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in this way across the (n+1)st row until X, (. has been constructed and an em-
bedding of 1t into X, ,. Finally, construct Xyt mrt from X410 the way that X, ,
was constructed from X, . ®

Remark. H. Cook has shown that X, ., is not hereditarily equivalent. It is
an open question whether there exists a hereditarily equivalent (plane) continuum
of positive span.
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Another universal methcompact developable
T,-space of weight m

by

J. Chaber (Vvarszawa)

Abstract. Let ™ be an infinite cardinal number. We use the d-line constructed in [Ch2] in order
to construct a simple universal metacompact developable Ty~ space of weight 1 analogous to a uni-
versal metric space of weight m constructed lmplxcnly in the proof of the Nagata—Smirnov ‘metri-
zation theorem. .

Let m be an infinite cardinal number. In [Ch2], we constructed a universal
metacompact developable T'i-space of weight m. The construction was based on
a method of constructing mappings into metacompact developable T-spaces
from [Chl].

In section one of this paper we give another construction of a universal meta-
compact developable T-space of weight m. This construction is related to a method
of constructing mappings into metacompact developable T;-spaces investigated
in [Ch3]. It is simpler than the construction in [Ch2] and Has its metric analogue.

In section two we generalize the ‘construction from [Ch2] in order to obtain
an orthocompact developable T;-space of weight 2™ containing all orthocompact
developable T;-spaces of weight m. The universal metacompact developable
Ty~ spacé of weight m constructed [Ch2] is contained in this space in a natural way.
We indicate some relations between the two constructions of umversal spaces
(Remark 2.7).

All our constructions are based on the d-line D (denoted by 7(0) in [Ch2]).
In section three we construct a d-interval D* and discuss the problem of cxtendmg
mappings into D and D¥*,

We use the terminology and notation from [E]. All mappings are assumed
to be continuous and all spaces are assumed to be T;-spaces. The last section
requires the knowledge of [Ch2].

The d-line D [Ch2] (a similar, but more complicated space has been con-
structed earlier in [HJ) is N"*, where N is the set of natural numbers and
N.= N\{0}. The topology of D is generated by the subbase

— (B): m, 121} U (B(i.)): n, 1, i1} U{D),
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where
B = {de D: dim)=i} for n,i>l,
B(i,j)={de D: dn)zi = din+1)zj}
‘ = (D\B,()) UB,(j) for n,i,j=1.

It is easy to see that D is a Tp-space and each element of & is an F,-set in D.
Thus D is a developable T;-space of countable weight. The point (0,0, .)€ D
will be denoted by O.

A collection % of open subsets of a space X is said to be interior-preserving
if the intersection of every % =% is open in X.

A space X is said to be metacompact (metalindelsf or orthocompact) if each
open cover of X has a point-finite (point-countable or, respectively, interior-
preserving) open refinement. It is well known that a developable space is meta-
compact (metalindeldf or orthocompact) iff it has a development consisting of point-
finite (point-countable or, respectively, interior-preserving) covers. Observe that D
(any space with a conntable base consisting of F,-sets) has a development consist-
ing of two-element covers.

A space X is said to bé semi-stratifiable [C] if each closed subset A of X can
be represented as a Gj-set () Wi(4) in such a way that AcA’ implies Wi(4)

k21

c W, (A" for k>1. Developable spaces are semi-stratifiable.

In what follows m denotes a fixed infinite cardinal number, £ (m) is the power
set of m and Fin(m) is the set of finite subsets of .

The spaces constructed in this paper depend on m. Since m is fixed, we shall
often omit the symbol m.

1. The space S(m). One of the most familiar universal metric spaces is the
product of countably many hedgehogs J(im) [E, 4.4.9]. The Bing metrization theorem
can be considered to be a corollary to the fact that, for any discrete collection
{Uy: wem} of functionally open subsets of a space X, there exists an f: X — J. (m)
such that U, is the inverse image of the open spine of J(im) corresponding to « [S].

If the collection {U,: @ e m} is locally finite, then J(m) should be rcplaced
by K(m), which is a “hedgehog” whose spines: are cubes of finite dimensions.

More precisely, K(m) = {xel™: |{aem: x(«) # 0}|<N;} considered with
the topology of uniform convergence.

It is easy to see that J(mt) is naturally embedded in K(im) and that the Nagata—
Smirnov metrization theorem can be proved by constructing an embedding into
K(m)*.

Let S(m) = {se D™ |{xem: s() # O}] <®o} and consider § with the top-
ology generated by the products of open subsets of D with all but a finite number
of factors equal to a neighbourhood of 0 in D (more precisely, the intersections
of such products with §).

It is easy to check that S is a metacompact developable T,-space of welght m.

For wem, put H, = {se S: s(a) # 0}. Clearly, {H,: xem} is a point-finite
collection of open subsets of S. We have (see: [Ch2, Theorem 1]).
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1.1. THEOREM. If X is a perfect space and {U,: « € m} a collection of open sub-
sets of X which is point-finite as an indexed collection, then there exists a mapping
foX = S(m) such that f ~*(H,) = U, for «em.

An immediate consequence of 1.1 is

1.2. COROLLARY. The space S(m)™ is universal for all metacompact developable
T,-spaces of weight m.

The proof of 1.1 will be based on the following lemma.

1.3. LEMMA. If {V(i)}i»1 is @ decreasing sequence of open subsets of a perfect

space X and (\ V(i) = @, then there exists a mapping f: X — D such that f ~4(B,())
i>1

= V@), HDN0}) = V(1) and XN (B, D)= VONV() for n, i, j>1.
Proof. We modify a reasoning from [Ch2]. We construct, by induction on
nx1, sequences {V,(i)}i»; of open subsets of X such that
() V,0) = V(i) for ix1
and, for n>1,
(i) {V.()}i>1 is a decreasing sequence and ) V,(i) = &
. izl
() Vy(NeVou(DeVQ) for j=1,
(iv) Vi, 7) = (X\V,(D)) UV,44(j) is open in X for i,j=1.
The sequence {V;(i)};», satisfying (ii) is defined by (i). Suppose that {V,({)}i>1

is given. For i1 let {U,({,)};», be a decreasing sequence of open subsets of X
such that X\V,(i) = N U@, ).
izl

Put

i-1
W) Vasr() = V() Uipl(Vn(i) A Ui, 0)-

From the inductive assumptions it follows that (ii) and (iii) are satisfied.
Moreover, from (i) and (iii) it follows that, for i>j, V,(i)<V,(j)< V,u+1(j) and,
consequently, V,(i,j) = X. If i<j, then, by virtue of (v), V,(i, /) = U,(i, /) UVur1()-
This shows that (iv) is satisfied and completes the inductive construction.

For n>1 put V,(0) = X and define f(x)(n) = max{i=0: xe V,()}. This
gives f: X - D satisfying f~Y(B,(i)) = V,(i) and, consequently, f~*(B,(, )
= V,(i,/). Thus f is continuous and (i) and (iii) imply that f~*(By() = V(i)
ANV, ) = ViV (D S VIONV ()

Proof of 1.1. Suppose that X is a perfect space and {U,: « € m} is a collection
of open subsets of X such that {eem: xe U,} is finite for xe X.

Since X is a perfect space, one can construct, for k1, collections {E(k): o € m}
of closed subsets of X which are locally finite as indexed collections and satisfy
kL>)1E,,(k) = U, for w e m (if X is developable and {%,},», is a development of X,

then E (k) = X\St(X\U,, %k) satisfy the above conditions).
For ¢« e m put V(1) = U, and V, (i) = U\U E(k) for i>1. Let f,: X— D


GUEST


250 J. Chaber

be 2 mapping satisfying the requirements of Lemma 1.3 with respect to the sequence

{Vtx(l)}1>1 ;
Since f2H(DN{0}) = U,, it follows that f = A fu: X' = S and f7(H,) =

Thus it remains to prove that f is a continuous function.

From the definition of the topology of S it follows that it is sufficient to show
that, for any (subbasic) neighbourhood B of 0 in D, {fy Y(B): o em} is interior-
preserving in X.

Take B = B,(i,j). For aem, XNf (B, ))= VANV )< U E,(k). Thus

{X\f7'(B): aem} is locally finite in X and consequently {fs 1(B) aem} is
interior-preserving.

1.4. Remark, If X is additionally assumed to be collectionwise normal, then
S(im) can be replaced by K(m) in 1.1.

1.5. Remark. Let Y(m) = {ye D™: {wem: y(«) ¢ B} <Mo for each neigh-
bourhood B of 0 in D} and consider ¥ with the topology generated in the same
way as the topology of S. It can be checked that ¥ is a quasi-developable [Be]
T,-space with a point-countable base of cardinality nt. If X is a semi-stratifiable
space with a point-countable collection {U,: ¢ & m} of open sets, then one can use
[Ch3, 4.4] in order to define sets E,(k) which allow us to construct, as in the proof
of 1.1, f: X — ¥ such that U, = f~({y & ¥: y(@) # 0}). Thus Y(m)* contains
topologically all metalindeldf developable T;-spaces of weight .- Unfortunately, it
can be shown that Y(m) is not a perfect space (even for m = w,).

2. The space Z(m). The existence of f: X — S(im) satisfying the requirements
of 1.1 was based on the possibility of representing each U, as the union of a count-
able collection {E,(k)},», of closed subsets of X such that {E,(k): x & m} was locally
finite in X for k>1.

If {U,: wem} is an interior-preserving collection of ‘open subsets of a semi-
stratifiable space X and P(a) = () {U,: xea\U {U.: a ¢ a} for acm, then each
P(a) can be represented as the union of a countable collection {E(a, k)}i»o of
closed sets such that {E(a, k): acmj} is discrete in X' for k=0 [J, 4.8]. We shall
use this observation in order to generalize the construction of T(m) and T"(m)
from [Ch2, Theorem 1, Remark 6].

Let Z(m) = #(m)x D and put

Ga,i) = {(b,d)eZ: ach and (¢ # b = d(1)>i)} for acm and i>0,
G, (i) = P(m)x B,(i) for n,ix=1,

G(z]) Pm)x B,(i,j) form,i,j=1.

Consuler Z with the topology obtained by taking the sets defined above as
a subbase of Z.

One can modify the proof of the developability of T'(m) from [Ch2] in order
to show that Z is an orthocompact developable T;-space. Clearly, the weight of Z
is 2™

icm
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For.o.em, put G, = G({«}, 0). Clearly, {G,: ® e m} is an interior-preserving
collection of open subsets of Z. We have (see [Ch2, Theorem 17)

2.1. THEOREM. If X is a semi—st‘i‘btﬁable space and {U,: oéem} an interior-
preserving collection of open subsets of X, then there exists d g X — Z(m) such
that g~*(G,) = U, for aem.

2.2. COROLLARY. The space Z('m)"u contazns topologzcally all orthocompact
developable T.-spaces of weight m. )

Proof of 2.1. Suppose that {U,: aem} is an interior-preserving collection
of open subsets of a semi-stratifisble space X. Let P(a) and {E(a, k): acm} for
k>0 be as in the introduction to this section.

Put V(i) = X\U {E(a, k): ac=m and k<i} and let f: X — D be a mappmg
satisfying the requirements of 1.3 with respect to the sequence {V(i)}i»1. Deﬁne
9@ = ({w: x e U, f09) € Z.

Clearly, g~1(G,) = U, and the proof of the continuity of g reduces to a simple
observation that

074G (@, D) = () {Us: aea\U {E®@,k): b ;é u and k<i}.

2.3. Remark. If E(@,0) = P(9), then g(X)={(a,d)eZ: a # & or d = 0}.
Since P(@) is closed, we can always assume that E(D, 0) = p(&).

2.4. Remark. If {U,: wem} is point-finite as an indexed collection, then
g(X)cFin(m)x D = T(m)<Z(m) (see [Ch2, Theorem 1]).

2.5. Remark. If {X\U,: « e m} is locally finite as an indexed collection then
g(X)={(a,d)eZ: m\ae Fin(m)} (see [Ch2, Remark 6]).

2.6. Remark. A weak form of Lemma 1.3 (sufficient for proving 2.1) can be
obtained from 2.1 by observing that {U,: a € w,}, where Uy = X and U, = V()
for 1<a<w,, is point-finite, p: T(m) — D defined by p(a, d) = (lal, d) is continu-
ous and consequently f=pog: X — D, where g: X — T(w,) is given by 2.1,
satisfies £ ~Y(B,(i)) = V(i) for i=1.

2.7. Remark. The function f: T(m) - S(m) defined by fla, d)(o) = pla, d)
if xea and f(a, d)(@) =0 if a¢ais continuous. The restriction of f to {(a, d)eT":
a# @ or d=0} (see 2.3) is a homeomorphic embedding of this subspacg of
T(m) into S(m). '

3. A developable T-compactification of D and extensions of mappings. The
results of [Ch2] and the first section of this paper show that D can be considered
to be a generalization of the real line (a d-line). It is easy to observe that
{B,(i,1): ix1} is a countable open cover of D with no finite subcover. We shall
construct a developable T,-compactification D* of D (a d-interval).

Let oN = N U {w} be the Alexandroff compactification of N and consider oN
with ‘a’ well-order generated by the natural homeomorphism of wN onto wy+1.

L Pt D* = {de oN"+: d(n+1) = o implies d(n) = 0 for n>1}. Consider D

5 — Fundamenta Mathematicae CXXII/3
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with, the topology generated by the sets B,({) and B,(i,/) defined in D* for all
n,i,j=1 by the formulas defining the corresponding subbasic sets in D.

o It is easy to see that D* is a T;-space and that each of the sets generating the
topology of D is an F,-set. Thus D* is a developable T -space of countable weight.
Moreover, we have

3.1. PROPOSITION. The space D* is a Ty-compactification of D.

Proof. Clearly, D is a dense subset of D*. Suppose that D is not compact.
Then there exists an open cover % of D* such that no finite subcollection of #
covers D* and % consists of subbasic sets of D* [E, 3.12.2].

For n1 let d(n) be the lowest upper bound of {i>1: B,(i,/) e % for a j=1}
in @N. o

~ Observe that, since B,(i,/)V B,.,(j, k) = D* and B,,(i) U B,(i,j) = D*, it
follows that ) .
(%) if Byi,])e U, then d(n+1)<j,

(x%) if B,(i) e %, then d(n)<i.

As a consequence of (x), we infer that d(n)>0 implies d(n+1) # w, which
means that d = {d(n)},», € D*. : .

.. Let B be an element of % containing d. Suppose that B = B,(i). Then, by virtue
of (x+), d(r) </ and d ¢ B. Thus B is of the form B,(i, /) and (x) shows that d(n+1)
<j. From the definition of d(n) we obtain d(n)>i and, consequently, d ¢ B. The
contradiction shows that D* is compact.
B In [Ch2, Corollary 2] we proved that, if 4 is a closed subset of a perfect space X
and g is a mapping of 4 into D, then there exists a mapping f; X — D which is
an extension of g. The same reasoning can be used in order to prove the non-trivial
part of the fdllqwihg characterization' of perfect spaces (an analogous characteriz-
ation of perfectly normal spaces is implicitly contained in the formulation' of the
Tietze extension' theorem in [K, XII,5,Theorem 1]).

* 3.2, THEOREM. 4 space X is perfect iff for each closed subset A of X and g : A — D*
there exists an extension f: X — D* of g such that f(X\d)<D.

Itis naturgl to expect that any mapping g of a closed subset 4 of a d-normal
[Ch3] (=D-n9rma1 [Br2]) space X into D (D*) can be extended to f : X — D (D%,
In jCh2, Remarks 3.4] we have observed that such an extension exists if 4 is a

G;-set (the same method can be applied to mappings into D*). It turns out that
the assumption that 4 is a G;-set.is essential.

3.3. ExampLE. A normal space X containing a closed subset 4 such that there
exists a mapping g: 4 — D which cannot be extended to any mapping f: 4 —~ D*.

Let' X =R, [E, 5.1.32]. Put 4 = Q and let {gn}: m=1 be an enumeration
of Q. The function g: 4 — D defined by g(g,) = (1, m, m, m, ..) is continuous
because g~*(B) is either empty or co-finite for subbasic subsets of D.

Suppose that f: X — D* is an extension of g. Consider f~!(By(1)) and
F7Y(B;(?) for i1. Bach of these sets contains an open and dense subset of R and
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consequently the intersection of these sets contains a point x& R. For d = f(x)
we have d(1)>1 and d(2) = o, which contradicts the fact that f(x) € D*.

The possibility of extending mappings defined on a closed subset 4 of ad-normal
space X can be characterized in terms of D-open sets [Brl] (= inverse images
of open subsets of D [Ch2, Remark 3]).

3.4. THEOREM. For a closed subset A of a d-normal space X the following con-
ditions are equivalent:

() any g: A — D has an extension f: X — D,
(ii) any g: A - D has an extension f: X — D¥,
(ili) if {V()}i»1 is @ decreasing sequence of D-open subsets of A and () V(i)
iz1
= @, then there exists a decreasing sequence {W(i)};», of D-open subsets of X such
that \ W) = @ and W(i)yn 4 = V(i) for i=1.

i>1

Proof. (i) = (ii) is obvious. Suppose that (ii) is satisfied and let {V()}i»1 be
as in (iii). The proof of Lemma 1.3 shows that there exists a mapping h: 4 — D
such that ~1(B,(i)) = V(i). Consider g: 4 — D defined by g(x) = (1, a(x)) for
xeA. Let f: X — D* be an extension of g and put W(i) = f~*(B(1) n B,(i)) for
i21. It is easy to check (see the reasoning in 3.3) that {W(i)};>, has the required
properties.

The proof of (iif) = (i) is a modification of the proof of Theorem 2 in [Ch2].
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