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Exceptional directions for Sierpinski’s
nonmeasurable sets

by

B. Kirchheim (Bratislava) and T. Natkaniec (Bydgoszcz)

Abstract. In [2] the question was considered in how many directions can a nonmea-
surable plane set behave even “better” than the classical one constructed by Sierpinski in
[6], in the sense that any line in a given direction intersects the set in at most one point.
We considerably improve these results and give a much sharper estimate for the size of
the sets of those “better” directions.

I. Let us establish some terminology to be used later. We shall denote by
L the outer Lebesgue measure in the plane R? and by | - | the outer Lebesgue
measure on the real line R. By ¢(z,y) and ¢5(x) we denote the line through
the two different points =,y € R? and the line through z in the direction
§ € [0,7), respectively. For a given line £ C R? let dir(¢) € [0,7) be its
direction. Further, for each M C [0, 7) let Cps denote the cone generated by
M, ie. Cp =J{ls(0): 6 € M}. For k> 1 and ¢ € [0,7) let G () be the
class of all E C R? such that for any line ¢ with dir(¢) = § the set E N/ is
open in £ and has at most k& connected components.

For any M C R we denote by BSCL(M) = M U{z : (x —e,z) N M #
0 # (x,z+¢e)N M for any € > 0}, the “two-sided” closure of M. Finally,
for A C R? let intq(A) denote the interior of A in the qualitative topology,
i.e. the union of all subsets of A of the form U \ I, where U is open and I
is of the first category.

We shall use the following set-theoretical assumptions (see [3] for defi-
nitions). Let A(m) and U(m) stand for the propositions that the union of
less than ¢ (the continuum) measure zero sets has measure zero and that
every set of reals of cardinality less than ¢ has measure zero, respectively.
Furthermore, let A(c) and U(c) be defined similarly with “first category”
replacing measure zero. It is well known that all these conditions follow
from Martin’s Axiom and therefore also from the Continuum Hypothesis
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(see e.g. [5]). If not explicitly stated otherwise, we are working in ZFC
without further assumptions.

A subset S of R is called an S-set (Sierpiniski set) if SN A has cardinality
less than ¢ for each A C R with Lebesgue measure zero. Note that every
S-set has inner measure zero and, under the assumption A(m), it is easy to
construct an S-set having full outer measure (see e.g. [4]). A subset L of R
is called a Lusin set if L N A has cardinality less than ¢ for each nowhere
dense A C R.

IT. Sierpiniski [6] constructed an example of a nonmeasurable (and with-
out the Baire property) subset F of the plane whose intersection with any
line consists of at most two points. It follows immediately that the com-
plement of Sierpiriski’s set belongs to (s¢(o » G3(0) and therefore, we are
mainly interested in the “better” classes Ga(9).

Frantz [2] proved that if A(m) holds and |[0,7) \ D| = 0 then every
set in (scp G2(d) is measurable and, on the other hand, if |D| = 0 then
Nsep 92(0) N Nsejo,r) G3() contains a nonmeasurable set. These results
lead in a natural way to the following questions:

1. Is full outer measure of D sufficient for measurability of sets in

Nsep 92(0) N Nsepo,x) 93(6)7

2. Is a positive inner measure of D sufficient for measurability of sets in
méeD g2(5) n ﬂge[o,ﬂ) 93(5)?

Proposition 1 below answers the first question in the negative.

LEMMA 1. Let S C [0,7) be an S-set. Then for each line £ C R? and for
every x € R*\ £ the set £ N Jseg ls(x) is an S-set on L.

Proof. Since every isometry maps S-sets onto S-sets, we can assume
that z = 0 and £ = Rx {1}. Let h: (0,7) — £ be a homeomorphism defined
by h(z) = (cot(x),1) for x € (0, 7). Then h and h~! map measure zero sets
onto measure zero sets and £ N (Jscg £5(0) = h(S\ {0}). It is easy to verify
that h(S\ {0}) is an S-set and therefore £ N (Jsc g £5(0) is an S-set on £. m

PROPOSITION 1. Assume A(m). Then for any S-set D C [0,7) the class
Nsep 92(0) N Nsepo,) G3(8) contains nonmeasurable sets.

Proof. Let (F,)a<c be the net of all closed subsets of R? with positive
measure. Let D C [0,7) be an S-set. We choose inductively a net (x4 )a<e
such that

T € Fy '\ ({xg B <alu U Uxg,xy) U U (x3 —i—CD)) :
By<a <o

Assume that for some a < ¢ and for all 3 < a points x are already defined.
Fix 0 € [0,7) \ D. According to Fubini’s Theorem, there exists a line £ in
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the direction ¢ such that xg & £ for 3 < a and £ N FY, has a positive linear
measure. Lemma 1 implies that /N (zg+Cp) is an S-set on £ for each 5 < a.
Since the union of less than ¢ S-sets is an S-set, the set

m( U s,z u U(xﬁ+cD))

ﬁv’y<a B<Dé

has linear inner measure zero and consequently,

(NFL\ ( U sy u | (s +cD))
B77<a B<Oé
is nonempty; select x, from this set. Finally, it is easy to verify that the
set E = R?\ {zo : @ < ¢} belongs to (scp G2(6) N Nsefo,x) 93(6) and is

nonmeasurable. m

COROLLARY 1. If we assume A(m) then there exists D C [0,7) of full
outer measure for which (\;cp G2(6)NNse(0,.x) 93(6) contains nonmeasurable
sets.

The next theorem answers our second question in the affirmative.

THEOREM 1. Let D C [0,7) have positive inner measure. Then any
E € Nsep G2(0) is measurable.

This theorem is a special case of the following proposition (set n = 1 and
¢ =|D|./27), which will be applied below a second time and which uses an
idea from Theorem 2 in [2].

PROPOSITION 2. Let ¢ > 0, n > 1 and D C [0,7) be such that for all

zl, ..., 2" € R? mutually different and any j <n

LU @ Co) N B r)
RGP £(B{ai, 1) oo

where B(z,r) = {y € R? : |z — y|| < r} and L.(A) denotes the inner
measure of A. Then each E € (5o G2(0) is Lebesgue measurable.

Proof. Using a suitable rotation of the plane, we may assume that 0 €
D. For any p < qlet E(p,q) ={y: (p,q) x {y} C E}. Obviously, E € G5(0)
implies £ = J{(p,q) X E(p,q) : p < q rationals}. Hence, the measurability
will follow if we show that for any p < ¢ there exists a measurable set A
satisfying (p, q¢) x E(p,q) C A C E. But this is a consequence of the following
statement:

(*) for any p < ¢, L(((p,q) x BSCL(E(p,q))) \ E) = 0.

Indeed, since R \ BSCL(E(p, q)) has all connected components nondegen-
erate and hence at most countably many of them, we infer that (p,q) x
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BSCL(E(p,q)) is a Gs-set, and hence measurable. Therefore, (%) ensures
that we could choose

A= ((p,q) x BSCL(E(p,2))) \ ((p,q) x BSCL(E(p,9)) \ E).
So, let us prove (). Assume

S = ((p,q) x BSCL(E(p,q))) \ E

is not of measure zero and let S be a measurable hull of S. Lebesgue’s
density theorem (see e.g. [1], p. 184) implies that there exists a measure
zero set Sy such that any x € S \ Sp is a density pomt of S and hence a

point of outer density of S. Consequently, we can find 2! € S\ Sy. Obviously
1 € (p,q) and w3 € BSCL(E(p,q)) \ E(p,q),
therefore we can choose s,t € FE(p,q) with s < 23 <t such that
L(B(z',1)N L) > (1 —¢)L(B(z'1))
where Ly = J{¢s(y) : £s(y) N ((p q) x {s}) # 0 and L5 (y) N ((p, q) x {t}) # O}

for general y. This inequality together with the definition of a point of
outer density imply that we can find n — 1 different points 22,...,2" €
SN ((p,q) x (s,t)) N Ly \ {x'}. Since L, \ {y} is always open, there is an
R > 0 such that

B(z',R) C ((p,q) x (5,t)) N L2 N ...N Lgn \ {22, ... 2"},
Now notice that for any x € SN ((p,q) x (s,1)),
(

Le N (z+Cp) N ((p,g) x (s,0)) \ {z} C E.

Indeed, by definition any line ¢5(x) contained in L, N (x + Cp) intersects
(p,q) x{s,t} C E on both sides of x and has on both sides of = precisely one
connected component of {s5(x) N E (since z ¢ E and 0 € D). However, since
§ # 0 and since z3 is a two-sided accumulation point of E(p, ¢), the union of
those two connected components also contains £s(z) N ((p, q) x (s,t)) \ {z},
as was to be shown.

Summarizing we obtain

[(z' +Cp)U...U (" +Cp)|NB(z',R)N Ly \{z'} C E.
However, according to the assumptions on D and L1,
) L.(EN Bzt 1))
lim sup
o LBzl r))

But, since E NS = 0, this contradicts the fact that x! is a point of outer
density of S and proves (x) as well as the whole proposition. m

> 0.

According to Proposition 1, outer measure cannot be used to guarantee
that a given set D C [0, 7) is sufficiently large to make each E € (5. G2(9)
measurable. Since the set constructed there was of inner measure zero,
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this example together with Theorem 1 could lead to the conjecture that
Nscp G2(8) consists only of measurable sets iff D C [0, ) has positive inner
measure. However, this is refuted by

THEOREM 2. Assume U(m). Then there exists D C [0,7) of inner mea-
sure zero such that any E € (5o G2(0) is measurable.

Indeed, this is an immediate consequence of Proposition 2 and the fol-
lowing

PROPOSITION 3. There exists M C [0, ) with no nonempty perfect subset
and such that

V =R?\ [(z +Ca) U (y+Car) U (2 + Car)]

is contained in the union of less than c lines whenever x,y, z € R? are three
different points. Hence M has inner measure zero, intq(M) = 0 and if we
suppose U(m) (resp. U(c)) to be true then V has measure zero (resp. is of
the first category) whenever x,y, z are different.

Proof. For any s,t € [0,7) and any three different z,y, 2z € R? we set
T(z,y,z) = l(x,y)ULl(y, 2)UL(z,z) and let M (s,t;x,y, z) be the set of all u €
[0,7) such that there is a bijection f : {1,2,3} — {z,y, 2} with £,(f(1)) N
L(f(2)NLu(f(3)\T(x,y,z) # 0. Simple geometrical reasoning yields that
for any fixed f there is at most one such u and hence M (s, t;z,y, z) contains
at most 6 elements. Next, let {Cy, }o<c be the system of all perfect subsets of
[0,7) and let {(z%, y®, 2%)}a<c be an enumeration of all triples of different
points in R2.

Now, assume that for some k < c all t,, a < k, have already been chosen.
Then a simple comparison of cardinalities shows that we can select some

(*) te € Oy \ U U M(tg, ty; x®, Y%, 2%).
a<k B,y7<k

Finally, the set M = [0,7) \ {t : @ < c} has all the required properties.
From (%) it is obvious that M contains no nonempty perfect sets. To verify
the second property of M it suffices to show that for each x < c the set

Sk = (2" + Co,mnm) N (Y™ + Clo,mp\nr) N (2" + Clo,m\ar)

is a subset of

T(lﬁv yn7 ZK) U (xﬁ + C{ta:a<n}) U (yn + C{ta:a<n}) U (ZK + C{ta:a<n}) .
(Note that if we assume U(m) (resp. U(c)) then this last set has measure
zero (resp. is of the first category).)

But indeed, if p € S \T' (2", y", 2") then p € £y (x")Nl;, (y*) Nl (27) for
three different ordinals a, 3,y < c. Hence there are o/ < 3’ < 7/ < ¢ with
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{a, 8,7} ={d/, 3,7} and of course, t,, € M(to,tp; 2", y", 2"). According
to (%) this implies 7' < k and

PE (2" + Cptpiacn)) U W™+ Cipiacny) U™ +Cptpack)) -

Let us remark that in the same way as Proposition 3 we can prove in
ZFC that for any three different points x,y, z there exists a set M of inner
measure zero such that

(x+Cy) U (y+Cr)U (24 Car) =R2.

On the other hand, it is easy to observe that there is no “universal” set M
of inner measure zero which has the above property for each triple x,y, z of
distinct points in R2.

ITI. The well-known correlation between measure and category [4] sug-
gests that category analogues of the foregoing results are true. Indeed, one
can prove the following theorems (we omit the proofs which are quite the
same as in the second section).

PROPOSITION 4. Assume A(c). If D C [0,7) is of the first category
then there exists a set E in (\5cp G2(6) N (Nsepo,x) 93(0) without the Baire

property.
PROPOSITION 5. Assume A(c). Then there exists D C [0,7) which is

of the second category at each point of [0,7) and for which (\scp G2(0) N
Msejo,n 93(8) contains sets without the Baire property.

PROPOSITION 6. Let 0 < a <b<m,n>1 and D C [0,7) satisfy

falso 2"} + Clapy < ((inty ((J @ + )
i=1
for any different points x*,...,z" € R®. Then each set E in (\scp G2(0)
has the Baire property.

Proof. Similarly to the proof of Proposition 2 it is enough to prove
that for each pair of rationals p, ¢ the set S = ((p,q) x BSCL(E(p,q))) \ E
is of the first category. Suppose that S is of the second category. Then
there exist nonempty intervals U C (p, ¢) and V such that S is of the second
category at each point of U x V. Fix z! € SN (U x V) and s < x} < ¢ with
s,t € VN E(p,q) and such that the open set {6 € (a,b) : l5(x') C L1} is
nonvoid. In the same way as in the proof of Proposition 2 we can choose
n — 1 different points z2,...,2" € SN (U x (s,t)) N Ly \ {z'} and R > 0
such that

B(z',R) C(UXxV)NLpnN...N Ly \ {2?,... 2"}
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and
[(z' +Cp)U...U (" +Cp)|NB(z',RA)N L \{z'} C E.

From the assumption on D it follows that E N B(z!, R) contains a second
category subset with the Baire property, which contradicts the assumption
onUXxV.n

THEOREM 3. If D C [0,7) contains a second category set having the
Baire property, then each set in ﬂéeD G2(6) also has the Baire property.

PROPOSITION 7. Assume U(c). Then there exists M C [0,7) such that
intq(M) =0 and R?\ [(z+Cn)U(y+Car) U (2 +Car)] is of the first category
whenever x,vy, z are three different points of R?.

THEOREM 4. Assume U(c). Then there exists D C [0,7) such that
intq(D) =0 and any set in (\5cp G2(9) has the Baire property.

IV. Now we try to find conditions for (s¢(o - G3(6) N (N5 p G2(6) to
contain non-Borel sets.

First, Frantz [2] showed that (\scp ) G3(6) N (sep G2(5) contains only
open sets provided that [0, 7) \ D is finite.

TuEOREM 5. If [0,7) \ D is countable then any set in (\scp ) G3(6) N
Nsep 92(6) is of type Gso-

Proof. Let E € (Ns¢(0.x 93(0) N[ sep G2(6). We may assume that
0,7/2 € D. For p < q define

E(p,q) ={y:(p,q) x{y} CE}, E*(p,q)={z:{z}x(p,q) C E}.
Obviously, E € G2(0) N Go(7/2) implies

E=Nlpa) x E@oln[EW.¢)x @) :
p < q,p < ¢ rationals}.
Similarly to the proof of Proposition 2 it is enough to verify that for any
p < qand p’ < ¢ the set
M = [(p,q) x BSCL(E(p,q))] N [BSCL(E" (¢, ¢")) x (v, d)]\ E

is countable. One easily observes that for each line £ any x € £N M is a two-
sided cluster point of £ N E. Hence, for a fixed xy € M the set {5(xo) N M
contains at most two points and moreover, ¢5(z¢) N M = {xo} whenever
0 € D. Since [0,7) \ D is countable, the proof is finished. m

But what happens for general D C [0, 7)7 First assume that card([0, 7)\
D) < c. If we assume CH then from the foregoing it follows that every set
in Nsepo,r) 93(6) NNsep G2(0) is Borel measurable. On the other hand, if we
assume non-CH then there exists D C [0, 7) such that card([0,7) \ D) < c
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and (Vs (0,x) 93(6)Nsep G2(8) contains non-Borel sets. Indeed, let M C R2
be a set having no three points on a line and with cardinality strictly between
Ng and ¢. Then D = [0,7) \ {dir(¢(x,y)) : =,y € M,z # y} has the
mentioned properties.

Finally, we allow [0,7) \ D of cardinality c.

PROPOSITION 8. There exists an open set D C [0, 7) of full measure such
that se(0,x) 93(0) NNsep G2(8) contains 2° nonprojective sets.

Proof. Let M C [0,7/2) be a perfect set with symmetrical index (also
called packing dimension) Dim(E) = 0 (see [7]). Then the sets M of all
points of R? with polar coordinates r = 1 and ¢ € M and D = [0,7)\ [r/2+
(1/2)(M+M)] (where 7 /2+(1/2)(M+M) = {7 /2+(1/2)(y+2) : y,z € M})
are perfect and have packing dimension zero [7]. Consequently, D is open
and has full measure. Let E be a fixed subset of M. Evidently, E° €
MNsejo,r) 93(6) where E¢ = R? \ E. We shall verify that E¢ € (\s.p G2(6).

Assume that E® ¢ Go(7) for some v € [0, 7). Then there exist z,y € M for
which the line ¢(z,y) has direction v. Let x and y have polar coordinates
(1,) and (1,7), respectively. Then simple geometrical reasoning yields
that v =7/24+ (1/2)(a+ 5) € w/2 + (1/2)(M + M) and therefore, v & D.
Obviously, there are 2° nonprojective subsets of M. u

THEOREM 6. For D C [0,7) the family (\s¢(o,x) 93(6) N(Nsep G2(8) con-
tains a non-Borel set iff

(x)  there is an uncountable set M C R? having no three points on any
line and no two points on lines with directions in D.

Proof. Obviously, the condition (x) is sufficient. Indeed, if M fulfills
(*), then there exists a non-Borel subset £ of M with E' € (5¢(o ») G3() N

Nsep G2(6). Now assume that (\;c(0 ) G3(0) N (sep G2(9) contains a non-
Borel set E. Let 1,92 be two different directions in D; assume for conve-
nience that §; = 0 and do = w/2. For p,q,p’, ¢’ let

Epqp,a = [(p,q) x BSCL(E(p, q))] N [BSCL(E™(p',q")) x (p',d)] .
Mygp a0 = Epgp,a \E.
Since
E = U{EP%P"Q' \Mpqp.q:P<qp <¢ rationals}

and the E, , /o are Gs-sets, there are p < ¢ and p’ < ¢’ such that M =
M, 4.p,q is uncountable. As in the proof of Theorem 5 we observe that for
any line £ the set N M has at most two points and is a singleton whenever
dir(¢) € D. Thus M satisfies (x). m
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COROLLARY 2. Assume CH. Then the set M defined in Proposition 3
is non-Borel (since it is nonmeasurable) and does not satisfy the condition
(*). Hence any set in (sepo,x) 93(6) N (Nsepr G2(8) is Borel measurable.
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