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Approximation theory of
uniqueness conditions by existence conditions

by
" Nobuyoshi Motohashi (Tsukuba)

Abstract. Let L be a first order classical predicate calculus with equality LK, or a first
order intuitionistic predicate calculus with equality LJ. Suppose that R is a set of predicate
symbols in L. Then, R-frec (R-positive) formulas are formulas which have no (no negative)
occurrences of predicate symbols in R. Uniqueness conditions of R are sentences of the form:
VE YR (%) A a RplE). D ARy, .-, %)), where Ry, ..o, R,eR and A is Rree.
Existence conditions of R are sentences of the form:

VE VT, o VS (Ry (%) & e a RolE) & A1 (R0 Ty ooes ) A o 4 Ag(Ton By oo )
23504 (51 (R -vos Ty T) ¥ s ¥ Q5 (For 02 7)),
where r = 1, Ry, ..., R,, Q1. ..., Q,€R, and 4y, ..., 4, are R-free. Suppose that X is a finite set
of formulas of the form P(f), PeR, and U is a uniqueness condition of R of the form above.
Then, U{X] is the formula A ... A AGy ... 5.
RyEppex RS eX

Suppose that U is a finite set of uniqueness conditions of R and E is a set of existence
conditions of R. Then, the set of approximations of U by E over X, denoted by Ap(U, E, X), is
defined by the following (1), (2), (3), and (4):

(1) AX A ANA[XIeAp(U, E, X).
Ael
(2) If A, BeAp(U, E, X), then 4 5 BeAp(U, E, X).
@) I B,@o, & ..., 3y HyeAp(U. E, X V{Qs(5)(@0, 8y, s G BY) =1, .., 7 and

I q ’
Y% VE ... \ﬁc,,(/\1 Ri(%) A /\XA,L(J?D,'..‘, %,). =35 \/lgj(gj(x[,, ) 13
i= k= i=
then
q r
A o A VE(A Ao Ty, oo B). 235V By(So, By oos By D) AP, E, X).
RyGapex  RyfugeX k=1 i=1
(4 Every element in Ap(U, E, X) is obtained from (1), (2), (3) above only.
Qur main theorem is:

APPROXIMATION THEOREM. Suppose that A is an R-positive formula in L. Then, the formula
AXAAUANE oA s provable in L if and only if B> A is provable in L for some
approximation B of U by E over X.

This theorem and its variations have many applicatidné.
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In this paper, we shall introduce a new syntactical theory, named
“approximation theory of uniqueness conditions by existence conditions”,
which gives us new proofs of “climination theorems of uniqueness con-
ditions” in Motohashi [6], [7], Minc’s theorem on Skolem functions in the
intuitionistic predicate calculus in Smorynski [10], [11], Barwise’s approxim-
ation theorem on Henkin quantifiers in Barwise [1], and a new approxim-
ation theorem on Vaught sentences (cf. Harnik—Makkai [2]). Let L be a first
order classical predicate calculus with equality LK or a first order intuition-
istic predicate caiculus with equality LJ. Now, we fix a set R of predicate
symbols. Then, a formula 4 in L is said to be R-free (R-positive, R-negative)
if 4 has no (no negative, no positive) occurrences of predicate symbols in R.
R-atomic formulas are formulas of the form P(f), where PeR and 7 is a
sequence of terms, and normal R-atomic formulas are R-atomic formulas of
the form P(%), where X = (x;, X,, ..., X,,> is a sequence of distinct free
variables.

Uniqueness conditions of R are sentences of the form

VX YR R(%) A A RY(R). D ARy, .., X)),

where Ry (%), ..., R,(X,) are normal R-atomic formulas and 4 is an R-free
formula in L. J

Vx Vi, ¥y, Vy, (R (X1, 1) A R{x3, 35). 2 (xy=x32y = J’2))

Is a typical example of uniqueness conditions of ‘R!, where R is a binary
predicate symbol.
Existence conditions of R are sentences of the form
VX, VX, ...

VE(Ri(F)) - oo R (%)) ~ A, (%, Tiy e K)o

SXp D)V VO (. -, Xy, 7)),

where r= 1, R (X)), ..., R,(X,) are normal R-atomic formulas, 4,, ..., A,
are all Rree formulas, and Q, (5, (%, 7), ..., Q,(5,(X, 7)) are all R-atomic
formulas which have at least one occurrence of free variables in ¥ (this
implies that ¥ is not the empty sequence). )

Simple existence conditions of R are existence conditions of R such that
p=4 =0 in the above form. Vx3IyR(x, y) is a typical example of simple
existence conditions of |R}. Suppose that X is a finite set of R-atomic
formulas. For each ReR, let X (R} be the set of n-tuples <r,, ..., t,> of terms
such that R(z,.,... s1,)€X, where n is the number of arguments of R.
Suppose that U is a uniqueness condition of R of the form

A Ay(Xo, Xy, ...y %,). 2 3T(0, (5 (%o, ..

V.‘T‘l ...pr(Rl()_Cl) A eee A Rp()—cp), S AR, ..., _fp))’
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then U[X] is the formula

A .. 5).

§1EX(Ry)  5,EX(Rp)

Suppose that U is a finite set of uniqueness conditions of R and E is a finite
set of existence conditions of R. Then, the set of approximations of U by E
over X, denoted by Ap(U, E, X), is defined by the following (1), (2), (3), and

4):
M AX A A A[XIeAp(U, E, X),

AeU

) If 4, BeAp(U, E, X), then A » BeAp(U, E, X).

(3) If B;(@, 4y, ---. G, b)eAp(U, E, X))\ 'Q(5;(do, Ay, ---» Gy DY),
j=1,....r and

p q _ _
V3V ... VE( A\ Ri(%) A /\lAk(xo,...,xp).
i=1 k=

237\ 0;(5(%os ---» Xp» M) EE,
j=1

then
q

V(N AXos Tys - 1)

iy eX(Ry) ZpeX(R p) k=1
53§ \/ By(Ro, Gy, -, &y, P)EAP(U, E, X).
j=1

(4)  Every element in Ap(U, E, X) is obtained from (1), (2), (3) above only.
Moreover, if E consists of simple existence conditions only, then Fhe se} of
kth approximations of U by E over X, denoted by Ap*(U, E, X), is defined
by the following (1)° and (2)**':

1° Ap®(U, E, X)=-{/\XAA/\UA[X]}--

(¥ Ap**'(U, E, X)

_IvEaF\/ 4;(% Pl 4@ beAp*(U, E, X)V 1Q,(5;(@, b))},
j=1
j=1,2,...,r, and VEIF \/ Q;(5(%, 7)E).
j=1

Note that any formula in Ap(U, E, X) or Ap*(U, E, X) is R-positive and has
no occurrences of free variables which do not -occur in any formula in X. Let
Ap(U, E) = Ap(U, E, @) and Ap*(U, E) = Ap*(U, E, ©). Then, sentences in
SAp(U, Ey or Ap¥(U, E) are called approximations of U by_ E or simple
approximations of U by E, respectively. Our main theorem is:
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TurorEM A (Approximation theorem). Suppose that A is an R-positive

formula in L. Then, the formula NX o \U A \E.> A is provable in L if

and only if B > A is provable in L for some approximation of U by E over X.
In particular, if E consists of simple existence conditions only, we can take a
simple approximation of U by E over X in the above statement.

Usually we use Theorem A in case that X is the empty set. We have
many variations of Theorem A, which will be explained in § 1 below and
many applications of Theorem A, which will be given in § 2 below. In § 3
below, we shall give a syntactical proof of Theorem A.

§ 1. Variations. In this section, we shall explain some variations of
Theorem A in the introduction of this paper.

1. Uniqueness conditions. We can obtain a similar approximation
theorem even if we admit the following type of sentences as uniqueness
conditions of R.

VER, ([ (D) A - A Rp(5(X). 2 A(),

where Ry, ..., R,eR and A is an R-free formula in L. In fact, this type of

uniqueness conditions of R can be replaced by the following uniqueness
conditions of R:

V% ... V%, (Ry(%) A oo A
SVEE =5 A - X, =1,(%). D A())
where

=53 I8 x3=t10)AX2=6200 A -

2: Existenc‘e conditions. We can obtain a similar approximation theorem
even if we admit the following type of sentences as existences conditions of

R.
VIR (GE) A oo A R(GE) A ALF) A -0 A Ay(R).
235 EE D)V - VO EE D),
where r > 1, R eR, ..., R,eR, Q,€R,...,Q,eR, 4;, ..., A, are all R-free

formulas am'i 0:(5:(%, 7)), ..., 0.(5.(%X, ) have at least one occurrence of
one free variable in j.

Ir} fact, this type of existence conditions of R can be replaced by the
following existence conditions of R: .

VEVE VE(RUED) A oo AR A AL (D) A o p A (D) A
A =TE) A A% =50.2350:F(E D)V ... VO,EE )

. 3. R-free approximations. The definition of the set of Rfree approxim-
ations of U by E over X is obtained from that of approximations of U by E

icm°®

Approximation theory of uniqueness conditions by existence conditions 131

over X by deleting /\ X in (1). Similarly, R-free simple approximations of U
by E over X are obtained. Then, we have the following theorem.

TueorEm B (R-free approximation theorem). Suppose that A is an R-frec
formula in L. Then, the formula A X A AU A N\E.> Ais provable in L if and
only if B > A is provable in L for some R-free approximation B of U by E vre:
X. In particular, if E consists of simple existence conditions of R, then we cun
take a simple R-free approximation B of U by E over X in the above
statement.

This theorem is an immediate comsequence of Theorem A and the
following lemma.

PoSITIVE LEMMA. Suppose that P, Q are n-ary predicate symbols, and
B(P) is a P-positive (P-negative) formula. Then, the formula

VE(P(X) > 0(X) A B(P). 2 B(Q) (VX(P(®)>Q(X) A BQ).>B(P)

is provable in L, where B(Q) is obtained from B by replacing some occurrences

of P of the form P(f) by Q(f).
4. Parametrical versions. Let &= {c;, ..., cyy be a fixed sequence of
distinct free variables of length N, and R a set of predicate symbols such that

_ each predicate symbol in R has the number of arguments, n+N, where

n> 0. g-formulas are formulas which have no free variables except those in
Z. R-atomic formulas with parameters ¢ are R-atomic formulas of the form
R(ty, ..., ty, €), and normal R-atomic formulas with parameters ¢ are normal
R-atomic formulas of the form R{ay,...,a, . By replacing “R-atomic
formulas” and “normal R-atomic formulas™ by “R-atomic formulas with
parameters &” and “normal R-atomic formulas with parameters ¢~ respecti-
vely, in the definitions of uniqueness conditions of R, existence conditions of
R, and approximations of U by E over X. we have parametrical versions of
these notions. For example. uniqueness conditions of R with parameters ¢
are ¢-formulas in L of the form:

n
VEVE, .. V(A RS, 8.2 AT, .y 5. 0)
. i=1

where R; (%, ?), i =1, ..., p, are normal R-atomic formulas with parameters
¢ and A(X,, ..., X,, ) is an Rfree formula. Suppose that U(¢) is a finite set
of uniqueness conditions of R with parameters ¢, E(@ is a linite set of
existence conditions of R with parameters ¢, and X (0) is a finite set of R-
atomic formulas with parameters .

Treorem C (Parametrical approximation theorem). Suppose that A(C) is
an R-free, -formula and B is an R-positive formula in L. Then, the formulua

VE(A® > AX® A AU A NE®)>B
is provable in L if and only if the formula ¥V %(A(X) = C(X)) = B is provable in
L for some approximation C(c) of U@ by E(2) over X(c) with parameters C.

3 — Fundamenta Mathematicae CXX. 2
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In particular, if E consists of simple existence conditions with parameters ¢
only, then we can take a simple approximation C(c) of U() by E(2) over X (2)
in the above statement, )

As a corollary of Theorem C, we have the following fact (cf. Theorem
0.1 in [2]).

Let P be an N-ary predicate symbol which does not belong to R.
§uppose that A(P)is a {P}-negative and R-positive sentence in L. For each
cformula B(7), let A(B) be the formula obtained from A(P) by replacing
every occurrence P(f) of P in A(P) by B(f.

COR(.)LLARY D. A(AU A \E) is provable in L if and only if A(B) is
provable in L for some approximation B(Z) of U(d) by E (), with parameters .

Proof. We can assume that the predicate symbol P occurs in none of
formulas in U(¢) YE(c). Then,

A(AU A \E) is provable in L
<VE(P®E > :AU® A N\E®) > A(P) is provable in L

o ) (by Positive Lemma)
<=V X(P(X) = B(X)) > A(P) is provable in L for some approximation
B(2) of U(¢) by E(©) with parameters &

(by Theorem C)

<>A(B) is provable in L for some approximation B(e) of U(e) by
E(c) with parameters ¢

(by Positive Lemma). w

) 5. _Inﬁmtary versioqs. We can generalize almost all the notions men-
t101'1ed in the mtroducftxon of this paper into the infinitary logic L, (cf.
Keisler [3]), py rc?placmg “formulas in L” by “formulas in I, ”. Bu‘%l:ome
natural modifications are necessary. For example, (2) in tl;ue1 wdeﬁnition of
Ap(U, E, X) should be replaced by the following (2)>:

@> IfK _is a countable set of approximations of U by E over X, then
/\K 1s an approximation of U by E over X. |

Al‘so, the definition of kth approximations can be extended t
ations (x < w;) by adding the following (2)°
ordinal number

@r

ed to ath approxim-
s where ¢ is a limit countable

AP(UE X) = { \ 4] 4,eAp(U, E, X), a <o),

§ 2. Applications. In this section, we sh i
§ 2. N all show so i
approximation theorem. e applications of our

.1. A:domaﬁzaﬁon. Th.eorerr% B shows us that the set of R-free approxi-
mations of U by E is an axiomatization of the set of first order formulas which

* ©
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are provable from the second order sentence 3 R(/\ U A /\ E). As for the
classical predicate calculus, this fact means that we always obtain an
axiomatization of the set of first order formulas which are provable from an
arbitrary given second order sentence of the form 3 R(A4(R)), where A(R) is a
sentence in L, because there is a finite set R* of new predicate symbols, a
finite set U of uniqueness conditions of RV R, and a finite set E of simple
existence conditions of R R’ such that 3R(A(R)) and IRV R (AU A A\ E)
are equivalent (see Motohashi [8] for details).

2. Elimination theorems of uniqueness conditions. Let R be an (n+ 1)-ary
predicate symbol in L. By UnR, we denote the sentence

VIVFVXVy(R(E X) A R, ). 2 (X=F 2x =))),

where X =7 is the formula X, =y; A ... A X, =Y, Clearly, UnR is a
uniqueness condition of {R}. Let ExR be the sentence: VX3yR(X,y),
clearly, Ex R is a simple existence condition of ‘R}. Let Ex*R be the sentence
k

/\ (X =%>5 =y

k

VX 3y, VX3y, ... V)_ckEka(_/\l R(Z, ¥) A 1
i= LJ=

Then, Ap*({UnR}, {ExR})= {Ex*R}. So, by Theorem A we have:

Tueorem E (Theorem B in [7]). For any {R)-positive formula A, the
formula ExR o UnR.> A is provable in L if and only if the formula Ex*R
= A is provable in L for some k < w.

Since sentences ExR > Ex*R (k=0, 1,2, ...} are all provable in LK,
we have:

CoroLLARY F (Theorem I in [6]). For any {R}-positive formula A,
ExR » UnR.> A is provable in LK if and only if EXR> A is provable
in LK.

Similarly, Theorem II, Theorem III in [6], and Main Theorem in [7]
are proved by Theorem A above. This fact shows us that Elimination
theorems of uniqueness conditions are immediate consequences of our ap-
proximation theorem of uniqueness conditions.

3. A generalization of Skolem’s Theorem and Minc’s Theorem. Suppose
that R, ..., Ry are distinct predicate symbols in L such that the number of
arguments of R; is n;+1 for each i=1, ..., N. For each i=1, ..., N, let
UnR; be the uniqueness condition

V—‘_‘iVJ—’zV"Vy(Ri(-‘—Cn x) A RGL Y.

and ExR; be the simple existence condition V ;3 yR;(%;, v). Also we con-
sider the following uniqueness condition of {R;,..., Ry}, which will be
denoted by Un(Ry, ..., Ry; A).

(F=F>x=Y)

N
VE V), VI, Vy,s... VXNVyN(/\ R (%, v1). 2 ARy, Yis o5 Xns )
i=1


GUEST


134 N. Motohashi

By A7 [k] and A[k], we shall denote the following sentences, respectively;
AZCERTASCERT I 57k A Sk SN 47 BN 5 £ U SN 2. ¥ 3
LA A\ & =35>y =]

=i i i i
A(xl 1 )_CN N)
T Vi s XNH YN) A
1Siy,LiySk 1sijsk 1Ss€k

and
Vxi3yl . VxpAph . VRSV L
LYRARD A
LSiq i

A(fllla ylll’ L] )—C;‘?Ja ylly)]

1reeniy Sk

Then A%(k), k=1,2,..., are all simple approximations of {UnR,, ...
<. UnRy, Un(Ry, ..., Ry; A} by {ExR,, .., ExRyl, and A(k),
k=1,2,..., are all simple approximations of {Un(R;,..., Ry; 4)} by
').Ele, ...» EXRyl, respectively. Moreover, we can easily see that for any
simple approximation B of {UnRy, ..., UnR,, Un(Ry, ..., Ry; A)} (or
1Un(R;, ..., Ry; A)}) by {ExRy, ..., ExRy}, there is a k such that A= (k)
;B (or A(k) > B) is provable in L. From these facts and Theorem B, we
ave:

CoroLLarY G. For any (Ry, ..., Ry}free formula B in L, the Sformula

N
x'é\l (ExR; A UnR) AUn(Ry,...,Ry; A)' o B

! N
(or '/\I(EXR,-) AUn(Ry, ..., Ry; 4). > B)

is provable in L if and only if the formula A= (k} > B (or A(k) o B) is provable
in L for some k.

Lt?t f1s -+ fy be distinct function symbols in L such that none of them
occur in A and the number of arguments of fiismforeachi=1,..., N. By

replacing every occurrence of formulas of the form R,(F, « =" i
Corollary G, we have ’ ™ R, 5) by £ =" in

CoroLrary H. For any formula B in L, whi '
, which h
e . ch has no occurrences of
vy ... Vg A%y, S (%), ..., Xy, fy(Xy) 2 B

is provable i i i = i

SO,,IZ Z e'in L if and only if the formula A (k) o B is provable in L for
By Eliminati i iti

v y ation theorem of uniqueness conditions and Corollary G, we

CoroLrArY L. For any formula B in L, whi

ch has no o
Fis oo fr» the formula ccurrences of

VI VAR (), v, (X)) > B
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is provable in LK if and only if the formula A(k) = B is provable in LK for
some k.

If N =1, then Corollary H implies Minc’s theorem on Skolem functions
in LJ (cf. [10], [11]), and Corollary I implies Skolem’s theorem on choice
functions (cf. Leisenring [4]).

4. Henkin quantifiers and Barwise’s approximations. Suppose that
A(@y, a4, @, 4y, -.., Gy, ay) is a formula in L. Then, a Henkin formula H,
obtained from A by applying the Henkin quantifier

Vxidy
VX3,
\ETENY
is the formula
VX 3y,
VX,3dy,
....... A(Xy, Y1, Xas Y2s ---» Xns V)
Vxydyy

For the sake of simplicity, we assume that H is a sentence, i.. H has no free
variables. In [1], J. Barwise defined the kth approximation H [k] of H by the
following: H[1] is the sentence,

vl L veLay! L 3vh AR vl R yh L B R,
H[2] is the sentence,

vl L VR L3R L YRR L35G
R N
(AL Y Shooh) # AL 5h 0 A NG =5 20 =17
A

H[k] is the sentence,
vl vEh3yl . 3yh . IR L YRR LA

k

(N A Vhs o T VW) A (% =% 2 ¥ =»)

i=1 1<€i,s<k 1SN

Then, Barwise obtained the following theorem by using resplendent models.
TueoreM (Barwise). For any first order sentence B, the sentence H o B is

valid if and only if the sentence H[k] = B is provable in LK for some k < w.
For each i =1, ..., N, let n; be the length of &;. Let R be a new (n;+...

... +ny+ N)-ary predicate symbol, Ex*R the sentence

V5, VX ...VXy3y 3y, LG AYN Ry, Yis oo X YN
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Un*R the sentence

YV, VX Vy, Vyi... V)_CNV)_C}‘JVyNV_V}V[R()_Cla Vis oo Xns YN A

N
A R(ZL, yis - Xy, YR)- 2 ([\l & =% =2y =)
and Un(R: A4) the sentence

V% VY o VIRV IN(R(E, Yis s s 20 2 ARG V1o o5 Xy Y0))-

Then, Un* R, Un(R:A4) are uniqueness conditions of {R} and Ex*R is a
simple existence condition of {R}. Also, the set of simple {R}-free approxim-
ations of {Un*R,Un(R:4)] by {Ex*R] is exactly the set {H[k]| k
=1,2,...}. On the other hand, it is obvious that H = B is valid if and only
if Un*R A Un(R:4) A Ex*R.>B is provable in LK, for any {R}-free
sentence B. Therefore, Theorem B clearly implies Barwise’s approximation
theorem (cf. [9] for details).

5. Vanght sentences. A Vaught formula ¥(Z) is a formula of the form

Vxo Adye VVx, Ay V.o

kgew lgew kyew liew
<kQolgs--skn— 1200 17
(n/<\A (x0>y0’“-’ xn—17yn—172))s
w

Ckgalgse-skip = 1lp— 1>(

where 4 X0s Y05 +--> Xp—1> Yu—1, 2) 18 a formula in Ly,e for

each finite sequence <k, ly, ..., k,—y, I,— ;) of natural numbers of length 2n
(see Harnik—Makkai [2] for details).

For the sake of simplicity, we assume that ¥ is a sentence, i.c. the length
of Z is 0. If readers want to treat the case that 7 is not the empty sequence,
please use “parametrical approximation theorems” instead of “approximation
theorems” in the following of this section. For each a < w, and each finite
sequence ¢ = <{ko, ly, ..., k,—1, l,_1> of natural numbers of length 2n, let
Vi(Xo, Y05 -+-» Xn—1, Yu—1) be the formula in L,,, defined by:

Vg(xo’ Yos -5 Xp—ys .vn—l) = /\ AHTZj(x(h Yos --es xj—ls yj—l)’

jsn

V:+1(X0, Yos +-es Xn=1, yn—l) = Vxn /\ ayn \/ Vzﬂn<kmln>(x07 Y03 -oes Xy, yn)’
kpew lyew

V(X5 Yos ---» Xp—13 Y1) = ﬂ/\ Vﬂ”(xm Yos -oes Xp—15 Yn—1)

if o is a limit ordinal, where o [ 2j is the sequence (k,, | ki1

: 0> los -o0s kim g I > and
o N <k, l,,} is the sequence kg, I, ..., knoyy by k,: L. f,etl lei Ve
where @ is the empty sequence. In Vaught [13], he proved the following
approximation theorem.

) T'HEOREM (Vaught). Suppose that B is a sentence in L,,,. Then Vo B is
valid if and only if V, > B is provable in Ly, for some a1< ;.
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Now, we shall show another approximation theorem of ¥ by using one
of our approximation theorems. Let us introduce a new (n+ 1)-ary predicate
symbol R° for each sequence ¢ of natural numbers of length 2n. Let R
={R’ cew®, n<w}. :

Let U® be the sentence

VxoVyo ... ¥Xpoy Vyn-l(L\ R (xg, X1, 5 Xj-15 Yj-1)-

j<n
- /\ Aﬂfzi(xo, Yos -+ Xj—15 Yj—l))’
jsn

and E™* the sentence

VxoVxy ... V2,39, \/ RED(x0, X1, ooes X Vs
lew

for each cew®, k< w.

Let U={Uloew™ n<w) and E={E"*|sco™ k<o, n<o}.
Then, the sentence V> B is valid if and only if the sentence AU A NE
.D B is provable in L,,,, for each R-ree sentence B in L,,,. Hence, we
have i

THEOREM J. Suppose that B is a sentence in L, . Then, V> B is valid if
and only if C o B is provable in L, ,,, for some Rifree approximation Cof U
by E.

g Also, by Theorem C, we have an analogous result of Theorem 0.1* in
[23. .
6. Homomorphism. Let &/ be a countable L-structure and R
= {R,| ae||} be a set of new binary predicate symbols such that each R,
does not belong to L and R, and R, are distinct from each other if a # a'.
Let

U=V ...V%, V1 ... VIu(Ray (%1, Y1) A -oo 4 Ra, (% V)
S Ay, .oor X)) = Alay, ..., a,], A is a positive formula
in L and ay, ..., a,el |},

and
E=(Vxdy \/ R(x 1), VyIxR,(x, y) acla}.
ae| o}

Then, U is a countable set of uniqueness conditions of R, and E is a
countable set of simple existence conditions of R in the logic L, ,-

Moreover, # is a model of 3R(/\ U A /A E)if and only if # is a homomor-
phic image of .o/, for any L-structure #. Therefore, we have: for any
sentence A in Ly, 0,

A holds in any. homomorphic image of &/
< AU A A\E.> 4 is provable in L,
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<B >4 is provable in L, for some R-free simple
approximation B of U by E.

Since every simple R-free approximation of U by E .is positive,’ this fact
implies Theorem 1.1 in [2].

§3. A proof. In this section, we shall give a proof of Theorem A. At first,
we have to introduce some auxiliary systems.

Let R be a fixed set of predicate symbols. We assume that the logic L is
formulated in the usual Gentzen style with a slight modification that every
sequent in L is a pair (I, @), denoted by I' — O, of finite sets of formulas. If
L= LJ, then we assume that @ has at most one formula, (cf. Takeuti [12]).
R-equality axiom sequents are sequents of the form

ty =51y «ooy =258, R(t;,...,t) = R(sq,...,s) (ReR).

Let L; be the system obtained from L by deleting every R-equality axiom
sequent. For each formula 4 in L, let A= be the formula obtained from A4 by
replacing every occurrence R(f) of R-atomic subformulas by 35(5 =7 A R ().

Lemma K. Suppose that A is a formula in L, X is a finite set of R-atomic
formulas, U is a finite set of uniqueness conditions of R, and E is a finite set of
existence conditions of R. If the sequent X, U, E — A is provable in L, then
the sequent X, U, E— A~ is provable in L,.

Proof. For each set K of formulas in L, let K= = {B™| BeK]. Then
we can easily see that if a sequent I' » @ is provable in L, then the sequent
I'" -0 is provable in L;. Assume that the sequent X, U, E— 4 is
provable in L. Then, the sequent X~, U™, E= — 4~ is provable in L,. But,
the sequent B — B~ is provable in L, for each formula B in X VUVE.
Hence, we have that the sequent X, U, E—A~ is provable in L,. This
completes our proof of Lemma K. » .

Let L, be the system obtained from L, by deleting every cut-rule whose
cut-formula has at least one occurrence of predicate symbols in R. Then, by
the usuval method of cut-elimination, we have

Lemma L. If a sequent ' — O is provable in L,, then this sequent is
provable in L,.

Suppose that B is a uniqueness condition of R of the form

VX ... vrcl,(/j\l Ri(%). 2 A(x,, ..., %))

P

Then, (B)-rules are inference rules of the form

(B)F*@x,Rl(ﬂ):T—»@;,Rz(fz);...;l‘a@p, R,(5); A, -
r-e,..0,60

)T =6
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and (B)*-rules are inference rules of the form

(fys-.cn B), Ri(f), ..., Ry(E), [ = ©
Ry(0), s Ry 5. T — @

A
(B*)

Suppose that B is an existence condition of R of the form

p q

V% VX ... V5( A\ Ri(Z) A /\IA].(.»?O, AN
i=1 i=
>3y \/l 04 (Fos -+ T D))
k=

Then, (B)-rules are inference rules of the form

q
I 01, Ry (@): i T =0y Ry(): = Opas, \ Ay(Fos 5 %

(B)

0,5, ... Ty @), T =05 ... 0,5, - 5, @), [ 20O
I'—64..,0,.,,0 ’

where @ is a sequence of distinct free variables which do mot occur in
Ton weon Ipy S1s coes 80 Agy een A T @, and (B)*rules are inference rules of
the form

(B%) Q; (51 (Fos ---» Tpy @)

Ry(F). .., Ry(B): Aoy os Byl -oos Aglfos oo B L= 05 .5

0, (5(fos > Tpy @) Ra(fa): -

s R, Ay (Bos - T) -0 Agfos s i), fﬂ@
R (), --.. R,(T,), P (7P A R Ay Eoy - i),  —6

where a is sequence of distinct free variables which do mnot occur in
Fon vvrs By Sgoeees Spo Aty s A, T, 0. N

If A is a uniqueness condition of R or an existence condition of R, t}}en
S(A) is the set of subformulas of 4 which are obtained from A by ~delctlng
some outermost occurrences of quantifiers. If K is a set of uniqueness
conditions and existence .conditions of R, then §(K) is the set ALE)KS (A4).

A sequent is said to be R-positive if every formula in I' is R-negative and
every formula in © is R-positive. R-sequents are sequents of theA form: Ijo-, r
—+ @, where I'y is a finite set of R-atomic formulas and I' = O is R‘-posnn‘/e.
Suppose that U is a finite set of uniqueness condition of R and E is a finite
set of existence conditions of R. Let L3 (U, E) be the system obtained from
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L, by adding every (B)-rule for each BeUVE, and L,(U, E) the system
obtained from L, by adding every (B)*-rule for each Be UV E. Then, the
following three lemmas are easily proved by induction on derivations. So, we
omit them.

LemMAa M. Every sequent in a derivation of an R-sequent in L, (U, E) is
also an R-sequent, where i =3, 4.

Lemma N. Suppose 'y = S(UVE), I' - @ is an R-sequent, K, (d,), ...
..., K,(@,), My, ..., M,, are non-empty finite sets of R-atomic formulas, and
ay, ..., @, are sequences of free variables.

If the sequent

3ijl\/1<1(1'71)7 "'9aﬁn\/Kn(vn)’ \/Mla ceey \/Mmyrm r _)@
is provable in L,, then the sequent
Al(‘—ll)’ RRRE] A,,(E,,), Bl: LRRF] Bm: F_')@

is provable in Ly(U, E) for eacn Ay{a))eK,(d), ..., A,(@)eK,(a,),
B,eM,, ..., ByeM,,.

LemMma O. If an R-sequent I' - ©, R(1) is provable in L,(U, E) and ReR,
then either I' — © is provable in L,(U, E) or R(Her.

Note that Lemma N above is an immediate consequence of the normal
derivation theorem in [5] if L =LK.

By Lemma N, we have

Lemma P. If I'—+ 6 is an R-sequent and the sequent U, E, I — @ is
provable in L,, then the sequent I' - © is provable in Ly (U, E).
Also, by using Lemma O, we can replace every (B)-rule by (B)*-rule for

every Be UV E in a derivation of an R-sequent in Ly (U, E). Therefore, we
have

Lemma Q. If an R-sequent I' —© is provable in Ly(U, E), then this
sequent is also provable in L, (U, E).

Lemma R. Suppose that X is a finite set of R-atomic formulas and T — @
is an R-positive sequent. If the sequent X, T’ — © is provable in L, (U, E), then
the sequent C, I' — @ is provable in L for some approximation C of UbyE
over X.

Proof. By induction on a derivation & of the sequent X, ' » @ in
L,(U, E). Note that every sequent in & is an R-sequent by Lemma M.

If & itself is an axiom sequent, then let C be the formula

AX A A/\U A[X], which has the desired properties.

If & is not an axiom sequent and the last rule of 2 is not any (B)*-rule
(Be U’U E), tlhen we can easily obtained an approximation C of U by E over
X which satisfies the required property by hypothesis of induction. So, we
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only treat the case the last rule of & is a (B)*-rule for some Be UV E.If B is
a uniqueness condition of R of the form

P
VX ... \-/;?,,(_é\1 Ri(%). 2 A(Xy, .-, X)),

then & has the form
(Frr oo B) X, T2 0
X, r-6 ’

B2

where R, (f;)eX, ..., R,(f)eX.

By hypothesis of induction, there is an approximation C; of U by E
over X such that the sequent A(fy, ..., ), C1, I = O is provable in L.~ ange
R (f)eX, ..., R(T)eX, the sequent AX A B[X]~+A(_t1, ROV AR
provable in L, hence the sequent AX A NFIX]1=AG, ....T) i provable

FelU
in L. Therefore, the sequent A X A /\ F[X], C,, I > © is provable in L.
FeU
Let C = C; A (AX A /\ F[X]), then this C satisfles the required properties.
FeU

If B is an existence condition of R of the form

b4 q r S _
V% ... VE{ARE) A N\ A(%rs s B). 2 3yk\/1 05 (s -+ %y D),

i=1 j=1 =

then & has the form

Dy eeer 9,

X, -6
where &, is a derivation of the sequent Q;(5; (o, <ees Iy a), X T - in
L,(U, E) for each i =1, ..., 7, where R (fy)e X, ..., R, (f)eX, Al(t?, o f,)
el, ..., ALy, ... Ip)eT, and each member of @ does not occur 1n g, -.-
ceosTpy Sy s By Ay vns Agy X, T, ©. By hypotheses of induction there is an
approximation C;(@, @, -.-, &) of U by E over XU{Qi(EE(EQ, cens Ty, @)}
such that the sequent C;(@, to, ..., E), [ =@ is provable in L for each i

=1, ..., r. Hence, the sequent 3y \/ Ci(F,Tgy--n ), T O is provable in
i=1
L. Since A, (fo,.... t)el, ..., Ag(to, - t)el, the sequent
Al(fO: LR ] ?y) AN /\Aq(FO’ “evs ﬁ;)':ayMCi(ys TO: R f;z)> r—-e

is provable in L.
Let C be the formula

N VXo(Ay (Ko, Ty, -os Tp) A -

/\Aq("_c(h ﬁla“"ﬁp)‘
a1eX(Ry)  TpeX(Ry)

:ay—l/l Ci(y: 560; ﬁl, u-,ﬁp)).

Since R, (f;)€X, ..., R,(f,)€X, the sequent C, I' = O is provable in L. Also,
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C is an approximation of U by E over X. This completes our proof of
Lemma R. =

Now, we give a proof of Theorem A. Suppose that 4 is an R-positive
formula in L, X is a finite set of R-atomic formulas, U is a finite set of
uniqueness conditions of R, and E is-a finite set of existence conditions of R
The “if-part” of Theorem A is obvious because that the formula
AX A AU A AE.> B is provable in L, for every approximation B of U
by E over X. Also, if E consists of simple existence conditions only, for any
approximation B of U by E over X, we can find a simple approximation B’
of U by E over X such that B'> B is provable in L. So, it is sufficient to
prove the “only-if-part” of Theorem A.

Assume that the formula AX A AU o A\E.> A is provable in L.
Then, the sequent X, U, E — A4 is provable in L. By Lemma K, the sequent
X, U, E— A~ is provable in L,. Then, this sequent is also provable in L, by
Lemma L. Since 4~ is R-positive, the sequent X — A~ is an R-sequent. By
Lemma P, this sequent is provable in Ly(U, E). By Lemma Q, the sequent
X — A% is provable in L, (U, E). By Lemma R, there is an approximation B
of U by E over X such that the sequent B — A= is provable in L. Since the
sequent 4™ — A is provable in L, the sequent B— A is provable in L. Hence,
the formula B > 4 is provable in L. This completes our proof of Theorem A.
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On the homotopical classification of DJ-mappings
of infinitely dimensional spheres

by
Bogdan Przeradzki (L6d7)

Abstract. This paper contains some results which concern the DJ-homotopical classifi-
cation of DJ-mappings of the sphere in an infinitely dimensional Hilbert space into itself.

In connection with the appearance of the definition of the category in
which a sphere in the infinitely dimensional Banach space is not contractible,
we have to consider the homotopical classification of transformations of such
a sphere into itself within this category. This problem has been presented by
B. Nowak [5]. It will be a certain simplification to notice that the set of
homotopy classes is a group, as it is in the finite-dimensional case. This
paper is an attempt to present certain numerical invariants of the homotopy
classes. However, we will not be able to prove that there is a one-to-one
correspondence between them.

We will first define objects and morphisms of DJ-category.

DEFINITION. A pair (X , (X)nen) where X is a metric space and (X,),en iS
an increasing sequence of its subspaces such that
)] X=X,

neN

is called a merric space with filtration.

DerniTioN. Let (X, (X,)uen) and (Y, (Y,),en) be two metric spaces with
filtration and dy- the distance in Y. A uniformly continuous transformation
f: X — Y such that

2 lim sup dy(f(x), ¥,) =0

TR xeX,
is called a DJ-mapping. If condition (2) is replaced by:
(3) there is nye N such that for n>ny: f(X,) = Y,
then f is called an FJ-mapping.

FJ-mappings are a particular case of DJ-mappings.

We will consider an infinitely dimensional Hilbert space H with a
filtration containing finite-dimensional linear subspaces (H,),.y. A filtration
induced on Sy = {xeH: ||x|| = 1} makes the unit sphere a metric space with
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