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Continuous decompositions of Peano plane continua
into pseudo-arcs

by

Janusz R. Prajs (Opole)

Abstract. Locally planar Peano continua admitting continuous decomposition into
pseudo-arcs (into acyclic curves) are characterized as those with no local separating point.
This extends the well-known result of Lewis and Walsh on a continuous decomposition of
the plane into pseudo-arcs.

The extraordinary position of the pseudo-arc among compact, connected
metric spaces can be compared to the position of the Cantor set among
all compacta. First, both these spaces are known to be homogeneous. Sec-
ond, for any nonempty compactum X with no isolated point the family of
all topological Cantor sets is a dense Gs-set in the hyperspace 2% of all
nonempty compacta in X metrized with the Hausdorff metric. Similarly, if
X is: an m-manifold (n > 1), the Hilbert cube, the Sierpiriski curve, the
Menger curve M, or a higher dimensional analogue of M, then the family
of all pseudo-arcs in X is a dense Gs-subset of the hyperspace C(X) of all
connected members of 2X. Evidently, by the Baire theorem, the Cantor set
and the pseudo-arc are the only spaces (up to homeomorphism) having the
respective properties.

Third, if X, Xy, Xo,... are topological Cantor sets in a metric space,
then

(x) if {X,} converges to X in the sense of the Hausdorff distance, then
{X,,} converges to X homeomorphically (i.e. there are homeomor-
phisms h,, : X — X,, with sup, d(h,(z),z) > 0).
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Surprisingly, the pseudo-arc also has this property [13], and this property
characterizes the pseudo-arc among all nondegenerate metric continua [16].
Moreover, for any compactum X whose copies satisfy (%) we have: (1) if
X has infinitely many components, then X is homeomorphic to the Cantor
set; and (2) if X has only finitely many components, then X is the finite
union of mutually disjoint pseudo-arcs and singletons (see again [16]).

Therefore, no wonder that the pseudo-arc, originally constructed by
Knaster [8] as a rather peculiar space, became the subject of highest in-
terest in topology during the last half century (see a survey paper [15]).

Among the most amazing results dealing with the pseudo-arc is the con-
struction of a continuous decomposition of the plane into pseudo-arcs by
Lewis and Walsh [17] (originally announced by Anderson [1]). The pseudo-
arc is the only known continuum such that the plane admits a continuous
decomposition into its topological copies. Though some 2-manifolds admit
continuous decompositions into arcs or circles (e.g. the annulus, the torus),
these decompositions have the (local or global) product structures connected
with the local product structure of the plane. Since the plane contains no
product of the pseudo-arc and a 1-dimensional set, the decompositions of
the plane (and of surfaces) into pseudo-arcs have no product structure, and
they provide essentially new information on the local structure of the plane.

Additionally, note that any continuous decomposition D into pseudo-arcs
(though it need not have the local product structure) is continuous with re-
spect to homeomorphical convergence of pairs (X,,, x,,), where X,, € D and
Tpn € X, (ie. if z =limx, and x € X € D, then there are homeomorphisms
hy : X — X, with h,(z) = z,, and sup, d(h,(x),z) = 0). In fact, we apply
condition (x), the homogeneity of the pseudo-arc and the well-known Effros’
theorem to get this stronger kind of continuity of any continuous decompo-
sition into pseudo-arcs. For other information on spaces with continuous
decompositions into pseudo-arcs the reader is referred to [14].

Twenty years before the publication of [17] Brown constructed [5] a con-
tinuous decomposition of the plane into hereditarily indecomposable con-
tinua with a half-line as quotient space. The present paper starts with the
proof that each 2-manifold without boundary admits a continuous decom-
position into pseudo-arcs. However, neither the results of [17] nor those of [5]
provide tools to construct such a decomposition for 2-manifolds with bound-
ary. In the previous paper [20] the author has shown that the annulus can
be filled up with a continuous circle of mutually disjoint pseudo-arcs. (This
special decomposition cannot be derived from those obtained below because
of its quotient.) Applying this result, in the present paper we construct a
continuous decomposition of any Peano plane continuum with no local sep-
arating point into pseudo-arcs such that the quotient space is again such a
continuum. Moreover, all locally planar Peano continua admitting a contin-
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uous decomposition into nondegenerate, acyclic continua are characterized
as those with no local separating point.

The paper is closely related to some recent results dealing with: con-
tinuous decomposition of the Sierpiniski curve into acyclic curves (Seaquist
[21]), approximating mapping from a compactum to [0, 1] by mappings with
hereditarily indecomposable fibers (Levin [10]), and a result more general
than Levin’s, where [0, 1] is replaced by any n-manifold (Krasinkiewicz [9]).

We end the paper with some applications to open homogeneity of the
constructions obtained. Problems concerning that homogeneity were, actu-
ally, the main inspiration for the results of this paper.

Preliminaries. In this paper spaces are assumed to be metric, 2-mani-
folds are assumed to be compact and connected. A continuum T is said to
be terminal in a space X provided for any continuum K in X intersecting
T we have either T'C K, or K C T'. If a continuum K has a closed basis of
neighborhoods composed of homeomorphic copies of the Sierpinski universal
plane curve, then it is called an S-manifold.

For any compactum X the symbols C'(X) and 2% stand for the hyper-
spaces of all nonempty subcontinua of X and of all nonempty closed sets
in X, respectively, both metrized with the Hausdorff metric, denoted here
by dist. For any compactum X we let C(C(X)) = C?(X) and we denote
by dists the Hausdorff distance in C?(X). Further, for all nonempty sub-
sets A, B of a metric space X, for any x € X and for any € > 0 define

d(A,B) = inf{d(a,b) : a € A, b € B}, d(x,A) = inf{d(z,a) : a € A} and
N.(A)={ye X :d(y,A) <e}.

The sets of all real and complex numbers are denoted by R and C,
respectively. In R? the usual Euclidean metric is considered. A sequence
{A,} of subsets of a metric space is said to be a null sequence provided
lim diam(A4,,) = 0.

A surjective mapping f : X — Y between compacta X, Y is called an
e-mapping if diam(f~1(y)) < e for each y € Y. A continuum is said to be
e-chainable provided it admits an e-mapping onto an arc, and it is called
chainable if it is e-chainable for each € > 0.

We say that a continuum X is e-hereditarily indecomposable if for any
two subcontinua K, L of X with nonempty intersection we have either K C
N:(L),or L C N.(K). One can see that if X is e-hereditarily indecomposable
for each € > 0, then X is hereditarily indecomposable in the usual sense.

A point p is called a local separating point of a continuum X provided p
has a connected, closed neighborhood P such that P — {p} is not connected.
A point p is said to be an accessible point of a continuum K in a space X if
there is a nondegenerate continuum L in X satisfying p € L C (X —K)U{p}.
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Continuous decompositions into pseudo-arcs. We start with a
number of results concerning continuous decompositions of 2-manifolds.

PROPOSITION 1. Let D be any continuous decomposition of the plane R?
into acyclic continua with quotient mapping q : R? — R?/D. Then for each
continuum K in R? such that q(K) is nondegenerate and K # q~*(q(K))
we have int ¢(K) # ().

Proof. By the assumptions there is Dy in D such that some maximal
subcontinuum Ky of K contained in Dg is nonempty and Kg # Dy.

Enlarge Ky a little to obtain a continuum K; # Ky such that Ky C
K; C K and K contains no element of D. Then the set G = ¢~ 1(q(K1)) is
a nondegenerate continuum (for ¢ is monotone). Take any arc ab C R? such
that abNG = {a}. The set A = ¢~ (g(a)) does not separate the plane, thus
there is an arc be such that ac = abUbc is an arc and beNG = {c¢} with C' =
q 1(q(c)) # A. Further, take a continuum K, C K; irreducible with respect
to the property that it intersects A and C, and take some D € D intersecting
Ky with A # D # C. Then the continuum A U Ky U C' U ac separates the
plane and it contains an irreducible separator L with acU Ky C L.

Let = be any point in Ks N D, and y be any point in D — K. For a
sufficiently small neighborhood U of x and any 2’ € U the set ¢~ (g(z"))
intersects the component of R? — L containing y, and does not intersect
ac U A U C. By the irreducibility of the separator L, for some open set
U’ C U the points 2’ € U’ belong to some component of R? — L different
from that containing y. Therefore ¢~ (q(2’)) N Ky # () for all 2’ € U’. Hence
() # int g(K2) C int ¢(K) by the openness of ¢q. m

Now we formulate a version of the well-known Moore theorem for 2-
manifolds (compare [18] and [4]).

THEOREM 2 (Moore). If D is an upper semicontinuous decomposition
of a 2-manifold M without boundary into acyclic planar continua, then the
quotient space M /D is homeomorphic to M.

PROPOSITION 3. Let D be any continuous decomposition of a 2-manifold
M without boundary (resp. of the plane R?) into acyclic planar continua
and let ¢ : M — M (resp. q : R? — R?) be the quotient mapping. Then for
any curve L in M (in R?) and any p € L the continuum q~*(p) is terminal
in g *(L).

Proof. First, assume D is a decomposition of R2. Suppose ¢~ !(p) is
not terminal in ¢~ (L). Then there is a continuum K in ¢~1(L) intersecting
q~'(p) and such that ¢~*(p) — K # 0 # K — ¢ '(p). So K # ¢~ '(q(K)).
Applying Proposition 1 we have int ¢(K) # (), and thus int L # 0, for ¢(K) C
L. Since R? /D is homeomorphic to R? by the Moore theorem, L cannot be
a curve, a contradiction.
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If D is a decomposition of M, we take a neighborhood U of p in M/D
homeomorphic to R? (M /D is homeomorphic to M by the Moore theorem—
Theorem 2). Then we prove that ¢~!(p) is terminal in ¢=*(Lg), where Ly
is the component of L N U containing p. This implies that ¢~!(p) is also
terminal in ¢~ 1(L). =

The following theorem is a generalized version of Lewis’ result from [11].

THEOREM 4 (Lewis). Let X be a curve and D be a continuous decom-
position of X such that each element of D is either a point or a pseudo-arc
terminal in X, and the quotient space is a pseudo-arc. Then X is a pseudo-
arc.

Proof. Let ¢ : X — D be the quotient mapping, and let X be a
continuous curve of pseudo-arcs with quotient space X and quotient map
q1 defined in [12]. Consider the composition g = gy © ¢q1, which is open and
monotone, and observe that the point inverses of ¢ are terminal in X. Let
D € D. If D is a point, then ¢~!(D) is a pseudo-arc. If D is a pseudo-arc,
then ¢~1(D) is a pseudo-arc by [11]. Thus X is a pseudo-arc by [11]. Since
X is a monotone image of the pseudo-arc X , it is itself a pseudo-arc. m

In [17] Lewis and Walsh proved Anderson’s announcement stating that
the plane admits a continuous decomposition into pseudo-arcs. Now we prove
a version of this theorem for any 2-manifold without boundary.

THEOREM 5. Fach 2-manifold without boundary admits a continuous
decomposition into pseudo-arcs.

Proof. Let C1,...,C, be 2-cells in M such that M = intCy U ... U
int C,,. For any 7 € {1,...,n} take a continuous decomposition of int C; into
pseudo-arcs (see [17]) such that the diameters of the elements approximating
bd C; converge to 0. Extend this decomposition to M taking singletons in
M — int C;. Then the quotient space is homeomorphic to M (Theorem 2).
Let q; : M — M be the quotient mapping additionally satisfying ¢;(x) = x
for all z € M — C;. Then the ¢; are monotone and open, and the sets qi_l(p)
are either points or pseudo-arcs. Let ¢ = g, 0...0¢;. Then ¢ is a monotone,
open mapping from M onto M with all point inverses nondegenerate.

We show that all these point inverses are pseudo-arcs. Indeed, for any
p € M the set P = q;'(q; *(p)) is either a curve or a singleton, for the
mappings q1, g2 are open and monotone. Thus the set P has a continuous
decomposition with elements either points or terminal pseudo-arcs (Propo-
sition 3), and with quotient space either a pseudo-arc or a point. Hence P
is either a pseudo-arc (Theorem 4) or a point. Continuing this argument
inductively, we prove all the sets ¢~'(p) to be pseudo-arcs. These sets form
the required decomposition. =
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The following lemma is crucial. To prove it, we employ the most essential
tool in this paper, a continuous decomposition of the annulus into pseudo-
arcs, presented by the author in [20].

LEMMA 6. Let D be an element of a continuous decomposition D of the
plane R? into pseudo-arcs, and let p € D. Then for each € > 0 there is a
d > 0 such that for each 2-cell neighborhood C of p with diam C < § there
exists a continuous decomposition D' of M = R? — int C into pseudo-arcs
such that dist(D, D") < € for each D" € (D' = D)U (D — D).

Proof. Let ¢ : R? — R? be a quotient mapping of D with p’ = ¢(p). Let
o > 0 be so small that dist(¢g~!(r), D) < ¢ for each r € N,(p'). Consider
the following decomposition D; of R?:

Dy ={q7"(y) 1y € LNy ya(p)} U{{z} : q(2) & L Noya(p')}-

It is upper semicontinuous, and, by the Moore theorem, the quotient
space is the plane. Define X = R?—¢~ (N, /2(p')) and let 6 > 0 be such that
Ns(p) C R? — X. Take a quotient mapping ¢; : R? — R? of Dy, additionally
assuming that ¢1(p) = p, q1(z) = z for v € X, and C = ¢ (¢~ (cl Ny 4(p')))
is an arbitrarily chosen 2-cell neighborhood of p in Ns(p) C R?* — X. Thus
M =R?* —int C = R* — q1 (¢~ (Noya(p)))-

In [20], actually, two essentially different decompositions of the annu-
lus into pseudo-arcs were constructed: with a circle and with an annulus as
quotient space. Now we use the second one, modifying it as follows. Choose
one of the boundary circles of the annulus, and shrink to points all those
pseudo-arcs in the decomposition which intersect this circle. We obtain again
a topological annulus (by the Moore theorem) with a continuous decompo-
sition into pseudo-arcs and singletons in one of the boundary simple closed
curves.

Consider such a decomposition D) of the annulus A = {z € R? : ¢/4 <
d(p',z) < o}, additionally assuming that D} has singletons in {z € R? :
d(p,x) = o}, and each element of D} intersects the annulus 4; = {z €
R? : 0/2 < d(p',x) < o}. Extend D} to the decomposition Dy of ¥ =
R? — N, ,4(p’) taking singletons in ¥’ — A. Then

D' ={q(q "(F)): F € Dy}

is the required decomposition of M. Indeed, obviously, it is well defined
and continuous. Further, since ¢ is open, the sets ¢~!(F) are curves for
F € Ds. Their continuous decompositions into elements of D consist of
terminal pseudo-arcs only (Proposition 3), and the quotient space is either
a pseudo-arc or a point. Thus the sets ¢~ (F) are pseudo-arcs (Theorem 4).
Hence so are their nondegenerate, monotone images q; (¢~ 1(F)).

Let D' € D' — D. Observe that then D' = ¢;(¢~!(F)) for some nonde-
generate F' € D). Thus F contains a point r of A;, and D’ contains the
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pseudo-arc ¢~1(r) = qi1(¢7'(r)) € D which satisfies dist(¢~(r), D) < €
by the assumption. Therefore D C N.(D’). On the other hand, D' C
a1(q Y (N, (p"))) € q1(N<(D)) C No(D). (The last inclusion follows from the
inclusion ¢~ (N, 2(p’)) C N.(D) and the definition of ¢;.) Hence dist(D, D)
<e.

If D' € D—TD, then D' = g !(r) for some r € N,(p'), and thus
dist(D, D') < e by the assumption. m

REMARK 6a. Observe that the property described in the above lemma is
topological, and does not depend on the particular metric on R2.

Now we formulate a variant of Lemma 6 for any 2-manifold M (with
or without boundary). Let D be a continuous decomposition of M into
pseudo-arcs with quotient map ¢, and let D be an element of D contain-
ing no boundary point of M. By the Moore theorem there exists an open
neighborhood U of D homeomorphic to the plane such that ¢~1(¢g(U)) = U.
Applying Lemma 6 to U (see Remark 6a) we obtain the next lemma.

LEMMA 7. Let D be an element of a continuous decomposition D of
a 2-manifold M (with or without boundary) into pseudo-arcs such that D
contains no boundary point of M, and let p € D. Then for each € > 0, there
is a 6 > 0 such that for each 2-cell neighborhood C' of p with diamC < §
there exists a continuous decomposition D' of M' = M —int C' into pseudo-
arcs satisfying:

(i) dist(D, D’) < € for each D' € (D' —D)U (D —1D’),
(ii) each element of D containing a boundary point of M belongs to D',
and
(iii) if no element of D contains two different boundary points of M, then
D’ has the same property in M’'.

REMARK 7a. Observe that dista(D,D’) < 2¢ for D, D’ as in the lemma.

Any 2-manifold with boundary may be obtained from a 2-manifold with-
out boundary by deleting finitely many interiors of 2-cells. Thus, by Theo-
rem 5 and Lemma 7, each 2-manifold M with boundary admits a continuous
decomposition into pseudo-arcs. Moreover, this decomposition can be cho-
sen to have only elements containing at most one boundary point. Applying
the Moore theorem one can easily verify that the quotient space is then
homeomorphic to M.

THEOREM 8. Each 2-manifold M (with or without boundary) admits a

continuous decomposition into pseudo-arcs with quotient space homeomor-
phic to M.

There is no internal characterization of all continua embeddable in sur-
faces. Evidently, such continua must be locally planar. The example of a
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solenoid shows that this condition is not sufficient. However, locally planar
Peano continua are known to be embeddable into surfaces [2]. Since this
result of Bajguz has not been published yet, we present the following less
general (but suitable for our purposes) proposition.

PROPOSITION 9. Each locally connected, locally planar continuum X with
no local separating point is embeddable in a 2-manifold. Moreover, the em-
bedding e : X — M can be chosen so that M is a 2-manifold without bound-
ary, and

e(X) :M—UintCn

for some (possibly finite or empty) null sequence {C,} of mutually disjoint
2-cells in M.

Proof. By the assumptions X admits a finite cover {Uy,...,U,} of
open, connected subsets such that each U; is contained in the interior of
a 2-cell D;. Additionally, we can assume that D; U...U D, is a compact
metric space satisfying D; N D; C X for i # j and D;NX = clU;. Let € > 0
be the Lebesgue number of the covering {U,...,U,} of X. Consider the
family F of all simple closed curves in X having diameters less than £/2
which do not separate X. Observe that if Y € F, then Y C U; for some 1,
and if Y C U; for some i, then Y is the boundary of some complementary
domain C(Y,i) of U; in D;. Further, note that the elements of F are mu-
tually disjoint. Indeed, if two different elements Y7, Y5 of F had a common
point p, then they would be contained in some U;, and thus p would be a
local separating point of U;. Consequently, it would be a local separating
point of X, a contradiction.

We prove that all the sets C(Y,7) for Y € F (and thus also the elements
of F) form a null sequence. In fact, otherwise some D; would contain an
infinite sequence of mutually disjoint complementary domains C(Yy, ) with
diameters greater than some fixed § > 0, converging to some Yy C D; N X,
and thus X would not be locally connected at some points of Yy, contrary
to the assumption.

For any Y € F fix one set Cy = C(Y, 7). Observe that different Cy are
mutually disjoint, form a null sequence and X N Cy = () for Y € F. Let
M =X U|{Cy : Y € F}. Given Y € F, by the Schonflies theorem, each
2-cell Y U C(Y,j) can be homeomorphically mapped onto ¥ U Cy with all
points of Y invariant. Thus M’ has a finite covering composed of the sets
homeomorphic to the sets U; UJ{C(Y,i) : Y € F, Y C U;} C D;. So, M" is
a locally connected, 2-dimensional continuum with no local separating point
such that all sufficiently small simple closed curves separate M’. Hence it
is a surface by Young’s result ([24], Th. 4.1). Finally, M’ can be considered
as a subspace of a 2-manifold M without boundary such that M — M’ is a
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finite union of interiors of mutually disjoint 2-cells. We can take these 2-cells
together with the 2-cells Y U Cy for the required sets C,. =m

The next theorem was essentially proved by Whyburn [23] for the 2-
sphere, and generalized for any 2-manifold by Borsuk [4].

THEOREM 10 (Whyburn, Borsuk). Let M be a 2-manifold without bound-
ary, and let {Cy} and {C],} be null sequences of mutually disjoint 2-cells in

M such that
c (Ucn) = (Uc,g) = M.

Then there is a homeomorphism h : M — M such that
h ( U C’n) -a.

The following lemma is a variation of a known property. For example it
was used (for F consisting of a single continuum) to prove that all pseudo-
arcs in R™ (n > 1) form a Gs-set [3]. The proof is natural and easy, so we
omit it.

LEMMA 11. Let F be a compact family of e-chainable (resp. e-hereditarily
indecomposable) continua in a compact space X. Then there exists a § > 0
such that for each continuum K € Ng(F) C C(X), K is e-chainable (resp.
e-hereditarily indecomposable). In other words, the family of all e-chainable
(resp. e-hereditarily indecomposable) continua is open in C(X).

Now we introduce the following concept of an e-continuous decomposi-
tion, which will be used in the main construction of the paper.

DEFINITION 1. Let X be a metric space, and let F be a compact family
(as a subspace of 2%) of compact subsets of X. Then F is called an e-
continuous decomposition provided there exists a § > 0 such that for all

A, B € Fif d(A, B) < 6, then dist(4, B) <.
Note that in the above definition the elements of F may not be mutually
disjoint, and they may not cover X.

OBSERVATION 12. Let X and F be as in the above definition. Then F
is a continuous decomposition of \|JF if and only if F is an e-continuous
decomposition for each € > 0.

LEMMA 13. Let X and F be as above. If F is an e-continuous decom-
position, then there exists a o > 0 such that for each compact family F'
of compact subsets of X satisfying disto(F,F') < o, the family F' is also
an e-continuous decomposition. In other words, the set of all e-continuous
decompositions is open in 22%
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Proof. Let F C 2% be an e-continuous decomposition. Suppose there
are compact families F,, C 2% converging to F such that no F, is an
e-continuous decomposition. Let § > 0 be the number guaranteed by the
definition of the e-continuous decomposition for F. Then for each n there

are K,,, L, € F, such that d(K,,L,) < /2 and dist(K,, L,) > . Since
UFUU{UF. : n = 1,2,...} is compact, we may assume that the sets

~

K, L, converge to some K, L € F, respectively. Thus d(K,L) < §/2 < §,
while dist(K, L) > ¢, contrary to the definition of . m

Now we start the construction of continuous decompositions into pseudo-
arcs of Peano continua in 2-manifolds with no local separating point.

The Main Construction. Let A be the set of all sequences (ag, a1, .. .)
€ {0,1}* with a9 = 0. For sequences in .4 with almost all entries 0 we let
(agy.-+0n,0,0,...) = (ag,...,ay).

Fix any 2-manifold M without boundary. We construct a null sequence
{C,} of mutually disjoint 2-cells in M, a family of decompositions D(a)
of M(a) = M — | H{intC; : a; = 1} (where a = (ag,a1,...) € A) into
pseudo-arcs and positive numbers €, such that:

(1)  3eo < inf{diam D : D € D(ap)},

(2) for each a = (ap,...,a,) € A and each D € D(a), D contains at
most one boundary point of a complementary domain of M(a) in M,

(3)  for each F € C?(M) and for each (ay, ..., a,) € Aif dista(F, D(ao, . . .
coyan)) < 2e,, then F is a (1/(n + 1))-continuous decomposition
composed of (1/(n + 1))-chainable and (1/(n + 1))-hereditarily inde-
composable continua,

) dista(D(ao, - - .,an), D(ag, ..., an,1)) < &, for each (ao,...,a,) € A,

5) diamC, < &,_1,

6) 2e, <éep—1,and

7)) (U{Ci:i=1,2,...}) = M.

Let M(agp) = M and let D(ag) be a fixed continuous decomposition of
M into pseudo-arcs (see Theorem 5). Fix an g9 > 0 so small that (1) and
(3) hold for n = 0 (see Observation 12 and Lemmas 11 and 13).

Assume that for some fixed k there are already constructed: mutually dis-
joint 2-cells C, ... ,C}) in M, positive numbers €q, . . . , €5, and continuous de-
compositions D(a) of M (a) for all @ = (ay, ..., a;) € Asatisfying conditions
(2)—(6) for 0 < n < k. For any a = (ag,-..,ax) € Alet B(a) be the union of
all elements of D(a) containing a boundary element of M (a), i.e. containing
a point from bd C; for some ¢ € {1,...,k} such that a; = 1. Observe that
B(a) is a boundary set in M(a). Let By, = |J{B(a) : a = (ag, . ..,ar) € A},
and My = M(0,1,...,1) =M — (int C; U ... Uint Cx). Then By N My, is a
closed boundary set in Mj.
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Fix a point ppy1 € My — By such that some ball in M contained in
My, — By, with center ppy; has the maximal radius among all balls in M
contained in My — By. For any a = (ag,...,ar) € A we take a 6 > 0
guaranteed by Lemma 7 for M(a), the decomposition D(a), p = pr+1 and
for ¢ = €1/2. Then we take a 2-cell neighborhood Cy41 C My — By, of
Pr+1 with diameter less than € and less than each § chosen above for any
(ag,...,ax) € A. Putting a’ = (ag,...,ax, 1), for any a = (ag,...,ax) € A
we take a decomposition D(a’) of M(a’') = M(a) — int C41 guaranteed by
Lemma 7 for M(a), D(a), p = pr+1 and € = €;/2.

Observe that disto(D(a’),D(a)) < e (see Remark 7a). Next, for any
(ag,...,ar) € Alet D(ag,...ax,0) = Dl(ag,...,ax). Finally, we choose 1
to satisfy (6), and, by Lemmas 11 and 13, to satisfy (3) for n = k + 1.
Thus conditions (3)—(6) are satisfied for n = k+ 1 and (2) is satisfied for all
(ao, - ,ak+1) e A

By induction we have constructed C,, €, for all positive integers n, and
D(a) for all @ € A with almost all entries 0, such that (1)—(6) are fulfilled.
Observe that (7) is satisfied by the choice of the points p;,.

Let a = (ag,a1,...) € A be a fixed sequence with infinitely many en-
tries 1. Observe that the sequence D,, = D(ao, - . -, a,) converges in C?(M)
by (4) and (6). Let D(a) = Lim D,,, and note that | JD(a) = M(a). Fur-
ther, observe that for each n we have dist2(D(a),D,) < 2¢, again by (4)
and (6). Therefore, for each n, the family D(a) is a (1/n)-continuous de-
composition composed of (1/n)-chainable and (1/n)-hereditarily indecom-
posable continua by (3). The elements of D(a) are nondegenerate by (1),
(6) and (4). Hence D(a) is a continuous decomposition (Observation 12) of
M (a) into nondegenerate, chainable, hereditarily indecomposable continua,
i.e. into pseudo-arcs [3].

Take two different points z, y in bd C;, bd Cj, respectively, such that
a; = aj = 1. Then, for all n > max{i,j}, they belong to different and
invariant elements of D,, = D(ag,...,a,). Therefore (2) is satisfied for
D(a) = Lim D,,. The construction is complete. m

In the next proposition we use the following observation.

OBSERVATION 14. Let x and y be any two different points of a continuum
X. Then the continuum Y = X/{z,y}, obtained from X by identifying x
and y to a point, admits an essential mapping onto the circle.

Indeed, let ¢ : X — Y be the quotient mapping. There exists a contin-
uous surjection f : X — [0,1] such that f~1(0) = {z} and f~1(1) = {y}
by the Urysohn lemma. Put g(t) = cos2nt + isin2nt € C for any ¢ € [0, 1],
and for any p € Y define h(p) = g(f(¢ '(p))). Then h is a well-defined
and continuous mapping from Y onto the unit circle in the complex plane.
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Moreover, it is nonhomotopic to the constant map. The details are left to
the reader. m

Now we establish some relationship between monotone, continuous de-
compositions of continua and their local separating points.

PRrROPOSITION 15. Let D be a nontrivial continuous decomposition of a
continuum X into continua, and let p be a local separating point of X.
Then the element D of D containing p is either degenerate, or it admits an
essential mapping onto the circle.

Proof. Let P be a closed, connected neighborhood of p in X such that
P = AUB, where A and B are closed and satisfy A—{p} # () # B—{p} and
ANB = {p}. Define X’ as the quotient space of cl(X —P)UAXx {1}UB x {2}
under the obvious identification of (ANbd P)x {1} with AnNbd P C cl(X —P)
and of (BNbd P) x {1} with BNbd P. Then X’ is a compact metric space
and the natural projection ¢ : X’ — X is continuous and has only one
nontrivial point inverse, which is ¢=1(p) = {(p, 1)} U {(p,2)}.

Denote by D(z) the element of D containing z (for x € X). Assume D(p)
is nondegenerate. Then the component C containing p either of D(p) — A
or of D(p) — B is nondegenerate. Assume C is a component of D(p) — B.
Let {b,} be a sequence of points in B — D(p) converging to p (we have
int D(p) = 0 by the continuity of D). Then for each ¢ > 0 we have C} C
N:(D(by,)) for almost all n. Thus some points of D(b,) N A approximate
p. Therefore the continua ¢~ (D(b,,)) converge to ¢~ 1(D(p)) = ¢~ (D(p) —
{PHu{(p,1),(p,2)}. So, ¢ (D(p)) is a continuum.

From Observation 14 applied to D(p) and ¢~*(D(p)), it follows that D(p)
admits an essential mapping onto the circle. m

The following result summarizes the above investigation. It comprises
a complete characterization of all locally planar Peano continua admitting
a continuous decomposition into pseudo-arcs (into nondegenerate acyclic
continua).

MAIN THEOREM 16. For each locally planar, locally connected continuum
X the following conditions are equivalent:

(a) X admits a continuous decomposition into pseudo-arcs,

(b) X admits a continuous decomposition into nondegenerate, acyclic
continua,

(¢) X has no local separating point,

(d) there exist a 2-manifold M without boundary and a null sequence C,,
(possibly finite or empty) of mutually disjoint 2-cells in M such that X is
homeomorphic to M —J,, int C,,.
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Moreover, the decomposition into pseudo-arcs in (a) can be so cho-
sen that the quotient space again satisfies each of the equivalent conditions

(a)-(d).

Proof. The implication (a)=-(b) is obvious. Proposition 15 implies
(b)=(c), and (c)=-(d) follows by Proposition 9.

Assume (d) is satisfied, i.e. X = M —J,, int C), for some M and C,, as
in (d). We will apply the Main Construction for the surface M to obtain
the desired decomposition. Take a null sequence {F,,} of mutually disjoint
2-cells in M such that {C1,Cs,...} C {F1, Fs,...} and cl(l,, Fr) = M. Let
C! be a null sequence of 2-cells in M obtained by the Main Construction for
M. Then, by Theorem 10, there is a homeomorphism h : M — M such that
nU,, Frn) = U,, C,,, or equivalently, h(M —J,, int F},) = M —J,, int C},. Let
ap = 0, a, = 1if h=1(C!) = C; for some i, and a,, = 0 otherwise. Then,
by the construction, the decomposition D(a) of M(a) into pseudo-arcs is
obtained for a = (ag, a1, ...). Thus X = h=!(M(a)), being a homeomorphic
copy of M(a), admits a continuous decomposition into pseudo-arcs. Hence
we have (d)=-(a).

Moreover, D(a) is so chosen that each of its elements has at most one
boundary point of a complementary domain of M (a). Extending D(a) to
M by taking singletons in M — M (a), we obtain a topological copy of M
as quotient space by the Moore theorem. Therefore the quotient space of
D(a) is topologically M with the interiors of some null sequence of mutually
disjoint 2-cells deleted. Hence it is locally planar and locally connected with
no local separating point. m

Fix a 2-manifold M without boundary. Among locally connected sub-
continua of M obtained by deleting interiors of a null sequence (possibly
finite or empty) {C,,} of mutually disjoint 2-cells in M, there is a topo-
logically unique curve. In fact, it is obtained if cl(|J,, Cn) = M. Its topo-
logical uniqueness follows from Theorems 16 and 10. Denote this curve by
S(M).

By the Whyburn characterization [23] of the Sierpinski universal plane
curve S one can observe that S(M) has a basis of closed neighborhoods
composed of topological copies of S. Therefore S(M) is an S-manifold. One
can easily verify (compare [4]) that for all 2-manifolds M;, M, without
boundary, S(M;) and S(Ms) are homeomorphic if and only if M; and M are
homeomorphic. From Theorem 16 we obtain the following characterization
of S-manifolds.

COROLLARY 17. For any continuum X the following conditions are equiv-
alent:

(a) X is an S-manifold,
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(b) X is a locally connected, locally planar curve with no local separating
point,

(¢) X is a locally connected, locally planar curve admitting a continuous
decomposition into nondegenerate acyclic continua,

(d) X is a locally connected, locally planar curve admitting a continuous
decomposition into pseudo-arcs such that the quotient space is homeomorphic
to X.

In the planar case (i.e. for M homeomorphic to the 2-sphere), we obtain
the following extension of Whyburn’s characterization [23] of the Sierpinski
curve.

COROLLARY 18. For any continuum X the following conditions are equiv-
alent:

(a) X is homeomorphic to the Sierpinski universal plane curve,
(b) X is a locally connected planar curve with no local separating point,
(¢) X is a locally connected planar curve admitting a continuous decom-
position into nondegenerate acyclic continua,
(d) X is a locally connected planar curve admitting a continuous de-
composition into pseudo-arcs such that the quotient space is homeomorphic
to X.

Applications to open homogeneity. Investigating continuous decom-
positions of Peano continua into pseudo-arcs was mainly inspired by ques-
tions concerning open homogeneity.

A space X is said to be openly homogeneous provided for any two points
x,y € X there is an open surjective mapping f : X — X with f(z) =y. If
the mappings f are to be monotone and open, we say that X is homogeneous
with respect to monotone open mappings (abbr. (m.o.)-homogeneous). This
generalization of the usual homogeneity was introduced by J. J. Charatonik.

Spaces X, Y are called openly equivalent if there are open surjections
fi: X —=Yand fo : Y — X.If fi, fo are monotone and open, then
X, Y are called equivalent with respect to monotone open mappings (abbr.
(m.o.)-equivalent).

It is an elementary observation that if X and Y are openly equiva-
lent (resp. (m.o.)-equivalent), then X is openly homogeneous (resp. (m.o.)-
homogeneous) if and only if so is Y.

The classical result of Mazurkiewicz [19] says that the only homoge-
neous, plane, locally connected, nondegenerate continuum is the simple
closed curve. Over a decade ago J. J. Charatonik ([7], Problem 5) asked
whether this result remains true if we replace the usual homogeneity by the
open homogeneity. Some years ago the author realized that the answer is
no:
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EXAMPLE 19. The 2-cell is openly homogeneous.

Proof. It suffices to show that the 2-cell C = {c € C : |¢] < 1} is
openly equivalent to the unit 2-sphere S? in R?, for S? is even homogeneous.
Having the obvious, open projection of S? onto C, we will construct an open
surjection g : C' — S2, and thus the proof will be finished.

Let Cyp = {c € C:|c] =1} and let ¢ : C — X be the quotient map-
ping identifying to a point xg € X all points of Cy. Then X is a topological
2-sphere. Let D a be continuous decomposition of X into pseudo-arcs (Theo-
rem 5) such that z( is an inaccessible point of the element Dy of D containing
xg. Then the quotient space is again a topological 2-sphere by the Moore
theorem. Let ¢/ : X — S? be the quotient map of D. We claim that the
composition g = ¢’ o ¢ is open.

Indeed, since {xg} = ¢q(Cp) is inaccessible in Dy, observe that Cj is a
boundary set in g~1(q’(x¢)). Therefore the decomposition D’ = {g~!(z) :
x € S?} is continuous at g~ (¢’(xo)) by the continuity of D. The continuity
of D’ at the other elements is obvious again by the continuity of D. m

Now we apply the results of the previous chapter to prove that each
curve locally homeomorphic to the Sierpiiski universal plane curve is (m.o.)-
homogeneous. For the Sierpiniski curve itself this was recently shown by
Seaquist [22].

First, we need some auxiliary notions and facts. Recall that a point of the
Sierpinski curve S is said to be rational provided it belongs to the boundary
of a complementary domain of S. Otherwise it is called irrational. The notion
of a rational point of S is known to be a topological invariant. Similarly, we
consider rational and irrational points of any S-manifold defined as follows.
A point p of an S-manifold X is called rational (resp. irrational) provided
p has a neighborhood N in X homeomorphic to the Sierpinski curve such
that p is a rational (irrational) point of N.

Now we formulate some results concerning rational and irrational points
of an S-manifold. For the Sierpinski curve S they are well known (see [6]).
The general arguments for any S-manifold are similar to those for .S, so we
omit the proofs.

PROPOSITION 20. The notion of a rational (resp. an irrational) point of
an S-manifold is a topological invariant.

PROPOSITION 21. Let p be a point of an S-manifold X contained in a
2-manifold M without boundary. Then p is a rational point of X if and only
if p belongs to the boundary of some complementary domain of X in M.

PROPOSITION 22. For any two points p, q of an S-manifold X there
exists a homeomorphism h : X — X with f(p) = q if and only if p and q
are either both rational points of X, or both irrational points of X.
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Now we formulate the announced result.
THEOREM 23. Each S-manifold is (m.o.)-homogeneous.

Proof. In view of Proposition 22 it suffices to show that there are a
rational (resp. an irrational) point p of X, an irrational (resp. a rational)
point g of X and an open monotone mapping f : X — X with f(p) = q.

Let M be a 2-manifold without boundary such that X is embeddable in
M as the complement of the dense union of the interiors of a null sequence
of mutually disjoint 2-cells in M. Take a 2-cell C' in M and a quotient
mapping ¢ : M — M’ with C and singletons as all point inverses. Then M
and M’ are homeomorphic by the Moore theorem (Theorem 2). Assume X
is contained in M’ so that for some continuous decomposition D’ of X into
pseudo-arcs (Corollary 17) and for some element D’ € D’ containing only
irrational points of X, the singleton {p} = ¢(C) is an inaccessible point of
D" in M'. Let Xg =bdCUq (X —{p}). Then Xj is the complement of the
dense union of the interiors of a null sequence of mutually disjoint 2-cells in
M, and thus Xy and X are homeomorphic by Theorem 10.

Let g : M’ — M" be the quotient mapping on M’ defined by the decom-
position D’ on X and by singletons on M’ — X. Then M" is homeomorphic
to M’ (by the Moore theorem), and thus to M. Moreover, X; = g(X) is a
complement of the dense union of the interiors of a null sequence of mutually
disjoint 2-cells in M". Thus X; is homeomorphic to X by Theorem 10.

Let go = goq, ¢1 = q|Xo and D = {g7(D) : D € D'} = {q (=) :
x € X;}. Similarly to the proof of Example 19, applying inaccessibility of
p in D’, one can verify that D is a continuous decomposition of Xy. Thus
¢1 is open and monotone. Take any point a € bd C' (a is rational in Xy by
Proposition 21), and any irrational point b € X contained in an element D
of D such that D contains a rational point of X(. Then ¢ (a) is an irrational
point of X7, and ¢;(b) is a rational point of X;. m

COROLLARY 24 (Seaquist [22]). The Sierpinski universal plane curve is
(m.o.)-homogeneous.

In the following remark we announce two results which extend Ex-
ample 19 and Corollary 24, respectively. Their proofs exceed the scope of
this paper and are deferred to a future publication.

REMARK 25. (a) The family of all planar continua, openly equivalent to
the 2-sphere (and thus openly homogeneous) has infinitely many topologi-
cally different elements. In fact, any planar one-point union of finitely many
2-cells is openly equivalent to the 2-sphere.

(b) There are infinitely many topologically different planar continua
(m.o.)-equivalent to the Sierpiriski curve (thus they are (m.o.)-homo-
geneous).
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We end the paper with the following two questions concerning openly

homogeneous continua. In these questions X is an arbitrary, nondegenerate,
locally connected, plane continuum different from the simple closed curve.

QUESTION 1. If X is openly homogeneous, must X be openly equivalent

either to the 2-cell or to the Sierpinski curve?

QUESTION 2. If X is (m.o.)-homogeneous, must X be (m.o.)-equivalent

to the Sierpinski curve?
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