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Jordan tori and polynomial endomorphisms in C?
by

Manfred Denker and Stefan-M. Heinemann (Gottingen)

Abstract. For a class of quadratic polynomial endomorphisms f : C2? — €2 close to
the standard torus map (z,y) — (m2, y2), we show that the Julia set J(f) is homeomorphic
to the torus. We identify J(f) as the closure R of the set of repelling periodic points and
as the Shilov boundary of the set K(f) of points with bounded forward orbit. Moreover, it
turns out that (J(f), f) is a mixing repeller and supports a measure of maximal entropy
for f which is uniquely determined as the harmonic measure for K(f).

1. Introduction. Ergodic theory for the dynamics of endomorphisms
has been mostly studied for zero- and one-dimensional systems. This is often
motivated by number-theoretical problems, reduction of flows to (Poincaré)
sections or coding problems. Only recently, attempts have been made to de-
velop a theory for one-dimensional complex systems (see e.g. [1]). Whereas
the generalisation of number-theoretical transformations to higher dimen-
sions has been partly successful (see [21]), only a few results on the ergodic-
theoretic aspects of higher-dimensional endomorphisms have been published
(e.g. [17]).

In this paper we study quadratic polynomial mappings f of the form

(ar) ~ <p(w,y)> _ <$2+k(y)>
y q(z,y) y? +lx) )
where k and [ are quadratic polynomials with complex coefficients satisfying,
for some ¢ > 0,
sup  max{Jk(a)], i(@)[} < 1/4 .
lz|<1/244/1/2—¢
These maps are called torus maps (see Definition 3.3). One of the basic

problems in order to clarify the ergodic-theoretic behaviour of a dynamical
system is to prove or disprove the existence of attractors (repellers, resp.).
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Here we show the existence of an expanding repeller homeomorphic to the
torus |z| = |y| = 1, with f topologically conjugate to the standard map on
the torus. We identify the repeller as the closure R of the set of repelling
periodic points and provide other characterisations.

From [15] we recall the notion of weak normality:

DEFINITION. A family {fx : U — C"} of holomorphic functions on a
domain U C C" is called weakly normal at a point z € U if there is an
open neighbourhood V' of z and a family {C,} of at least one-dimensional
(complex) analytic sets indexed by the points = € V, such that each x lies
in the corresponding analytic set C, and, for each z € V, the family {fi}
restricted to C, NV is normal (including convergence to infinity).

Throughout the paper ||-|| denotes the maximum norm on C?, hence the
ball B, of radius r equals the poly-disk P, of radius r.
Our main result is the following.

THEOREM. For a torus map f : C? — C? the following sets are equal:

(A) the Julia set J(f) := {z € C%: {f* : k > 0} is not weakly normal
at z};
(B) the Shilov boundary Osu K (f), where

K(f)={zeC?: sup 1F*(2)]l < oo};

(C) the closure R of the set of repelling periodic points;

(D) the limit of the pull backs f~*(OsuB,) for sufficiently large r > 0;

(E) the support of the harmonic measure px for K(f) which has mazi-
mal entropy (for f).

The strategy to prove this result is by using iteration theory of holo-
morphic maps in dimension > 2. This has been developed for the case
of polynomial automorphisms of C?, so-called complex Hénon maps (see
e.g. [3]). There are also investigations of endomorphisms of complex projec-
tive spaces, hence homogeneous polynomial mappings, for example [5]. One
might investigate the dynamics of skew products in C? (cf. [15]). Here we
use a different approach and consider polynomial endomorphisms of complex
spaces in general (at least as general as possible) and look for characteristics
of their dynamical behaviour. Hence, besides the above mentioned theorem
we study basic, non-trivial dynamical properties of these maps.

In Section 2 we describe the set of polynomial mappings f : C* — C"
for arbitrary n € N which satisfy a growth condition similar to that for
polynomials in C'. These maps are called strict polynomials (see [13]).

It turns out that, for a strict polynomial f : C" — C", the set K(f) is
compact, hence it makes sense to investigate the different definitions for the
Julia set mentioned in the theorem. We first discuss this for the standard
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torus map o9 : (x,y) — (22,y?). In particular, we define the Julia set using
weakly normal convergence. For n = 1, normal convergence and weakly
normal convergence are equivalent. Furthermore, for the special case of n-
vectors of polynomials of one variable (including the standard torus map),
we show that the Julia set in C" is exactly the product of the associated one-
dimensional Julia sets. As a direct consequence we obtain the equivalence
of the different definitions in this case.

In the last and main part of this paper (Section 3) we prove the the-
orem stated above. In the course of proof we also derive some theorems
and corollaries of independent interest. We show that the Julia sets of torus
maps are homeomorphic to the torus. This is established by splitting C?
into subsets Go, Goo, Gig, G1y, and Gigy (see Figure 1 in Section 3). We
show (weak) normality of (f") on Gy and G, then we find an invariant
compact set (0K)* C Gy which turns out to be homeomorphic to the
torus. We then prove that (0K)* is equal to OsuK (f) (it makes sense to
define the Shilov boundary for K instead of for the space A of maximal
ideals of the algebra Hol(K(f)), because K(f) is polynomially convex and
hence K(f) is isomorphic to A (cf. [8])). Weak normality is established in
Gz UG1y U(Gigy \ (OK)*), as, for each z € 0K \ (0K)*, we find a stability
set given by a complex analytic curve C,. Thus (OK)* also equals the Julia
set J(f). The dynamics of f on J(f) gives a mixing repeller conjugate to
09, in particular, J(f) is the support of a measure of maximal entropy for f.

Acknowledgements. We would like to thank the referee for his valuable
comments which improved the paper considerably.
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2. Product maps. In this section we briefly recall some basic facts from
[13], [14] and [15]. We also derive some general results on the dynamics of
strict polynomials and illustrate the method of proof of the main theorem
for product maps. In particular, Theorem 2.6 below gives the main theorem
for the case of product maps in any dimension. The proofs are only given
for the results which are neither direct modifications of their counterparts
in dimension one nor immediate consequences of the growth condition (1)
given below.



142 M. Denker and S.-M. Heinemann

Recall ([13], Ch. 1) that an entire mapping f : C" — C" is called a strict
polynomial of degree p € N if, for some k1, ky > 0, r € R,

(1) EallzllP < [[f(2)l < k2ll=)P for ||z]| > 7.
For future use we define

Ry :=max{r,1/ "~/ki}

and note that ||z|| > Ry implies || f(2)]| > ||z||. As in dimension 1 we deduce
from the growth condition that the composition of strict polynomials is
a strict polynomial. In particular, all iterates f* (for k& € N) of a strict
polynomial f : C" — C" are also strict (of degree p*). It is clear that strict
polynomials are proper mappings, hence are compatible with the Alexandrov
compactification and admit a continuation to C* := C" U {00} by setting
f(00) := co. We note that the attracting basin Fu, := F(f) for “infinity”,
i.e. the set of points whose forward orbits eventually leave any compact set
in C™ (“converge to infinity”), is not empty.

Applying Bézout’s theorem it has been shown in [13] that a strict polyno-
mial f:C" — C" is surjective and has mapping degree p™. It immediately
follows that a strict polynomial has p*" periodic points of order k € N
(counted with multiplicity), hence the set K(f) is not empty. Only [f], the
terms of maximal degree of f, are relevant to the strictness of f. This shows
that the strict polynomials are dense in the parameter space of polynomials
of a given (algebraic) degree. In this context we note that condition (1) can
be weakened to yield an even larger class of endomorphisms, the so-called
(p, q)-regular mappings (cf. [14], Ch. 2). Namely, we require that, for some
peQ,qgeN, ki,kyg >0, r €R,

kallz)l” < [lf (2] < kall2]|* - for [[z]] > 7.

The reader may check that, with the exception of the immediate application
of Bézout’s theorem and the direct calculation of the Green function, the
results of this paper can be generalised to families of (p, ¢)-regular mappings
(e.g. maps close to g4 : (7,y) — (2%,9°), where a,b > 2).

REMARK 2.1. It is clear that we should expect the Julia set J(f) to
be contained in 0K (f). This is simply an application of Cauchy’s integral
formula which has a complete analogue in higher dimensions (][9], p. 13). =

We prepare our investigation of the Julia sets of general torus maps by
a brief discussion of maps of product type. Recall that the Julia set J(f)
of a strict polynomial is defined to be the set of points where {f*} is not
weakly normal (see [13]). We refer to its complement as the Fatou set F'(f)

of f.
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DEFINITION 2.2 (standard torus map). Let us define the standard torus

map oy : C> — C? by
x 22
Y Y

K(O’Q) = E X E
Further, in view of Remark 2.1, we see that
(2) 0K (03) = (S' x SH) U (B x SY) U (S* x B)

= {points where (f*) is not normal convergent}.

It is obvious that

Each of the sets in (2) is completely invariant. The last two are not compact,
but contain the compact invariant sets {0} x S, St x {0}, resp. We see that
f restricted to either of

Stx St {0} xSt S'x {0}

gives rise to a topologically mixing system, but only the subsystem f|g1 g1
has maximal topological entropy 2log(2) (cf. [11]), whereas the others yield
log(2) (each obtained by considering suitably normalised Lebesgue measure).
From the point of view of the ergodic-theoretic behaviour of one-dimensional
complex polynomials the set S' x S! should be contained in the Julia set
of g2. Since one-dimensional Julia sets are equal to the Shilov boundary of
K(f), we would like to investigate the relation of S* x S* and dsg K (02).
To do so we need an additional definition.

DEFINITION 2.3. A set D C C" is called a Weil analytic polyhedron if it
can be defined in terms of finitely many holomorphic functions ¢; : G — C,
i=1,...,N,onadomain G CC" with D C G, by

D:={z€ G:|pi(z)] <1 for all i}.
We call the set
YD) :={z€ G :|pi(z)] =1 for all i}
the skeleton of D.
With this terminology we obtain the following result.

THEOREM 2.4 ([7], Th. 15.4). Let D be a Weil analytic polyhedron defined
above. If for each vector x = (X1,..-,Xn) € (S1)™ and each set of indices
1 <y <...<ip <N the set X(x) :={z € G : ¢i,(2) = x4, for all i;}
consists of isolated points, then

dsuD = S(D). m

Evidently, K (02) = B x B is a Weil analytic polyhedron defined by the
coordinate functions o1 (z,y) := x, pa(z,y) := y. It satisfies the conditions
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of Theorem 2.4 as Y(x1,Xx2) = {(x1,x2)}. We deduce that
OsuK(03) = £(B x B) = ' x S*.

The reader should note that this standard fact can be established directly
by using the fact that K(o2) is a product set. However, the above proof
carries over to the general setting in 3.9.

For the standard torus map oo, we note that the set of points where
the sequence of iterates of os is not normal convergent coincides with (2).
However, for (z*,y*) in ST xB (resp. in Bx S1), there still is some convergent
behaviour. Namely {f*} restricted to {z*} x B (resp. restricted to B x {y*})
is a normal family. Moreover, this also holds for any (z’,%’) in the open
neighbourhood C x BUB x C of these (z*,y*).

This shows that {f*} is weakly normal on C2\ S! x S'. Evidently, J(o2)
must be a closed set according to the definition of weak normality. One
cannot obtain normal convergence on any (at least one-dimensional) analytic
set containing one of the repelling periodic points (exp(27i - r/(2F — 1)),
exp(2mi - s/(28 — 1)), r,s € N, k € N*, of f. But these points are dense in
St x S1. We conclude that J(og) = S x S1.

For the reader’s convenience, we recall some basic properties of the Julia
set from [13]. J(f) is closed and contained in 0K (f), hence compact. Ap-
plying the Open Mapping Theorem ([10], p. 108) and the Proper Mapping
Theorem ([10], p. 213) one can show that J(f) is completely invariant under
f. For n = 1, we remark that weakly normal and normal convergence give
the same result as one-dimensional analytic sets are just open sets in C.

In the final part of this section we investigate the behaviour of products
of one-dimensional maps. For n polynomials f; : C — C in one variable,
where deg(f;) = p; > 2, we define a polynomial vector f : C* — C™ by
setting

fz1y ey zn) = (f1(z1), -y fu(2n)).
Evidently, f is (p, ¢)-regular, where p = min; p; and ¢ = max; p;. Let J(f;)
C C denote the Julia set of each f; : C — C. The following theorem holds.

THEOREM 2.5. For f : C"* — C" as above,

n

J(f) = X J(fa)-

i=1

Proof. In view of the preceding example, it suffices to show that we get
normal convergence on the sets

0Ky = {(21,...,22) € OK(f) : 2 € K(fi)}
(which might be empty for 0K (f;) = K(f;), e.g. for J(f;) a Cantor set),
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which implies
n n
J(f) CoR(H\JoKm = X J(f)-
=1 =1

Furthermore, the repelling periodic points of f are dense in X?_l J(fi). By
the same argument as in the case of oo we obtain

n

J(f)2 X J(fi). =

i=1

We now show the main theorem in the case of product maps. We can
characterise the set J(f) in various ways.

THEOREM 2.6. In the product case we obtain (let r > Ry):

J(f) ={z € C": (f*) is not weakly normal at z}

= OsuK(f)
= {z: z is a repelling periodic point of f}

= khm fﬁk(GSHET)

= supp(measure pf of maximal entropy for f).

=

e N N e T

Proof. First note that by Theorem 2.5 the form (A) is equivalent to
n
(A) J(f) = X J(fi)-
i=1
We show that (A’) is equivalent to (B) by using the following well known
fact from dimension one: A point z* € K(f) lies in dsg K (f) if and only if
for each neighbourhood U > z* there exists a peak function oy € A such
that |oy| has its maximum in U but takes only smaller values on CU (for
the notation, see [15]).
In view of this we have to show that for points z* € J(f) and open sets
U > z* there exist peak functions ¢y : C* — C, and that for z* ¢ J(f)
one cannot find ¢y for arbitrary U > z*. For one-dimensional maps f; we
know J(f;) = OsuK(f;), hence for z; € U; C C we can find appropriate
peak functions ¢y, : K(f;) — C. We may assume that U is given in the
form [[, U; and set ¢y (2) :=[]; v, (2). This shows J(f) C dsuK (f). The
remaining points z* € 0K (f) lie in sets 9K(;). If we consider the mapping
py restricted to

{2} > X K(fi) x - x {2}

we see by the maximum principle that it takes its maximum in

{21} x -} OK(fi) x -~ x {2},
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hence by iterating the argument we see that any ¢y takes its maximal
modulus in

OK(f1) x - x OK(fn) = J(f),
thus dsu K (f) 2 J(f).
For the equivalence of (A”) and (C) observe that z* is a repelling periodic
point of f if and only if each component z; is a repelling periodic point for f;.
In order to prove the equivalence of (A’) and (D) we note (letting m; :
C™ — C be the projection to the ith coordinate)

mi(f 7 (OsuBr)) = [ (7:(OsuBy).
Using [4], Theorem 16.1, we handle (E) in a similar fashion:

() = pl (1) @ @ pl (2). m

3. Torus maps. In dimension one it is well known that the Julia sets
of mappings of the form

(3) ferzm—224c¢

with |¢| small are Jordan curves (see [2], 1.6, 9.9, and [4], Th. 8.1) and exhibit
dynamical behaviour similar to o : z +— 22. It is easy to see that this holds if
le| < 1/4. We want to obtain a similar result concerning strict polynomials
f : C? — C? with respect to o3. We are interested in sharp results, i.e.
we do not just want to establish the existence of some tiny epsilon-ball in
parameter space where f exhibits similar behaviour, but would like to obtain
a “large” set in the sense that one might actually “see” the results using
numerical approximation.

We proceed in several steps. First we show that the dynamics of f induces
a repeller (OK)* C 0K (f) which is homeomorphic to the torus S! x S*. The
Shilov boundary of K(f) is contained in J(f) (this is part of (B)). But
Osu K (f) is also contained in (0K)*. Hence, in the next step we show the
equality of (OK)* and OsuK (f). We then prove that the sequence (f™) is
weakly normal on 0K (f)\ (0K)*. As OsuK (f) is the support of the measure
wx induced by the Green current (which has maximal entropy) we have the
equivalence of (A), (B), (D), (E). Finally, we show that there are no repelling
periodic points outside G5, but that they are dense in J(f), which gives
equivalence to (C).

First let us assure the reader that we are not dealing with empty “phan-
tom sets” J(f).

THEOREM 3.1. For a strict polynomial f : C* — C" the Julia set J(f)
contains the Shilov boundary OsuK (f) of K(f).

Proof. Let z* € OK(f) \ J(f). Hence, there exists an open set V and
complex analytic sets {C,} such that {f*} restricted to V N C, is normal.
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Now we fix an open set U > z* with U € V and assume the existence of
a peak function ¢y for U. By the maximum principle for complex spaces
with boundary (see [10], p. 110) o restricted to U NC, for z € U takes its
maximal modulus in OU N C,, hence z* ¢ Osp K (f) and thus

OsuK (f) CJ(f). m

COROLLARY 3.2. For a strict polynomial f : C" — C" the Julia set J(f)
18 not empty. m

Consider an arbitrary strict polynomial f : C2 — C? of (algebraic)
degree 2. It is given by a complex polynomial vector of the form

T ax? + by +cy’ +de+ey+ f
f: — .

4
4) Y Ay? + Bry + C2?2 + Dy + Ex + F

Strictness of f only depends on [f], namely f : C?> — C? is strict if and only
if [f] induces an endomorphism of P! of the same algebraic degree. In the
special case (4) this means that the one-dimensional rational map

chv az? +bz+c
T, —
A+ Bz+C22

has mapping degree 2 (cf. [22], 1.§4). This is easily checked by calculating
the Sylvester determinant (cf. [20], p. 38)

(5) S(f) == (aA — cC)? — (aB — bC)(Ab — Be).

If S(f) # 0 then f is strict of degree 2.

We can apply linear mappings from GL(2,C) and translations in C? as
conjugation mappings to obtain normal forms of strict polynomials f : C? —
C2. Evidently, in our case, the coefficients of [f] are only affected by conju-
gation with members of GL(2, C). If we interpret this in the projective space
P! these maps correspond exactly to the holomorphic M&bius transforms on
the Riemann sphere. Let us recall that they operate threefold transitive on
P! ([16], p. 65). We will make use of this in order to obtain a suitable normal
form.

If f is strict of degree 2 the Riemann-Hurwitz theorem ([6], p. 128)
gives us the existence of exactly 2 different critical values A; and Ay (and
also 2 critical points ¢y, c2) of f Because of the threefold transitivity of the
Mébius group on P! we can move the critical points of fto 0 and oo (then
the critical values become ¢/A, a/C, resp.) by conjugation with a suitable
Mébius map. Translation back to C2 and [f] tells us that we can always
find a GL(2,C)-mapping such that conjugation of [f] with this map gives
another homogeneous map [ f]* such that the planes C-(0,1) (2 “0”), C-(1,0)
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(2 “c0”) are the only inverse images of their image planes C- (¢, A), C-(a, C)
resp. B N

A1 and Ay are exactly those parameter values (€ C) for which f(z) = A
has a double root. This is equivalent to (if one \; is 0o, we conjugate with
2+ 1/2)
(6) (a — AC)(c — AA) = (b— AB)?.

For our normal form we want to achieve that the critical points are 0
and oo, hence the critical values are ¢/A and a/C. Together with (6) this
implies
(7) Ab—cB =0, aB-Cb=0.

Strictness of f and the form of S(f) (see (5)) show that in this case
0 £ S(f) = (ad — cO)?,

hence (a,C') and (¢, A) are linearly independent and (7) can only be valid if
b = B = 0. This shows that a strict polynomial of degree 2 in C? is conjugate
to a map of the form

T ar® + cy?> +dr +ey+ f
(®) S Y s |
y Ay? +Cx? + Dy+ Ex + F
We want to consider maps similar to the standard torus map o, hence

let us assume that aA # 0 in (8). Further conjugation by translation yields
our final normal form

x 2ty +ey+ f
(9) I =, ) .

Yy y?+Cx?+ Ex+ F

We use the abbreviations
k(y) :=cy* +ey+f, Il(z):=C2*+Ex+F.

k(y) and I(y) correspond to the constant ¢ in (3). Of course it would be
useless to demand that they are bounded for all  and y. This would imply
that k and [ are constants and f a product mapping. We could simply apply
Theorem 2.6. Since we know that CBpr ; C F, it is sufficient to control k
and [ on Bp .

We recall the definition of a torus map (cf. the introduction).

DEFINITION 3.3 (torus map). A quadratic strict polynomial f : C? — C2
given by (9) is called a torus map if, for some € > 0, we have

1k(y)l 5
A <1/4-—e.
@5, . e
REMARK 3.4. Throughout this paper we require that the quantity ¢ is, in
addition, bounded from below by €2 > 37/150 (this is due to the evaluation
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of (32) and (33) where we use the original map rather than iterates of higher
degree in Theorem 3.15). This bound can easily be improved by using more
detailed estimates.

We shall later see that in this case 1/2 + \/1/27—6 plays the role of R;.
We define some useful abbreviations:
ki=1/4—¢, o0:=1/2+e o :=1/2— /¢,
ri=1/2+/1/2 —¢.
Note that
=0 K P=o0-r 1P=r+r

k=900, 1l=o0+¢0.
The Bernstein inequality implies, for x,y € C, that

k(y)| < k(max{L, [y|/r})?,  |l(z)] < w(max{L, |z|/r})*.

From the Cauchy inequality we deduce

(10) LI <k,
(11) el, 1B < k/r,
(12) el 1] < /2.

We distinguish between three regions in C?:
Go = {(z,y) € C*: [z],]y| < o},
Goo = {(2,y) € C* : max{|z|, [y} > r},
Gy = {(,9) € €2 : 0 < max{lz], yl} < r}.
G is mapped to itself as, for |z, |y| < o, one calculates that |22 + k(y)| and

|y? + I(z)| are bounded by ¢. We deduce that the family {f*|g,} of iterates
of f restricted to Gy is normal, hence

Go C F(f).

Similar calculations show that G, is also mapped to itself and that the
family {f*|c_} converges to infinity. We obtain the inclusion

J(f) € OK(f) € G1.
Now we divide the remaining set G; into the following sets:
Gray = {(z,y) € C*: 0 <[z, [y <7},
Gy ={(z,9) € C*: o < [z| <7, |y| < o},
Giy = {(z,y) €C*: [z] <o, 0 < Jyl <7}
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From the above we deduce that f maps points from G1, to G1;, Go, or G.
Points of G, are mapped into G1,, Go, or G. Clearly,

(13) FHGhay) € Gray
and
f71<G1x) g Glx U Gl:vy7 fﬁl(Gly) g Gly U Gl:vy-

lyl
r O

!
i
P12 p 1 rixl
Fig. 1. Sketch (Reinhardt diagram) of the regions Gx

The critical points of f (where f does not have full rank) are given by
the zeros of the Jacobi determinant. Namely, a critical point (x,y) satisfies
the equations
(14) (2(1 = cC)y — Ce)x = cEy,

(15) (2(1 — cC)x — cE)y = Cex.
This immediately yields the following lemma.

LEMMA 3.5. The critical points and their forward images are bounded
away from Gigy.

Proof. Elementary calculations. m

COROLLARY 3.6. In G4y all inverse branches fr*|c,,, : Giay — Giay
of f¥ are well-defined. m

An analogue to (13) still holds if we replace G5, by an open neigh-
bourhood é’lmy which is the product of two ring domains whose inner (resp.
outer) radius is slightly smaller than ¢ (resp. slightly greater than r). Intro-
ducing the hyperbolic metric on CNr’lxy (cf. [18]) we see that (in this metric)
D f~! must be strictly contracting on the compact set G1,,. We deduce that
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there exists © > 0 such that on G4y, for some A < 1,
(16) IDfF| < OAF,

since, on G4y, the Euclidean metric is equivalent to the hyperbolic metric.
This means that D f~* is contracting with factor © ¥, and D f* is expanding
by at least 1/(OAF) on G1uy.

From f~(Bg,) C Bg, we derive that

K(f) = klggo fﬁk(ERf)'
Moreover, we directly see that
(0K)" = lim f~%(G1ay)

is a completely invariant set and a repeller under iteration of f. Furthermore,
it is easy to see that, for any point z* € G, we have

klim f7k(z*) = (OK)*.
This implies that
(OK)* = kli»H;o fﬁk(angRf).

We want to investigate the topological structure of (0K)* and the dy-
namics of f on (0K)*. We define a family of maps parametrised by ¢ € [0, 1]
by setting

fie(z) := (1 = t)oa(z) + tf(2).
From the above considerations it follows that for each of these maps we
can find a repeller (9K); which is contained in G1,,. Expanding repellers
are structurally stable and the conjugacies near the identity depend contin-
uously on the parameter. It follows that there exist homeomorphisms m,

continuously depending on ¢, such that the following diagram is commuta-
tive:

St x §1—2> 51 x gt
(17) mi lm
(9K); —— (9K);
We have shown the following theorem:

THEOREM 3.7. There exists an isotopy from the identity map on S' x St
tom : ST xSt — (OK)* in Giyy. Moreover, ((0K)*, f) is a mizing repeller.

Proof. The isotopy can be established via the maps m;. The mixing
property then follows from the mixing property of (S! x S! 05). m

We now compare (0K)* with the Shilov boundary of K.
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LEMMA 3.8. Let K;, i € N, be a sequence of nonempty compact polyno-
mially convex sets in C™ such that K;11 C K;. Let

Ko = lim K; = ﬂlK
Then
OsnKo C lim OspK;.

Proof. Let z* € OsyK~. Hence for n > 0 and 1/2 > § > 0 there exists
a function 9, .~ € A such that

sup [y« (2)| = sup 0,2+ (2)] = 1,
z€EK oo ZGBn/Q(Z*)ﬂKOQ
sup |0y, 2+ (2)] < /4.
zeCBn/2(z*)ﬂKoo

We choose a holomorphic map 1997&* € Ay defined on some closed neigh-

bourhood B, (K, ) for which
sup |0y .+ (2) — 19977z*(z)| < /4.

z€K oo
¥y - is still a peak function for B, 5(2*), since
sup |1997Z*(z)\ >1-46/4,
2€B,/2(2*)NK o '
sup 9y .+ (2)] < 8/4+ /4.
2€0B,)/2(2*)NKoo

By equicontinuity of 192’2* on B,(K) we deduce that there exists 7 > 0
such that, for z € B, (K ), we have

(18) sup |1997 L (2)] < 30/4,
2€B: (Koo)\By ()
(19) ., ?u%mK ]19972(2)\ >1-4/2.
z€By(z* oo

Since Ko, = lim;_,, K; we can find an index ¢* such that, for i > *, K;
is contained in B, (K ). Then the function 19?772* restricted to K; (where
i > 1*) must take its maximal modulus in JsgK;. From (18) and (19) we
deduce that dsgK; N B, (z*) # (), hence

8SHKOO g hm 8SHK1 ]
COROLLARY 3.9. The Shilov boundary of K(f), which is contained in

J(f) by Theorem 3.1, is contained in the limit of the inverse images of the
Shilov boundary of Bg,:

(20) OsuK(f) C (OK)* = khjgo f_k(asHBRf)’
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Proof (cf. Theorem 2.4). The sets f~*(Bpg,) are Weil analytic polyhe-
dra defined by

1 1
Spk,l(xvy) = Ffﬂl o fk('ray)? (Pk,Q(xvy) = R7f7T2 o fk(x7y)a

hence
Osuf "(Br,) = f "(0suBkr,).
Now set K; := f~%(Bg,) in Lemma 3.8.
We shall prove that in (20) we actually get equality of dsgK (f) and
(OK)*.

LEMMA 3.10. For two disjoint compact disks D, E C B there exists a
holomorphic function ¢ : B — B such that for given 1/2 > o > 0,

. —

(21) Zlgglw(Z)!_l 0,

(22) sup [p(2)] < o.
zeD

Proof. Without loss of generality we can assume that

D=B,(s), E=DBt)

with s,t € [0,1], s < t, and 0,7 > 0, such that D,E C B and DN E = {.
For some 7,49 > 0,

ECB,(1), DnNB,y(l)=0.
We realize ¢ as a mapping of the following form: For §, x > 0 we define

(5
Vs k2 — .

In order to obtain (21) and (22) it is sufficient to choose § and x such that

(23) <1+Z> > o
and
<1+M) <o.
)

We deduce that

n+v 7
24 L << ——t
24) Ve-1-S a1

hence we have to choose k (depending on 7,7, o) such that
n+J < Ve- 1
A
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Asfor 0 < p < 1/2,
/0 —1
m — V2L
kN0 7\"/1—@—1

we can find such a xk and can also choose a § which satisfies (24). m

COROLLARY 3.11. For a finite set of pairwise disjoint compact nonempty
bi-disks B; = D; X E;, i =0,...,r, in B x B and any constant 0 < o < 1/2
there exists a holomorphic function p : B x B — B such that

inf [p(2)] > 1 -0, sup |p(2)] <o
ZEBO .

z€DB;
i=1,...,r
Proof. Define ¢(z) as the product of functions ;(z,y), where 1;(z,y)
:= @;(z) if Do N D; =0, otherwise ¥;(z,y) := pi(y). m

REMARK 3.12. The generalisation to the case of higher-dimensional poly-
disks in B™, n > 2, is evident. Furthermore, it is obvious that one can replace
BxB by Bgr,. m

THEOREM 3.13. For z* € dsuK, the whole backward orbit {f*(2*)}
of z* is contained in OspK (where we index the 4% different kth inverse
branches by integers i).

Proof. Fix one inverse branch f;* of f¥. For U 3 f;*(2*) we find an
open set V 3 z* such that fy "(V) C U and, for all inverse branches, the
images f; "(V) are contained in disjoint bi-disks D; x E; C Bp ;- For V we
have a peak function @y . For the D; x E; C Bgr, we can construct ¢ as in
Corollary 3.11. Then

B2 () - pv o f1(2)
is a peak function for U. m
As OsuK(f) # 0 there exists at least one point 2* € JdsgK(f) =

OsuK (f) N (OK)*. Since its backward images are dense in (0K)*, we have
shown

THEOREM 3.14. The Shilov boundary of K(f) equals the set of limit
points Of (f_k(asHBRf»keNl

OsuK(f) = (0K)". m

In order to determine J(f) completely it remains to show that 0K (f) \
(OK)* C F(f). Note that, for 2 € G4y, either z € (OK)* or f¥(z) eventually
leaves G'1, (and stays outside according to (13)). We know that Gy UG« C
F(f). Thus we are left with z € G1, UGy, or z € G14y, which are eventually
mapped to G, U Gy and whose forward orbits stay in this set.
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In our treatment of this case z* € G1,, G14, resp., we apply [12], pp. 271
ff., in the special case of a torus map. In order to do so we need some
additional notation.

For some 1 > 0 let

e=(w,z,y) € B,(0,0,0) C C3.

(We will use B,,(0,0) for balls in C?, B, (0) in C!, etc.) Assume that we are
given a sequence of holomorphic maps

T, : B,(0,0,0) — C3,
with
Un(w)
To(e)=e, Ty(e):=| Apxz+ Fule) |,
Bhy + Gy(e)
where the complex constants A,,, B, satisfy the relations

|An| <o, |B;Y<1/8,

with @ < 1 and 8 > 1, hence in particular B,, # 0 for all n > 1. Furthermore,
let

U,(0)=0, F,(0,0,0)=0, G,(0,0,0)=0,
and assume that, for all w,,w, € B;(0),
(25) [Un(wa) — Un(wp)| < [wa — wsl;
finally, for some 0 < § < 1/10 with
0<a<1—-20<1+5)<p,
and for all e, e, € B,(0,0,0), the relations
(26) |F(ea) — Fr(ep)] } < e —
|Gn(ea) — Grlen)l
shall hold. We obtain a second sequence of maps by setting
S,:=T,0...0TY.
We define its stability set D with respect to B,(0,0,0) as

(27) D= ﬁ D,,
n=1

where D,, denotes the set where .5,, is actually defined.
Then the following theorem holds.

THEOREM 3.15 ([12]). Under the above assumptions there exists a holo-
morphic map

Yo : By(0,0) — B,(0)
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such that
(28) D= {(w,z,y) : y = yo(w,z) on By(0,0)}.
If we set
eo := (wo, To, Yo(wo, To))
for (wo,x0) € B;(0,0), and
ey := Sk(eo) = (wi (2o, wo), Tk (o, wo), yr(wo, T0)),
then for k >0,
ex = (0,0,0)
holds if and only if wy = xo = 0. Furthermore, for another pair (w°,x°) €
B,(0,0) we get
(29)  lyk(w®,2®) — yp(wo, x0)]
< (1= 20)(8|w® — wo| + |zp(w®, 2°) — 21 (w0, 20)]),
and
(30) |2 (0, 2°) — 2 (w0, 0)| < S|lw® — wo| + (o + 262)%|2° — 2]
Moreover, y = yo(w, x) is “invariant” on B,(0,0), i.e.
(31) Yk (wo, T0) = yo(wk(wo,To), Tx(wo, To)). ™

Evidently, D is a possible choice for C if we want to show weak normality
of the family {S,} at (0,0,0).

We shall show that the iterates of a torus map around a point in G, or
G4y can be embedded in a family of mappings S,, in C? such that the above
conditions are satisfied.

We define

then
Gl, ={(r,y) o< |yl <7, |z < 0"} C Gy,

and analogously G7, C Gi,. Since ¢’ < p* < o, z € Gy, is eventually
mapped into G, and stays there or enters Go U G, and analogously for y
replaced by =x.

Assume that for a z* = (z,yg) and all n € N,

(@7, 4n) = " (20, 45) € G1y-
Define a sequence of polynomial maps T;, on B,(0,0,0) according to 3.15:

TO(waJ:)y) = (07333798) + (w,az,y),
Tn+1(wﬂﬂ7y) = (waf((x:ay;;) + (.’ﬁ,y)) - (x:,—s-lay:;—i-l))'
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For n > 1, these maps have the form

w
To(z,y) = | Anz + Fu(z,y)
Bny + Gn(:l,’, y)

where A,, = 2z}, B, = 2y, and
Fu(z,y) = (e + 2cy, )y +2* + c?,
Gn(z,y) = (E +20z})x 4+ 3° 4+ Ca?.

We can choose « := 2p* and 3 := 2p. For e, = (Wq, Ta,Ya), €6 = (Wo, Tb, Yp)
€ B,(0,0,0) we obtain the estimates

(32)  [Fulea) — Fulen)| < (r/r +26/r + 20+ 260/17)|leq — €],
and
(33)  |Gn(ea) — Gnlen)| < (1/r + 260" /r* + 20 + 26n/7%)|lea — €]|.

If we choose e large enough, say € > €5, and 1 small, we see that, for all
€q,ep in B, (0,0,0) and n € N*,

[F(ea) — F(ep)] )
[Gn(ea) = Gles)| } <O llea — e

where we can choose § such that 0 < § < min{1/10, 21//5}. Then, for all

n € N¥|

(34) |A,| < 1— 26,

(35) |B,,| > 1+ 56.

Hence, we can apply Theorem 3.15. We have constructed 7;, such that
Sn(w, z,y) = (w, f*(z" + 2) = ["(27)),

hence the stability set D (dependent on z*) yields C,+, hence z* € F(f). We
have shown that (0K)* = J(f). The following proposition holds.

PROPOSITION 3.16. For a torus map, (A), (B), and (D) are equivalent
definitions for the Julia set. m

We are left with (C) and (E). We shall start with (E).
The argument given in [15] for the construction of the Green function
Gk applies. We see that

Gk (f(2) = 2GK(2).
If we define the measure u as (dd“G)?, then we get
ko f =2%uK.

It is obvious that pg is f-invariant and has entropy 2log(2). By Gromov’s
result [11] this is equal to the topological entropy of f. We conclude that
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i has maximal entropy. Since we already know that the Shilov boundary
and the Julia set are equal, we have shown that J(f) is the support of a
measure of maximal entropy for f.

REMARK 3.17. We note that the map 7 from (17) can be used to trans-
port the (normalised) Lebesgue measure on S' x S! to J(f) and thereby
obtain an invariant measure (by virtue of (17)) which has maximal entropy.
It equals px by uniqueness of the measure of maximal entropy for mixing
repellers.

Use of (17) and the fact that repelling periodic points of oy are dense in
S1 x St shows that the repelling periodic points of f are dense in J(f). We
derive that

J(f) € {z: zis a repelling periodic point of f}.

Clearly any periodic point in Gy must be attracting and G, contains oo
as the only attracting periodic point. The equivalence of (C) to the other
definitions of J(f) follows if we can show that there are no repelling periodic
points in G, and G1,. But in the case of a fixed point z* of f* in one of
these sets we can lift the map f* : D — D restricted to the stability set
D of z* to a self-map of the unit disk: f : B — B with fixed point 0. The
derivative of f at 0 has modulus at most 1 according to the lemma of Pick
([19], p. 194). This contradicts [|(D(f*))~!|| < 1 for z*. We have shown the
equivalence of (C) to the other definitions of J(f) for a torus map.
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