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A strongly non-Ramsey uncountable graph

by

Péter K o m j á t h (Budapest)

Abstract. It is consistent that there exists a graph X of cardinality ℵ1 such that
every graph has an edge coloring with ℵ1 colors in which the induced copies of X (if there
are any) are totally multicolored (get all possible colors).

An important chapter of combinatorial set theory is partition calculus
which concerns the infinite generalizations of Ramsey’s theorem. One of
its corner stones is the Erdős–Rado theorem which says that if κ, µ are
arbitrary cardinals then the complete graph on a large enough set has the
property that whenever the edges are colored with µ colors then there is
a monocolored subset of cardinal κ (see Chapter 17 of [1]). For κ = ℵ1,
µ = ℵ0 the underlying set must have cardinality (2ℵ0)+ and this is sharp.
If the cardinal of the ground set is not enough large then—as discovered by
Erdős, Hajnal, and Rado—very strong counterexamples exist, examples of
µ-colorings, in which every κ-subset of the underlying set has edges in every
color. An important example in this direction is the Todorčević coloring, i.e.,
a function h : [ω1]2 → ω1 with the property that if X ⊆ ω1 is uncountable
then h assumes every value on [X]2 (see [4]). This is usually denoted by
ω1 6→ [ω1]2ω1

.
Another direction in Ramsey theory is when we want not necessarily

complete monochromatic graphs but to exclude trivialities we require that
the required monocolored copy of the predetermined graph be induced. If
the graph and the number of colors are both finite then there always exists
a graph with the required property. It was shown, however, by A. Hajnal
and the author that at least consistently there may be a negative answer.
In [2] we proved that if a Cohen real is added to a model of set theory
then in the resulting model there is a graph X such that every graph has
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an edge-coloring with two colors and with no monochromatic induced copy
of X. Soon after S. Shelah proved the consistency of the other direction,
that for any graph X and any cardinal µ there is a graph which always has
monocolored copies of X when its edges are µ-colored ([3]).

In this note we show that there may consistently exist a graph with a
very strong non-Ramsey property, a graph X of cardinal ℵ1 such that every
graph has an edge-coloring with ℵ1 colors such that all induced copies of X
get all colors.

Theorem. It is consistent that there exists a graph X on ω1 such that
for every graph Y there is a coloring of the edges of Y with ℵ1 colors with
the property that every induced copy of X in Y gets every color.

P r o o f. Let (P,≤) be the following notion of forcing: p ∈ P iff p = (s, g)
where s ∈ [ω1]<ω, g ⊆ [s]2; (s′, g′) ≤ (s, g) iff s′ ⊇ s and g = g′ ∩ [s]2. If
G ⊆ P is a generic subset then X =

⋃{g : (s, g) ∈ G} is a graph on ω1. We
show that in V P , X witnesses the truth of the Theorem.

To investigate a property of this forcing we work in V [G]. Assume that
ϕ is a sentence of the forcing language, (s, g) ∈ G and some e ∈ g has the
following property: (s, g) ° ϕ and (s, g−{e}) ° ¬ϕ. In this case we say that
e is critical for ϕ.

Claim. If (s, g) ∈ G forces ϕ then every edge critical for ϕ is in g.

P r o o f. Assume that (s′, g′) ∈ G shows that e is critical for ϕ. Then
(s, g) and (s′, g′) are compatible as both are in G and (s, g) and (s′, g′−{e})
are incompatible as they force ϕ, ¬ϕ, respectively. This is only possible if
e ⊆ s ∩ s′, i.e., e ∈ g.

In order to show that the statement of the Theorem holds in V P let
i : [ω1]2 → ω be a function with the property that i(β, α) 6= i(β′, α) for
β < β′ < α. Let h : [ω1]2 → ω1 be a Todorčević function, i.e., h“[X]2 = ω1

for every X ∈ [ω1]ω1 .
Assume that 1 ° (λ, Y ) is a graph. Assume, moreover, that G ⊆ P is

generic and V [G] |= {ξ, ζ} ∈ Y and there is an edge e critical to the state-
ment {ξ, ζ} ∈ Y such that i(e) > i(f) for every other edge f critical to this
statement. In this case we put F (ξ, ζ) = h(e). (We notice that this definition
may leave some edges uncolored but this does not affect the result by the
nature of the problem.) We show that this coloring of the edges of Y satisfies
the requirements.

Assume that p ° f : ω1 → λ embeds X, and an ordinal τ < ω1 is given.
For α ∈ ω1 select pα ≤ p with pα ° f(α) = γα. With the delta-system
lemma for an uncountable X ⊆ ω1 the following hold: pα = (s ∪ sα, gα),
α ∈ sα, g = gα ∩ [s]2, so these conditions are compatible. With a further
thinning we can assume that there is a number n < ω with i(x, y) ≤ n for
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(x, y) ∈ gα. For every α ∈ X the set {β ∈ X : i(β, α) ≤ n} is finite so by the
Hajnal set mapping theorem we can assume that in fact i(β, α) > n holds
for every β, α ∈ X. (A special case of that theorem says that if a finite set is
associated with every countable ordinal then there is an uncountable subset
of ω1 with ordinals not associated with each other. See Chapter 44 of [1].)

If we now put p = (s∪sα∪sβ , gα∪gβ∪{α, β}) for some β 6= α in X with
h(β, α) = τ then {β, α} is critical to the statement {γα, γβ} ∈ Y , p forces
this, i(α, β) > i(e) for every e ∈ gα ∪ gβ so by the Claim and the definition
of the coloring p forces that F (γα, γβ) = τ and we are done.
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