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On Pettis integral and Radon measures

by

Grzegorz P l e b a n e k (Wrocław)

Abstract. Assuming the continuum hypothesis, we construct a universally weakly
measurable function from [0,1] into a dual of some weakly compactly generated Banach
space, which is not Pettis integrable. This (partially) solves a problem posed by Riddle,
Saab and Uhl [13]. We prove two results related to Pettis integration in dual Banach
spaces. We also contribute to the problem whether it is consistent that every bounded
function which is weakly measurable with respect to some Radon measure is Pettis inte-
grable.

1. Introduction. Let us start by recalling the following interesting result
on Pettis integration.

Theorem 1.1 (Riddle, Saab & Uhl [13]). Let (T,Σ, µ) be a finite Radon
measure space, E a Banach space, and ϕ : T → E∗ a bounded universally
weakly measurable function.

(a) If E is separable then ϕ is Pettis integrable.
(b) If E is a weakly compactly generated then ϕ is Pettis integrable pro-

vided ϕ takes values in some weak∗ separable subspace of E∗.

The above theorem has been proved in ZFC; under some additional ax-
ioms one can get more general results (see for instance [15], 6-1-3). The au-
thors of [13] asked if part (a) holds for weakly compactly generated (WCG)
Banach spaces E, that is, if in (b) the assumption on the range of ϕ is
superfluous. Assuming the absence of measurable cardinals, Andrews [1]
showed that part (b) of the theorem holds for every ϕ which is weak∗ Borel
measurable (see also [12] and [14]).

In this note we show that under the continuum hypothesis (CH) there is
a bounded function ϕ from the unit interval into the dual E∗ of some WCG
space E such that 〈x∗, ϕ〉 is a Borel function for every x∗ ∈ E∗ but ϕ is not
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Pettis integrable. Thus, at least assuming CH, the problem of Riddle, Saab
and Uhl is answered negatively.

Next, using Fremlin’s results on additive coverings from [4], we prove
that a weak∗ Borel function ϕ : T → E∗, where E is WCG and (T,Σ, µ)
is Radon, has an almost weak∗ separable range. It follows that Andrew’s
theorem mentioned above requires no extra set-theoretic assumptions. We
also note that putting together resuts from Fremlin [4] and Edgar [2] one
can show in ZFC that for every compact space K, the Banach space M(K)
(of signed Radon measures on K) is Radon measure-compact (this covers
another result from [1]).

The last section is mainly devoted to Pettis integrability of bounded uni-
versally weakly measurable functions defined on the Cantor cube 2κ where
κ < ωω. We show that such functions are Pettis integrable with respect to
the usual product measure provided the measure λc on 2c has the Pettis
integral property.

We now fix some terminology used in the sequel. Every ordinal number
α is identified with {β : β < α}. As usual, ω is the first infinite cardinal and
ω1 is the first uncountable cardinal. Given a set X and a cardinal κ, [X]κ

stands for the family of all subsets of X of cardinality κ.
We discuss only finite measures. A triple (T,Σ, µ) is called a Radon mea-

sure space if T is a Hausdorff topological space, the measure µ is complete
on the σ-algebra Σ (containing all Borel sets) and inner regular with respect
to compact sets.

Given any measure space (T,Σ, µ) and a Banach space E, consider a
function ϕ : T → E. Then ϕ is called weakly measurable if for every x∗ ∈ E∗
the function 〈x∗, ϕ〉 is measurable. In case T is a topological space, such a
function ϕ is universally weakly measurable if it is weakly measurable with
respect to every Radon measure on T . Further, ϕ is Pettis integrable (with
respect to µ) if for every A ∈ Σ there is xA ∈ E such that

〈x∗, xA〉 =
\
A

〈x∗, ϕ(t)〉 dµ(t)

for every x∗ ∈ E∗. Talagrand [15] and Musia l [9] survey Pettis integration
and related topics.

A Banach space E is said to have the Pettis Integral Property (PIP) if
every bounded E-valued function defined on some measure space is Pettis
integrable. The property Radon-PIP is defined accordingly, as the restriction
of PIP to the class of finite Radon measure spaces.

A space E is called Radon measure-compact if every E-valued weakly
measurable function defined on some Radon measure space (T,Σ, µ) is
weakly equivalent to some strongly measurable function ψ (i.e. 〈x∗, ϕ〉 =
〈x∗, ψ〉 almost everywhere for every x∗ ∈ E∗). It is not difficult to check
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that Radon measure-compactness implies Radon-PIP (see [2], also for the
explanation of the terminology).

Finally, recall that a Banach space E is said to be weakly compactly
generated (WCG) if there is a weakly compact set K ⊆ E such that E is
the closed linear span of K. Basic facts and further references for WCG may
be found in [10]. Given a finite measure λ, the space L1(λ) is WCG, since
the unit ball of L∞(λ), seen as a subset of L1(λ), is weakly compact.

2. An example. Let 2ω1 be the Cantor cube {0, 1}ω1 . Throughout this
section we denote by λ the usual product measure on 2ω1 , and consider
the Banach space L∞(λ) which is the dual of the nonseparable WCG space
L1(λ). We shall use some well-known properties of λ (the reader is invited
to consult the beginning of Section 4 if necessary).

Let A be the measure algebra of λ; see [5] for terminology and notation
concerning measure algebras. In particular, if B ⊆ 2ω1 is a measurable set
then B

. denotes the corresponding element of A.
The following idea is crucial: Say that an ultrafilter F ⊆ A has Kunen’s

property if for every double sequence (ank)n,k∈ω ⊆ A having for every n the
properties:

(i) −an0 ∈ F ,
(ii) an0 ≥ an1 ≥ an2 ≥ . . . ,

(iii) limk→∞ λ(ank) = 0,

there is d ∈ F such that for every n there is k with d · ank = 0.
The following result is due to Kunen [7] (actually, it was proved assuming

Martin’s axiom).

Theorem 2.1 (Kunen). Under CH , in every nonatomic measure algebra
of cardinality continuum there exists an ultrafilter with Kunen’s property.

Theorem 2.2. Assume the continuum hypothesis. There is a bounded
function ϕ from [0, 1] into L∞(λ) which is not Pettis integrable and such
that 〈x∗, ϕ〉 is a Borel function for every x∗ ∈ L∞(λ)∗.

P r o o f. Denoting, as above, the measure algebra of λ by A, we have
|A| = c so we may find and fix an ultrafilter F ⊆ A with Kunen’s property.
Enumerate [0, 1] as (tα)α<ω1 . Further, let (sα)α<ω1 be an enumeration of
all decreasing sequences s = (s(k))k∈ω ∈ Aω with the properties −s(0) ∈ F
and limk→∞ λ(s(k)) = 0.

(1) Since F has Kunen’s property, for every α < ω1 there is bα ∈ F with
the property that for every β < α there is k ∈ ω such that bα · sβ(k) = 0.
Find a set Bα ⊆ 2ω1 , depending on a countable set Iα ⊆ ω1, such that
bα = B

.
α.
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(2) Given ξ < ω1 and i ∈ {0, 1}, put Ciξ = {x ∈ 2ω1 : x(ξ) = i}. Choose
any ξ(α) ∈ ω1 \ (Iα ∪ α) and let Vα ∈ {C0

ξ(α), C
1
ξ(α)} be chosen so that

V
.
α ∈ F .

Now we define a function ϕ : [0, 1]→ L∞(λ) by the formula

ϕ(tα) = χBα∩Vα − χBα\Vα ,
where χB denotes the characteristic function of a set B. We shall check that
ϕ has the required properties.

(3) We claim that if g ∈ L1(λ) then 〈g, ϕ(t)〉 = 0 for all but countably
many t ∈ [0, 1].

Indeed, let g be (represented by) a function depending on coordinates in
a countable set I ⊆ ω1. There is β < ω1 with I ⊆ β; for α > β we have

〈g, ϕ(t)〉 =
\
g(χBα∩Vα − χBα\Vα) dλ =

\
gχBα(χVα − χV c

α
) dλ = 0,

since the functions gχBα and χVα are independent by (2).
Recall that every functional from L∞(λ)∗ is represented by a finitely

additive measure m on A. We now consider those nonnegative measures m
which are singular with respect to λ, that is, for every ε > 0 there is a ∈ A
such that λ(a) < ε and m(−a) < ε.

(4) If mF is a 0-1 measure associated with F then mF (B.
α ∩ V .

α) = 1
and mF (B.

α − V .
α) = 0 for every α. Consequently, 〈mF , ϕ(t)〉 = 1 for every

t ∈ [0, 1].
(5) Suppose that m is a finitely additive probability measure on A which

is singular with respect to λ, and such that inf{m(d) : d ∈ F} = 0. We
claim that 〈m,ϕ(t)〉 = 0 for all but countably many t ∈ [0, 1].

Indeed, for every n ≥ 1, choose dn ∈ F such that m(dn) < 1/n. Put
an0 = −dn and, employing singularity of m, find a sequence (ank)k, where
an0 ≥ an1 ≥ . . . , m(akn) > 1−2/n while λ(ank) < 1/k. Now there is β < ω1

such that every sequence (ank)k appears in {sη : η < β}. It follows that for
every α ≥ β and every n there is k with bα · ank = 0. Hence m(bα) < 2/n
for every n, so we have m(bα) = 0. Therefore 〈m,ϕ(tα)〉 = 0 for all α ≥ β,
since ϕ(tα) vanishes outside Bα.

It follows from (3)–(5) that 〈x∗, ϕ(t)〉 is a Borel function for every x∗ ∈
L∞(λ)∗ (since we can write x∗ = g+m, where g ∈ L1(λ), m being singular).
Moreover, ϕ is weak∗ equivalent to zero by (3), and ϕ is not weakly zero by
(4). Thus ϕ is not Pettis integrable and the proof is complete.

It is not difficult to check that L∞(λ) has Lebesgue-PIP under ¬CH and
Martin’s axiom. Thus, contrary to a hope expressed in [13], set theory does
play an important role in recognizing Pettis integrable functions valued in
duals of WCG spaces.

The idea of using ultrafilters with Kunen’s property comes from [3],
where it is proved, imposing no extra axioms, that L∞(λ) is not realcompact



Pettis integral and Radon measures 187

in its weak topology, which is equivalent to saying that the space does not
have PIP with respect to 0-1 measures. As the existence of ultrafilters with
Kunen’s property cannot be proved in ZFC, in fact a filter with an analogous
property containing “enough” elements was used in [3]. Such a filter might
as well be used in the above proof and therefore CH is not essential at this
point. CH is really needed for a suitable enumeration of sequences in the
measure algebra, which enables us to worry only about countably many
sequences at each step. Let us note, however, that relaxing CH to the axiom

there is a family J of cardinality ω1 of Lebesgue-null subsets of the unit
interval such that every null set is covered by some N ∈ J ,

one can modify the above argument in order to get a bounded weakly mea-
surable not integrable ϕ from [0, 1] into L∞(λ).

3. Two results on Pettis integration. In this section we show how
one can eliminate the assumption on measurable cardinals from two results
related to Pettis integration against Radon measures. The basic idea is to
use Fremlin’s theory of measure additive coverings (see [4]).

Following [4], say that a measure space (T,Σ, µ) has property AF1 if
for every family D ⊆ Σ of pairwise disjoint null sets we have µ(

⋃D) = 0,
provided D is Σ-additive, that is,

⋃D′ ∈ Σ for every subfamily D′ ⊆ D.
Property AF<ω is defined in a similar manner, with “pairwise disjoint”
replaced by “point-finite”. A family D of subsets of T is point-finite if
|{D ∈ D : t ∈ D}| < ω for every t ∈ T . It is worth recalling here that
if a point-finite family consists of sets of positive measure then it is neces-
sarily countable.

It is fairly obvious that every finite measure space has AF1 if and only if
there are no measurable cardinals. Much more subtle is the case of Radon
measures; for the following results due to Fremlin, see [4], 6M and 11D.

Theorem 3.1 (Fremlin). Let (T,Σ, µ) be a finite Radon measure space.

(a) (T,Σ, µ) has property AF<ω.
(b) Let (fa)a∈∆ be a family of measurable functions defined on T which

are zero almost everywhere. If
∑
a∈∆′ fa is a measurable finite function for

every ∆′ ⊆ ∆ then
∑
a∈∆ fa = 0 almost everywhere.

Theorem 3.2. Let E be a WCG Banach space and let (T,Σ, µ) be a
finite Radon measure space. If ϕ : T → E∗ is a weak∗ Borel measurable
function then there is a weak∗ separable subspace F of E∗ and a µ-null set
N such that ϕ(T \N) ⊆ F .

P r o o f. Being a WCG Banach space, E is generated by a weakly compact
set of the form K = {0}∪{eα : α < κ}, where κ is some cardinal and K \{0}
is weakly discrete (see [10], 6.36).
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For every α < κ and n ≥ 1 put Vα,n = {x∗ ∈ E∗ : |〈x∗, eα〉| > 1/n}.
Note that the family (Vα,n)α is point-finite for every n. Indeed, for every
x∗ ∈ E∗ the set {x ∈ K : 〈x∗, x〉 ≥ 1/n} is a compact subset of K \ {0},
hence it is finite.

Putting Aα,n = ϕ−1(Vα,n) we have, for every n, a point-finite family
(Aα,n)α<κ of measurable subsets of T . Since every point-finite family of sets
of positive measure is necessarily countable, the set In = {α < κ : µ(Aα,n)
> 0} is countable. We let I =

⋃
n In.

Now, for a fixed n, (Aα,n)α∈κ\I is a point-finite family of null sets. Since
ϕ is weak∗ Borel and every Vα,n is weak∗ open, such a family is Σ-additive.
Thus part (a) of Theorem 3.1 implies that the set Nn =

⋃
α∈κ\I Aα,n has

measure zero.
Put N =

⋃
nNn and let

F = {x∗ ∈ E∗ : 〈x∗, eα〉 = 0 for all α ∈ κ \ I}.
Note that the space F is weak∗ separable. Indeed, a countable family (eα)α∈I
separates elements of F , for if x∗ ∈ F and 〈x∗, eα〉 = 0 for every α ∈ I then
x∗|K = 0 and, since K generates E, x∗ = 0. We have ϕ(t) ∈ F for every
t ∈ T \N and the proof is complete.

The following result was proved by Andrews [1] under the absence of
measurable cardinals (however, for a slightly more general class of Banach
spaces).

Corollary 3.3. Let E be a WCG Banach space, let (T,Σ, µ) be a finite
Radon measure space and let ϕ : T → E∗ be a weak∗ Borel measurable
function. If ϕ is bounded and universally weakly measurable then it is Pettis
integrable.

P r o o f. Follows immediately from Theorem 3.2 and Theorem 1.1(b).

Using his Theorem 3.1 Fremlin ([4], 11E) proved that the Banach space
l1(κ) is Radon measure compact for every κ. Combining Fremlin’s idea from
the proof of that result with Edgar’s proof of Theorem 3.4 from [2] one can
write the following.

Theorem 3.4 (Edgar + Fremlin). Let (Eα)α<κ be a family of Radon
measure-compact Banach spaces and denote by E the l1-direct sum
(
∑
α<κEα)1. Then E is Radon measure-compact.

P r o o f. Let (T,Σ, µ) be a finite Radon space and take any weakly mea-
surable function ϕ : T → E. We can write ϕ = (ϕα)α<κ, where every
function ϕα : T → Eα is weakly measurable.

Repeating Edgar’s argument, we first check that the set I of those α for
which ϕα is not weakly equivalent to 0 is countable. Indeed, otherwise we
find for every α ∈ I a functional x∗α ∈ E∗α of norm one such that
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µ({t : 〈x∗α, ϕα(t)〉 6= 0}) > 0.

It follows easily that for every α ∈ I there is rα > 0 such that

µ({t : |〈x∗α, ϕα(t)〉| ≥ rα}) > rα.

Since I is uncountable, there is r > 0 such that rα ≥ r for infinitely many
α. Hence there is t ∈ T for which |〈x∗α, ϕα(t)〉| ≥ r for infinitely many α,
but this contradicts ϕ(t) ∈ E, E being an l1-sum.

Denoting by π the natural projection from E onto E0 = (
∑
α∈I Eα)1,

we now prove that ϕ is weakly equivalent to π ◦ ϕ. Every x∗ ∈ E∗ can be
written as x∗ = (x∗α)α<κ, where x∗α ∈ E∗α.

Putting gα(t) = 〈x∗α, ϕα(t)〉, we note that (gα)α∈κ\I is a Σ-additive
family of measurable functions which are zero almost everywhere. Indeed,
for any ∆ ⊆ κ \ I we have

∑

α∈∆
gα(t) = 〈x∗∆, ϕ(t)〉,

where x∗∆ = (y∗α)α is defined by y∗α = x∗α for α ∈ ∆ and y∗α = 0 otherwise.
Now Theorem 3.1 gives

∑
α∈κ\I gα = 0 almost everywhere, and hence

〈x∗, ϕ(t)〉 = 〈x∗, π ◦ ϕ〉(t) for almost all t ∈ T . Using Radon measure-
compactess of every Eα and |I| ≤ ω, it is routine to check that in turn
π ◦ ϕ is weakly equivalent to a strongly measurable function. This finishes
the proof.

Recall that for a finite measure λ, the Banach space L1(λ) is measure-
compact (as L1(λ) is WCG, see [2]). Adapting 3.6 of [2], we get the following.

Corollary 3.5. If K is a compact space then the Banach space M(K)
of finite signed Radon measures on K is Radon measure-compact.

P r o o f. Let (λα)α<κ be a maximal family of mutually singular Radon
probability measures on K. Then M(K) is isometric to the l1-direct sum
(
∑
α<κ L1(λα))1. Since every L1(λα) is Radon measure-compact, the asser-

tion follows from Theorem 3.4.

Assuming the absence of measurable cardinals, Andrews [1] showed that
if K is a Talagrand compact space then M(K) has the property: every
bounded universally weakly measurable function ϕ : T → M(K) is Pettis
integrable. This might suggest that Pettis integrability in M(K) relies upon
some special features of a space K. Of course, Corollary 3.5 explains that a
fairly general and stronger result can be derived from Edgar’s and Fremlin’s
ideas.

4. On PIP and Radon measures. The first part of the present section
collects some (essentially) known results related to Pettis integrability and
Radon measures in general setting. Next we prove a positive result on Pettis
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integrability of universally weakly measurable functions defined on Cantor
cubes 2κ, where κ < ωω.

For every cardinal κ we have a standard Radon measure space of Ma-
haram type κ, namely (2κ, Σκ, λκ), where 2κ denotes the Cantor cube {0, 1}κ
and λκ is the usual product measure (see [5] and [6], A2G). Recall that the
σ-algebra Σκ of λκ-measurable sets is in fact a completion of the Baire
σ-algebra of 2κ with respect to λκ. This implies the following useful fact:
For every A ∈ Σκ there are sets B1, B2 depending on a countable number
of coordinates and such that B1 ⊆ A ⊆ B2, λκ(B2 \B1) = 0. A set B ⊆ 2κ

is said to depend on a set I ⊆ κ (of coordinates) if B = π−1
I (πI(B)), where

πI : 2κ → 2I is the natural projection. Accordingly, a function g : 2κ → R
depends on coordinates in a set I if g can be written as g = g′ ◦ πI . Every
Σκ-measurable function f equals almost everywhere to a function depend-
ing on countably many coordinates. Moreover, there is a countable set I ⊆ κ
such that f is ΣI -measurable, where ΣI is the completion of the σ-algebra
of Baire sets depending on coordinates in I.

If (T,Σ, µ) is any nonatomic measure space with µ(T ) > 0, there are
several cardinal numbers related to Nµ, the ideal of µ-null sets (see [5]).
In particular, non(Nµ) is the minimal cardinality of a set X ⊆ T which is
not in Nµ while cov(Nµ) is the minimal cardinality of a subfamily of Nµ
covering T . In the sequel, we denote by Lκ the ideal of λκ-null subsets of 2κ.

It will be convenient to say that a Radon measure space (T,Σ, µ) (or
a measure µ) has PIP if every Banach space has µ-PIP. Accordingly, we
shall say that µ has PIP(u) if every bounded universally weakly measurable
function from T into some Banach space is Pettis integrable with respect to
µ (recall that UPIP considered in the literature is a property of a Banach
space and not of a measure space, see [1, 12–14].

Clearly, PIP is a stronger property than PIP(u). On the other hand, we
do not know any example showing that the properties are really distinct.
Note that if for some κ the measure λκ has PIP then every Radon measure
space (T,Σ, µ) of Maharam type ≤ κ has PIP. Indeed, there is a function
g : 2κ → T which is inverse-measure-preserving, that is, g−1(A) ∈ Σκ and
µ(A) = λκ(g−1(A)) for every A ∈ Σ (see A2K of [6]). Now if ϕ : T → E is
bounded and weakly measurable then so is ϕ ◦ g : 2κ → E. Thus ϕ ◦ g is
Pettis integrable, which implies that so is ϕ (this is a special case of 4-1-7
of [15]). It does not seem so obvious whether an analogous result is true for
PIP(u).

Property PIP for measures has a convenient characterization in the lan-
guage of the topology τp of pointwise convergence considered on sets of mea-
surable functions; this subject is surveyed by Vera [16]. Recall that a measure
µ has PIP if and only if the mapping g ∈ C → T

g dµ is τp-continuous on
every convex and τp-compact set C of bounded measurable functions (see
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Edgar [2], Theorem 4.2). An analogous characterization of PIP(u), involving
sets of universally measurable functions, can be checked in the same way.

There is a classical example due to Phillips, showing that under CH the
Lebesgue measure on [0, 1] does not have PIP (see e.g. [9], 7.1). We note
that it may be modified as follows.

Suppose that (T,Σ, µ) is a measure space with the property:

(∗) For some κ there is a family (Nξ)ξ<κ such that:

(i) µ(Nξ) = 0 for every ξ < κ;
(ii) Nη ⊆ Nξ whenever η < ξ < κ;
(iii) A =

⋃
ξ<κNξ ∈ Σ and µ(A) > 0.

Then there is a bounded weakly measurable function ϕ : T → l∞(κ)
that is not Pettis integrable.

Let us briefly recall how it works. We may assume that κ is regular. For
t ∈ A set i(t) = inf{ξ : t ∈ Nξ}. Define ϕ(t) = χ{η:i(t)≤η} for t ∈ A and
ϕ = 0 outside A. To see that ϕ is as required, recall that every m ∈ l∞(κ)∗

is a finitely additive measure defined for all subsets of κ. Now if there is
ξ < κ such that m is concentrated on ξ then 〈m,ϕ(t)〉 = 0 for t ∈ A \Nξ. If
m(ξ) = 0 for all ξ < κ we have 〈m,ϕ(t)〉 = m(κ) for every t ∈ A.

Note that if (T,Σ, µ) is a Radon measure space for which (∗) holds
with κ = ω1 then the function ϕ above can be made universally weakly
measurable since one can assume that Nξ’s are Borel sets.

The above mentioned property (∗) is precisely the negation of the axiom
AF∞ used in [4]: A measure space (T,Σ, µ) has property AF∞ if for every
Σ-additive family D of µ-null sets one has µ(

⋃D) = 0 (compare with AF1

mentioned in Section 3). As the example above shows that property PIP
implies AF∞, we point out that the following question seems to be open.

Problem. Is it true that AF∞ implies PIP or PIP(u) for every Radon
measure space?

Fremlin and Talagrand proved that if non(Lω) < cov(Lω) then the Lebes-
gue measure has PIP (see [15], 5-5-2). In fact the same proof gives a more
general result.

Theorem 4.1 (Fremlin, Talagrand). If non(Lκ) < cov(Lκ) then the mea-
sure λκ has PIP. In particular , it is relatively consistent that every Radon
measure of Maharam type ≤ c has PIP.

Theorem 4.1 and the example above show that if non(Lc) = ω1 then λc

has PIP if and only if cov(Lc) > ω1, so it is undecidable in ZFC whether
the measure λc has PIP. We can ask if there is any κ for which the measure
λκ honestly fails to have PIP (so that we could check it without any set-
theoretic assumptions). Note that Theorem 4.1 is not applicable if κ is too
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large. For instance, if κ > 2c then non(Lκ) > c, while always cov(Lκ) ≤ c
(see 6.17e(v) of [5]).

The main result of this section is based on two lemmata we now prove.

Lemma 4.2. Let κ > c be a regular cardinal such that ηω < κ whenever
η < κ. For every family (Nξ)ξ<κ ⊆ Lκ there is a set X ∈ [κ]κ for which the
set
⋃
ξ∈X Nξ is of inner λκ-measure zero.

P r o o f. We may find for every ξ < κ a set Zξ ∈ Lκ such that Nξ ⊆ Zξ
and Zξ depends on a countable set Iξ ⊆ κ. By the Erdős–Rado theorem on
quasi-disjoint families, see e.g. [8], Theorem 1.6, there is a set Y ∈ [κ]κ such
that (Iξ)ξ∈Y is a ∆-system with a root R, that is, Iξ ∩ Iη = R whenever
ξ, η ∈ Y , ξ 6= η.

Denote by πR the natural projection onto 2R. In the sequel, we identify
2κ with the power set of κ, treating every t ∈ 2κ as a subset of κ (so, for
instance, πR is given by πR(t) = R∩ t; if a set Z depends on I then for every
t ∈ 2κ, we have t ∈ Z iff t ∩ I ∈ Z). Let λR denote the product measure
on 2R.

For every ξ the set πR(2κ\Zξ) is of full λR-measure. Since R is countable
and κ > c is regular, it follows that there are X ∈ [Y ]κ and a fixed F ⊆ 2R

with λR(F ) = 1 such that F ⊆ πR(2κ \ Zξ) for every ξ ∈ X. We claim that
the set W =

⋃
ξ∈X Zξ has inner measure zero.

It suffices to check that whenever λκ(Z) > 0 and Z depends on a count-
able set I ⊆ κ, then Z \W 6= ∅. Of course, we can assume that R ⊆ I.
Note that the set X0 = {ξ ∈ X : (Iξ \ R) ∩ I 6= ∅} is countable. It fol-
lows that λκ(Z \ ⋃ξ∈X0

Zξ) > 0, and there is t ∈ Z \ ⋃ξ∈X0
Zξ such that

πR(t) ∈ F . For every ξ ∈ X we may find sξ 6∈ Zξ such that πR(sξ) = πR(t),
i.e. sξ ∩R = t ∩R. Putting J = I ∪⋃ξ∈X0

Iξ, we consider u ∈ 2κ given by

u = (t ∩ J) ∪
⋃

ξ∈X\X0

(sξ ∩ Iξ).

Since Iη ∩ I = R for η ∈ X \X0, we have

u ∩ I = (t ∩ I) ∪
⋃

ξ∈X\X0

(sξ ∩ Iξ ∩ I) = (t ∩ I) ∪ (t ∩R) = t ∩ I.

Now t ∈ Z and Z depends on I, so we get u ∈ Z.
For η ∈ X0 we have u ∩ Iη = (t ∩ Iη) ∪ (t ∩ R) = t ∩ Iη; hence u 6∈ Zη.

For η ∈ X \X0 we have u ∩ Iη = (t ∩ J ∩ Iη) ∪ (sη ∩ Iη) = sη ∩ Iη; hence,
again, u 6∈ Zη. It follows that u ∈ Z \W , and we are done.

Lemma 4.3. Suppose that κ is the minimal cardinal such that λκ does
not have PIP(u). If non(Lκ) ≤ κ then there is a family (Nξ)ξ<κ ⊆ Lκ for
which

⋃
ξ∈X Nξ is a measurable set of full measure whenever X ∈ [κ]κ.
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P r o o f. (1) A characterization of PIP(u) mentioned above implies that
there is a convex and τp-compact set C of universally measurable functions
for which the mapping g ∈ C → T

g dµ is not τp-continuous. By a lemma
due to Talagrand [15], 5-1-2 (see also [11]), there are f, g ∈ C such that
T = {f 6= g} has positive measure and g is in the τp-closure of C(f) =
{h ∈ C : h = f a.e.}. We shall find sets Nξ ⊆ T having the property
T \⋃ξ∈X Nξ ∈ Lκ for every X ∈ [κ]κ. This gives the assertion of the lemma
in view of homogeneity of λκ.

(2) We claim that if D ⊆ C(f) and |D| < κ then clτp(D) ⊆ C(f).
We shall check that the claim is a consequence of the fact that λη has

PIP(u) whenever η < κ. Suppose the contrary; let d ∈ C be a function such
that d is in the closure of D but d 6∈ C(f).

There is a set X ⊆ κ with |X| < κ such that all functions from D, and
also f, d, are measurable with respect to ΣX , where ΣX is the completion,
with respect to λκ, of the σ-algebra of Baire sets that depend on coordinates
in X (since |D| < κ, the existence of such a set X follows from the remark
made at the beginning of this section).

Let K = {t ∈ 2κ : t ⊆ X}, that is, t ∈ K if and only if t(ξ) = 0 for all
ξ 6∈ X, and let λX be the natural product measure on 2X . Identifying K
with 2X we may treat λX as a measure on K. Note that if N is a set in ΣX
then λκ(N) = 0 if and only if λX(N ∩K) = 0.

Given h ∈ C, let hK denote the restriction of h to K; put CK = {hK :
h ∈ C}. Now CK is a convex and τp-compact set of universally measurable
functions and the integral with respect to λX is not τp-continuous on CK .
Indeed, dK is not equal to fK λX -a.e., while for every h ∈ C(f) we have
h = f λκ-a.e. and hence h|K = f|K λX -a.e. It follows that λX does not have
PIP(u), contrary to |X| < κ.

(3) Let γ be the minimal cardinality of a set Q ⊆ 2κ having the property
that for every h ∈ C, if h|Q = g|Q then h = g a.e. (that is, C is determined
by Q in the terminology of [16]). We have γ ≤ non(Lκ) ≤ κ, since functions
from C are measurable. We claim that in fact γ = κ.

Indeed, let Q have the property as above. If |Q| < κ then, using g ∈
clτp(C(f)), we may easily find a family D ⊆ C(f) with |D| = |Q| such that
there is h′ ∈ clτp(D) with h′|Q = g|Q. But this gives h′ = g a.e., which
contradicts (2).

(4) Now let Q = (qξ)ξ<κ be a set as in (3); define Qξ = (qβ)β<ξ. Using
(2) we may find for every ξ < κ a function gξ ∈ C(f) such that gξ|Qξ = g|Qξ .
Now define Nξ = {gξ 6= f} ∩ T ; we have Nξ ∈ Lκ.

If X ∈ [κ]κ then any cluster point h of (gξ)ξ∈X satisfies h|Q = g|Q and
thus h = g a.e. Consequently, A(X) =

⋃
ξ∈X Nξ satisfies {h = g} ∩ T ⊆

A(X) ⊆ T , and the proof is complete.
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Theorem 4.4. If the measure λc has PIP(u) then so does λκ for every
κ < ωω.

P r o o f. The assertion is clear if c > ωω. Otherwise we have c = ωn for
some n. Then ωωk = ωk for k ≥ n, which implies non(Lωk) ≤ ωk (see [5],
6.17). The rest follows from Lemmas 4.2 and 4.3.

Corollary 4.5. It is relatively consistent that λκ has PIP(u) for every
κ < c + 2c + 22c

+ . . .

P r o o f. Indeed, if ω1 = non(Lc) < cov(Lc) = ω2 = c, while ωn+1 = 2ωn

for every n ≥ 2, λc has PIP in view of Theorem 4.1, and ωω = c+2c+22c

+. . .

We do not know if Theorem 4.4 holds true when PIP(u) is replaced by
PIP. Note that universal measurability was employed only in step 2 of the
proof of Lemma 4.3.

It seems that without further assumptions nothing can be said on Pettis
integrability with respect to the measure λωω . This is partially supported by
the following remark due to Fremlin [4], page 106. Namely, if κ = supn κn,
where κn+1 = 2κn , and κ+ = 2κ then the measure λκ does not have property
AF∞ and therefore does not have PIP.

Acknowledgements. I am grateful to the referee who found a gap in
the previous version of Lemma 4.3 and suggested several improvements.
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