-KECA -LCB-—: %(EKL)- \ -Nb(HKL). .
(KL): - KEVL-ECC-LCD-—: R6(FKL)- v -Rb(HKL). .
(MN):-Ro(EMN)-(KL)-KCO-LCD- MN=KL:=:
No(HMN)-(EKL)-KCA-LCB-MN=KL.".(MNKL):
MCA-NCB-KCC-LCD-MN=KL-—-Nb(HKL)

G(AB, CD)-=-2(AB)-2(CD)-(4 B)-N6(E, ENC, END)-
A,BxCN—HE, DNHE

+(4B, CD, EF)-= .. £(4B)-2(CD)-2(EF)- (L GH)-GNH=0-
ABnGNE, GNF-CD~HNE, HNF .. (KL):-
EVL-ECE-LCF-—:Nb(HKL) v -R6(GKL)

X (AB,CD, BF)-=..8(AB)-2(CD)-8(EF)..(AGHK) ~.GH~OD-Do(K):
(L):LGmp K -~ N6 (L, LNG,LNH) - LOE,LNF~AB.".
(MN):MCG NCH-MVN-— (L)L Cmp K-N6(LUN).".
(MN):MCE-NCF-MVN - -(4L)-L Cmp K-RNb(LUN)
0={0, 0}.

It is evident that these relations satisfy the axioms of G;.
From Theorems 1 and 7, by an application of a theorem of Tarski &)
it results

Theorem 8. Ewvery algebra of bodies consistent with Gy s
undecidable.

§ 5. Undecidability of the algebra of convexity.

In the present and in the next sections we shall give some
examples of the applications of the Theorems 4-8 to prove the
undecidability of some geometrical but not strietly topological
theories.

A theory AW, +, -, — D> will be called an algebra of
comvexity provided that 1. the primitive terms of A denote
respectively: the class of all sets of points, the Boolean operations
of sum, product, and complementation on the sets of points, and
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the convex-operation, and 2. all theorems of A are true in a certain
Euclidean space E,. (The result of the convex operation J(4) is
the smallest convex set containing 4).

Theorem 9, Every algebra of convexity true in an Euclidean
space E,, for n>=2, is undecidable.

Proof. For each Euclidean space E, we can establish a defi-
nition of closure-operation built by means of the primitive terms
of the algebra of convexity. For example it is easy to define the
relation of neighbourhood. Let n(4) mean that the set 4 contains
strietly » atoms, and Mb(AB) denote the relation of neighbourhood.
The following equivalence is true in E,:

MNO(AB)- = : A4(B)B(A) : (HO) : 04 1(C) - BCO(C)CA-(D) : Ut (D) -
B+D-—>-(HE)-E«B-At(E)-BECO(B+D)-ECO(0).

If A is a neighbourhood of the atom B then there exists
a simplex Q(C) which satisfies the conditions of the ,definiens”
of this definition. Conversely if C satisfies the ,,definiens”, then B is
contained in the interior of the simplex O(C).

Analogously we can prove the undecidability of some similar
geometrical theorics. For example, the algebra G(B, 4+, *,—, ¥>
is undecidable if C is true in an Fuclidean space F,,-for n>=2,
provided that the symbols B, +, -, — denote the class of sets of
points and the familiar Boolean operations, and X denotes the class
of closed spheres. The definition of the relation of neighbourhood
has the following form

RNO(AB) =-(HCDE)-X(C)-X(D) X(B) - ~(UL(0))- ~(A(D)) -
: C+DCECA-U(B)-B=CD.
(It X denotes the class of paralielepipeds (or the class of rectan-

gular parallelepipeds) G{(B, +, -, — X is also undecidable).
Similarly the algebra (Do, U, O, —,X> is undecidable if

'G is true in E,, for n>2, provided that the symbols Dp, U, N, 4

denote the elass of closed domains and the Boolean operations
defined over closed domains in the same way as in the preceding
section and:

(a) ¥ denotes the class of convex elosed domains,

(8) X denotes the class of closed spheres %),

18) This theory is similar to Tarski’s theory of spheres. See [14]-
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. (y) X denotes the class of parallelepipeds (or rectangular
parallelepipeds), ' ‘

(6) X denotes the class of parallelepipeds with faces parallel
to certain given directions.

In each of these theories we can construct:

(1) the elementary definition of the relation CV,D as having
only -one contact point for two closed domains C and D which are
both: (a) eonvex, (§) spheres, (y)-(d) parallelepipeds;

(2) the elementary definition of the relation of neighbourhood

9Nb,(ECD) of the unique contact point of two domains € and D-

which are hoth: () convex, (8) spheres, (y)-(6) parallelepipeds;
(3) the elementary definition cf the relation 4 AB of mutual
tangency of two closed domains 4 and B:

AAB=:Do(4) Do(B)-ANB=0-(ECD)-Do(0) Do(D)-
0V,D: (B): Roy(BOD)-— BN A+0-ENB=+0.

The construction of such definitions presents no difficulties.

Hence, by the application of Theorem 8, we obtain the theorems
on the undecidability of these theories.

The -decision problem remains unsettled for the algebras
GLX, Cp,.where ¥ denotes: (a) the class of closed convex domains,
(B) the class of spheres, (y) the class of parallelepipeds (or rectangular
paralellepipeds); C denotes the relation of inclusion defined over
the elements of the class X.

§ 6. Undecidability of semi-projective algebras.

A theory AW, +, -, —, €y Cyy...,Cr. nce> Will Dbe called
a semi-projective algebra provided that: 1. A contains as theorems
all axioms of the Boolean algebra for the terms: B, 4, -, —, and
2. A contains as theorems all formulae of the forms: '

C;0=0

ACC(4)

CCA=C04

CiA-CB=Cy(4-CB)+C(B-Ci4) (for each j,i<a).

Many semi-projective algebras may be interpreted as theories
of the geometrical operations of semi-projection in the Euclidean
spaces,

icm
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We will now consider such an interpretation. Let E, be the
n-dimensional Euclidean space. Each point p of E, is an n-tupel
p={£8,¢8,...,£8}, where the real numbers: &f,..,&; are fthe co-
ordinates of the point p. We define the result of the operation of
the semi-projection as follows:

1. if p is a point:

Cp=F{&I=¢, ror j*i, and j<n, and & <&},
q

where i< n;
9. if A is a set of points:

G,A=Z Gip
ped

If we assume this interpretation the following theorem can
be proved: ‘

Theorem 10. Every semi-projective algebra BB, +,-,—, C,,..., O
true in the Buclidean space By, for n=2, is undecidable. :

Proof. In each semi-projective algebra T with =» semi-pro-
jective operators we can define in an.elementary way the relation
of neighbourhood in the Euclidean -space E,. For simplicity we
shall indicate such a definition.in the case of the algebra with two
gemi-projective operation C; and Cjy: o

Mb(AB)-=.. B(A)-UAHB)-(ECDEFGHIK)- B, C, D, B, F, &

’ are different atoms -GCC,DCC,E-FCC,0CCE-B=
0,D C,C-B(H)-B(I) BK)-E= A
C,H C,]-KECA: (M) :Ut(M) GCCMCCE
MCH. . (M):%H(M) - FCOMCCE-— MCI.

It is evident that this equivalence is true in KE,. Similar de-
finitions for each n<y, and n>2 can easily be established.

Similarly by an application of Theorem 8 we can prove
as in the preceding section, that every semi-projéctive algebra
TLDo, U, N, ~, Cyy...,Crncod is undecidable i T is true in B,
(for n>>2) provided that the symbols: Do, U, N, - denote the class
of closed domains and the Boolean operations defined over the
closed domains.

The decision problem for semi-projective algebras of convex
sets of points remains unsettled ).

1) T am indebted to Professor A. Mostowski for his remarks.
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Dimension Theory in Closure Algebras.
By

Roman Sikorski (Warszawa),

This paper is the continuation of my paper Closure Algebras?)
cited hereafter as CA.

The generalization of the concept of dimension to the case
of closure algebras presents no difficulty. The definition assumed
in this paper is inductive by means of separation of closed elements.
For C-algebras?), this definition is equivalent (Theorem 3.5) to
Lebesgue’s definition which clearly can be formulated without
difficulty for arbitrary closure algebras.

The generalization of fundamental theorems from Dimension
Theory to the case of arbitrary C-algebras is easy. Some theorems
can be proved analogously to the case of metric spaces (see §1);
their procfs are omitted. Other theorems follow from analogous
statements for metric spaces (see e.g. 3.2).

The specification of all theorems which hold for C-algebras
is not the purpose of this paper. As in my earlier paper CA, I shall
only show the method of generalization. Roughly speaking, all
theorems from Dimension Theory which hold for separable metric
spaces are also true for arbitrary C-algebras.

It was stated in CA that every quotient algebra 4/7, where
A4 is a C-algebra and I is a o-ideal of 4, is also a C-algebra. This
fact suggests the following general problem: Suppose the topolo-
gical properties of 4 and I are known; what topological pro-
perties has the quotient algebra 4/I?

1) See References at the end of this paper.

The knowledge of Parts I and II of CA is assumed. Theorems from CA
will be cited by their numbers together with the letters CA“

2) See the definition on p. 154.
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