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On the homotopy category of Moore spaces and the
cohomology of the category of abelian groups

by

Hans-Joachim Baues (Bonn) and Manfred Hartl (Valenciennes)

Abstract. The homotopy category of Moore spaces in degree 2 represents a nontrivial
cohomology class in the cohomology of the category of abelian groups. We describe various
properties of this class. We use James—Hopf invariants to obtain explicitly the image
category under the functor chain complex of the loop space.

An abelian group A determines the Moore space M (A) = M (A, 2) which
up to homotopy equivalence is the unique simply connected CW-space X
with homology groups Ho X = A and H; X = 0 for i > 2. Since M(A) can
be chosen to be a suspension, the set of homotopy classes [M(A), M (B)] is
a group which is part of a classical central extension of groups

(1) Ext(A,I'B) — [M(A), M(B)] - Hom(A, B)

due to Barratt. It is known that (1) in general is not split, for example
[M(Z/2),M(Z/2)] = Z/4. We are not interested here in this additive struc-
ture of the sets [M(A), M (B)] but in the multiplicative structure given by
the composition of maps, in particular in the extension of groups

(2) Ext(A, I'A) — £(M(A)) - Aut(A),

where £(M (A)) is the group of homotopy equivalences of the space M (A).
The extension (2) determines the cohomology class

(3) (E(M(A))} € H*(Aut(A), Ext(A, ['A)).

Though the group E(M(A)) is defined in an “easy” range of homotopy
theory the cohomology class (3) is not yet computed for all abelian groups A.

In this paper we prove a nice algebraic formula for the class (3) if A
is a product of cyclic groups and we show that {E(M(A))} is trivial if
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Ext(A,I"A) has no 2-torsion; see (3.6) and (5.2). Moreover, we compute
for all abelian groups A the image of the class (3) under the surjection of
coefficients

(4) Ext(A, ['A) — Ext(A, H(I'A)).

Here H(I'A) is the image of H : 'A — A ® A; see (4.2). We do such
computations not in the cohomology of groups but more distinctly in the
cohomology of categories. In fact, the homotopy category M? of Moore
spaces M (A) leads to a topological “characteristic class” in the cohomology
of the category Ab of abelian groups; see (2.2). It is the computation of such
topologically defined cohomology classes which motivated the results in this
paper. For example the topological James—Hopf invariant on the category
M? or the “chains on the loop space” functor C,f2 on M? have interesting
interpretations on the level of the cohomology of the category Ab; see (4.11).
As an application we describe algebraically the image category (C.(2)(M?)
in the homotopy category of chain algebras showing fundamental differences
between the homotopy category of spaces and chain algebras respectively;
see (4.12). This implies that the image of the group £(M(A)) under the
functor C, {2 is part of an extension

(5) Ext(A, H(I'A)) — (C.2)E(M(A)) — Aut(A),

which we compute explicitly in terms of A for all abelian groups A.

1. Linear extensions and cohomology of categories. An extension
of a group G by a G-module A is a short exact sequence of groups

0—-A—-F—-G-—0,
i P
where i is compatible with the action of G. Two such extensions E and E’
are equivalent if there is an isomorphism ¢ : E = E’ of groups with p’'e = p
and €7 = /. It is well known that the equivalence classes of extensions are
classified by the cohomology H?(G, A).

We now recall from [2] the basic notation of the cohomology of categories.
We describe linear extensions of a small category C by a “natural system”
D. The equivalence classes of such extensions are classified by the coho-
mology H?(C, D). A natural system D on a category C is the appropriate
generalization of a G-module.

(1.1) DEFINITION. Let C be a category. The category of factomzatzons
in C, denoted by F'C, is given as follows. Objects are morphisms f, g, ...
C and morphisms f — ¢ are pairs («, ) for which
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A—"=A

1

B<TB/

commutes in C. Here af( is a factorization of g. Composition is defined
by (o/,3)(@,8) = (aa,33). We dlearly have (a,8) = (a,1)(1,5) =
(1,8)(a,1). A natural system (of abelian groups) on C is a functor D :
FC — Ab. The functor D carries the object f to Dy = D(f) and carries
the morphism (a, 3) : f — ¢ to the induced homomorphism

D(Od,ﬁ) = Oé*ﬁ* : Df - Daf/g = Dg.

Here we set D(a, 1) = ay, D(1,3) = p*.

We have a canonical forgetful functor 7 : FC — C°P x C so that each
bifunctor D : C°P x C — Ab yields a natural system D, also denoted by D.
Such a bifunctor is also called a C-bimodule. In this case Dy = D(B, A)
depends only on the objects A, B for all f € C(B, A). Two functors F, G :
Ab — Ab yield the Ab-bimodule

Hom(F,G) : Ab°® x Ab — Ab

which carries (A, B) to the group of homomorphisms Hom(FA,GB). If F
is the identity functor we write Hom(—, G). Similarly we define the Ab-
bimodule Ext(F, G).

For a group G and a G-module A the corresponding natural system D
on the group G, considered as a category, is given by D, = A for g € G and
gsa=g-afora € A, g*a = a. If we restrict the following notion of a “linear
extension” to the case C = G and D = A we obtain the notion of a group
extension above.

(1.2) DEFINITION. Let D be a natural system on C. We say that
pSELC
is a linear extension of the category C by D if (a), (b) and (c) below hold.
(a) E and C have the same objects and p is a full functor which is the
identity on objects.
(b) For each f : A — B in C, the abelian group D acts transitively and
effectively on the subset p~!(f) of morphisms in E. We write fo + o for the

action of « € Dy on fo € p~1(f).
(c) The action satisfies the linear distributivity law:

(fo+a)(go + B) = fogo + fxB+ g .

Two linear extensions E and E’ are equivalent if there is an isomorphism
of categories ¢ : E @ E’ with p'e = p and with e(fyp + a) = (fo) + «
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for fo € Mor(E), o € D,y,. The extension E is split if there is a functor
s: C — E with ps = 1. Let M(C, D) be the set of equivalence classes of
linear extensions of C by D. Then there is a canonical bijection

(1.3) Y : M(C,D) = H?*(C,D)

which maps the split extension to the zero element (see [2] and IV, §6 in [4]).
Here H™(C, D) denotes the cohomology of C with coefficients in D which is
defined below. We obtain a representing cocycle A; of the cohomology class
{E} = ¢(E) € H?(C, D) as follows. Let ¢ be a “splitting” function for p
which associates with each morphism f : A — B in C a morphism fy = ¢(f)
in E with pfo = f. Then ¢t yields a cocycle A; by the formula

(1.4) t(gf) = t)t(f) + Aulg, f)

with A.(g, f) € D(gf). The cohomology class {E} = {A,} is trivial if and
only if E is a split extension.

(1.5) DEFINITION. Let C be a small category and let NV,,(C) be the set
of sequences (\1,...,A,) of n composable morphisms in C (which are the
n-simplices of the nerve of C). For n = 0 let No(C) = Ob (C) be the set of
objects in C. The cochain group F™ = F"(C, D) is the abelian group of all
functions

(1) c:Nn(C)—>( U Dg):D
gEMor(C)

with ¢(A1,...,An) € Dajo..on, - Addition in F" is given by adding pointwise
in the abelian groups D,. The coboundary 0 : F"~! — F™ is defined by the
formula

(2) (0c)( A1y -y An)

(M1

~—

*C(/\Q, ey An)

3
|
_

(—1)ic()\1, ey >\i)\i+17 ceey )\n)

+
i

+ (—1)n()\n)*6()\1, ey )\n—l)-
For n = 1 we have (9c¢)(\) = Auc(A) — XN¢(B) for A : A — B € N;1(C).
One can check that Oc € F™ for ¢ € F"~! and that 99 = 0. Hence the
cohomology groups
(3) H"(C,D)=H"(F*(C,D),0)

are defined for n > 0. These groups are discussed in [9] and [2]. By change
of the universe cohomology groups H"(C, D) can also be defined if C is not
a small category. A functor ¢ : C’ — C induces the homomorphism

(4) ¢*: H"(C,D) — H"(C',¢"D),
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where ¢* D is the natural system given by (¢* D) = D). On cochains the
map ¢* is given by the formula

(‘Zﬁ*f)(Allﬂ R /\;1) = f((ls)‘/h KR (ZS)‘;I)7
where (Aj,...,A)) € N,(C'). If ¢ is an equivalence of categories then ¢*
is an isomorphism. A natural transformation 7 : D — D’ between natural
systems induces a homomorphism

(5) 7. : H"(C,D) — H"(C,D")

by (Tuf)(A1,...sAn) = Taf(A1,...,Ay) where 7y : Dy — D) with A =
A1 0...0 M\, is given by the transformation 7. Now let

D//)LD_T»DI

be a short exact sequence of natural systems on C. Then we obtain as usual
the natural long exact sequence

(1.6)  —H"(C,D') H"(C,D)> H"(C,D") 2 H"(C, D) —,
where (3 is the Bockstein homomorphism. For a cocycle ¢’ representing a
class {¢"} in H"(C,D") we obtain f{c"’} by choosing a cochain ¢ as in
(1.5)(1) with 7¢ = ¢”. This is possible since 7 is surjective. Then ¢~ 1dc is a
cocycle which represents 3{c"'}.

(1.7) Remark. The cohomology (1.5) generalizes the cohomology of a
group. In fact, let G be a group and let G be the corresponding category
with a single object and with morphisms given by the elements in G. A
G-module A yields a natural system D. Then the classical definition of the
cohomology H"(G, A) coincides with the definition of

H™(G,D) = H"(G, A)

given by (1.5). Further results and applications of the cohomology of cate-
gories can be found in [2], [3], [8], [9], [13], [14].

2. The homotopy category M? of Moore spaces in degree 2.
Let A be an abelian group. A Moore space M(A,n), n > 2, is a simply
connected CW-space X with (reduced) homology groups H,X = A and
H;X =0 for i # n. An Eilenberg-MacLane space K(A,n) is a CW-space Y’
with homotopy groups m,Y = A and m;Y = 0 for ¢ # n. Such spaces exist
and their homotopy type is well defined by (A, n). The homotopy category of
Eilenberg-MacLane spaces K(A,n), A € Ab, is isomorphic via the functor
T, to the category Ab of abelian groups. The corresponding result, however,
does not hold for the homotopy category M" of Moore spaces M(A,n),
A € Ab. This creates the problem to find a suitable algebraic model of the
category M". For n > 3 such a model category of M" is known (see (V.3a.8)
in [2] and (I, §6) in [4]). The category M? is not completely understood. We
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shall use the cohomology of the category Ab to describe various properties
of the category M?2.
Let I": Ab — Ab be J. H. C. Whitehead’s quadratic functor [15] with

(2.1) I'(A) =msM(A,2) = HiK(A,2).
Then we obtain the Ab-bimodule

Ext(—,I") : Ab°? x Ab — Ab
which carries (A, B) to the group Ext(A, I'(B)).

(2.2) PROPOSITION. The category M? is part of a nonsplit linear exten-
sion

Ext(—, I') > M2 2 Ab
and hence M2, up to equivalence, is characterized by a cohomology class
{M?} € H*(Ab, Ext(—, ).
Since the extension is nonsplit we have {M?} # 0.

Proof. For a free abelian group Ay with basis Z let
My, =\/ 5"
z

be a one-point union of 1-dimensional spheres S such that H, M A, = Ao.
For an abelian group A we choose a short exact sequence

0—>A1d—‘4>A0—>A—>O,
where Ay, A; are free abelian. Let d/y : M4, — M, be a map which induces
d4 in homology and let M4 be the mapping cone of d’,. Then
M(A,2) = XMy

is the suspension of M 4. The homotopy type of M4, however, depends on
the choice of d’y and is not determined by A. Using the cofiber sequence for
d'y we obtain the well known exact sequence of groups [11]

0 — Ext(A, m3.X) 2[M(A,2), X] % Hom(A, mX) — 0,

where [Y, X| denotes the set of homotopy classes of pointed maps ¥ — X.
We now set X = M(B,2). Then p is given by the homology functor. We
define the action of o € Ext(A,I'B) on & € [M(A,2),M(B,2)] by £ +a =
€ + A(«) where we use the group structure in [¥ M, M (B, 2)]. This action
satisfies the linear distributivity law so that we obtain the linear extension
n (2.2). Compare also (V, §3a) in [2] where we show {M?} # 0.

(2.3) Remark. A Pontryagin map 74 for an abelian group A is a map
T4 K(A,2) — K(I'(A),4)
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which induces the identity of I'(A),
I'(A)=Hy;K(A,2) —» HiK(I'(A),4) = I'(A).

Such Pontryagin maps exist and are well defined up to homotopy. The map
T4 induces the Pontryagin square which is the cohomology operation [15]

H2(X, A) = [X, K(A,2)] X [X, K(I(4),2)] = HY(X, T'(A)).

The fiber of 74 is the 3-type of M(A,2). Therefore one gets isomorphisms
of categories [7]
M? = P(X) = Hopair(X),

where X is the class of all Pontryagin maps 74, A € Ab. Here P(X) is the
homotopy category of fibers P(74), T4 € X, and Hopair(X) is the category
of homotopy pairs [10] between Pontryagin maps. We have seen in [9] that
via these isomorphisms the class {M?} is the image of the universal Toda
bracket (K)g € H3(K, Dg) where K is the full subcategory of the homotopy
category consisting of K(A,2) and K(I'(A),4), A € Ab. Hence we get by
(2.2):

(2.4) CorOLLARY. (K)q, # 0.

3. On the cohomology class {M?}. The quadratic functor I" can also
be defined by the universal quadratic map v : A — I'(A). We have the
natural exact sequence in Ab

(3.1) rA)2A40A4% 424 -0,

where H is defined by Hy(a) = a® a, a € A € Ab, and where 424 =
A® A/{a®a ~ 0} is the exterior square with quotient map ¢g. We also need
the natural homomorphism

(3.2) [1,1]=P:A® A — I'(A)

with P(a®b) =~v(a+b) —v(a) —v(b) = [a, b]. One readily checks that PH
is multiplication by 2 on I'(A) and that HP(a ® b) = a ® b+ b ® a. For
A € Ab using P and H and g above we obtain the following natural short
exact sequences of Z/2-vector spaces:

(3.3) Sy (A): A%(A) ®Z/2>i[’(A) ®Z/2£»A®Z/2,

So(A) : [(A) @ )25 @2 (A) @ /2% A2(A) @ Z/2.

Here o carries v(a)®1 to a®1, a € A. If we apply the functor Hom(—, I'(B)®
7Z,/2) to the exact sequence S;(A), i = 1,2, we get the corresponding exact
sequence of Ab-bimodules denoted by Hom(S;(—), I'(—) ® Z/2). The asso-
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ciated Bockstein homomorphisms 3; yield thus homomorphisms
H°(Ab,Hom(I'(—) ® Z/2,I'(—) ® Z/2))
182
(3.4) H'(Ab,Hom(A*(-)® Z/2,I(—) ® Z/2))
16
H?*(Ab,Hom(— ® Z/2,I'(-) ® Z/2))

Moreover, we use the natural homomorphism

X : Hom(A ® Z/2, I'(B) ® Z/2) £ Ext(A ® Z/2, 'B) ™ Ext(A, I'B),
where ¢ is the natural isomorphism and where p : A — A ® Z/2 is the
projection. Let

1r € H(Ab,Hom(I'(-) ® Z/2,'(—) ® Z/2))
be the canonical class which carries the abelian group A to the identity of
I'(A) ® Z/2. Then one gets the element
X«b102(1r) € H?(Ab, Ext(—, "))
determined by 1, and the homomorphisms above.
(3.5) CONJECTURE. {M?} = .51 52(1r).
We shall prove various results which support this conjecture.

(3.6) THEOREM. Let A be the full subcategory of Ab consisting of direct
sums of cyclic groups and let ip : A — Ab be the inclusion functor. Then
we have

in{M?} = i3 B162(1,) € H* (A, Ext(—,T)).
Proof Wewrite C = (Z/a)a = a(Z/a) if C is a cyclic group isomorphic
to Z/a with generator a, a > 0. A direct sum of cyclic groups

A= @(Z/ai)ai

is indexed by an ordered set if the set of generators {a;, <} is a well ordered
set. The generator «; also denotes the inclusion «; : Z/a; C A and the
corresponding inclusion

(3.7) i XP,, C\/ ZP,, = M(A,2).
i
Here P, = S' U, €? is the pseudo-projective plane for n > 0 and Py = S*!

so that X P, = M(Z/n,2). Let o' : A — Z/a; be the canonical retraction of
a; with o’a; =1 and o/a; = 0 for j # i. Let

(3.8) go:A:@ai(Z/ai) HB:@@(Z/@)
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be a homomorphism. The coordinates ¢;; € Z, pj; : Z/a; — Z/b;j, 1 —
¢;il, are given by the formula

pai =Y B pji-
Let By be the splitting function
[YP,, Y P,] B: Hom(Z/n,Z/m)

obtained in (III, Appendix D) of [3]. We define the map s € [M(A,2),
M (B,2)] by the ordered sum

(sp)a; = Z< B;Ba(pji)

where we use the ordering < of the generators in B. Hence we obtain a
splitting function s:

H»>
(3.9) [M(A,2), M(B,2)] — Hom(A, B)
with Has(p) = ¢. Each element @ € [M(A,2), M(B,2)] is of the form @ =
s(@) + &, where £ € Ext(A, I'B). This way we can characterize all elements
in [M(A,2),M(B,2)] provided A and B are ordered direct sums of cyclic

groups. We use s in (3.9) for the definition of the cocycle Ay representing
i*{M?} in (3.6), that is, by (1.4),
s(p) = s(P)s(p) + As(, @)

Below we compute A;. To this end we have to introduce the following
groups.

(3.10) DEFINITION. Let A be an abelian group. We have the natural
homomorphism between Z/2-vector spaces
(1) H:T(ARZR2=T(AQZ/2) @ZL/2 — @* (AR Z/2)
with H(v(a) ® 1) = (a ® 1) ® (a ® 1). This homomorphism is injective and
hence admits a retraction homomorphism
(2) r: @Y (ARZ/2) — I'(A) QZ/2

with rH = id. For example, given a basis E of the Z/2-vector space AR Z/2
and a well ordering < on E we can define a retraction r< on the basis
elements by the formula (b,b' € E)

vyb)®1 forb=10,
3) re(beb)=1<[b¥]®1 forb>b,
0 for b < b'.

Now let ¢ > 1 and let
(4) ja:Hom(Z/q, A) = AxZ)qC A A 7/2
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be given by the projection p with p(x) =z ® 1. Also let

(5) pa:T(A)®Z/2T(A) /20 ZL/q
— Ext(Z/2 ® Z/q, [(A)) > Ext(Z/q, [(A))

be defined by the indicated projections p. Then we obtain the homomor-
phism

Ay :Hom(Z/q,A) ® Hom(Z/q, A) — Ext(Z/q, " A),

(6) _ o
Ap=par(ja®ja),

which depends on the choice of the retraction r in (2). Clearly Ay is not
natural in A since r cannot be chosen to be natural. However, one can easily
check that A4 is natural for homomorphisms ¢ : Z/q — Z/t between cyclic
groups, that is,

(7) Aa(p* ®@ ") = " An.
We now define a group
(8) G(q, A) = Hom(Z/q, A) x Ext(Z/q,I'(A)),

where the group law on the right-hand side is given by the cocycle Ay,
that is,

9) (a,0) + (a/,0") = (a+ d", b+ b + Ag(a®d)).
For any abelian group A, by (XII.1.6) of [4] there is an isomorphism
(3.11) 0: Glg, A) = [SP,, M(A,2)

which is natural in Z/q, ¢ > 1, and which is compatible with A and g in
the proof of (2.2). If A is a direct sum of cyclic groups as above, we obtain
maps

a; : YP,, — M(A,2)

defined by @; = o(«;,0), where a;; € Hom(Z/a;, A) is the inclusion. These
maps yield the homotopy equivalence

\/ ZP., ~ M(A,2)

which we use as an identification. Hence we may assume that ¢ in (3.11)
satisfies

(*) o(i, 0) = av,

where o is the inclusion in (3.7). We need the following function V 4, defined
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for an ordered direct sum A of cyclic groups,

Va:Hom(Z/q,A) — Ext(Z/q, " A),

VA(JJ) = Z AA(OJZ“TZ‘ ® Ozja:j).

1<j
Here x; € Hom(Z/q,Z/a;) is the coordinate of x = ) . a;x;. We observe
that V4 = 0 is trivial if we define A4 by r< in (3.10), where the ordered
basis E in A ® Z/2 is given by the ordered set of generators in A. Clearly
2V 4(xz) = 0 since 2A4 = 0. The function V4 has the following crucial
property:
(3.13) LEMMA. In the group G(q, A) we have the formula

S 27(00,0) = (2, Va(),

%

(3.12)

where the left-hand side is the ordered sum of the elements x}(c;,0) =
(a;z4,0) in the group G(q, A).

The lemma is an immediate consequence of the group law (3.10)(9).
For ¢ € Hom(A, B) in (3.8) and ¢ > 1 we define the function
(3.14) V(y) : Hom(Z/q, A) — Ext(Z/q,I'(B))

via the following commutative diagram, in which mo(Z/q, M(A,2)) =

[M(Z/q,2), M(A,2)]:

m2(Z/q, M H 22— (Z/g, M(B,2))
(s0)s G(q, B)
Hom(Z/q, A) x Ext(Z/q, "' A) Hom(Z/q, B) x Ext(Z/q, ' B)

Here the isomorphisms are given as in (3.11). The homomorphism (s¢)y,
induced by sp in (3.9), determines V(g) by the formula

(s@)s(x, @) = (paz, I'(@)x + V() (2))
for x € Hom(Z/q,A) and o € Ext(Z/q,I"A). The function V(¢) is not a

homomorphism.

(3.15) LEMMA. For xz € Hom(Z/q, A) we have
V(SO)(‘T’.) = F(@)*VA + ZVB @azxz + Z AB (Pa T; X gOOétLUt)

1<t

Since all summands are 2-torsion we have V() = 0 if ¢ is odd.
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Proof. For («;,0) € G(a;, A) one has the formula
<
(s0)s (i, 0) = > " (Bjepsi, 0),
J
as follows from property (3.11)(x) of the isomorphism y. Hence by (3.13) we
get the following equations:

(59)5(2,0) + (0, T().V a(x))
= (s)s(, V(@) = (s9)s( D" 21(04,0)) = 3- " i (s9)s(a,0)

A A

= Z< <Z<(ﬁj@jixi,0)) = Z<(¢@ixi,vB(S@aixi))'

J 7
Here we have in G(q, B) the equation
<
Z (pa;x;,0) = (gpa:, Z Ap(pa;x; ® cpatmt)).
i i<t

This yields the result in (3.15). =

We now describe a cocycle 6 in the class $1062(1r). For this let A, B, C
be ordered direct sums of cyclic groups and consider homomorphisms
(3.16) vo: AL BYL O
Let r4 = r< be the retraction of H in (3.10)(3):

H
I'(A)®7Z/2 ZA ®*(A)®7Z/2 (see Sz(A) in (3.3)).

Moreover, let s4 be a splitting of o:

[

FA)®Z/2—AR7Z/2 (see S1(A) in (3.3))
SA
defined by
SA<Z$iOé¢ ® 1) = wa(ai) ® 1.
Here the «; are the generators of A as in (3.7). We now obtain derivations
D1, Ds by setting

Dy()g = —thurp +¢re, P Di(p) = —pisa+ ¢ sp.

For this we use the exact sequences S;(A) in (3.3). We define a 2-cocycle &
which carries (1, ) to the composition

5(,0): A 22 2By e 2222 r(0) 0 22

and we observe
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(3.17) LEMMA. We have
B1B2(1r) = {6},

where (1, B2 are the Bockstein homomorphisms in (3.4).
We leave the proof of the lemma as an exercise. The lemma yields a

cocycle representing the right-hand side in (3.6).
Next we determine the cocycle Ay in (3.9). For this we use the injection

g:Ext(A,I'C) C X Hom(Hom(Z/q, A), Ext(Z/q, 'C)).
qg>1
The element gA; (v, ) is given by the Z/g-natural homomorphism
(924(t,¢))q : Hom(Z/g, A) — Ext(Z/q, ['C)

which satisfies

(9As(, 9))q () = T'(4)V(p)(x) + V(¢)(¢x) — V() ().

This equation is an easy consequence of (3.14). As in the remark following
(3.12) we may assume that V4 = Vp = V¢ = 0 are trivial. Moreover, we
may assume that g is even since (gA;(v, ¢)), is trivial if ¢ is odd. We define
a function

04 ARLI2 — N(ARTZ)2),
QA<Z£EiO£i ® 1) = Z(xiai R 1) A (zpap @ 1).
i i<t
(3.18) LEMMA. V(p)(x) = xq D2(9)oa(z ® Z/2).
Here we have z € Hom(Z/q, A) and
r®Z/2€ Hom(Z/q R Z/2,ARZ)2) = ARL/2
since ¢ is even. Moreover, x, in Lemma (3.18) is the composition
Xq: ['(B)®Z/2 = Ext(Z/2, ' B) — Ext(Z/q, ' B)
induced by Z/q — Z/q ® Z/2 = Z/2. Lemma (3.18) is a consequence of
the formula in (3.15) and the definition of 74 = r= in (3.10)(3). We apply
Lemma (3.18) to the formula for (gAs(¢, ¢)), above and for T = 2 ® Z/2
we get,
(3.19) LEMMA. (9A:(1,¢))q(2) = XqD2(¥) (0B (pT) — ¢.0a(T))-

This follows easily from (3.18) since D; is a derivation. Finally, we ob-
serve:

(3.20) LEMMA. 05(pT) — p.04(Z) = D1(9)(T).
The proof of Lemma (3.20) requires a lengthy computation with the
definitions of pp, 04 and Dy(y). By (3.19) and (3.20) we thus get

(3.21) (9As(¥, #))q(2) = xqD2(4) D1()(T)
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and this yields the formula in (3.6). In fact, (3.21) yields an easy algebraic
description of the cocycle Ag in terms of the derivations Dy and Dy above
since g is injective. m

4. On the cohomology class {nil} and James—Hopf invariants on
M?2. In this section we prove a further formula for the class {M?}, which,
however, does not determine {M?} completely.

For the exterior square A2?(B) of an abelian group B we have the exact
sequence (3.1) which induces the exact sequence

Ext(A, I'B) %5 Ext(4, ®2B) & Ext(A, A2B) — 0

and hence we have the binatural short exact sequence

(4.1) H, Ext(A, T'B) -5 Ext(A, ©2B) — Ext(A, A2B)
together with the surjective map
H' :Ext(A,I'B) - H,Ext(A,I'B)
induced by H,. The short exact sequence induces the Bockstein homomor-
phism
B : H'(Ab,Ext(—, A?)) — H*(Ab, H, Ext(—, I")).
(4.2) THEOREM. The algebraic class {nil} € H'(Ab, Ext(—, A?)) defined

below and the class {M?} of the homotopy category of Moore spaces in degree
2 satisfy the formula

H!{M?} = p{nil} € H*(Ab, H, Ext(—,I")).

This result is true in the cohomology of Ab. For the algebraic definition
of the class {nil} we need the following linear extension nil.

(4.3) DEFINITION. Let (Z) be the free group generated by the set Z and
let I,(Z) be the subgroup generated by n-fold commutators. Then

(1) A=(2)/1:(Z @Z

is the free abelian group generated by Z and

(2) Ea=(2)/I3(Z)
is the free nil(2)-group generated by Z.

We have the classical central extension of groups
(3) A2ASEL S A

The map w is induced by the commutator map with

(4) w(gz A qy) =2~y ay.
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Here the right-hand side denotes the commutator in the group E4. Using
(3) we get the linear extension of categories (compare also [3], [8])

ab
(5) Hom(—, A%—) Lonil ™ ab.
Here ab and nil are the full subcategories of the category of groups consist-
ing of free abelian groups and free nil(2)-groups respectively. The functor
ab in (3) is abelianization and the action + is given by
(6) f+a=f+waq
for f : E4 — Ep, a € Hom(A, A2B). The right-hand side of (6) is a well
defined homomorphism since (3) is central.

(4.4) DEFINITION. We define a derivation
nil : Ab — Ext(—, A?)

which carries a homomorphism ¢ : A — B in Ab to an element nil(p) €
Ext(A, A2B). The cohomology class{nil} represented by the derivation nil
is the class used in (4.2). For the definition of nil we choose for each abelian
group A a short exact sequence

0-A, %A %40,

where Ag, A1 are free abelian groups. We also choose a homomorphismﬁﬁ A
E4, — E4, between free nil(2)-groups such that the abelianization of d4 is
da. For the homomorphism ¢ : A — B we choose a commutative diagram
in Ab

A1&>A0L>A

BlﬁBquB

and we choose a diagram of homomorphisms

da
E4, HEAO

dp
E51 HEBO

which by abelianization induces (¢g, ¢1). This diagram, in general, cannot
be chosen to be commutative. Since, however, poda = dge; there is a unique
element o € Hom(A;, A% By) with

Poda +a = dpp;.
Here we use the action in (4.3)(6). Now let
nil(¢) € Ext(A, A2B) = Hom(A;, A*B)/d*% Hom(Ag, A*B)
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be the element represented by the composition
(A%q)a: Ay — A*By — A*B.

One can check that nil(¢) does not depend on the choice of (¢g, 1) and
(@0, P1) and that nil is a derivation, that is, nil(py) = @, nil(y)) +¢* nil(p).
This completes the definition of the cohomology class {nil}.

Next we use the derivation D; on Ab defined as in (3.16). The derivation

D carries p: A — B to
Di(p) € Hom(A® Z/2,A*(B) ® Z/2) = Ext(A ® Z/2, A>B)
and hence represents a cohomology class
{Dy} € H'(Ab,Ext(— ® Z/2, A?)).
Let
p2: Ext(A®Z/2,A*B) — Ext(A, A*B)
be induced by the projection A - A ® Z/2.

(4.5) PROPOSITION. Let A be the full subcategory of Ab consisting of
direct sums of cyclic groups. Then

ia(p2)«{D1} = iz {nil}
in H (A, Ext(—, A%)).

We do not know whether this formula also holds if we omit i} . Propo-
sition (4.5) implies that the formulas in (4.2) and (3.6) are compatible. For
the proof of (4.5) we need the following properties of nil(2)-groups. A group
G is a nil(2)-group if all triple commutators vanish in G. The commutators
in G yield the central homomorphism

(4.6) w: A%(G*) — @G,

where G — G, z +— {z}, is the abelianization of G. We define w by the
commutator

w({z} AMy}) =27y ey
for z,y € G. Let M be a set and let f : M — G be a function such that
only finitely many elements f(m), m € M, are nontrivial and let <, < be
two total orderings on the set M. Then we have in G the following formula
where we write the nonabelian group structure of G additively, the sums are
ordered as indicated.

Z<< f(m) = Z< f(m)—l—w( Z {fm}/\{fm’})

meM meM m<m’
m’'<m
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Forae Gandn € Zlet na =a+ ...+ a be the n-fold sum in G in case

n > 0, and let na = —|nja for n < 0. Then one gets in G the formula
< < n
w3 = 3 afm —u((3) X tma iy
meM meM m<m/

where (5) =n(n—1)/2.

Proof of (4.5). Let A and B be direct sums of cyclic groups and let
¢ : A — B be given by ¢;; € Z as in (3.8). Let Ay be the free group
generated by the set of generators {«a;} of A and let A; be the free group
generated by {a; : a; # 0}. Then we choose (see (4.4))

EA :EAI —>EAO, EA(OCZ') = a;0;.
Similarly we define dg. Moreover, we define @; and @, by the ordered sum
< <
Polei) =D @jiBj € Ep,,  @1(ci) =Y (aip;i/b;)B; € E,.
J J
Hence we get « in (4.4) by the formula (see (4.6))
_ — < <
dp®y(0s) — Podala;) = Z aipjif; — a; Z ©jil;
J J
a;
= w<2> > {@iiBi} M@}
j<t
Hence nil(p) € Ext(A, A2B) is given by the formula (o; : Z/a; C A as in
(3.7))
. . a;
()" mil(p) = <2> Z wiipti(1® B; A By),
j<t
where 1® 3, AB; € Z/a;® A* B = Ext(Z/a;, A* B). Using the definition of Dy
in the proof of (3.16) it is easy to check that (a;)*p2D1(¢) coincides with the

right-hand side of the formula so that we actually have nil(¢) = paD1(p).
This proves (4.5). =

We will need the following element which projects to nil(p) above.

(4.7) DEFINITION. For ¢ in the proof above let nil(y) € Ext(4, ®2B) be
given by the formula

* T Q;
(a2)™nil(p) = <2> Z@ji@ti(l ® B ® Bt).
J<t
We clearly have Ext(A,p)nil(p) = nil(¢) where p : ®2B — A%B is the
projection.
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Recall that for the bifunctor Ext(—, ®%) on Ab we have the canonical
split linear extension

Ext(—,®?%) — Ab x Ext(—,®*) - Ab.

Objects in Ab x Ext(—,®?) are abelian groups and morphisms (¢, ) :

A — B are given by ¢ € Hom(A4, B) and a € Ext(A, ®?B) with compo-

sition (@, @) (v, B) = (¥, p«8 + ¥*a). The derivation nil in (4.4) defines a

subcategory

(4.8) Ab(nil) ¢ Ab x Ext(—, ®?)

consisting of all morphisms (¢, «) : A — B which satisfy the condition
p«(a) = nil(p) € Ext(A, A2B).

Here p : ®@?B — A?B induces p. = Ext(A,p). The exact sequence (4.1)
shows that we have a commutative diagram of linear extensions of categories

H, Ext(—,I") ——> Ab(nil)
N N
Ext(—, ®%) ——> Ab x Ext(—, ®2) —> Ab

Ab

(4.9) LEMMA. The cohomology class represented by the linear extension
for Ab(nil) satisfies

{Ab(nil)} = B{nil} € H*(Ab, H, Ext(—, ")),
where [ is the Bockstein operator in (4.2).

Proof. Let s : Ext(A, A°B) — Ext(A,®?B) be a set-theoretic split-
ting of Ext(A,p) = p.. Then F{nil} is represented by the 2-cocycle ¢ =
i~18(snil), where i is the inclusion in (4.1) and where § is the coboundary
in (1.5). Hence ¢ carries the 2-simplex (1, ¢) in Ab to

(i, ) =i (usmil(p) — snil(Y) + ©*snil()).

On the other hand, we define a set-theoretic section t for the linear extension
Ab(nil) by t(¢) = (¢, snil(¢)). Then A; in (1.4) is given by

snil(Yp) = Pusnil(p) + @ snil(Y) +iA: (¢, @).

Hence ¢ = — 4, yields the lemma. In fact, since the elements in (4.9) are of
order 2 we can omit the sign. =

For Moore spaces M(A,2) = XYM and M(B,2) = Y Mp as in (2.2) we
have the James—Hopf invariant ([12], [5])

(4.10) [(EMa, EMp) 2[5 M, XMy A Mp) = Ext(A, B® B),
which satisfies for a € Ext(A, I'B) the formula
(1) A€ + ) = Xa(€) + Haar
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Hence 77 induces a well defined function
(2) 7, : Hom(A, B) — Ext(A, A>B)

defined by 7,(¢) = ¢«72(£) where £ induces Hy(§{) = ¢ : A — B. One
can check that 7, is a derivation which represents a cohomology class in
H'(Ab, Ext(—, A2 B)). This cohomology class does not depend on the choice
of My, Mp above.

(4.11) THEOREM. The cohomology class {75} given by the James—Hopf
variant o coincides with

{72} = {il} € H'(Ab, Ext(—, 47)).
Moreover, there is a full functor T,
M2 % Ab(nil) & Ab x Ext(—, ®2),
which is the identity on objects and which is defined on morphisms by

7(&) = (Ha&,728).

The functor T is part of the following commutative diagram of linear exten-
S10MS:

Ext(—, ) ——> M2 —" > Ab

7| )
H, Ext(—,I') — > Ab(nil) — Ab

Proof of (4.2). The existence of the functor 7 shows that H,{M?} =
{Ab(nil)}. Therefore we obtain (4.2) by (4.9). =

(4.12) Remark. We can give an alternative description of the functor
7 in (4.11) by use of the singular chain complex of a loop space which yields
the Adams—Hilton functor

C. {2 : Ho(Top™) — Ho(DA)

between homotopy categories (compare [1] and also [2]). Here DA is the
category of Z-chain algebras. The functor C, {2 restricted to M? leads to the

following diagram where M? Ho(DA) is the full subcategory consisting
of C.2M(A,2), A€ Ab:

M2 —“ 2> M2  Ho(DA)

|k

Ab(nil) = Ab x Ext(—, ®?)
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where j is an equivalence of categories such that ji7 is naturally isomorphic
to C,12.

Proof of (4.11). The image category of the functor

7:M? — Ab x Ext(—, ®?)

is Ab(nil) since we show
(1) Y2 = nil
for compatible choices of da,d’y in (4.4) and (2.2). We use the equivalence
of linear track extension described in (VI.4.7) of [3]. This shows that a

triple (@,, P, G) with G € Hom(A;, ®2By) satisfying p.G = « (see (4.4))
corresponds to a diagram

S My, Hda SMa,
2) 24t <, |2t
S Mpg, o S Mpg,

Here d’y and d’3 induce da and dp respectively and ¢}, ¢} induces B,, 7,
in (4.4). The track G’ is determined by G. This track determines a principal
map @ € [YMa, X Mp] such that 7(p) = (p, (®2%q).{G}), where {G} €
Ext(A, ®2By) is represented by G. This follows from the bijection (6)—(11)
in (VI.4.7) of [3]. Since p.G = a we get 7, =nil. =

(4.13) EXAMPLE. Let A and B be direct sums of cyclic groups as in (3.8)
and let sp € [M(A,2), M(B,2)] be defined as in (3.9). Then the functor 7
in (4.11) satisfies

7(sp) = (¢, nil(¥)),
where nil(¢) is defined in (4.7). We obtain this formula by the methods in
the proof of (4.11) above. In this case we can also compute the James—Hopf
invariant 2 (sp), which actually is y2(sp) = nil(p).

As a corollary of (4.2) we get:
(4.14) PROPOSITION. {M?} is a (nontrivial) element of order 2.
Proof. We know that multiplication by 2 on I'(A4) is the composition
2=PH:TA— @A — T'A,
where P = [1,1]. Hence also the composition

Ext(A,I'B) —— > H, Ext(A,I'B) — > Ext(A, I'B)

I N |
Ext(A, I'B) — > Ext(A,®?B) — > Ext(A, I'B)
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is a multiplication by 2. Therefore by (4.2) we get
2{M?} = (P'H').{M?} = P H.{M?} = P, § {nil}.
Here the commutative diagram of short exact sequences
0 —— H,Ext(A,I'B) —— Ext(A4,®>B) — Ext(A, A2B) ——0

L

0——=Ext(A, I'B) — = Ext(4, I'B) 0 0

shows that P/ =0. m

(4.15) PROPOSITION. Each element in H'(Ab,Ext(—, A?)) is of order
2, in particular, 2{nil} = 0.

Proof. Let A, B be abelian groups and let ¢ € Hom(A, B). Let 24 =
2id € Hom(A, A) be multiplication by 2. Then we have
po24 =2p=2go0¢.
Now the derivation property of N with {N} € H'(Ab, Ext(—, A?)) shows
N(po2a) = @«N(24) + (24)"N(p) = v« N(24) + 2N (),
N(2p o) = (28)«N(p) +¢"N(25) = 4N(p) + ¥"N(2p).

Hence we get 2N () = . N(24) — ¢*N(2p), so that 2N is an inner deriva-
tion. m

5. A subcategory of M? given by diagonal elements. Let Z/2 x A
be the 2-torsion of the abelian group A. We construct a subcategory H of
the category of Moore spaces M? with the following property.

(5.1) THEOREM. There exists a subcategory H of M? together with a
commutative diagram of linear extensions

7.)2 % Ext(—, T a H Ab
N N I
Ext(—,I") ha M?2 Ab

The theorem shows that the class {M?} is in the image of
i, : H*(Ab,7Z/2 x Ext(—,I")) — H?*(Ab,Ext(—,I)),
where i is the inclusion Z/2 « Ext(A, I'(B)) C Ext(A, I'(B)).

(5.2) COROLLARY. The extension M? — Ab is split on any full subcat-
egory of Ab consisting of objects A, B with (Z/2) « Ext(A, I'B) = 0.

(5.3) COROLLARY. Let A be any abelian group for which the 2-torsion of
Ext(A, I"A) is trivial. Then the group of homotopy equivalences of M(A,2)
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1s given by the split extension
Ext(A,I'A) — €(M(A,2)) - Aut(A),
where ¢ € Aut(A) acts on a € Ext(A, TA) by ¢ -a = (I'p).(0o"1)*(a).
Proof of (5.1). For a Moore space M(A,2) = XYM we have the
diagonal element

(1) AAE[ZMA,ZMAAMA]:EXt(A,A®A)

which is given by the suspension of the reduced diagonal M4 — Ma A M 4.
Let [14,14] : YXMsAM 4 — XM 4 be the Whitehead product for the identity
14 of XM 4. Then

(2) M4, 14]An=—-14-1a+14a+14=0
is the trivial commutator. This implies that also
(3) Ay € Ker{[1,1], : Ext(A,A® A) — Ext(A,"'A)}

with [1,1] in (3.2). We have the short exact sequences (see (3.3))

0 — Ext(A, ['(A) ® Z,/2) 2% Ext(A, ®2(A) © 7/2) ——> Ext(A, 42(A) ® Z,/2) —> 0

Ext(AI'(A) ® Z/2)
which shows by (3) that for the projection p : ®?4 — (®%2A4) ® Z/2 there is
a unique element A’y € Ext(A4, I'(A) ® Z/2) with
Now, using the surjection p, : Ext(A, I'A) — Ext(A, I'(A)®Z/2), we choose
an element A’} € Ext(A, I'A) with
(5) Pl = Ay
We call A’} a diagonal structure for A. For the definition of the subcategory

H in M? we choose such a diagonal structure for each abelian group A in
Ab. We define the set of morphisms in H with

(6) H(A, B) C [SMy, $Mop)]
by the composition (compare (4.10))

[(ZMa, Mp) 22 Ext(A, B B) 2 Bxt(4, I'B),

and by the diagonal structures A’j, A%, namely
(7) ? € H(A,B) & [1,1].72p = —p. Al + ¢" Al

_ We show that for ¢ € H(A,B) and ¢ € H(B,C) we actually have
Y € H(A,C) so that H is a well defined subcategory of M?2. For this we
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need the fact that 7, is a derivation, that is,

YV2(VP) = Y12 () + ¢ 72(2).

Hence we get

[1,1:72(¥2) = [L, s (:02(P) + ¢™12(¥))
= ¥u[1,1]:72(@) + ¢*[1, 1.72(?)
= (= Ay + 9" AB) + 0" (—1h. A + Y7 AC)
= — (V) Al + (Yp)" Ap.
The crucial observation needed for the proof of Theorem (5.1) is the following

equation where we use the interchange map 7' : B ® B — B ® B with
TrRy) =y®:

(8) (1 =T)72(P) = puda — " Ap.

This equation follows from the corresponding known property of James—
Hopf invariants (Appendix A of [4]) with respect to “cup products” which
in our case has the form

PUD = 2119+ (1 +T21)72(9).

This equation is equivalent to (8). We now consider the following commu-
tative diagram.

Ext(A,I'B) = Ext(A,I'B) = Ext(A, I'B)
I+ | H. 12

(M, SMp] 2 Ext(A,BeB) 2k Ext(A, I'B)
LH ! !

(1,1].
—

Hom(A,B) 2%  Ext(A,A2B) Ext(A, I'(B) ® Z/2)

The columns are exact sequences. Here 75 is not a homomorphism; since,
however, (4.10)(1) holds we see that the induced function 7, is well de-
fined. Moreover, we use [1,1]H = -2 so that [1, 1], in the bottom row is well
defined.

We now claim that (8) implies the formula

9) [1,1.795(p) = —p. Ay + ¢* Alg.

By the diagram above this shows that for any ¢ € Hom(A, B) there is an
element @ which satisfies the condition in (7). Thus the functor H — Ab is
full, moreover the diagram above shows that H is part of a linear extension as
described in the theorem. In fact, for € H(A, B) we have p+a € H(A, B)
if and only if 2a = 0.
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It remains to prove (9). For this consider the commutative diagram

Ext(A, B® B) Ext(A,I'B)
N
EXt A B ® B) Px
Ext(A, B A B) Ext(A,I'(B) ® Z/2)

—

Ext(4, B® B ® Z/2)

The square in this diagram coincides with the corresponding square in the
diagram above. Since for x @ y € B® B,

HlL1l(z®y) =zy+yRr=r®y —y®x mod 2,

we see that the diagram commutes. The homomorphism ¢ is induced by
1 —T. On the other hand, H, in the diagram is injective. This shows that
(9) holds by the following equations:

H.[1,1].75(p) = Hape[1, 1u729 = pu(1 = T)u729
= (Pl — ¢ Ap) = . (pAa) — ¢ (p<AB)
= pu(H AY) — " (H. AB) = Hu(pu Ay — " Alp).
This completes the proof of Theorem (5.1). m

Formula (9) in the proof of (5.1) above and (1) in the proof of (4.11)
show

[1, 1] nil() = [1, 1] P2 (0) = —pu Ay + " Alp.
Hence the composition [1, 1], nil with

[1,1], : Ext(A, A’B) — Ext(A,I'B ® Z/2)
is an inner derivation. This implies
(5.4) PROPOSITION. We have
[1,1]{nil} =0
in H*(Ab,Ext(—,Z/2® I)).
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