Note on certain s-dimensional sets.
By
H. G. Eggleston (London).

Let P be an s-dimensional set (in the  serse of Haugdorff
measure) 1) situated in n-dimensional Euclidean space. It is clear
that, if §<n—1, the set of lines through a fixed point p of P, which
interseet P in a point-distinet from p, form, with n—1 of the coor-
dinate axes, a set of angles, which considered as a get of points in
—1 dimensional space has dimension <s. From the more general
results of F. Roger if s>n—1, then at almost all points of P, this
set of directions includes the whole solid angle at p 2). It is not inune-
diately obvious whether, for s<n—1, all the lines which intersect P
in at least 2 points, form, with the same n—1 coordinate axes a set
of angles, whose dimension has an upper bound depending on s or
not. The following example shows that this is not the case.

A free veetor is said to be included in a point get P if among
the points of P are two, p, and p,, such that one possible position
of the vector coincides with the segment p,p,. A vector is free if
the initial point may be taken to be any point of the space.

There is a O-dimensional set which includes evcry free vector
of the space.

This includes the result stated above.

Let ¢, be an increasing sequence of positive integers such thab

=10 and (g -gp* oo Qe )" <gr for r=12,3,..,

1) For the definition of Hausdorff measvre see A. 8. Besicovitel, Ma-
thematische Annalen 101 (1929), pp. 161-193.

2) F. Roger, Les propriéids tangentiellos des ensembdles euclidiens de poinds,
Acta Mathematica 69 (1938), pp. 99-133.
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Every positive number can be expressed as

Po‘l'z—“‘ql .Iffq,

where p, is a positive integer and where p, are integers satisfying
0<pr<gr-

o P
The set of numbers p,+ >——2—— is called 4.
’ qu'qz""'gzr
The set of numbers 2 Pors is called B.
Tl Yora

The set of all points whose » coordinates are members of 4
is called a, similarly f is defined from B. The sets « and f are defined
in the space
(1) 2,220,

2,20, ..., @az=0.

Let geometrically congruent sets be defined in each of the
gpaces obtained by reversing any number of the inequalities in (1).
(These sets are to be similarly situated, in the space defined by the
inequalities corresponding. to (1), as are a and f in the space defined
by (1)). The sum of these sets, say P, has the properties required.

Proof. Let X be a vector with components along the coordinate
axes X, X, ..., Xn. Certain of these will be positive or zero, and
others will be negative, but by the definition of P as a sum of sets,
it is sufficient to consider only the case where they are all positive
or zero. . .

Write .sz i+ bi a; € A, bi e B.

The point (—a,—a,,...,—n) belongs to the set congruent
to « in the space #;<0, £,<0,..., zn<0.

(By, bay ..., bs) belongs to f.

Hence they both belong to P and the segment joining them
is a position of the vector X. .

That « is O-dimensional follows from the fact that the points
of « inside the unit m-dimensional cube, can be covered by

(€4 Gops)" n-dimensional boxes of side-length Similarly

. 2r—1
8 is 0-dimensional.
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Given a seb of free vectors, V, let the initial point of each be
taken to be the origin. Let the set of points formed by their end
points be B.

By the dimension or meagure of V, is meant, the dimension.
or measure of B.

The example above may be adjusted to show that, for any s,
0<s<n, there is an s-seb 4, in n-dimensional Buclidean space
such that the set of vectors it contains has dimension n. The fol-
lowing example shows that the other extreme case is also possible.

If 0<<s<m, there is am s-set such that the set of wectors it contains
has dimension s. ’ '

The cases s=0 or » are trivial, Suppose 0 <s<n.

Let‘ 7 be a positive integer and define m(r) by

A\
r (m(aﬁ) -

r 1 1
Ag r—>00, ——0. Choose r=1,, s0 large that —=— < ————me-
"m(r) w S0 SATEC AL L) = T0m (2
and so that Il >10. Write m(l)=m,.

Define I, to be = B and my=m(l,-l,) and generally I, and i,
having been /defined, l4y=12 and w1,+1:m(l,,{_1 Do lpey . By)e In what
follows .a, ﬂy?’m Zp denote irtegers, which may be positive,
negative or' zero.

Let ¢, be the set of points whose coordinates are (l , Z yenny (Z")
Let R, be the set of m-dimensional boxes, whose eentrcs 'ire
at points of Ql and whose sides are of length i.
Let @, be the set of points whose coordma,Ltles are
(al __ﬁ_ ] Bs %n B
L oml T om iy A mllz)
where —l, <A<, i=1,2,...,n.
Let R, be the set of n dimensional boxes, whose centres are
ab points of @, and whose sides are of length 7

Generally when Q,, R, have heen defined, 1ct Qr+1 be the set
of points whose coordlnates are
e A )

(414" sl to—— Dtplogs’” w1 Gnt o )’
where (g, ¢oy .1 g,) I8 & point of @, and — T <A<y i=1,2,...,7.

2mr l+1

icm

Note on certain s-dimensional sets 43

Let R,y1 be the set of n-dimensional boxes whose centres

1
are at points of @, and whose sides are of length —— TS

Let P=]] R..
=1

P is an s-dimensional set and the set of vectors that it contains
is an s-dimensional set.

Proof. That P is s-dimensional is immediate. The set of vectors
contained in a lattice (to which the origin belor, gs) is the same
lattice. With each point of @, associate a sphere whose centre is the

point and whose diameter is g Call the points of this set of
1

gpheres, 0y, and the points of the set of concentric spheres of radius

‘ OV , C,. Then the set of vectors of €, is contained in Oy, from which

My
the second property of P follows.
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