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Minimal fixed point sets of relative maps
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Xuezhi Zhao (Beijing)

Abstract. Let f : (X, A) — (X, A) be a self map of a pair of compact polyhedra.
It is known that f has at least N(f; X, A) fixed points on X. We give a sufficient and
necessary condition for a finite set P (|P| = N(f; X, A)) to be the fixed point set of a map
in the relative homotopy class of the given map f. As an application, a new lower bound
for the number of fixed points of f on CI(X — A) is given.

1. Introduction. Nielsen fixed point theory is concerned with the deter-
mination of minimal fixed point sets of maps (see [1] or [4] for introduction).
The Nielsen number N(f) provides a homotopy invariant lower bound for
the number of fixed points of a map f : X — X, which can be realized in
fairly general cases. More precisely, a space X is said to be a Nielsen space
if every map f : X — X is homotopic to a map ¢g : X — X which has N(f)
fixed points and if these fixed points can lie anywhere in X. It is known that
a compact polyhedron X will be a Nielsen space if either X has no local
cut point and is not a surface with negative Fuler characteristic, or X is
contractible, or X is a circle S (see [3, Main Theorem]).

Relative Nielsen fixed point theory provides information about fixed
point sets of relative maps, i.e. maps of the form f: (X, A) — (X, A). A rel-
ative Nielsen number N(f; X, A) was introduced in [5]; it is the lower bound
of the number of fixed points of maps in the relative homotopy class of f.
Here, homotopies between relative maps are always relative ones, i.e. maps
of the form H : (X xI, AxI) — (X, A). So, it is natural to ask the following;:

PROBLEM 1.1. For f : (X,A) — (X, A) and a finite set P C X with
cardinality |P| = N(f; X, A), does there exist a map g homotopic to f with
fixed point set Fixg = P?
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It is obvious that the answer is “no” if P is an arbitrary set. The restric-
tion f : A — Aof f to A has at least N(f) fixed points in A. From [6] and [8],
we know that any map in the homotopy class of f has at least N (f; X,A)
fixed points in CI(X — A) and at least N(f; X — A) fixed points in X — A.
Furthermore, if f has a minimal fized point set, i.e. |Fix f| = N(f; X, A),
then f has at least n(f; X, A) fixed points on Bd(A). A brief definition of
these relative Nielsen numbers will be given in Section 3. The conditions
following from the minimal fixed point set assumption are summarized in:

THEOREM 1.2 ([9, Theorem 4.2)). If f: (X, A) — (X, A) has N(f; X, A)
fized points, then f has:

(1) at most N(f) —n(f; X, A) fixred points in Int(A),

(2) at least n(f; X, A) and at most N(f) + Nioio(f; X, A) fized points
on Bd(A),

(3) at least N(f) and at most N(f) + Niowo(f; X, A) fized points in A,

(4) at least N(f; X —A) and at most Nyg1o(f; X, A)+ N(f; X — A) fized
points in X — A,

(5) at least N(f; X, A) and at most N(f; X, A) fized points in Cl(X—A).

For the realization, we have

THEOREM 1.3 (]9, Theorem 4.3]). Let (X, A) be a pair of compact poly-
hedra such that:

1) X is connected,

2) X — A has no local cut point and is not a 2-manifold,

3) every component of A is a Nielsen space with nonempty interior,
4) A can be by-passed in X.

Let f: (X,A) — (X,A). If a(f; X, A) < ki < N(J) and 0 < ky <

Niowo(f; X, A), then we can homotope f to a map g: (X, A) — (X, A) with

N(f; X, A) fixed points in X, of which N(f)—ky lie in Int(A), N(f; X — A)
+ ko lie in X — A, and therefore ki + Nyo10(f; X, A) — ko lie on Bd(A).

Does this theorem mean that, if (X, A) satisfies the conditions of the
theorem, then any finite set P with |P| = N(f; X, A), |PNInt(A)| < N(f)—
n(f; X, A) and N(f; X —A) < [PN(X = A)| < N(f; X = A)+ Nioo(f; X, A)
can be the fixed point set of a relative map in the homotopy class of the
given map f : (X,A) — (X, A)? Unfortunately not. An example is given
below:

EXAMPLE 1.4. Let X be a solid torus in Euclidean space R3, which is
constructed by rotating the 2-disc {(z1, 72,0) | 22 + (22 — 3)? < 4} around
the zi-axis.
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z3

Let A be the subset of X with two components A; and Ay, where A; and
Ay are two solid tori in X defined by

Alz{x€X|d(az,Bl)§1/2}, AQZ{.TEX|d(.T,BQ)§1/2},
where d(-,-) is the usual metric in R3, and
B1={(0,x2,23) | (z2—-3)° +a3=1}, Ba={(0,22,23) | (x2+3)* +25=1}.

T3 x3

X N {z, =0} (X, A) N {z1 = 0}

A map f:(X,A) — (X, A) is defined by f(z1,x2,23) = (1,22, —23).
From the definition f has two fixed point classes F; and F5, where
Fi={(21,22,0) | 27 + (22 — 3)* < 4},

F2 = {(331733270) | m% + (1‘2 + 3)2 < 4}
We can calculate that ind(f,Fy) = ind(f,F2) =1, so N(f) = 2.

Write f1: A1 — Aq and fy : Ay — Ao for the restrictions of f to A; and
As. Then f; and fo have the same homotopy type as f with Fix f; C Fyq,
Fix fo C Fa. Since L(f) = L(f1) = L(f2) = 2, F1 and Fy are common and
do not assume their indices in A. Thus, N(f, f) = 2, n(f; X, A) = 2 and
N(f; X, A) = N(J) + N(f) - N(f, ) =4+2 -2 =14

Let P = {(Oa 4%7 0)7 (07 1%) 0)> (Oa _27 0)> (Oa _47 0)} = {plap27p3ap4}'

Then [P NInt(A)| = 2 = N(F) — (f; X, A), |[P N Bd(A)| = 2 = a(f; X, A)
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and [PN(X —A)| =0= N(f; X — A). We shall show that P cannot be the
fixed point set of any map in the homotopy class of f.

Suppose g : (X,A) — (X, A) is homotopic to f and Fixg = P, write
g1: A1 — A1 and g9 : Ay — Ay for the restrictions of g to Ay and As. Then
91 =~ f1, g2 =~ fa. It follows that N(g1) = N(g2) = 2. Since Fix g1 = {p1,p2}
and Fix go = {ps,ps}, by the homotopy invariance of fixed point index we
have

ind(g1,p1) = ind(g1,p2) = ind(g2, p3) = ind(g2,ps) = 1.

Also, g has two essential fixed point classes G and Go, which are homo-
topy related to F; and F5 respectively. Since F; contains two essential fixed
point classes of f; and since Fy contains two fixed point classes of fo, G;
and Go contain two essential fixed point classes of g1 and g, respectively.
Hence, G = {p1,p2} and Gy = {ps,p4}. Since Gy is contained in Int(A,),
we have

ind(ga GQ) = Hld(g,p:;) + lnd(gap4) = ind(92>p3) + ind(92>p4) =2
On the other hand, ind(g, G2) = ind(f, F2) = 1. This is a contradiction.
So we have proved that P cannot be the fixed point set of any map in the
homotopy class of f.

REMARK 1.5. The example above does not show that Theorem 1.3 is
false. In fact, we can pick another finite set

P’ = {(0,4,0), (0,1%,0), (0, ~1%,0), (0, —4,0)}.

Then |P'NInt(A)| = |[PNInt(A)| =2, |[P’N(X —A)|=|PN(X —A)|=0.
It is obvious that P’ can be the fixed point set of a map in the homotopy
class of f.

It is the purpose of this paper to give a theoretical reason for this phe-
nomenon. We shall show that there exist more restrictions imposed on min-
imal fixed point sets of relative maps and hence we obtain some conditions
for the realization of the minimal fixed point set, i.e. give an answer to
Problem 1.1.

We assume the reader is familiar with the results and technique in rela-
tive Nielsen theory which were introduced in [5], [6] and [8]. In this paper,
all the fixed point classes are those in the sense of lifting classes, i.e. the
empty fixed point classes are taken into account. Background material can
be found in [4].

2. Bipartite graphs and matchings. In this section, we present some
matching theorems. Similar conclusions can be found in [7, Sec. 4]. Here,
some adjustments are made for our purpose. On the way, we introduce some
notations in order to give a brief definition of relative Nielsen numbers in
the next section.
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A bipartite graph G is a graph represented by a triple G = (A, B,€),
where the vertex set of G is the disjoint union of A and B, and the edge set
& of G is such that each edge joins a vertex in A to a vertex in B.

For a vertex subset V of G, a V-semimatching M in G is a subset of
& such that no two edges of M share a vertex in V. In particular, when
V = AU B is the total vertex set, a V-semimatching M is said to be a
matching in G, i.e. no two elements of M share a vertex.

A V-semimatching (or matching) M in G is said to saturate a vertex set
S in G if every vertex in S is an endpoint of an edge in M.

For S C A and 7 C B, we define

I'S)={beB|(a,b) € & for some a € S},
YT)={a€ Al (a,b) € € for some b e T},

where (a,b) denotes an edge between a and b. We shall write I'g(S) and
~vg(7T) if a specific graph G is emphasized.

LEMMA 2.1. A bipartite G = (A, B, E) admits a matching which saturates
B if and only if, for all T C B, |v(T)| > |T|. Symmetrically, it admits a
matching which saturates A if and only if, for all S CT A, |I'(S)| > |S].

Proof. See [2, Theorem 1]. m

This result was originally stated in terms of representatives of subsets
([2, Theorem 1]), but one can translate it into the form of a matching of a
bipartite graph if we regard the membership relations as edges connecting
elements and subsets of a given set (cf. [7, Sec. 4]).

THEOREM 2.2. Let G = (A,B,E) be a bipartite graph and ¢ : A — Z
be a correspondence from A to the nonnegative integers. Then there is a
B-semimatching M which saturates B such that |{b | (a,b) € M}| < ¢(a)
for all a € A if and only if, for all T C B,

(*) > ¢la) =T

aey(7T)

Proof. We construct a new bipartite graph G’ = (A, B, £’) as follows:
Let B' = B and begin with A" = () and £ = (. For each a € A, add ¢(a)
new vertices to A’ and then add edges from each of these new vertices to all
the vertices b € I'g(a).

Now, observe that the hypothesis (%) is equivalent to |yg/(7)| > |7| for
all 7 C B’. Applying Lemma 2.1 to the graph G’, we get a matching M’
in G’ saturating B’, which corresponds to a B-semimatching M in G which
saturates B with |{b | (a,b) € M}| < ¢(a) for all a € A(G). m
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THEOREM 2.3. Let G = (A,B,E) be a bipartite graph and ¢ : A — Z
be a correspondence from A to the nonnegative integers. Then there is a
B-semimatching M such that |{b | (a,b) € M}| = ¢(a) for all a € A if and
only if , for all S C A,

(%) > dla) <|I(S).
a€S
Proof. We construct G’ = (A’,B’,&’) as in the proof of Theorem 2.2.
The condition (xx) is equivalent to |Ig/ (S")| > |S’| for all S C A’. Ap-
plying Lemma 2.1 to the graph G’, we get a matching M’ in G’ saturat-
ing A’, and this matching corresponds to a B-semimatching M in G with

{b | (a,b) € M}| = ¢(a) for all a € A(G). m

3. Relative Nielsen numbers and minimal fixed point sets. Let
f:(X,A) — (X,A) be a self map of a pair of compact polyhedra. For
any component Ay of A, we write f; for the restriction of f to A. As in
[8, Sec. 2] (cf. [4, Ch. 1, Sec. 1]), we can define, via lifting classes, the set
FPC(f) of fixed point classes of f: X — X and the set FPC(fj) of those of
fx if fr : A — Ag is a self map. The set FPC(f) of fixed point classes of
fx is regarded as being empty if fi is not a self map on Ay, i.e. f(Ax) € Ag.
For each fi, there is a correspondence

ir,rpc : FPC(f)) — FPC(f).
A fixed point class F, of fj is contained in a fixed point class F of f : X — X

if and only if iy, ppc(F%) = F. Letting FPC(f) = |JFPC(f%) be the disjoint
union of the fixed point classes of f on all components of A, we get a
correspondence

irpc : FPC(F) — FPC(f).

Furthermore, we write FPC,(-) and FPC;(-) for the sets of essential and
inessential fixed point classes respectively. With this notation, we have

N(f; X — A) = |FPCe(f) — ippc(FPC(f))|. Write F for the set of fixed
point classes of f which do not assume their indices in A, i.e.

F ={F € FPC(f) | ind(f,F) # ind(f,F N A)}.
We define
Fi = FNippc(FPC.(f)),
Fy = (FPCo(f) Nirppc(FPCi(f)) — irpc(FPCo(f)).

Then F; UF, C F, and F — (F; U Fa) is the set of essential and weakly
noncommon fixed point classes of f. Hence, |Fi| = n(f; X, A), |Fs| =
Niowo(f; X, A), |[F = (FiUF)| = N(f; X — A) and |F[ = N(f; X, A).
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Writing A for the set of all components of A, we construct two bipartite
graphs as follows:

g1 = (“4>f1>51 = {(AJ>F) | F e 2.j,FPC(FPCe(fj))})a
Go = (A, F2,& = {(A;,F) | F € rpc(FPC(f;))}).
DEFINITION 3.1. For any S C A, we define
ﬁ(f,X,S) = ‘F91(8)|7 n(faX7S) = |F92(8)‘

It is obvious that for any S={A1,..., Ax} CA, n(f; X,S) is the number
of common fixed point classes of f which do not assume their indices in A
and contain essential fixed point classes of f; : A; — A; for an A; € S, and
n(f; X,S) is the number of noncommon and essential fixed point classes
of f which contain (inessential) fixed point classes of f; : A; — A; for an
A; € S. Clearly, we have

COROLLARY 3.2. For any S C A,

0 < W(f: X, A)=ilf; X, A=S) < (f: X, 8) < min ((f: X, 4), Y N(fy)),
Aj;eS
0 g NlOlO(f;XMA) - n(faXvA_ S) g n(f7X)S)

< min (Nlolo(ﬁX,A)a Z (R(f;) — N(fj)))7
AjES
in particular, n(f; X,0)=n(f; X,0)=0, n(f; X, A)=n(f; X, A), n(f; X, A)
= Nio1o(f; X, A). =

So, the notation n(f; X,.A) coincides with the original n(f; X, A) in [6]
if we regard A as A. In what follows, we shall treat S C A as a collection
of components of A or the union of the elements in S, depending on con-
text. Thus, Bd(S) and Int(S) are thought of as the sets UA]- cs Bd(4;) and
Ua,es Int(A;) respectively.

From the proof of the lower bound property of the relative Nielsen num-
ber N(f; X, A) in [5], we get

LeEMMA 3.3. If f has a minimal fized point set, then, for any fixzed point
class ¥ of f,

|11~:P1>0(F) Nirpc(FPC.(f))| if F is common,
Fl=1q1 if F is noncommon and essential,
0 otherwise.

For any F € FPC.(f), [F|=1. =

LEMMA 3.4. Let SC A and F € Fy — Ig,(A—S). If f has a minimal
fized point set, then F C S and F NBA(S) # 0.
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Proof. As F € Fi, F is common. Since f has a minimal fixed point set,
by Lemma 3.3, |F| is equal to the number of essential fixed point classes of f
which are contained in F; each of them contains exactly one fixed point of f.
Because F ¢ I'g, (A—S), F does not lie in the image of i; ppc(FPCe(f;)) for
any A; € S, and therefore each essential fixed class of f contained in F is a
fixed point class of f; : A; — A; for some A; € §S. Thus, F C S. Moreover,
F does not assume its index in A, which implies that F N CI(X — A) # 0.
So, we have FNBd(S) #0. m

Notice that |F; — I'g,(A—3S)| =n(f; X, A) —n(f; X, A—S). The second
conclusion of Lemma 3.4 implies

THEOREM 3.5. Let S C A. If f has a minimal fixed point set, then f
has at least n(f; X, A) —n(f; X, A—S8) fized points on Bd(S). =

THEOREM 3.6. Let S C A. If f has a minimal fixed point set, then f has
at most 34 s N(fy) = i(f: X, A) + 7 f; X, A— ) fived points in Int(S).

Proof. Suppose

Fix f NInt(S)| > > N(f;) — n(f; X, A) + n(f; X, A= S).
AjES
By Theorem 3.5, |Fix f N Bd(S)| > n(f; X, A) —n(f; X, A—S), and so we
have |Fix f NS| > ZAjes N(f;). Since f has a minimal fixed point set,
from Lemma 3.3, each essential fixed point class of f contains exactly one
point. Among these > Aes N (f;) fixed points in essential fixed point classes

of f, by Theorem 3.5, there are n(f; X, A) — n(f; X, A — S) points that lie
on Bd(S). Thus, there must be a fixed point x € Int(S) which belongs to
an inessential fixed point class F; of f : A; — A; where x € A; € S.
Let F = i; ppc(F;). We claim that there is a contradiction in each case of
Lemma 3.3 for the fixed point class F of f.

Case (i): F is common. As F; is inessential, z would be different from
those |ippc(F) Nippc(FPCe(f))] fixed points.

Case (ii): F is noncommon and essential. Then F does not assume its
index in A, we have FNCl(X —A) # 0. But « ¢ CI(X—A), hence |F| > 2 # 1.

Case (iii): Trivial. m

The theorem above is not a direct corollary of Theorem 3.5. In fact, a
component A; of A may contain more than N(f;) fixed points on A; even
if f has a minimal fixed point set. An upper bound is given in:

THEOREM 3.7. Let S C A. If f has a minimal fixzed point set, then f
has at most >~ 4 cs N(f;) +n(f; X,S) fized points in S.

Proof. Since f has a minimal fixed point set, each essential fixed point
class of f contains exactly one fixed point. If « is a fixed point in § which
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is different from these ) aes N (f;) points, then x belongs to an inessential
fixed point class F; of f; : A; — A; with A; € S. Let F = i ppc(F;).
From Lemma 3.3, we see that F is noncommon (in case (ii)). Thus, we have
F € F,, and therefore F C I, (S).

Note that |Ig,(S)| = n(f; X,S) and that, from Lemma 3.3, any fixed
point class of f in F5 contains exactly one fixed point if f has a minimal
fixed point set. So the theorem holds. m

We summarize the lower and upper bound theorems as follows:

THEOREM 3.8. Let S = {A1,...,Ar} C A be k components of A. If f
has a minimal fized point set, i.e. |Fix f| = N(f; X, A), then

(1) 0 < [Fix f N Int(S)| < X5y N(f5) = A(f; X, A) + 7(f; X, A= 8),

(2) A(f; X, A) — A(f; X, A~ S) < |Fixf N BA(S)| < X5, N(f) +
n(f; X,S),

(3) Sk N(f;) < [Fix f S| < 8 N(f) +n(f; X, S).

Similar to [8], we have

THEOREM 3.9 (Homotopy invariance). Let f ~ g : (X, A) — (X, A) be
two homotopic maps. Then, for any S C A, we have

n(f; X,8) =n(g; X,S), n(f;X,S)=n(g; X,S).

REMARK 3.10. It is known that the fixed point class sets FPC(f) and
FPC(f) are invariant under homotopy. So is the inclusion relation igpc.
Hence, the bipartite graphs G; and Gy are constant for maps in a given

(relative) homotopy class.

4. Realization of a minimal fixed point set. In this section, we
shall show that under suitable assumptions on (X, A) the conditions in
Theorem 3.8 are also sufficient for the realization of a finite set P with |P| =
N(f; X, A) as the fixed point set for a map in the homotopy class of the given
map f : (X,A) — (X, A). Basic technique here is the same as in the proof of
[5, Theorem 6.2] (cf. [3]).

THEOREM 4.1. Let (X, A) be a pair of compact polyhedra such that

(1) X is connected,

(2) X — A has no local cut point and is not a 2-manifold,
(3) each component of A is a Nielsen space,

(4) A can be by-passed in X.

Let f:(X,A) = (X,A) and P C X be a finite set with |P| = N(f; X, A).
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If, for any components S = {A1,..., A} C A,

k
|PNInt(S)] < Y N(fy) —alf; X, A) +a(f; X, A= S),
j=1

k k
D ON(f) < IPNS| <D N(f) +nlf; X,S),
j=1 j=1

then there is a map g : (X, A) — (X, A) homotopic to f such that Fixg = P.

Proof. Consider the two bigraphs G; and G,. Define two correspon-
dences ¢1,¢2 : A — Z by

o1(A;) = N(f;) — |Int(A;) NPl ¢2(A4;) = [P N A — N(f;).
STEP 1. For any 7 C F;, we have
Y. (A=Y N(fy)—Int(yg, (7)) N Pl
Aje’ygl (T) Aj E’Ygl (T)
> ﬁ(f7X7A) - ﬁ(f7X7A_ F}/gl(T))
= |71 = g, (A= 6,(T))|
> |T].
By Theorem 2.2, there is an JFj-semimatching M; in G; such that
|{F | (A],F) S M1}| < gbl(A]) for all Aj e A
For any S C A, we have
D (A = Y (IPNA = N(f;) < n(f; X,8) = 1g,(S)].
AjGS AjGS
By Theorem 2.3, there is an Fa-semimatching My in Gy with {F | (4;,F) €
M} = ¢2(4;) for all A; € A.
STEP 2. For any component A; of A, notice that
|[PNBA(A;)| = |PNA;| —|PNInt(A4;)]
= (92(4;) + N(f3)) — (N(f5) — ¢1(4;))
= ¢1(Aj) + ¢2(4;)
> [{F | (4;,F) € My} + [{F | (4,,F) € Ma}].
Thus, we can label [{F | (4;,F) € M }| + {F | (4;,F) € My}| points in
PN Bd(A ) with fixed pomt classes of f which are the vertices of the edge
sets My or M.
Altogether, we thus get M|+ | M| labelled points in PN Bd(A). Since

My is an Fi-semimatching in G; saturating Fi, for each F € F; there exists
exactly one point labelled by F. The Fs-semimatching M5 implies that for
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any F € F, there is at most one point which is labelled by F. (Some fixed
point classes in F5 have not been labelled the fixed points in these will be
left in the complement X — A later).

STEP 3. For each component Ay of A, we can homotope fi : Ay — Ay
to a map f,gl) : Ax — Ay which has N(fy) fixed points lying in Ay — P.

Since M; saturates Fi, for each F € F; there is a unique edge (A4;,F)
in M. Let p € PNBd(A;) be the point labelled by F. From the definition
of the bipartite graph G;, F contains an essential fixed point class F; of f;.
We move the single fixed point = in F; to the point p.

Repeat the procedure above for every element in M7. We shall move the
|F1| fixed points to the labelled points of fixed point classes in F;. Moving
the other fixed points to those N(f) — |Fi| points in P N A which are not
labelled, we get a map f® : A — A homotopic to f : A — A with the
properties:

(1) f@|4, : Aj — Aj has N(f;) fixed points for all components A; of A,

(2) PNInt(A) C Fix f? C PN A,

(3) for each edge (A;,F) € M, there is a fixed point p € Bd(4,) NF
with p € F; € FPC.(f®).

STEP 4. Consider an edge (A;,F) € M. From the definition of the
bipartite graph G,, F contains an inessential fixed point class F; of f; :
Aj — Aj for this A;. Write p for the point in A; N P which is labelled by F.
As in the proof of [8, Theorem 3.6], we can create a fixed point at p which
is contained in F;, and therefore in F. Thus we get a map f® .4 A
homotopic to f : A — A such that

(1) Fix f® = PN A,

(2) for each edge (A;,F) € My, there is a fixed point p € Bd(4,)NF
with p € F; € FPCe(f(?’g),

(3) for each edge (A;,F) € My, there is a fixed point p € Bd(4,) NF
with p € F; € FPC;(f®).

STEP 5. Using the homotopy extension property, we can extend f() :
A — Atoamap f® : (X, A) — (X,A) which is relatively homotopic to
f:(X,A) — (X, A). From [5, Theorem 4.1}, we can assume that the number
of fixed points of f®) in X — A is finite, each fixed point of f®* in X — A4
lies in a maximal simplex, and there is a neighborhood N(A) of A in X such
that f(Y(N(A)) C A.

Since A can be by-passed in X and since X — A has no local cut point,
we can unite the fixed points in X — A which are in the same fixed point
class to one point. Deleting the fixed points in X — A of zero indices, we
get a map f®) : (X, A) — (X, A) homotopic to f such that each fixed point
class of f() contains at most one fixed point in X — A.
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The existence of the neighborhood N(A) of A ensures that each fixed
point z of f® in A has the same index as a fixed point of the restriction
fO) of fO) to A, ie. ind(f®,z) = ind(f®), z), and therefore a fixed point
class of f(® contains one point in X — A if and only if it does not assume
its index in A. Thus, we have:

(1) Fix f® = PN A,

(2) for each edge (A4;,F) € My, there is a fixed point p € Bd(A4;) N F
with p € F; € FPC.(f®),

(3) for each edge (A;,F) € My, there is a fixed point p € Bd(A;) N F
with p € F; € FPC;(f®)),

(4) [(X — A) NFix fO] = N(f; X, A) = | F1| + | Fa| + N(f; X — A),

(5) [Fix fO] = N(F) + [Mo| + |F1| + |F2| + N(f; X — A).

STEP 6. For any fixed point class F of f(® which is a vertex of the
matching M; or Ms, by Step 2, there is a point a € F N Bd(A). Hence,
we can map the unique point in F N (X — A) to a. After doing this for all
edges of M; and My, we get a map f(® : (X, A) — (X, A) homotopic to
f®) such that f©|, = f®)], and

[Fixe ] = [Fiox f O] — (M| + | Mal) = [Fix fO] = (| 1] + [ Mal)
= N(f) + 17|+ N(f; X - A)
= N(f) + Niow(f; X, 4) + N(f; X — A) = N(f; X, A).

Notice that |[P N (X — A)| = |P| — |P N A| = |Fix f©] — |AN Fix fO)|.
Moving these fixed points on X — A to PN (X — A), we get the desired map
g: (X,A) - (X,A). =

Combining the theorem above with Theorem 3.8, we get

THEOREM 4.2. Let (X, A) be a pair of compact polyhedra such that:

(1) X is connected,

(2) X — A has no local cut point and is not a 2-manifold,

(3) each component of A is a Nielsen space,

(4) A can be by-passed in X.
Let f:(X,A) — (X,A). A finite set P C X with |P| = N(f;X,A) is a
fized point set of a map in the (relative) homotopy class of f if and only if,
for any components S = {Al, AR C A,

|P N Int(S |<ZNfJ n(f; X, A +n(f; X,A-38),

k k
Y ON(f)<|PnS| < Z (fj)) +n(f; X,S). =
Jj=1 Jj=1
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We know that 35 | N(f;) — f(f; X, A) + A(f; X, 4 — 8) > 0 for all

S C A from Corollary 3.2. So, the condition |P N Int(S)| < 25:1 N(f;) —
n(f; X, A) +n(f; X, A— 8) is automatically satisfied if Int(S) = (. Thus,
we have

THEOREM 4.3. Let (X, A) be a pair of compact polyhedra such that:

(1) X is connected,

(2) X — A has no local cut point and is not a 2-manifold,

(3) each component of A is a Nielsen space with empty interior,

(4) A can be by-passed in X.
Let f:(X,A) — (X,A). A finite set P C X with |P| = N(f;X,A) is a
fized point set of a map in the (relative) homotopy class of f if and only if,
for any components S = {A1,..., A} C A,

k k
SN < IPASI <Y N(f) +n(f: X,S). =

j=1 J=1
Finally, we go back to the example in the first section, where (X, A)
satisfies the assumptions in Theorem 4.2. Note that

FPC(f) = FPC.(f) = {F1,F2},
f:{F]_7F2}7 fl :{Fl,Fg}, fzz(b

So, we have N(f; X, A)=n(f; X,A)=2, Nio1o(f; X, A)=N(f; X — A)=0.
Moreover,

1= (-A7 Fi, 51) = ({A17A2}7 {F17 F2}7 {(A17F1)7 (A27 F2)})7

Ga = (A, F2, &) = ({A1, A2},0,0).
Thus, we find that n(f; X, {A1}) = n(f; X, {42}) =1 and n(f; X, {4, }) =
n(f; X, {Az2}) = 0.

From Theorem 4.2, a finite set D with |D| = N(f; X, A) = 4 can be

realized as a minimal fixed point set of a map homotopic to f if and only if:

IDNInt(A;)] <2-2+1=1, 2<|DN A <2+0,
|IDNInt(Ag)] <2-2+4+1=1, 2<|DN Ayl <240,

DN (Int(A;) UTnt(Ap))| <4—-2+0=2, 2<|DN (A UAy)| <4+0,
ie.

(1) |DNInt(A4;)] <1, |DNInt(4y)] <1, |DNAy|=|DnNAy|=2

It is easy to see that (1) holds for the P’ of Remark 1.5, but it does not hold
for the P of Example 1.4.

5. An application. In this section, we shall make use of the relative
Nielsen numbers defined in Section 3 to give a new lower bound for the
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number of fixed points of a map f: (X, 4) — (X, 4) on CI(X — A), which
is larger than the lower bound N(f; X, A) in [6].
First, we make a convention: write Sy = {4; € A | Int(A;) = 0} for

the set of all components of A with empty interiors. For a relatlve map
f:(X,A) — (X, A), we make

DEFINITION 5.1.

N'(f;X,A4) == N(f; X, A) + Y N(f;) —(f; X, S0).

Aj €So
It is clear that N’ (f; X, A) is a relative homotopy invariant. Moreover,
we have
PROPOSITION 5.2.
N(f; X, A) < N'(f; X, 4) < N(f; X, A).
Proof. We have n(f; X, A) —n(f; X,Sp) < ZAjeA—SO N(f;) by Corol-
lary 3.2. Thus,

N'(f; X, A) = N(f; X, A) + > N(f;) —il(f: X, S)

A;eSo

+ Z (f;) — 7(f; X, So)

A €So
N(f; X = A) + Moo (£ X, A) + > N(f;)
AjGSo
+ > N(f)
Aje.A—So

= N(f; X — A) + Niow(f; X, A) + N(f) = N(f; X, A)

(cf. [9, Theorem 3.9]). The left inequality is a direct consequence of Corol-
lary 3.2. m

From Corollary 3.2, we also have

PROPOSITION 5.3. If Int(4) = 0, i.e. Sy = A, then N'(f; X, A) =
N(f; X, A). If every component of A has a nonempty interior, i.e. Sy = 0,
then N'(f; X,A)=N(f; X,A). m

The next example will show that N’ (f; X, A) is different from both
N(f;X,A) and N(f; X, A) in general.

EXAMPLE 5.4. Let X = {(z,y) € R? | 1 < 22 + 3% < 9} be an annulus
in R?, and let the subspace A consist of two components A; and Ay, where
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Ay = {(0,2)} is a single point and Ay = {(z,y) € R? | 22 + (y +2)? < 1}
is a disc in X. The map f : (X,A) — (X, A) is a reflection defined by
f('rvy) = (—x,y).

We see that f has two fixed point classes, F1 = {(0,y) € X |1 <y <3}
and Fo = {(0,y) € X | =3 < y < —1}. Both have the same index 1,
and hence assume their indices in A. So, N(f;X, A) = n(f; X,A) = 0.
Since Sy = {A1}, we have N’(f;X,A) = N(f;X,A) + ZAJ-GSO N(f;) —
n(f; X,80) =04+1—0 = 1. Since F; contains the unique fixed point class of

fi+ A1 — Ay, Fy is common. So is Fo. Thus, N(f; X, A) = N(f) +N(f) -

N(f,J) =2+2—2=2. So, in this example, N(f; X, A) < N'(f; X, A) <
N(f; X, A).

THEOREM 5.5 (Lower bound theorem). Fach map in the relative homo-
topy class of f : (X,A) — (X, A) has at least N'(f; X, A) fixed points on
Cl(X — A).

Proof. Since N'(f; X, A) is a homotopy invariant, it is sufficient to show
that N'(f; X, A) is a lower bound for the number of fixed points of f on
Cl(X — A).

Notice that N(f; X, A) = N(f; X — A) + Nioio(f; X, A) + 7(f; X, A).
Thus

N'(f; X, A) = N(f; X — A) + Nigio(f; X, A) + 7(f; X, A) — 7 f; X, So)
+ > N(f).

A €S0
Observe that N(f; X — A) + Nigio(f; X, A) + i(f; X, A) — ii(f; X, So) is
just the number of fixed point classes that do not assume their indices in
A and do not contain any essential fixed point classes of f; : A; — A; for
an A; € Sy, i.e. Int(A;) = 0. Thus, each of these fixed point classes has a
fixed point on C1(X —A) which is different from the fixed points contained in
those ZAJ-ESO N(f;) essential fixed point classes of f. Since Sy C C1(X — A),
we get our conclusion. m

Similar to [9, Theorem 4.2], from Theorem 3.8 we have

THEOREM 5.6. If f: (X, A) — (X, A) has N(f; X, A) fized points, then
f has:

(1) at most 3° 4 ca_s, N(f3) —n(f; X, A) +n(f; X, So) fiwed points in
Int(A),

(2) at least - 4 s, N(f5)+n(f; X, A)—=n(f; X,So) and at most N(f)+
Nio1o(f; X, A) fized points in Bd(A),

(3) at least N(f) and at most N(f) + Nio1o(f; X, A) fized points in A,
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(4) at least N(f; X —A) and at most N1g1o(f; X, A)+N(f; X — A) fized
points in X — A,
(5) at least N'(f; X, A) and at most N(f; X, A) fized points in C1(X— A).

Comparing the conditions of the minimum theorem [6, Theorem 5.2] for

N(f; X, A) with the conditions of the minimum theorem [5, Theorem 6.2]
for N(f; X, A), one finds that there is an extra condition: every component
of A has a nonempty interior, i.e. So = (). From Proposition 5.3, this implies
that N'(f; X, A) = N(f; X, A). But the new lower bound N'(f; X, A) can
be realized under the same assumptions as in [5, Theorem 6.2].

THEOREM 5.7. Let (X, A) be a pair of compact polyhedra such that:
(1) X is connected,

2) X — A has no local cut point and is not a 2-manifold,

(2)
(3) every component of A is a Nielsen space,
(4) A can be by-passed in X.

Let f:(X,A) — (X,A). If

A(fs X, A) —a(fi X.S) <k < Y N(f)
A;EA-S,
and 0 < ky < Nyg1o(f; X, A), then we can homotope f to g : (X,A) —
(X, A) with N(f; X, A) fized points in X, of which ZAjeA—SO N(f;) — ki
lie in Int(A), N(f; X —A)+ ks lie in X — A, and therefore 3, s, N(f;)+
k1 4+ Niowo(f; X, A) — ko lie on Bd(A).

Proof. We construct a finite subset P in X with |P| = N(f; X, A) step
by step as follows.

Let 77 C Fi be the set of common fixed point classes of f which do not
assume their indices in A and do not contain any essential fixed point classes
of fj : Aj — Aj for an A; € Sy. Then |Fy| = n(f; X, A) —n(f; X,So). For
each F € F7, there is an essential fixed point class F; of f; : A; — A; with
Int(A;) # 0 such that F; C F. We choose a point p on Bd(A4;). After making
this choice for all fixed point classes in F7, we get a set P, C Bd(A — &)
with |P| =7n(f; X, A) = n(f; X, So).

Since n(f; X, A) — n(f; X,Sy) < k < ZAJ-EA—SO N(f;), we can add
kr —n(f; X, A) +n(f; X,Sp) new points on Bd(A — Sp) to Pp, and then we
get a finite set P, such that P> N Bd(A4;)| < N(f;) for each 4; € A—Sy.

Adding N(f;) — |P> N A;| new points in Int(A4;) for each 4; € A — Sy,
and N(f;) new points in A; for each A; € Sy, we get a finite set P3 such
that
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(1) Py C 4,
(2) |IP3n Aj| = N(f;) for each A € A,
(3) St ens, [Py 1 BA(A)] = by
Thus, for any S C A,
|P3 NInt(S)] = |PsNInt(S — Sp)| = |P3 N (S — Sp)| — |[Ps N BA(S — So)|
< ) N
AjES-So
— {F € F{ | F is labelled by a point in 4; € S — Sp}|
< Y NU) - G XA) (XS )

A;€S5-8o
> N(f;) - Blf; X, A) +7(f; X, S).
Aj;eS

Since 0 < ky < Nyo10(f; X, A) = |F2|, we can pick a subset F35 of Fy with
|F5| = Niowo(f; X, A)—ko. For each F € FJ, there is therefore an inessential
fixed point class F; of f; : A; — A; with F; C F. We choose a new point
p on Bd(A4;) as the labelling point of F. Add these Nigio(f; X, A) — ko
labelling points to P to get a finite set P, in A. For any S C A, we have

|[PaNS| = |PsNS|+ (P — P3)NS|
= ) N(f;) + {F € 75 | F is labelled by a point in A; € S}
AjGS

< Y N(fj)) + {F € 75 | F € ippc(FPC(f;)), 4; € S}
A8

< ) N(fj) + {F € 7o | F € ippc(FPC(f)), A; € S}
AjES

= > N(f) +n(f:X,8).
AjGS

Add N(f; X — A) + ko distinct points in X — A to Py to get a finite set
P with
|P| = [Py] + N(f; X — A) + k2

= [P3] + (N1o10(f; X, A) — k2) + N(f; X — A) + k2

= N(f) + Niowo(f; X, A) + N(f; X — A) = N(f; X, A).

Notice that [P N A;| =[Py N Aj| > |Ps N Aj| = N(f;) for each component
Aj of A, and PNInt(S) = PsNInt(S), PNS = P, NS for any S C A.
Thus, the set P satisfies the conditions of Theorem 4.1, and then we get the
conclusion. m

IN
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Setting k1 = n(f; X, A) —n(f; X,Sp) and ko = 0 in the theorem above,
we have

THEOREM 5.8. Let (X, A) be a pair of compact polyhedra satisfying the
conditions in the theorem above. Then any map f : (X, A) — (X, A) is
homotopic to a map g : (X,A) — (X,A) with N(f;X,A) fized points
in X, of which -, ca_s, N(fj) = n(f; X, A) + n(f; X, So) lie in Int(A),
N(f; X — A) lie in X — A, and therefore ZA]E&) N(f;j)+ Niowo(f; X, A) +

n(f; X, A)—a(f; X, Sp) lie on Bd(A). So there are N'(f; X, A) fized points
in C( X —A). m
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